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Missed hints of an underlying string ?

From linear Regge trajectories
From duality diagrams

From the harmonic oscillators
From Q(z) and its correlators
From the DDF «transverse» states
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From linear Regge trajectories

Typical trajectories in potential

DRM's — | scattering
trajectory 1 (or in the QFTs of the time):

s=M?

o = dJ/dM? ~ 1013 cm/GeV ~ constant.
Its inverse, 1013 GeV/cm, has dimensions of a string tension
(NB, c=1 but no# needed)
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From duality diagrams
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From the harmonic oscillators

This was certainly the clearest hint since a string is a
collection of harmonic oscillators whose frequencies are
multiples of a fundamental frequency.

From DDF «transverse» states

The (small) vibrations of a string are orthogonal to the

string itself: the number of physical dof should therefore
be proportional to (D-2), like for the DDF states.

From Q(z) and its correlators

The commutator of two Q's looks like that of scalar fields
of a QFT in D=2.
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The Nambu-Goto action

After some handwaving attempts to formulate a string
theory that would reproduce the DRM (Nielsen, Susskind,
Nambu), a decisive step forward was made in 1970-'71 by
Nambu and, independently, by Goto.

They wrote a geometric action for the relativistic string in
strict analogy with the well-known action of the relativistic

particle (see last year's course).

The latter can be written in a general (but given, fixed)
spacetime metric g, » (x) and for any D as:

6= e = e ] EOED,
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The action of a point-particle is thus proportional (with mc
as the proportionality constant) to the proper length of
the "world-line" described by the particle's motion and
parametrized by x*( 7). The classical motion is the one

minimizing that length (a geodesic in the given metric).
We may regard the quantity:

~ dx¥ (1) dx¥(7)

Y(T) = - - Guv (2(7))

as the induced metric on the world line, since:

ds® = ~(1)dr?
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In complete analogy, for a relativistic string NG wrote a
geometric action proportional to the area of the surface
("world-sheet” in analogy with "world-line") swept by the
string. T, the string tension, is the proportionality constant.
The string's motion is parametrized by X*( 0, T ) where:

n=0,1,. D-1, 0<o< m (by convention), T unconstrained.

NG did this in Minkowski SPGCZTime (9;,4 V), (X) =1 uv (X)) but,

like for point particles, the construction can be easily
generalized to an arbitrary metric G, ,(x) and for any D.

Sng = —T / d(Area) = =T / d*&\/—detyop = —T / de’ /O ' det\/—detop

where
_ OXH(E) 0X"(€)

,}/Oé,B — aga 855

G,ul/(X(g))v 0476:071 ) €O:Tﬂ leO_

NB. Gu v(X) IS hot

Einstein's tensor!
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Again by analogy with the point-particle, the classical
motion of the string is obtained by varying the action and
corresponds to minimizing the area of the surface swepft.

But, unlike in the case of point-particles, the problem is
already non frivial even in Minkowski spacetime (particularly
at the quantum level as we shall see).

Another major difference is that for point particles we can
add in the action different particles of different mass thus

introducing many free parameters.

Also, interactions have to be added by hand (and it is hot so
simplel) and are quite arbitrary.

This will not be the case for the string: there will be only
one T and interactions will be automatically included in a
“geometric” way!
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The classical constraints

Sy is invariant under reparametrization of the world-line,
T->7T'(7). This leads to 1 constraint (easy to check):

pu(T) = 5;:9(197) = pu(T)pu (7)g"" (z(7)) = —m

2

Similarly, Sne is invariant under reparametrization of the
world-sheet by an arbitrary redefinition£ * ->&£'*( & «)

This leads now to 2 constraints (easy again to check):
5S ,
P,(&) = 5).(5((2) = P,(O)X'M(¢) =0

Pu(€)P,(£)GH (X (€)) + T X™(€) X" (€) G (X (€)) = 0
_ OXPE) gy - 9XH(E)
— 650 ) X (S) — 851
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Strings in Minkowski spacetime:
action and equations of motion

Since classical string motion (and even more quantization)
is already non-trivial in Minkowski spacetime let us
consider that case (also needed for connection with DRM)
but let's keep the dimensionality of spacetime D arbitrary.

