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VERY PRELIMINARY VERSION

0. Introduction

We fix « € R — Q. Given A € C=(S',SU(2)) then Gy a =14 X A
acts naturally on S! x §? (S* = SU(2)) where r, : z — >z,
Let

Vo ={A € C®(S',SU(2)), (G% 4)nez acting on S'xS*is mnot equicontinuous}.

We propose to show that the closure of V,, for the C'™ topology
contains SU(2) (B € SU(2) € C>=(S',SU(2))) is identified to the
constant map = € S' — B € SU(2)).

Let us note for that every A € V,,, G4 4 is not C° conjugated on
S' x SU(2) to action of R, x B on S! x SU(2) for any B € SU(2).

1. Notations

1.1. S' = {2 € C,|2| = 1}, SU(2) = {(g ‘ab) La,b e C,laf? + |bf? =
1.

If Ae SU(2), A= (a _b> then A~1 = ( a b) —tA
b a —-b a
C>®(SY,SU((2) ={A:S' - SU(2) |is a map of class C*}.
If Ct,ﬁ c R, )\a _ e27rio¢’ )\ﬂ —_ e27ri,3’ To @2 — eQmO‘z.

1.2. On G = S! x C*>(S', SU(2)) we put the group law

()\a,A) . ()\5, B) = ()\a+g,A @) TQB).

1Ce document, extrait des archives de Michel Herman, a été préparé par R.
Krikorian.
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G acts on S' x §* € S' x C%, S* = {(21,22), |21 + |22> = 1}, g =
(A, A) € G by

(1.3) (2,9) = (ra(2), A(2)y) = 9 (2,9)

and if g1, g2 € G, (9201)(2,y) = (92(91(2, 7)) (i.e. S! x S? is a G-space).
Let Go = {(1,A4), A € C>=(S',SU(2))}. Gy is a normal subgroup of
G.

1.3 We put on G the C* topology. We denote by d., a metric on G

such that d., defines the C'* topology on G and G is complete for d.
G therefore is a Baire space as well as all its closed subsets. For the
C* topology G is a topological group, and G is closed in G. G is a
Polish topological group.

2. Let « e R—Q. If z € R we denote ||z||, = inf,ez |z + p| (group

metric on R/Z).
Let ¢(n) =", n € N.
We fix a € R — Q.
Let I(8) = inf,>1 [|[na + 26|, (v(n)) L.

neN

2.1.Lemma. [7!(0) a dense G5 of R.

Proof. [ — () € Ry = {z € R,z > 0} is upper semicontinuous,

hence [71(0) is a Gs. It is dense since it contains {2na+p,p € Z,—n €

N*}. O

1 no - p £ -

2.2 The set G, = [71(0) — {7—1——,71 € Z,p € Z,q € N*} is also a
q

dense G5 of R. If 5 € G, 20 + na ¢ Q for every n € Z.

3. Let a € R —Q fixed. We define

06 = (o™ s (3 3 )91 5 € Reg < G}

We denote by O, the closure for the C™ topology of O in G. O,
with the induced C* topology is a Baire space (cf. 1.3).

4. Let 6 = (01,0,) € S, (ie. |62+ |62 = 1)

0 —027"

%Adz(%f 51)esmm.
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We have _ _
. A OV
Aé,n OT’a(Z) - (_52211)\2 51 )

(4.1) (A;; or, (Aoﬁ ;’ﬁ) AM> (2) = Conpl2) =

T -0 VAP Y S W
—522’”)\2 51 )\g5gz” A,B(;I o
)\5(5151 + (52525\2):\5 (515_22”[5\25\5_— )\5]
51522n[—)\ﬁ)\2 + )\ﬁ] )\55151 + 5252/\2)\5
since 5252 = (1 — (5151)
(XA + A)0i0n + AR 81022 A0 A — Mg
(4.2) Csnp(z) = < 510027 [ A A" + Ng]  APAg + 0161 [Ag — AZAg)

from (4.2) we conclude

A0
A_;Ora(ﬁ n)Aén:
4, p ) O )\ﬁ ’ . ) o ) i
51(51 P\pﬁ - )\—pna—pﬁ] + /\Zﬁ)\g (51522”[)\721)1\% - /\g]
51(522n[—)\p5+npa + )\,pg] )\Zp)\g + 0101 [)\g — )\gn)\;;]

5. We choose § = ( . We note h,, = (1, As,) € Go. We consider

1oy
V27 V2
_ 31 >‘B _O oo

We write ¢, 05 = (Aa; Cng). We suppose that § € G,. Using 2.1 and
2.2 we can find a sequence n; — oo such that

IN5X3 = 1] < Cllnja + 28]la < Ce™"

(C'is a universal constant)
We conclude from (4.2)

5.1 Proposition 1 V3 € G, dn; — oo such that

Ag O
an,a,,é‘ - (Aa? ( Oﬂ )\ﬁ))
in the C'™ topology.
We write for p € N

_ A0
Cﬁma,ﬁ - (Apmcv(zz;?ﬁ) = hnlo‘Pm (06 )\g))hn'
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We suppose that 3 € G,. We have (cf. (4.3)) 2
(p) 1 _ (») i /n; 1 _
52) (e, (o) - e (3) =2
(This follows from the fact that

1 1 .
16250 () = €021 () 1= P = L = 7112

and sup,s [Apnjat28) — 1| = 2 since nja + 28 ¢ Q, when § € G, (see

(2.2)).

