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The microscopic dynamics

Px,dx € RY,
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The microscopic dynamics

Px,dx € RY,

2
X
x | y:ly—x|=1
=D e
dqyx = px dt

dpx = —8quN dt

+ v Noise
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The microscopic dynamics

Px,dx € RY,

dpx = —O0q, Hn dt + v Noise

Noise can conserve energy, or energy + momentum.
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Conservative Noise

Energy + momentum conserved:
Yoy = e =0y )0, —0,) — (P — py))(Opi — Opi)
Yoo +1y) =0 Yo (Ipal|* + [pyl*) =0

S= > > (V)

o—y|=1 i)

L={H,-}+~S
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Energy Current

Total energy is conserved by the bulk dynamics: Hy =) ex

T Z V(ax —ay) + W(ax) Energy of atom x.

y:y—x|=1

Ex —

Px
2

N | —
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Energy Current

Total energy is conserved by the bulk dynamics: Hy =) ex

2
_bx 1
ex = ¢+ 3 Y V(ax—ay)+W(ax)  Energy of atom x.
y:ly—x|=1
d
Lex =Y Vi jxx+e,  local conservation of energy.
k=1
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Energy Current

Total energy is conserved by the bulk dynamics: Hy =) ex
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_bx 1
ex = ¢+ 3 Y V(ax—ay)+W(ax)  Energy of atom x.
y:ly—x|=1
d
Lex =Y Vi jxx+e,  local conservation of energy.
k=1
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Energy Current

Total energy is conserved by the bulk dynamics: Hy =) ex

2
_bx 1
ex = ¢+ 3 Y V(ax—ay)+W(ax)  Energy of atom x.
y:ly—x|=1
d
Lex =Y Vi jxx+e,  local conservation of energy.

k=1

a 1

Ix,x+er, — _5 (px‘|‘ek + pX) ' vv(qx+ek _ qx)

In dimension 1, if W = 0, we have 2 other conserved quantities

er — Z(Qw—l—l - Qx)a pr
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Hyperbolic scaling

d=1, W =0 (unpinned):

ro(e7't) t(t,y)
> Glea) | patetiy | P [ Gl | pty) | dy
' ex(€7't) e(t,y)
&gt = 83/]3
Ors(r,u)
_ _ 2 — ’
atp - ayp(tv e—p /2) P(T7 ’LL) auS(?“, ’LL)

Ore = Oy (pP(r,e —p?/2))

s(r,u) thermodynamic entropy.
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Hyperbolic scaling

d=1, W =0 (unpinned):

re(€7't) t(t, y)
> Glea) | patetiy | P [ Gl | pty) | dy
v es(e1t) e(t,y)
&gt = 83/]3
Ors(r,u)
_ _ 2 — ’
atp - ayp(tv ¢ p /2) P(T7 ’LL) auS(?“, ’LL)

Ore = Oy (pP(r,e —p?/2))

s(r, u) thermodynamic entropy. %S(t, e — p?/e) = 0 (isoentropic).
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Hyperbolic scaling

d=1, W =0 (unpinned):

re(€7't) t(t, y)
> Glea) | patetiy | P [ Gl | pty) | dy
’ e (e 't) e(t, )
Ot = 83/]3
Ors(r,u)
_ 2 _ ’
Oip = ayp(ta e —p°/2) P(r,u) Oy (1, 1)

Ore = Oy (pP(r,e —p?/2))

s(r, u) thermodynamic entropy. %S(t, e — p?/e) = 0 (isoentropic).

L(Relative Entropy, smooth solutions).
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1

Diffusive scaling

In the space-time scale ez, e~2¢t, we want to understand the diffusive
behaviour of the evolution of energy (and obtain Fourier’'s law, heat
equation etc.).
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1

Diffusive scaling

In the space-time scale ez, e~2¢t, we want to understand the diffusive
behaviour of the evolution of energy (and obtain Fourier’'s law, heat

equation etc.).

First step is to establish the existence of the thermal conductivity x(T)
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1

Diffusive scaling

In the space-time scale ez, e~2¢, we want to understand the diffusive
behaviour of the evolution of energy (and obtain Fourier’'s law, heat
equation etc.).

