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Cours 3: Transition de Mott et modèle 
de Hubbard bosonique, atomes froids

Séminaire :



OUTLINE OF LECTURE 3:

• 1- The bosonic Hubbard model: mean-
field theory

• 2- Relevance to cold atoms in optical 
lattices

• 3- Experimental observation of the 
superfluid to Mott insulator transition

• 4- Beyond mean-field: critical behavior, 
universality class, field theory



1- The bosonic Hubbard model

- Bosons on a lattice
- Hopping amplitude tij between sites i,j
e.g. tij = t for nearest-neighbor sites 
(w/ apology to the cold atom community where t J !)
- U on-site interaction (repulsive U>0 otherwise unstable)
- μ chemical potential controls average number of bosons
per site n= <ni>



Why study this model in lecture 3 ?

We have seen in lectures 1-2 the effect of `Coulomb 
blockade’ in the context of one site coupled to a bath 

(Kondo impurity models)

The bosonic Hubbard model is the simplest model in which 
we can study the effect of on-site repulsion 

in an extended lattice model 
and explore the Mott phenomenon

(free of the `complications’ of fermionic statistics and spin 
degrees of freedom)



Experimental motivations 
(just a list, some details later on some of them)

• Cold atoms in an optical lattice*
• Array of coupled Josephson junctions
• 4He adsorbed on graphite
• Vortex lines in superconductors w/ pinning
• Bose condensation of magnons in some 

magnetic insulators*
• Others ?



Which phases do we expect, at T=0 ?

• A superfluid phase, in which bosons 
condense into a k=0 state

• A Mott insulating state in which the 
repulsive interaction blocks the coherent 
motion of bosons

• We expect the MI phase to exist when 
the average number of bosons per site 
is integer and U/t is large enough



1.1 The `atomic’ limit t=0
Eigenstates on each site are the states of definite particle number: |n> 
with energies:

e.g.: 

Ground-state is |n> provided: 

n=0

n=1

n=2

0 U 2U
μ

``Coulomb blockade staircase’’



Ground-state is:

- Non-degenerate (|n> on each lattice site) for μ within each charge plateau

- Macroscopically degenerate (2Nsites) at degeneracy points μn=nU

The non-degenerate ground-state is protected by a gap:

process: (n,n) (n-1,n+1) 
Creating hole + double occupancy 
on pair of sites

Note, in `chemical’ terms:  

``affinity’’ ``ionization’’

Gap ``incompressibility’’: finite energy to add an extra particle

Compressibility:



What happens when turning on a finite hopping t ?

General quantum-mechanical wisdom:

i) Non-degenerate ground-state protected by a gap:
Robust to perturbation if t/U small enough
Remains incompressible Mott insulator for t/U < (t/U)c

i) Degenerate case: the system will find 
a way to lift degeneracy

Superfluid as soon as t is turned on



1.2 A Mean-Field Theory
(substantiating and quantifying  this expectation)

4 references, slightly different points of view, ~ identical results:

• MPA Fisher et al. Phys Rev B 40 (1989) 546
• D.Rokhsar and G.Kotliar Phys Rev B 44 (1991) 10328
• W. Krauth et al. Phys Rev B 45 (1992) 3137
• K. Seshadri et al. Europhysics Lett. 22 (1993) 257



- Decouple the hopping term, neglect fluctuations:

- Maps the lattice model onto a single-site problem 
in a self-consistent field (which creates or destroys bosons): 

: self-consistency condition

<b> : order parameter for the superfluid phase

Translational invariance:

z: lattice connectivity



- Easy to solve numerically, using |n>-basis phase diagram
- Analytical study, close to MI/SF transition points:

Consider plateau

Expand for small λ:

Inserting into self-consistency condition:

Vanishing of coefficient linear in λ (i.e quadratic term in energy 
functional, cf. Landau) yields critical boundary:



- Tip of the Mott lobe (critical coupling):

- Gap in the Mott insulating phase:

Note:
Mott phase can be 
approached in 2 ways



1.3 Three viewpoints on the Mean-Field Theory

Viewpoint 1: The limit of infinite lattice connectivity

The `local field’ has no fluctuations as z infinity

Hence, neglecting fluctuations becomes exact, provided 
the hopping is scaled appropriately as: t t / z

