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Dynamique de I0expansion

Explicit solutions with K=0, w = constant
Solutions with K!0 and different sources
Luminosity distance and deceleration parameter
Generalized Hubble law and evidence for cosmic
acceleration
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Solutions with-K=0'and w=p//b = const.

I
Equations become H?2 — % "= -3H"(1+w)
a 4 G
which also imply: - = | T" (1+ 3w)
q I 3(1+w)
Energy cons. egn. gives =1y —
do
. 1 o
Defining X = 20 = 1+ 7 the H constraint gives:
2
lz_x _ Hg x! 3(1+w) hence the explicit (+) solution:
X dt
1 A
3(14+w 2 3(14+w)
Ho(to! t) =  dyy 1= = 11 x 2
o(to! 1) ) yy 3(1+ w)
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Ho(to! t) = gy s 2y e
O\'0 - - . y y - 3(1+ W) .
2 I 1
* — * — . t I tll — H .
Note that a(t*)=x(t*)=0, with (to ) 31 1w) o
Redefining the origin of time by t* =0 we can rewrite sIn as:
’ Wy s=wy  forw!-1
a 3(1+w 3(1+ w) t AT+ w) ,
X = 20 = ( 5 )Hot = while for w=-1
0 -
a Ho (t—to) 87TGp0
= T — = - Hy =
P — Lo ag 0 3

Except in this last case the geometry becomes singular (e.qg.
R diverges) at a finite proper time in our past: the Big Bang!
Easy to check that some invariants diverge for t-->0:

a K a a
R = —6<H2+ — + —2) ; RWR“VN12<H4+ (=) + —H2>
a a a a
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Solutions: with-K!0 ‘and several sources

K 8 G 8 G r_
2 —_ "o " Iy = | | . + .
Recall H?+ - = == _TZ' lg="13H!;(1+ w)
= | 3(1+w;) !
a . .
Li=lio — Using again
ao
3H? 3K
!(Cr)! - = |+| . I — ]
8¢ oK 8" Ga?

R | = _a_ 1
e z@:.z 1 XT T 1as we get

2
(i?;) = Hg (! Ao+ K,OX! °+ | m,OX! S+ r,OX! *t )

ldentifying t=0 with a =0 (z= infinity) this gives:

. 1+ z daj "
_ 2 _3 4
Hot(z) = ; Iy ot ! K. or ~F ! m,or ~ t ! ror ~t
0
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. 1
Hot(2) = =z dx | 1
O —
0 X Ly ot goX—2+ 1 oX—3+ 1 ox—4

Note that this integral converges at x=0 (unless there
IS nothing but a cosmological constant)

It gives the time of emission of light arriving to us
today with redshift z.

If we set z=0 we get the age of the Universe, i.e. the
proper time elapsed since a=0.

1 tdx 1
tO_H— X | | T2 | | T 3 | | I 4
0 0 1,0t KX T m Xt T X
remember: Y lio=1
7
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1 tdx 1
Ho o X Ly o+ ! koX 241 poXt 341 . ox 4

" 0 is very small (O(10 *)) and can be neglected. There
are also upper bounds on " ko (making it small wrt " mp)

In a Universe dominated by matter this gives:
to=2/3Ho1=6.52x 10 hlyr,

which appears to be too short compared to the age of
certain globular clusters in our galaxy (> 10 9 yr).

A positive cosmological constant increasest o. In the
(presently favoured) CDM # model (" mo~0.28, " 40~
0.72) we get a more confortable:

to =13.4 1 x 19(0.7/h yr.
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Luminosity distance-and deceleration parameter

Two Interesting quantities in cosmology are the so-
called luminosity distance d | and deceleration
parameter g o. They are defined by the equations:

L

[ =
4WdE

ad
@ ! (= to)

where L(l) is the absolute (apparent) luminosity, say of
a star or galaxy. The Hubble law, when expanded to
second order in z, relates these parameters:

di(2) = Hy' 2+ J(11 )2 + O(z")

4G(0+ 3p0) _ 1,
- =\ 20

Hubble law beyond linear order => information about eq.of state!

On the other hand: Go =
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General expression forHubbleOs law

d.(z2) = a(l+2)fk(1(2); foly) =Yy ; fuly) =siny; f1 1(y) =sinhy
Tt dx
aoHo 1 Q) ox* + Qk 0X% + Qm,0X + O 0

1+

To order z 2 we can approximate siny ~ sinh y ~y, so that:

Hodl (2) = (1+ z); o dx
o ) 2 Q oxX*+ Qg X2+ Oy X
17 # $

I 1+ 2) dx 1+ %(452! o0t 200+ Qm o))" x)

1+ z

I @+ 2)@a" 1

1 1
. Z) + 1(49! 0+ 20k o+ Qm,0)Z°

1 1
I z+ §(1+ 20 0" Qmo)zi=z+ Q(l " q)z?

as previously written
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This generalized Hubble law can be checked using Type la
Supernovae as standard candles: evidence for negative g o...

Type la Supernovae

Perlmutter, Physics Today (2003)
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Will'thecUniverse expand forever?

We can answer this question (within our model) by looking at:

" mzd 1
1+ =z X
Hot(z) = -
O() X I + | X—2 4+ | Xx—3 + | x —4
0 - 1,0 - K,0 - m,0 - 7,0

If the quantity inside the " vanishes at some x=x*=a*/a 0>1
then this a* represents the maximun value reached by the
scale factor before the Universe collapses. Neglecting

radiation (a very good approximation for x>1), this means
having a root with x > 1 of the cubic equation:

1 oXP+ gk oX+ ! mo=0;forx>1;with!, g+ ! go+! mo=1

Possible only for a sufficiently negative " ko (K=+1). Thisis
excluded by the data (see graph), but what if DE is not just #?
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