Sve =T [ d6y/~detro;

_OXH() 9X¥(8)
T g oep

Gu(X(€), a,=0,1, =1 ¢ =0

becomes: SNG = —T/d2€\/(X X2 — X2X72

' _ 0XH(§) o OXH(E)  Lorentz product
XHE) = or XH(E) = do understood
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The equations of motion for the point-particle are trivial
while for the string they look quite frightening:

T 0 OL 0 OL 9, OL
YH X H
O9NG /dT/O do [(5’785{% + oo 8}(’#) 0 oo (8}(/#5 )]

0 OL N 0 OL
ot HX 1 o O X'H

=0

oL TXMX’Q — X! (X - X')
OXH \/(X-X’)z—X2X’2
OL - X/ X% - X, (X X

oX' \/(X , X’)2 _ X2X/2
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Boundary conditions

Boundary conditions are very important and they differ in a
crucial way for open and closed strings. We need, at all 7,

OL OL
M p— p— ,LL °
(8 m 60X ) (0 =0) (6 m 0X ) (o (no sum over )

For closed strings the points 0= 0 and o= m are physically

the same point. If spacetime is topologically trivial this
implies X*(0, ) = X*(m, T ) and the b.c. is satisfied.

For open strings we have two options:

Neumann b.c. oL — 0

OX 'K ’
Dirichlet b.c. 0XF =0, o=0,n

o=0,m

For the moment we will consider N. b.c. for open strings
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A convenient choice of coordinates

We can use WS reparametrization invariance to impose
two useful conditions (defining the orthonormal gauges):

X2+ X7 = —(X0)+ (Xi)? = (Xp)* + (X{)* =0
X-X' =0, ie X£X)?=0
OL OL

Also: 5 = TX,LL — P’u ; — _TX//,L

XH oOX'H

and the simple equation of motion: X, = X/’Jf

w/ solution: X, (0,7) = F, (1 — o) + Gu(T + 0)

Note that the transformations 7T o — fi(7 £ 0)

keep us in the ON gauge (residual gauge transformations).
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General solution of X, =X and of b.c.

Open (Neumann) strings ( X' (0 =0, nr) =0). Def. 2na'=1/T

> . a .
X, (0o,7)=q, +2a'p, T+ iV2/ Z [a\;ge_"m — %GZ”T] cos(no)

Closed strings X, (0=0)= X,(0=m)

a’n —znTo' n m(T—o
X, (o,1) = q’u—I—QCVpMT—I— \/ Z[ of ,—2in(T—0) _ \/ﬁuz( )]

+ \/ﬂz [anﬂ —2in(t+0) % 2@n(7‘—|—0)]

to be added XX =0

X2+ X"? = —(Xo)*+(X)? - (X
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Simplest classical solution:

open string, the rotating rod
The equations to be solved are X, = X!

subject to the constraints
XX =0
X2_|_X/2 — _(XO)2+(Xi)2_( /)2_|_(X(

1

and fo theb.c. X, (0=

A simple solution |s
Xo=Ar ; X; = A cost coso , = A sint coso
0, (i=3,4,...

e.o.m., constraints and b.c. easily checked!
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X1 = A cost coso, X9 = A sint coso
0, (i=3,4,...D—1)
e

r= \/X12 + X2 = Alcoso|

A rigid, rotating rod whose ends move with the speed of
light since dI/dXo=rd6/Adt =r/A=|coso|.

Let us now compute the energy (mass) and angular
momentum of this classical string.
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Xo=Ar ; X1 =A cost coso, Xo = A sintT coso
X, = 0, (1=3,4,...D—1)

0 0

EzMz/ dO’PQ(O'):T/ doXy=nTA
0 0

J12 — /dO’(leg—Xgpl)(O')
0

1

thus o T

It is quite obvious that this solution maximizes the ratio

J/M? . The relation is very similar to the one given by the

linear Regge trajectory we have been discussing in DRM.
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For closed strings one finds the same relation between J
and M2 except for T --> 2 T (simple interpretation: for
the same total length the closed string is half as big since
it has to "come back on itself"). Hence a'->1/2 o'

Yet classical strings and DRM differ in crucial way.

In the classical theory, J and M? can take any real value
with J<o'M? => classical strings cannot have J without

having mass! But in the DRM there were such states:

+J classical open ] OpeD closed

strings DRM

!

04 closed

! 21
1/2 o /ﬁ
> M2 /
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Classical vs. quantum strings

The discrepancy between strings and the DRM disappears
completely once we move from classical to quantum strings

This is where points and strings start to differ ina
fundamental, qualitative way.

Point particles can be quantized in an arbitrary background
metric. This turns out not to be true for strings!

As we shall see, even Minkowski spacetime is in general
forbidden... unless D takes a (so-called) critical valuel

String quantization is not trivial and can be done in many
different ways. Fortunately the end results are always the
same.

Here we shall discuss the first succesful attempt to
quantize strings based on the light-cone gauge.

