Geometry Understanding in Higher Dimensions
College de France, June 2017

Topological Graphs for Data Analysis
StrUCture, Stab|||ty, and Statistics

Steve Oudot

lrrzia —~



Graph Structures in the Data Sciences
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e Input: proteins, social networks, galaxies, etc.
e Statistical proxy: dendrograms, cluster trees, spanning trees, etc.
e Geometric proxy: neighborhood graphs, k-NN graphs, etc.

e Topological proxy: Reeb graphs, Joint Contour Nets, Mappers, etc.
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principle: summarize the topological structure of a map f : X — R through a graph



Reeb Graph

f(y) and z,y belong to same cc of f~'({f(x)}) ]

z~y <[ flz)=

X > R
1
yd
N\L //
/
Ry (X)

Prop: R¢(X) is a 1-d stratified space
(graph) e.g. when (X, f) is Morse,
or more generally of Morse type




Applications of Reeb graphs

e Scientific visualization

e Skeletonization, parametrization
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Reeb graphs as metric spaces

o/

Def: d¢(z,y) := inf,.4.y max f oy —min f oy



Reeb graphs as metric spaces

Gromov-Hausdorff distance:

Def: dGH(Rf,Rg) c= iﬂfyf,yg dH(Vf(Rf)7 Vg(Rg))

Note: dp(X,Y) =inf{e | Y C U, cx B(z,¢) and X C U .y B(y,¢)}



Reeb graphs as metric spaces

Gromov-Hausdorff distance:

Def: dGH(Rf,Rg) c= iﬂfyf,yg dH(Vf(Rf>7 Vg(Rg))

dayg is hard to compute, even for metric trees [Agarwal et al. 2015]



Reeb graphs as metric spaces

variants and simplifications:

I e correspondences in
............... / product space [Gromov]
R — e correspondences from
g

continuous maps
[Bauer et al.]

|&, o edit distances [di Fabio, Landi]
e interleaving distances
""""""" R'f'.ff.'ff.'ff.'ff.'f.'.'.'.'.'.'.'.'.'.'.'.'.'.'ff.'ff.'ff.'ff.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'.'....................... Rg :
[Morozov et al.] [de Silva et al.]
Gromov-Hausdorff distance: e descriptor distances

Def: dGH(Rf,Rg) c= iﬂfyf,yg dH(Vf(Rf)7 Vg(Rg))

dayg is hard to compute, even for metric trees [Agarwal et al. 2015]



Descriptors for Reeb graphs

Dg R ¢: bag-of-features descriptor for R ¢(X):

OrdoR s <— downward branches | ExtoRs <— trunks (cc)

ReliR ¢ <— upward branches ExtiRf <— loops

e ordinary / relative

m extended



Descriptors for Reeb graphs

Construction uses extended persistence: [Cohen-Steiner, Edelsbrunner, Harer 2009

- family of excursion sets (sublevel then superlevel sets) of Reeb graph

- use homological algebra to encode the evolution of the topology of the family

e ordinary / relative

m extended 6
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Descriptors for Reeb graphs

Construction uses extended persistence: [Cohen-Steiner, Edelsbrunner, Harer 2009

- family of excursion sets (sublevel then superlevel sets) of Reeb graph

- use homological algebra to encode the evolution of the topology of the family

Ord: appears/dies in sublevels

e ordinary / relative

Rel: appears/dies in superlevels

Ext: appears in sublevels, dies in superlevels B extended 6



Descriptors for Reeb graphs

Theorem (stability): [Bauer, Ge, Wang 2014]

dB(Dg Rf, Dg Rg) < GdGH(Rf, Rg)

e ordinary / relative

m extended



Descriptors for Reeb graphs

Theorem (stability): [Bauer, Ge, Wang 2014]

dB(Dg Rf, Dg Rg) < GdGH(Rf, Rg)

cost(m)




Descriptors for Reeb graphs

Note: dg(Dg-,Dg-) is only a pseudometric on Reeb graphs

e ordinary / relative

m extended



Descriptors for Reeb graphs

Note: dg(Dg-,Dg-) is only a pseudometric on Reeb graphs

Thm: [Carriere, O. 2017]
dp(Dg-,Dg-) is locally a metric equivalent to dgn

e ordinary / relative

m extended



Computing Reeb graphs

Procedure given a point cloud P and a filter f : P — R:

1. build a (possibly non-manifold) 2-d simplicial complex X on top of P

2. compute the Reeb graph of (X, f), where f is the PL interpolation of f



Computing Reeb graphs

Procedure given a point cloud P and a filter f : P — R:
1. build a (possibly non-manifold) 2-d simplicial complex X on top of P

2. compute the Reeb graph of (X, f), where f is the PL interpolation of f

Complexity: O(nm) for n points and m simplices
Q: convergence?