First step is to establish the existence of the thermal conductivity x(T)
This can be defined by using the equilibrium dynamics at temperature
= 3~1, as the diffusivity of the energy fluctuations:

2
k(T) = lim 62 Zx < egz(t)eo(0) >3 —e?)

t—o0 2
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1

Diffusive scaling

In the space-time scale ez, e~2¢, we want to understand the diffusive
behaviour of the evolution of energy (and obtain Fourier’'s law, heat
equation etc.).

First step is to establish the existence of the thermal conductivity x(T)
This can be defined by using the equilibrium dynamics at temperature
= 3~1, as the diffusivity of the energy fluctuations:

2
k(T) = lim 62 Zx < egz(t)eo(0) >3 —e?)

t—o0 2

_ 1 / TS (2 (078, (), d

Green-Kubo formula.

=
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Diffusive scaling

Even to prove the existence of x(T') in a deterministic Hamiltonian
system is still a dream.
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Diffusive scaling

Even to prove the existence of x(T') in a deterministic Hamiltonian
system is still a dream.

It is clear that random perturbation should help, increasing the decay of
<jg,x+1(t)jg,l(o)>ﬂ'
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Diffusive scaling
Even to prove the existence of x(T') in a deterministic Hamiltonian
system is still a dream.
It is clear that random perturbation should help, increasing the decay of
<jg,:c—|—1(t)jg,1(0)>ﬂ'

As a matter of fact, even for randomly perturbed systems it is a very
difficult problem, if the perturbation conserve energy and the system is
anharmonic.
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Diffusive scaling
Even to prove the existence of x(T') in a deterministic Hamiltonian
system is still a dream.
It is clear that random perturbation should help, increasing the decay of
<jg,:c—|—1(t)jg,1(0)>ﬂ'

As a matter of fact, even for randomly perturbed systems it is a very
difficult problem, if the perturbation conserve energy and the system is
anharmonic.

and there are some surprises about the decay of <jg7x+1(t)jg,1(0)>6, at
least in dimension 1.

=
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Diffusive scaling

The ultimate goal is to prove that

with T'(¢, u) satisfying a (eventually non-linear) heat equation
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Diffusive scaling

The ultimate goal is to prove that

with T'(¢, u) satisfying a (eventually non-linear) heat equation

3 approachs:
@ Weak coupling limit
@ Kinetic limit

@ Hydrodynamic limit

=
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Weak coupling limit
in collaboration with C. Liverani

Q V(qx_|_1 — q;,;) — EV(Qa:—I—l - qa;)
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Weak coupling limit
in collaboration with C. Liverani

Q V(qx_|_1 — qx) — EV(Qa:—I—l - qa;)

@ t— e %t
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Weak coupling limit

Q V(Qx—i—l — Qx) - EV(Qw—I—l - Qx)

@ t— e %t

@ no space scaling
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Weak coupling limit

Q V(Qx—i—l — Qx) - EV(Qw—I—l - qﬂf)

@ t— et

@ no space scaling

@ stochastic perturbation acting independently on each particle

conserving |p.|#, dimension v > 2.

L=A+8, A={H,-} Poisson brackets

S = ZZ(Ym;i,j)Q Yaii,j :pgﬁpi _pégp?;
r 1,7
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Weak coupling limit

Q V(Qx—i—l — Qx) - EV(Qw—I—l - Qx)

@ t— et

@ no space scaling

@ stochastic perturbation acting independently on each particle

conserving |p.|#, dimension v > 2.

L=A+8, A={H,-} Poisson brackets

S = ZZ(Ym;i,j)Q Yaii,j :pgﬁpi _pégp?;
r 1,7

L dp;(t) = 8%7’(6 dlf—Vpij dt + Zpgﬁ dwi,j (t), Wi, 5 = —Wj 4
J
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1

Weak coupling limit

Theorem: e (e %t) — ¢€,(t), solution of the system of SDE:

de,(t) = 3 ale(t),6,(0) di+ 3 WEn(t),6,(1) dw,, (1)

ly—x|=1 ly—x|=1

€y, €y) = —a(éy, €x) = (0z, — 0z, )7(€x (1), Ey(1))7, Wy y = —Wy o
~ 1 L
L=5 > (%, —0,)7(.8)° (0, — 0,)
xay|x_y|:1

Non-gradient Ginzburg-Landau model
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1

