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m isotropic is @ =0
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m biaxial otherwise
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written as
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m We denote
Qmin = {5+ (n(x) & n(X) - ;Id) ,h € SQ}

so that 73(Q) =0 < Q € Qmin.
m Boundary conditions:

Qb(x) = 54 (np(x) @ np(x ) —3ld), np(x) € C>(09,S?)
m Recall: Fig = [, [XOL 4 Q) gy

s QW — QO in Wt 2 ona subsequence, as L — 0.
IVQJ?
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Qnio = {5+ (n(x) @ 0(x) ~ 314) n € )
éir::’zI:ﬁZgY\I’.i;:dau SO that ?B(Q) - 0 <~ Q € Qmin-
m Boundary conditions:

Qb(x) = 54 (np(x) @ np(x ) —3ld), np(x) € C>(09,S?)
m Recall: Fig= [ WQ‘ + £ (Q) dx
s QW — QO in Wt 2 ona subsequence, as L — 0.

N vQP?

m Q( a global energy minimizer of Jo | > |

W1’2(Q, Qmin)
= QO —s+( © @ ) — 1/d) and

I \V% ' dx = 22 2 Jo ‘V’; ® dx with n© 3 global minimizer of

.7:01:[!7] fQ |Vn|2 dx in W:l 2(Q Sz)

in the space
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oT = T%)

B8(Q) = 5

tr (Qz) — gtr (Q3) + % (trQ2)2
Ginabng Landau

[T = T)Qy — b (Qu @y — 5511(Q)°) + Qtr(@)] x
[a(T = T*)Q; — b (QuQy — 0tr(Q)?) + cQytr(Q?)]
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LAQ; = —a*Q;—b? (Qinpj — czjtrQ2>+c2QU (tr@),i,j=1,2,

Analogy with
Ginzburg-Landau

Multiply by Q; sum over repeated indices and obtain:

LA(Q;Qy) — 2LQy,1 Qi = 2LAQ; Q5 > Lg(|Q])

g(1Q)) ¥ —2?|QP? - + Q)

b2
76|Q|3

On the other hand g(|Q|) >0 for |Q| > \/gs+
Hence LA (|Q[?) (x) > 0 for all interior points x € Q, where

QU)I > /351
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convergence ™ Bochner-type Inequahty
—ANe < ¢f
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1 [ IVOR  %(Q) 1/ IVQ]2 | #(Q)
S B < 2 — d
r/5,2+LX_RBR2+LX
for r <R
The uniform
convergence ™ Bochner-type Inequahty
—ANe < ¢f
where e, = @ + FB(LQ)

m Combine the two into a standard rescaling and blow-up
argument. Troubles near the boundary.
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convergence

The uniform convergence: obtaining uniform W

bounds-the general mechanism

m The energy inequality:

2 7 2 7
L[ var bl@), 1 Ve B@),
r B, 2 L Br

- R 2 L

forr <R
m Bochner-type inequality:

—Ag < ef

+ ?B(LQ)

m Combine the two into a standard rescaling and blow-up
argument. Troubles near the boundary.

m Remark that uniform W bounds cannot hold in the whole Q
but only away from the singularities of the limiting harmonic
map

\v4 2
where ¢, = %
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for p small enough

+ fB(Q ) dx small enough (independently of L)
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The uniform
convergence

The uniform convergence of fz(Q) to 0 from
the singularities of the limiting harmonic map

m Cheap W' bound

C
VW |~ < —
VOl =

m Combine with energy inequality and want to obtain that

1
; pr()’)

[vQe©“ P + fB(Q
2

for p small enough

D dx small enough (independently of L)

m “Morally” the same with %IB o) W(‘;(O)lz dx where Q) is the
limit (for which fz(Q©) = 0)

m For example, if Q@ =5, (

1
; ‘pr(}’)

Vo2 , _ 1 1
7 dx =[50 p O

Arghir Zarnescu
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l;l(;);linear Qmin — {5+ (n(x) () n(X) = %Id) , N € SZ}
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ofs(Q)
0Qj;

2
The uniform 1 ~T
convergence C ( ) < Z, J 1 ( + b2 3 ( Q2 )) é C fB ( Q)

1
VQ € So, |Q —sy(n®n— gld)\ < &g, for some n € §?

m where aggc()Q = —aZQU —b? QuQy + ¢ Qutr(Qz)
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The uniform
convergence

Taylor expansion trick near the limit manifold

m For the matrix Q(x) let us denote ny(x), na(x), n3(x) its
eigenvectors and A;(x), A2(x) , Az(x) = —A1(x) — Aa(x) the
corresponding eigenvalues.
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corresponding eigenvalues.