In fact, this is very familiar from statistical mechanics, 
and clear in the large-U limit where we keep only n=0,1 
(``hard-core bosons’’) 



- Bose Hubbard = Quantum XY model in applied field along z-axis:

Mott plateau = magnetization plateau
Magnon density can be controlled

- Mean-field above is the usual statmech mean-field for XY model

Digression: the Bose Hubbard model and quantum magnets
Bose-condensing magnons…

Matsubara and Matsuda, Prog Theor Phys 16 (1956) 416

- Hard-core boson = a spin-1/2 operator



- Additional nearest-neighbor interaction V yields XXZ model:



Beautiful recent experiments and theory/experiment
comparisons



A spin-liquid ground-state is analogous
to a NORMAL (=non superfluid) 

Bose liquid at T=0
Anisotropic Heisenberg model:

Hard-core boson representation:

XY order = superfluid phase
Antiferromagnet w/ Ising anisotropy = Checkerboard crystal phase

Spin-liquid (NO symmetry breaking) = NORMAL Bose liquid

Can one design interactions such that Bose condensation is suppressed ?



Viewpoint 2: wave-functions
The exact wave-function is a product over sites in both t=0 
and U=0 limit (at least for a large system) : 

t=0: Fock state

U=0: Bose condensed state can be seen as coherent state
with a definite phase:

For large N, Ns ~



Variational ansatz for ground-state wavefunction: 
a site-factorized state (~ Gutzwiller)

Minimizing energy yields same MFT equations as above

This yields a pure Fock state: cn = δn,n0 throughout the whole
Mott insulating phase, with no fluctuation of the local 
occupation number: this is of course an approximation. 

Number statistics:
- Fock p(n)= δn,n0 in Mott state
- Poisson at U=0: 

Note: p(n) a.k.a `valence histogram’



Note: beware of some apparent paradoxes 
associated with mean-field theories !

Blackboard 



Viewpoint 3: field-theory 
- saddle point and fluctuations -

Blackboard



2. Cold atoms in an optical lattice:
a controlled 

experimental realization 
of the Hubbard Model

D.Jaksch, C.Bruder, J.I. Cirac, C.W.Gardiner and P.Zoller
Phys Rev Letters, 81 (1998) 3108

Review articles:
- I.Bloch, J.Dalibard and W.Zwerger Rev Mod Phys 80 
(2008) 885
- I. Bloch Nature Physics 1 (2005) 23



-Bosonic atoms, e.g: 87Rb, 7Li, 41K, 4He, etc…
-Fermionic atoms, e.g: 6Li, 40K, 3He, etc…

Ultra-cold atomic gases :

BEC COOLING



The 3 C’s: « Cooling, Control, Confine »

• Cooling : 
reach quantum degeneracy

• Control : 
tuning of system parameters, in particular

interaction strength.
• Confine :

Spatial confinement 
(in particular via trapping in optical lattices) 

reach strong interaction regimes and realize
« artificial solids with atoms and light»



Atomic gases trapped in 
optical lattices

In the lattice, interaction effects become prominent (spatial confinement)

- Typical solid-state physics issues have been investigated long ago even 
in thermal gases, e.g pioneering Bloch oscillation experiment (Dahan et al, 1996)



Atoms in an optical lattice: energy scales

3D lattice:

recoil energy

Typical orders of magnitude (6Li)
1 μK = 20.8 kHz



Free-particle bands (neglect trapping potential): Bloch waves

V0=ER: 1st and 2nd band (1D)

For a deep enough lattice 
(tight-binding limit), key 
parameter: tunneling amplitude t 
between 2 neighbouring wells:

Tight-binding limit (deep lattice):



Bandwidth:
W ~ ER for shallow lattice V0 << ER

(W = 4Dt)

Natural scale for quantum degeneracy (free particles)
Adiabatic cooling – think in terms of entropy: 
Conserve ~ T/TF for fermions



What about interactions ?

Very dilute gases: typical density n ~ 1011-1012 cm-3

Interparticle distance is thus of order n-1/3~10-6 m, 
MUCH bigger than hard-core part of interatomic potential

Hence, naively, interactions are very weak

But in fact, what really matters is the (s-wave) 
scattering amplitude as, which controls the 
collision cross-section: 24 saπσ =
Effective contact interaction:

Consider first the gas, in the absence of the optical lattice :

g can be controlled
Through Feshbach
resonances



Interacting hamiltonian in the lattice: 
use Wannier functions

Wannier function localised on lattice site R:

Contour plot of  2D Wannier function V0=10 ER

On-site interaction:

Deep lattice:



Interaction in Wannier basis set: Hubbard interaction
In 1st band

Hopping-like
term (small ?)