Weak coupling limit

Theorem: e (e %t) — ¢€,(t), solution of the system of SDE:

deo(t) = Y al@(t).en)d+ Y 7(E(t),&(t) dwyy(t)

ly—z|=1 ly—z|=1
€y, €y) = —(€y,€5) = (0, — 0éy)7(ex(t), ey(t))2, Wyy = —Wy g

~ 1 ~ o~
-l Y G-t n 0.0

xay|x_y|:1

Non-gradient Ginzburg-Landau model

e, = [ <3805, >coz, d
0
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Weak coupling limit

> .. €z conserved quantity
V3 > 0, [[, Be P¢=dé, stationary (reversible) measures
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Weak coupling limit

> .. €z conserved quantity
V3 > 0, [[, Be P¢=dé, stationary (reversible) measures

If Vand W are quadratic (harmonic chain), we get a gradient
Ginzburg-Landau model:

Y(€x, éy)Q = €56y, o€y, ey) = —(€x — ey)

des(t) = Y () &) di+ Y \JE()E,(t) dws, (1)

ly—z|=1 ly—x|=1

= Ae,(t) dt + Z \/Ga: )éy (1) dwg (1)

ly—z|=1
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Weak coupling limit

> .. €z conserved quantity
V3 > 0, [[, Be P¢=dé, stationary (reversible) measures

If Vand W are quadratic (harmonic chain), we get a gradient
Ginzburg-Landau model:

Y(€x, éy)Q = €56y, o€y, ey) = —(€x — ey)

des(t) = Y () &) di+ Y \JE()E,(t) dws, (1)

[y—xz|=1 [y—z|=1
=D&, (1) di+ Y ([ (0)8,(t) dwg (1)
ly—z|=1
5“2(; (6x)é,(672%) — [ G(w)T(t,u) du, 8, = AT

I 6—0
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1

Weak coupling limit

In the non-harmonic case, a(é,,€,) is not a gradient, but Varadhan’s
non-gradient technique for hydrodynamic limit can be applied (with
some difficulties) and

v ZG (62)é,(67%) — [ G(w)T(t,u) du,  8,T = Vi(T)VT

0—0

= [ S alerna®).0)a(@(0),@(0) g
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non-gradient technique for hydrodynamic limit can be applied (with
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Kinetic Limit

Harmonic chain + ¢ noise (conservative)

@ The stochastic perturbation can be as before.
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Kinetic Limit

Harmonic chain + ¢ noise (conservative)

@ The stochastic perturbation can be as before.

@ Or it can also conserve momentum:
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Kinetic Limit

Harmonic chain + ¢ noise (conservative)

@ The stochastic perturbation can be as before.

@ Or it can also conserve momentum:
Yo = (0 — 0y (0,5 — 8,5) — (0% — Pl (e — %)

Ym (px + py) 0 Ym(|p:c|2 T |py| )

- Y Yo

lz—y[=1 ]

L:{H,'}+€S
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Boltzmann phonon equation

1 R T
ak,t) = ﬁ (x/w(k)q(k, t) + mp(k,t))

where w(k) is the dispersion relation of the harmonic chain:

1/2

d
o) = [ +aY sl | /|a(k,t)\2dk:26x

J
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Boltzmann phonon equation

1 R T
ak,t) = ﬁ (x/w(k)q(k, t) + mp(k,t))

where w(k) is the dispersion relation of the harmonic chain:

1/2

d
o) = [ +aY sl | /|a(k,t)\2dk:26x

J
Wigner distribution (in space-time scaling e 'z, e 1t):

€

We(y, k,t) = (i)d /( o dne’™ (a(k — en/2,t/€)*a(k + en/2,/c))"

=

V Thermal Conductivity and Fourier Law from Microscopic Dynamics — p.13/20



Boltzmann phonon equation

1 R T
ak,t) = ﬁ (x/w(k)q(k, t) + mp(k,t))

where w(k) is the dispersion relation of the harmonic chain:

1/2

d
o) = [ +aY sl | /|a(k,t)\2dk:26x

J
Wigner distribution (in space-time scaling e 'z, e 1t):

€

We(y, k,t) = (i)d /( o dne’™ (a(k — en/2,t/€)*a(k + en/2,/c))"

=
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Boltzmann phonon equation

We(y, k,t) — W(y, k, 1)

e—0
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Boltzmann phonon equation

We(y, k,t) — W(y, k, 1)

e—0

W (K, 7,1) + Viw(K) - VaW (K, , 1) = / di R(k, k') (W (k') — W (K))

R(k,E') = R(E, k) > 0,
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Boltzmann phonon equation

We(y, k,t) — W(y, k, 1)

e—0

W (K, 7,1) + Viw(K) - VaW (K, , 1) = / di R(k, k') (W (k') — W (K))

R(k,E') = R(E, k) > 0,

@ R(k,K')>1/2if only energy is conserved

@ R(k,k'") ~,_ok?* if energy + momentum are conserved.