6. Let h = (1,8) € Go, B € Gg; then Fy = h™C,, o gh — h™(Aa, (Aoﬁ AO ))h -
B

F in the C* topology, where n; is the sequence given by proposition
1.

6.1. Proposition 2. Giwen h € Gy, 8 € G, and n; the sequence given

by proposition 1, let F} = ()\pa,QE-p)), p € N*. We can find y;,y; € S*
such that

(6.2) Sgll) |‘Q§p)(1)yj _ Q§P)(ein/nj)y9H >1
p>

and
(6.3) Jim. ly; — y;1l = 0.

Proof.  Let y; = B~'(1) (é) € S%, y, = B} (e™™) ((1)) € S%. Since
0 — B~1() is continuous ||y; — y|| — 0 when j — oo. We have

105" (Wy; = Q€™ )l <

_ 1 — 1T /n; 1
157 0)C(0) (o) = B IOt (o) 14+
2/[|B~ (Apa) — B~ (A\pa’™ )]

1 /s — — i/
— 16251 () = O+ 2B ) = B O
Since # — B~(#) is continuous, the second term — 0 when j — oo
and the proposition follows from 5.2.

t

2(*) On C? we put the norm ||(21, 22)|? = |21|2+|22/? ; ||| - ||| denotes the induced
operator norm.
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6.4 Let us formulate the proposition in another way. We define the
metric d on St x S? by

d((za y)7 (Zla y,)) = Sup(|z - Z,|7 ||y - y/H)
where (z,9), (#/,y) € S' x §%.

6.5 F; acts on S'xS? by 1.8 and we can find v; = (1,y;) v = (™™, yf))

such that d(vj,v;) — 0 as j — oo and

sup d(Fy (v;), FY(v)) > 1
p>1

7. Given € > 0 we define the set

={F = B) €O, |, € S'*xS*such that d(v,v') < eand
supd(FP(v), FP()) > 1)

p>1

7.1. Lemma. The set U, is open in 520 for the C'*° topology.
Proof.

U.= |J {FsuwpdF(),Fr) > 1}

byt p>1
d(v,v")<e

i.e. U, is the union of the sets {F,sup,>, d(F?(v), FP(v")) > 1,v,v" €

S' x §?,d(v,v") < e}; each set {F,sup,>, d(Fp(v) P(v')) > 1} is open

since G is a topological group and for fixed v,v" and p e N, FF € G —

d(F?(v), FP(v')) is continuous; hence F' + sup,s; d(FP?(v), FP(v")) is

lower semi continuous.

O

7.2. Proposition. For every ¢ > 0, U. is dense in 620 for the C*
topology.

Proof. Tt is enough to show U. (the closure of U, in O, ) contains
the following dense set of O2°, for the C'*° topology on 620

V = {h"' (A, (Aoﬁ x()ﬁ))h,ﬁ € Ga,h € Go} C OF(SY)

(G is dense in R and O°(S') is dense in O, (S') by definition of
0). Given F' = h™!()\,, (/\Oﬁ 5?) h, by 6.5 we can find a sequence
B
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(Fj)jen C O2(SY), F; — F in the C* topology, when j — oo such
that, when j is large enough, F; € U.. O

8. Let ¢, >0,¢; — 0; by 7.1 and 7.2 K, = ﬂj U, is a dense G of

O." (O, is a Baire space for the C™ topology) (everything is always
for the C'* topology !)

Theorem. Given a € R—Q, and 8 € R, we can find H; = (A, Bj) €
520, jeN, H — (A, (/\05 5?)) in the C* topology when j — oo
B
and for every j there does not exist a homeomorphism k of S' x S that
conjugates H; acting on S' x S* to any linear map (Ao, ()\gl 5\0 ))
B/

acting on St x S3, o/, 3 € R. a
Proof. If H = (A, B) € K, C O, then Ve; > 0 Ju;,v}; € S! x S,
d(vj,v;) < ¢, such that

sup d(H” (v;), H?(v})) > 1;

p>1
hence the sequence of diffeomorphisms (H?),cz acting on S* x S? is not
uniformly equicontinuous. 0