In the seminar we will see more modern ways...
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Quantization (open string)

In order to quantize the string we proceed as in any D=2
QFT and promote X and P to non-commuting operators:

o0 :
a . a .
X ’ 2 / /9 / n,uh _—int  TTLH anT
u(0,T) qu +2a'p, T+ iV2 g {n e n e cos(no)

An —2wnlT—o n nm(T™—o
X,u(O'aT) (]u—l-Qozp,ﬂ‘—l— V 2 Z|: ,u 2in( ) _ \/ﬁ’u 2 ( ):|

—\/72 |:CLn,LL —2in(t+o) % 22n(7‘—i—0):|

Using the standard h. osc. c.r. we get the desired result:
(X, (o,7),P, (0", 7)] =inud(c—0c") , (h=1)

The only tricky things to take care of are the constraints!
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Light-cone quantization
(Goddard, Goldstone, Rebbi & Thorn, 1973)

The residual freedom to perform conformal transformations:

T+o — fi(r+0)
allows us to (almost completely) fix one of the coordinates.
For the rigid rod we took Xo = A 7, but for the general case it
is more useful o perform an infinite boost and fix instead:
XO :|:XD_1
V2

. 1
Pt(o,7) = TX (o,7)=—p"
7T

XT(o,7)=2dp"r ; XF(o,7)=

The constraints can be solved for X since one must have:
(D—2) (D—2)
2X~XT = Y (K24 X2) XX = Y KX,

1=1 =1
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. (D=2) . (D=2)

X~ = (X.2 Xf2) » X, X
4a/p+ — 1 —|_ (3 2a/p+ Z:Zl 1

These equations allow to express the a» oscillators in terms
of the transverse ones (while the a*nare zero). Note that
the an oscillators become bilinear in the transverse ones.

Therefore in this gauge we were able to solve the
constraints and to reduce the physical spectrum to the one
generated by (D-2) spacelike oscillators (Cf. DDF).

At this point it looks as if we managed to eliminate all the
ghosts without getting any constraint on aoor on D.

Does it mean that the string is smarter than the DRM?
Unfortunately the answer is negative.

The problem is that the l.c. gauge breaks explicit Lorentz

invariance: we have to check that L.I. is still there, even if
hidden ...
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A Lorentz anomaly?
We have to check the O(D-1,1) Lorentz algebra:

i Muv, Mpo] = NupMoo + MuoMpup — Mpo Myp — Mop Mo

M, = /da (P,X, — P,X,)

The check is easy for the compact O(D-2) subgroup (Lij are
bilinear in the oscillators) but becomes highly non-trivial for
the components of the Lorentz generators involving the +
directions (these may involve three oscillators). In particular
[M.i, M.j] should vanish (recall that n .. = 0) while a long but

straightforward calculation (6GGRT) gives:

(M, My ] o i [n2 <l)242 - 1) - ( )] (affal, — allay,)

n=1
We thus find that the Lorentz algebra is broken unless oo =1
and D = 26, i.e. the same conditions we found in the DRMI
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Relation to DRM formalism

What is the relation between the operator Q(z) of the DRM
and the string position operator X(o,7)?

It turns out that Q(z) describes the motion of one end of the
open string:

Q"(z) = X* (1,0 = 0) with z = €7

Our real variable z corresponds to having made all calculation
using Euclidean world-sheet time: Te=-i 7.

The relation is more direct for closed strings since in the
DRM their treatment needs a complex z-variable and this can
be traded for both 7 (giving |z|) and o (providing the phase

of z).

Q' (z,z) = XH (e TE e 7 e TE e”")
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Counting physical states

* In the l.c. quantization the mass-shell condition becomes:
D—2

L0:1:>0/M2—|—1:Z na:f%ﬂa‘,,fbi Z na;rl,iail

n,u n,i=1
and the number of physical states w/ a'M?= (N-1) is given by
the number of solutions of the equation (in the integers Np;):
D—2
o/M?+1=N= ) nNy,,

n,i=1
+ This is the famous "Partitio Numerorum” problem solved long
ago by the Hardy-Ramanujan formula (for D-2 =1):
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() = N7 T _ e [T

* Although unexpected, this was just the behaviour
postulated by R. Hagedorn a few years earlier (~1965) on a
more phenomenological basis (e.g. a Boltzmann factor in the
“fransverse energy"” of particles produced in high energy
hadronic collisions).

» Taken at face value, such a density of states leads to a
limiting (maximal, Hagedorn) temperature (FV, 1969) since:

Z(B) = Trle P ~ /dM d(M)e PM ~ /dM oM —BM

diverges for 5 =1/(keT) < c.
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Here the limiting temperature T is given by:

1 6 1
_QW\/J D —2 /477\/3

i.e. a maximal temperature of order a few hundred MeV (if
we set D=4 and take for o' the experimental value)

Ty it D =26

T, has an interesting reinterpretation in QCD as the

deconfining temperature above which hadronic matter
(protons, Nuclei) "melts” and makes a phase transition to
the quark-gluon plasma phase (something that must have
happened in the very early Universe in the opposite
direction).

» Instring theory such an interpretation is absent.
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