=
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Boltzmann phonon equation

We(y, k,t) — W(y, k, 1)

e—0

W (K, 7,1) + Viw(K) - VaW (K, , 1) = / di R(k, k') (W (k') — W (K))

R(k,E') = R(E, k) > 0,

@ R(k,K')>1/2if only energy is conserved

@ R(k,k'") ~,_ok?* if energy + momentum are conserved.

=
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)

62

Z (G xrer ()16 0, (0)) = ypox /[O 1]d(c‘9k1w(k))2 ot (K) g1

x€Z4
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)

62

D (e Wi O = g [ (Orwfb))? e a0

x€Z4
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)

62

Z (G xrer ()16 0, (0)) = ypox /[O 1]d(c‘9k1w(k))2 ot (K) g1

x€Z4
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)

o2
.>a}<x e t jael 0 — / 0 LW k 2 6—t'y¢(k) dk
X%Z:d <] X+ () 0, ( )>T A2 [0,1]d( k ( ))
834 sin?(rk. ifd>2,
(k) = 2= S (73) ()

4/3sin”(7k)(1 + 2cos?(wk)) ifd=1
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Energy+Momentum conserved

Harmonic case: V(qx — qy) = [lax — ay||?, W(ax) = wilax||*-
G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)

o2
.>a}<x e t jael 0 — / 0 LW k 2 6—t'y¢(k) dk
X%Z:d <] X+ () 0, ( )>T A2 [0,1]d( k ( ))
834 sin?(rk. ifd>2,
(k) = 2= S (73) ()

4/3sin”(7k)(1 + 2cos?(wk)) ifd=1

t=4/2=1 if wy > 0 (pinned) ,
T Do $—d/2 if wo = 0 (unpinned)

Z <]X X—i-el jO ,€1 (O)>

xeZa
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Hydrodynamic Limit:Energy+Momentum conser‘?d

G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)
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Hydrodynamic Limit:Energy+Momentum conser‘?d

G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)
If w > 0 (pinned) or in dimension d > 3 conductivity is finite
1,1 1 ~

8

= = 4 — Ci1(t) dt

" d 2 ), 11(t)
b

2
d 87T2d’y [0 1]d

(k)
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Hydrodynamic Limit:Energy+Momentum conser‘?d

G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)
If w > 0 (pinned) or in dimension d > 3 conductivity is finite

1,1 1 >
K — E @ . Cl,l(t) dt
1 k))?
d 81 d’)/ [0,1]9 w(k)

If w = 0 (unpinned case) in dimension d < 2 conductivity diverges:
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Hydrodynamic Limit:Energy+Momentum conser‘?d

G. Basile, C. Bernardin, S. O., Phys. Rev. Lett. 96 (2006)
If w > 0 (pinned) or in dimension d > 3 conductivity is finite

1,1 1 >
K — E @ . Cl,l(t) dt
1 k))?
d 81 d’)/ [0,1]9 w(k)

If w = 0 (unpinned case) in dimension d < 2 conductivity diverges:
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Results for (some) an-harmonic case

fO<co<V"<Cy< oo

sup / NS e (D780, (0))dt < C(y)

A>0

If d > 3 or pinned, or if noise conserve only energy.
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Results for (some) an-harmonic case

fO<co<V"<Cy< oo

sup / NS e (D780, (0))dt < C(y)

A>0

If d > 3 or pinned, or if noise conserve only energy.

ifd=1, Ky < NY/2,
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Results for (some) an-harmonic case

fO<co<V"<Cy< oo

sup /0 NS e (D780, (0))dt < C(y)

A>0

If d > 3 or pinned, or if noise conserve only energy.

ifd=1, Ky < N2, Not surprising, but rigorous.
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Results for (some) an-harmonic case

fO<co<V"<Cyh< oo

sup /0 NS e (D780, (0))dt < C(y)

A>0

If d > 3 or pinned, or if noise conserve only energy.

ifd=1, Ky < N2, Not surprising, but rigorous.