Thm: [Dey, Wang 2013]
For P an e-sample of M a sufficiently regular manifold, and for X a Rips
complex on P of appropriate parameter r, dg(DgR7(X), DgR¢(M)) < cr.



Approximations to Reeb graphs

e o-Reeb graphs [Chazal, Huang, Sun 2015]
e Joint Contour Nets [Carr, Duke 2014]
e Mappers [Singh, Mémoli, Carlsson 2007]

® ctc.



Reeb Graph vs. Mapper

f(y) and z,y belong to same cc of f~'({f(x)}) ]

AR mapper = pixelized Reeb graph




Mapper in the continuous setting
AY =R




Mapper in the continuous setting
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Mapper in the continuous setting




Mapper in practice

Mapper
M (G,Z)

G = d-neighborhood graph

10



Mapper in applications

Two types of applications:

e clustering principle: identify statistically relevant sub-

populations through patterns (flares, loops)

e feature selection

11



Choice of parameters

Parameters:
lens | filter

- function f: P - R -
- cover Z of im(f) by open intervals

- neighborhood size ¢ \

T range scale

geometric scale

12



Choice of parameters

Parameters:

lens | filter
-functionf:P%]R{¢ ’

- cover Z of im(f) by open intervals

- neighborhood size ¢ \

T range scale

geometric scale

— uniform cover Z:

- resolution / granularity: r (diameter of intervals)

- gain: g (percentage of overlap)
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Choice of parameters

— In practice: trial-and-error

high-dimensional data sets*»**. This is performed automatically within the
software, by deploying an ensemble machine learning algorithm that iterates

through overlapping subject bins of different sizes that resample the metric space

(with replacement), thereby using a combination of the metric location and

similarity of subjects in the network topology. |After performing millions of

iterations, the algorithm returns the most stable, consensus vote for the resultin

‘golden network’ (Reeb graph), representing the multidimensional data shapelz’

Nielson et al.: Topological Data Analysis for Discovery in Preclinical Spinal Cord
Injury and Traumatic Brain Injury, Nature, 2015

12




Choice of parameters

Example: P C R? sampled from a
known probability distribution
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Choice of parameters
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Choice of parameters

Recent contributions:

— clarify the roles of » and g in the continuous setting
— Introduce metrics between mappers
— establish stability and convergence results for Mappers

— relate discrete and continuous Mappers under conditions on 0

2 approaches:

e connection to topological persistence and representation theory
[Carriere, O. 2016] < [Bauer, Ge, Wang 2013] [Cohen-Steiner, Edelsbrunner, Harer 2009]

e connection to constructible cosheaves in Sets and stratification theory
[Munch, Wang 2016] < [de Silva, Munch, Patel 2016]
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— Introduce metrics between mappers
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— relate discrete and continuous Mappers under conditions on 0

2 approaches:

e connection to topological persistence and representation theory
[Carriere, O. 2016] < [Bauer, Ge, Wang 2013] [Cohen-Steiner, Edelsbrunner, Harer 2008]
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Descriptor for Mapper

Reminder: mapper = pixelized Reeb graph

AR Ra

|
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Descriptor for Mapper

Def: Given X, f,Z:

DgM; := (Ord Ry \ Q2") U (Rel Ry \ Q) U (Ext Ry \ QF)

13



Descriptor for Mapper

Def: Given X, f,Z

DgM; := (Ord Ry \ Q2") U (Rel Ry \ Q) U (Ext Ry \ QF)

O d _ R I __ Ext _
r U QIU.H' ) U QI Ul Qr = U Qrus

Ie’l IcT
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Descriptor for Mapper

Thm: [Carriere, O. 2016]

Dg My provides a bag-of-features descriptor for M ¢ (X, 7):

Ordgy +— downward branches

Rel; <— upward branches

Extg <— trunks (cc)

Ext, «— loops

13
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Thm: [Carriere, O. 2016]

Dg My provides a bag-of-features descriptor for M ¢ (X, 7):

Ordgy +— downward branches
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Descriptor for Mapper

Thm: [Carriere, O. 2016]

Dg My provides a bag-of-features descriptor for M ¢ (X, 7):

Ordgy +— downward branches

Rel; <— upward branches

Extg <— trunks (cc)

Ext, «— loops

_____
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Stability of Mapper

Definition: Dg M; := (Ord Ry \ Q2*%) U (Rel Ry \ Q%) U (Ext Ry \ Q%)

Observation: distance to staircase boundary measures (in-)stability of each
feature of M (X, Z) w.r.t. perturbations of (X, f,7)