Arghir Zarnescu

m Near the limit manifold
(M — %)2 + (A — %)2 + A1+ A — 2%)2 <e

The uniform
convergence
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convergence

Taylor expansion trick near the limit manifold

m For the matrix Q(x) let us denote ny(x), na(x), n3(x) its
eigenvectors and A;(x), A2(x) , Az(x) = —A1(x) — Aa(x) the
corresponding eigenvalues.

m Near the limit manifold
(M — %)2 + (A — %)2 + A1+ A — 2%)2 <e€

m We can define the projection

@ ZEm()© m(x) — Zm(x) @ mx) + 2 ms(x) @ m(x)
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Taylor expansion trick near the limit manifold

Landau-de

Gennes m For the matrix Q(x) let us denote ny(x), na(x), n3(x) its
T eigenvectors and A;(x), Aa(x) , A3(x) = —A1(x) — Aa(x) the
corresponding eigenvalues.

Arghir Zarnescu

m Near the limit manifold
(>\1 - %)2 + ()\2 — %)2 + ()\1 + Ay — 2%)2 <e€
m We can define the projection

The uniform
convergence

@ ZEm()© m(x) — Zm(x) @ mx) + 2 ms(x) @ m(x)

m Taylor expansion

1 0%,

250,90 (2P =
1 82?5 X 1 63?5 X X ijmn
EaQUann(Q ) + EaQUannaQPq(Q )(qu(X) - qu) + RY
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The uniform
convergence

The uniform convergence result

Proposition

Let Q C R? be a simply-connected bounded open set with smooth
boundary. Let QY denote a global minimizer of the energy

FuclQ] = | 505(x)Quux) + Fa(Q() b

with @ € Wh?2 subject to boundary conditions Q, € C>(0), with
Qb(x) =s; (n®n—3Id),neS? Let Ly — 0 be a sequence such
that QL) — Q) in W12(Q).

Let K C Q be a compact set which contains no singularity of Q).
Then

kll_)n;O QMI(x) = QO(x), uniformly for x € K (1)

v
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Beyond the
Oseen-Frank
limit

Beyond the small L limit

m Heuristically: QW ~ QO 4 [RW 4+ ho.t

Arghir Zarnescu
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Beyond the small L limit

Landau-de
il m Heuristically: Q) ~ QO + LR + ho.t

Arghir Zarnescu

m Beyond the first order term: biaxial
Q:s(n@nf%ld) +r(m®mf%ld)

Beyond the \ . ,
Oseen-Frank \ /

limit

_’ ® b ' . ° ‘ e Figure 1. Schematic representation of the biaxial core of

a hedgehog. We show the section with a plane through
. N s the symmetry axis of the core. The ellipses suggest the

molecular orientation on this section: the points where they

' . \ degenerate in a disc are traversed by the uniaxial ring with

negative scalar order parameter. which comes out of the page;

/ accordingly, the broken circles show the trace of the torus
/ \ with a maximum degree of biaxiality. Both the symmetry

, . \ axis and the far director field are uniaxial with positive scalar

order parameter.
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Beyond the small L limit

Landau-de
il m Heuristically: Q) ~ QO + LR + ho.t

Arghir Zarnescu

m Beyond the first order term: biaxial
Q:s(n@nf%ld) +r(m®mf%ld)

_ 6(tr(Q%)” . . ..
mG(Q)=1- W—blaxmllty parameter

m S. Kralj, E.G. Virga, J. Phys. A (2001)
Beyond the

E)“s]ei!ten-Frank \\ \ . , /

‘ ° b ' . ° ‘ Figure 1. Schematic representation of the biaxial core of

a hedgehog. We show the section with a plane through

P .’ NS W ~ the .\ymmelr}( axi:s of the Fnre. ‘TllE ellips‘es suggest the
molecular orientation on this section: the points where they

' . \ degenerate in a disc are traversed by the uniaxial ring with

negative scalar order parameter. which comes out of the page;

/ accordingly, the broken circles show the trace of the torus
/ \ with a maximum degree of biaxiality. Both the symmetry

, . \ axis and the far director field are uniaxial with positive scalar

order parameter.
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Biaxiality: high dimensional feature (i.e. no

Eg;“ﬂear counterpart in Ginzburg-Landau)

Landau-de
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Pt m The space of Q-tensors Sy = {M € R3*3 tr(M) =0, M = Mt}
Arghir Zamescu is 5D.