Region of validity of (controlled) 1-band Hubbard:

2nd band 
Well-separated
(must have U<Delta)

Hopping-like interactions set in Pseudo-potential fails
(must have as< lh.o)

cf. F.Werner, O.Parcollet, A.G and S.R. Hassan Phys Rev Lett. 95 (2005) 056401

- lh.o = typical
extension 
of Wannier
function
- Delta= energy
separation
between bands



3. Experimental observation of 
the Mott insulator to superfluid

transition for cold bosonic atoms



Phase coherence between wells
in superfluid phase >interference pattern 



Time of flight: multiple matter-wave 
interference patterns in SF phase



Interpretation of these images:
blackboard



Detailed analysis of these interferences 
pattern reveal more precisely the nature of the 

Mott insulator wave function
[F.Gerbier et al., PRL 95, 050404 (2005)]

Doubly occupied/empty sites are present in the finite-U ground-state:

Visibility of interference pattern:



A reversible process: phase 
coherence can be restored !



The non-uniform trapping potential helps :
extended regions w/commensurate filling
« wedding cake » shape of density profile

Rigol and Muramatsu,
Phys Rev A 2004Density profiles for increasing number

of trapped atoms: rings/disks w/ commensurate filling

Mott state is incompressible:

gap



Slide courtesy F.Gerbier



Experimental observation of wedding cake:

Fölling et al. PRL 2006

Very recently:
direct observation in 2D
by single-site imaging



Many other observations:

• Number statistics
• Gap in MI (modulation spectroscopy, 

potential gradient)
• Sound mode in SF not (yet) been 

observed to my knowledge
• FERMIONS: Onset of Mott 

incompressible regime has now been 
reached



CONCLUSIONS, PERSPECTIVES…

• Emerging field at the interface between
condensed matter physics and quantum optics

- Strongly correlated quantum phases and phase 
transitions

- Need for imaginative probes 
- Unconventional regimes: out of equilibrium, 

etc…
- Many other exciting topics not covered here


	Des oxydes supraconducteurs �aux atomes froids�- la matière à fortes corrélations quantiques -
	Cours 3: Transition de Mott et modèle de Hubbard bosonique, atomes froids
	OUTLINE OF LECTURE 3:
	1- The bosonic Hubbard model
	Why study this model in lecture 3 ?
	Experimental motivations �(just a list, some details later on some of them)
	Which phases do we expect, at T=0 ?
	1.1 The `atomic’ limit t=0
	What happens when turning on a finite hopping t ?
	1.2 A Mean-Field Theory�(substantiating and quantifying  this expectation) 
	1.3 Three viewpoints on the Mean-Field Theory
	A spin-liquid ground-state is analogous to a NORMAL (=non superfluid) �Bose liquid at T=0
	Viewpoint 2: wave-functions
	Note: beware of some apparent paradoxes associated with mean-field theories !
	Viewpoint 3: field-theory �- saddle point and fluctuations -
	2. Cold atoms in an optical lattice:�a controlled �experimental realization �of the Hubbard Model
	The 3 C’s: « Cooling, Control, Confine »
	Atomic gases trapped in optical lattices
	Atoms in an optical lattice: energy scales
	Free-particle bands (neglect trapping potential): Bloch waves
	Bandwidth:
	What about interactions ? �
	Interacting hamiltonian in the lattice: �use Wannier functions
	Interaction in Wannier basis set:
	Region of validity of (controlled) 1-band Hubbard:
	3. Experimental observation of the Mott insulator to superfluid transition for cold bosonic atoms
	Time of flight: multiple matter-wave interference patterns in SF phase
	Interpretation of these images:� blackboard
	Detailed analysis of these interferences pattern reveal more precisely the nature of the Mott insulator wave function�[F.Gerbi
	A reversible process: phase coherence can be restored !
	The non-uniform trapping potential helps : extended regions w/commensurate filling�« wedding cake » shape of density profile
	Experimental observation of wedding cake:
	Many other observations:
	CONCLUSIONS, PERSPECTIVES…


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