14
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Stability of Mapper

Definition: Dg M; := (Ord Ry \ Q2*%) U (Rel Ry \ Q%) U (Ext Ry \ Q%)

Observation: distance to staircase boundary measures (in-)stability of each

feature of M (X, Z) w.r.t. perturbations of (X, f,7)
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Stability of Mapper

Definition: Given X, Z:

dz(DgMy¢, DgM,) := inf costz(m)

\

"

m: DgM¢ <— DgM,

15



Stability of Mapper

Definition: Given X, Z:

dz(DgMy¢, DgM,) := inf costz(m)

Thm: [Carriere, O. 2016]
For any Morse-type functions f,g : X — R:

dz(DgMy(X,Z), DgMy(X,7)) < [|f — gll

\

"

m: DgM¢ <— DgM,

15



Stability of Mapper

Definition: Given X, Z:

dz(DgMy¢, DgM,) := inf costz(m)

Thm: [Carriere, O. 2016]
For any Morse-type functions f,g : X — R:

dz(DgMy(X,Z), DgMy(X,7)) < [|f — gll

Extensions to:
e perturbations of X

e perturbations of Z

\

"

m: DgM¢ <— DgM,

15
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Proposition [Carriere, Michel, O. 2017]:
Both maps are measurable.

Questions:
e Statistical properties of the estimator M¢( Xy, 0n, Z(gn,7n)) ?

e Convergence to the ground truth R¢(X) in dg? Deviation bounds?
16



Convergence of Mapper

A A,
... o .
| o R ° ’—*
n points sampled |, Xn . 5
i.i.d. according to 1 | « . I(gn rn) * %
o °

f

Vn(0n) := max{ f(X;) — f(X;) | | Xi — Xl < on}

Theorem [Carriere, Michel, O. 2017]:

)’ 5, — 8 (210gn)1/b’ o — Yn(n).

an

If 1 is (a,b)-standard, then for g € (07 %

sup E |dp (Dg Ry (X)), DMy (X, 6n, Z(9,7)) | < C w(dn),
s

where w is the modulus of continuity of f and C' depends only on a,b. Moreover, the
estimator Dg M ¢(Xr,, dn,Z(g, 7)) is minimax optimal (up to logn factors).
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n points sampled |, Xn ° 5
I.i.d. according to 14 | « . y . T(gn.1n) ° o
o o
lf
Va(0n) := max{f(X:) — f(X;) [ [[Xe = X;|| < dn}
Theorem [Carriere, Michel, O. 2017]: known generative model
. 1 . 2logn 1/@ . Vn(5n)
If 1 is (a,b)-standard, then for g € (O, 5), — 8( @5 ) , Tn =~

sup E |dp (Dg Ry (X)), DMy (X, 6n, Z(9,7)) | < C w(dn),
s

where w is the modulus of continuity of f and C' depends only on a,b. Moreover, the
estimator Dg M ¢(Xr,, dn,Z(g, 7)) is minimax optimal (up to logn factors).
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Convergence of Mapper

A e ©
./ﬂ .0. * ]
_ . ~ * —
n points sampled |, Xn : 5
i.i.d. according to 1t | « % I(gn ri)
) LIPS
lf
— subsampling to tune d,: let 8 > 0 and take s(n) = 1og(7?)1+5

O

du(X:™ . X)) where X2 is a subset of X,, of size s(n)
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. ° R ° d
n points sampled |, Xn . 5
i.i.d. according to 1t | « % I(gn o)
< )
f
— subsampling to tune d,,: let 8 > 0 and take s(n) = oa(n)TFP

§n = du (X, X)) where X5™) is a subset of X,, of size s(n)

Theorem [Carriere, Michel, O. 2017]:

If 1 is (a,b)-standard, then for g € (O, %) d,, a above, r,, = Vin (On) .

g

- oo (1)2+8 1/b
sup K [dB (DgR¢ (X)), Dng(Xn,(Sn,I(g,m))] <Cuw ((1 g(n) ) )
pneP n
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: . -~ *

n points sampled |, Xn ° 5

i.i.d. according to u | « " Z(g . Tn)

° LIPS
lf
— subsampling to tune d,,: let 8 > 0 and take s(n) = oa(n)TFP

5n = du (X2, X,,) where X5 is a subset of X,, of size s(n)

Theorem [Carriere, Michel, O. 2017]:

If 1 is (a,b)-standard, then for g € (O, %) d,, a above, r,, = Vin (On) .

g

- oo (1)2+8 1/b
SUPE[dB (Dng(X))7 Dng(Xna5naI(garn))] <Cuw ((1 g( ) > >
pneP n

— iterate subsampling to get confidence regions
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Experiments

confidence level: 85%
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Experiments

confidence level: 85%

birth
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