Beyond the
Oseen-Frank
limit
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Landau-de
Gennes

Pt m The space of Q-tensors Sy = {M € R3*3 tr(M) =0, M = Mt}
Arghir Zamescu is 5D.

m The limit manifold Qumin = {s} (n Qn— %/d) ,n€S%}is 2D.
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Biaxiality: high dimensional feature (i.e. no

Eoog“ﬂear counterpart in Ginzburg-Landau)

Landau-de
Gennes

Pt The space of Q-tensors Sg = {M € R¥*3 tr(M) =0, M = M*}
is 5D.
m The limit manifold Qumin = {s} (n Qn— %/d) ,n€S%}is 2D.
m The uniaxial manifold f = {s (n®n— }Id) ,n € S?,s € R} \ 0
is 3D.
m For Q € U we have Q; Q) — %tr(Qz) = 3Qy.
Beyond the

Oseen-Frank ]
limit

LAQ; = (a - % + c2tr02> Qj+b= <Q,J QiQ; + JtrQ2)

def
= Rij

trQ22
RURUZB-7(6)
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Beyond the
Oseen-Frank
limit

Analyticity and Uniaxiality: sets of measure zero

3012
mG(Q)=1- % € [0,1] is a measure of biaxiality but is

discontinuous. Use instead 3(Q) = (tr(Q)z)3 -6 (tr(Q3))2
which is analytic.
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Upper bounds size of ‘defects’ zone and biaxiality

Landau-de
Gennes

minimizers

Arghir Zarnescu I_et Q* be a g|oba| minimizer
Let Q* = {x € @ |Q*(x)| < %|Qumin|}

Q| <a (ﬁ /|V” V(x)|? dx

Beyond the
Oseen-Frank
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Upper bounds size of ‘defects’ zone and biaxiality

Landau-de
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minimizers

Arghir Zarnescu || I_et Q* be a globa| minimizer
mlet QO = {x € Q [Q*(x)| < }|Quminl}

Q| <a (ﬁ /|V” V(x)|? dx

Beyond the
Oseen-Frank

limit u

@ = {xeq 10" > Hiamal. 8@ >}

L
QM < ©2 ¢
| \7a)\s+b2/Q|Vn |~ dx
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m A matrix depending smoothly on a parameter can have
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A new (?) possible interpretation of defects in

Eoo;“"ear Landau-de Gennes theory

Landau-de
Gennes

minimizers m The relation between eigenvectors of @ and light propagation

Arghir Zarnescu

m A matrix depending smoothly on a parameter can have
discontinuous eigenvectors

m Example: A real analytic matrix

1+x vy 0
Qlx,y,z)=1| vy 1-x 0
0 0 -2
Defects
1 0 0
m On y = 0 we have eigenvectors | 0 |, 11,10
0 0 ) 1 )
1 1 0
m On x = 0 we have eigenvectors . ( 1 0
0 1
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Defects

The regularity of eigenvectors in our case

Proposition

(i) Let Q1) be a global minimizer of Fi5[Q]. Then there exists a set
of measure zero, possibly empty, Qg in Q such that the eigenvectors
of QIY) are smooth at all points x € Q \ Qo. The uniaxial-biaxial ,
isotropic-uniaxial or isotropic-biaxial interfaces are contained in Q.

(i) Let K C Q be a compact subset of Q that does not contain
singularities of the limiting map Q. Let n() denote the leading
eigenvector of QW Then, for L small enough (depending on K), the
leading eigendirection () @ n(l) € C*> (K; M3*3).

V.

Arghir Zarnescu Landau-de Gennes minimizers




Future work

Landau-de
Gennes
minimizers

Arghir Zarnescu

m A good description of the core of the defects

Future work and
conclusions
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Conclusions
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Arghir Zarnescu

m In the limit of small elastic constant, and with suitable boundary
conditions, the Oseen-Frank theory provides a good
approximation to the Landau-de Gennes theory

m The approximation is better away from the singularities of the
limiting harmonic map, and near the singularities one has large
gradients

m The difference between Oseen-Frank and Landau-de Gennes is
conclusions (mainly) given by biaxiality. We have estimates on the size of
the biaxial deviations and on the size of admissible strongly
biaxial regions

Arghir Zarnescu Landau-de Gennes minimizers



	Liquid crystal modeling: three competing theories
	Analogy with Ginzburg-Landau
	The uniform convergence 
	Beyond the Oseen-Frank limit
	Defects
	Future work and conclusions