We can prove the existence of the limit only for the self-consistent ther-

mostats model ( )

=
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1

Superdiffusion

In dimension 1 and 2, if noise conserve energy and momentum, and the
interaction is harmonic and unpinned,
thermal conductivity is infinite and energy fluctuations superdiffuse!
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1

Superdiffusion

In dimension 1 and 2, if noise conserve energy and momentum, and the

interaction is harmonic and unpinned,
thermal conductivity is infinite and energy fluctuations superdiffuse!

What kind of superdiffusion?
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1

Superdiffusion

In dimension 1 and 2, if noise conserve energy and momentum, and the

interaction is harmonic and unpinned,
thermal conductivity is infinite and energy fluctuations superdiffuse!

What kind of superdiffusion?
Back to phonon Boltzmann equation:

O W (k, ., t)+w' (k)0 W (k, 2, t) = / di' R(k, k)Y (W (K') — W (k))

R(k, k') = R(K',k) >0, R(k, K k~0k2
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Superdiffusion

In dimension 1 and 2, if noise conserve energy and momentum, and the

interaction is harmonic and unpinned,
thermal conductivity is infinite and energy fluctuations superdiffuse!

What kind of superdiffusion?
Back to phonon Boltzmann equation:

O W (k, ., t)+w' (k)0 W (k, 2, t) = / di' R(k, k)Y (W (K') — W (k))

R(k, k') = R(K',k) >0, R(k, K k~0k2

Thermal Conductivity and Fourier Law from Microscopic Dynamics — p.18/20



1

Superdiffusion

The exact results on the decay of the correlation suggest that the right
scaling is

AX (A7) = A/OAatw’(K(s)) ds

@ « = 2ford > 3 orpinned cases (diffusion)

@ « = 4/3inthe d=1 unpinned case (superdiffusion)
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1

Superdiffusion

The exact results on the decay of the correlation suggest that the right
scaling is

AX (A7) = A/OAatw’(K(s)) ds

@ « = 2ford > 3 orpinned cases (diffusion)
@ « = 4/3inthe d=1 unpinned case (superdiffusion)

AX (A™?t) converges, as A — 0, to the a-stable Levy process.

Ore = A2
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Superdiffusion

The exact results on the decay of the correlation suggest that the right
scaling is

ATt
AX (A7) = )\/ W' (K(s)) ds
0
@ « = 2ford > 3 or pinned cases (diffusion)

@ « = 4/3inthe d=1 unpinned case (superdiffusion)

AX (A™?t) converges, as A — 0, to the a-stable Levy process.
e = A%
For d = 2 we conjecture:

X (A7)

B Brownian motion
log(A—1) Bt
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Numerical simulations

unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
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@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
@ Inthe g-FPU (quartic) a = 0.45.
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unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
@ Inthe g-FPU (quartic) a = 0.45.
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Numerical simulations

unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
@ Inthe g-FPU (quartic) a = 0.45.

@ Inthe o-FPU (cubic) a = 0.46
Q

Reducing the noise : in the 5-FPU a = 0.39 (a = 0.4 is the kinetic
limit prediction).
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Numerical simulations

unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

Q

Q
Q
Q

©

In the harmonic case a = 0.48 (a = 0.5 exact solution).
In the 5-FPU (quartic) a = 0.45.
In the a-FPU (cubic) a = 0.46

Reducing the noise : in the 5-FPU a = 0.39 (a = 0.4 is the kinetic
limit prediction).

Reducing the noise : in the a-FPU a = 0.335
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Numerical simulations

unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
@ Inthe g-FPU (quartic) a = 0.45.

@ Inthe o-FPU (cubic) a = 0.46
Q

Reducing the noise : in the 5-FPU a = 0.39 (a = 0.4 is the kinetic
limit prediction).

@ Reducing the noise : in the a-FPU a = 0.335

Why noise increase the divergence?
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Numerical simulations

unpinned 1-d system with energy+momentum conserving noise,
Green-Kubo simulations (N = 2048): generically ky ~ N®

@ In the harmonic case a = 0.48 (a = 0.5 exact solution).
@ Inthe g-FPU (quartic) a = 0.45.

@ Inthe o-FPU (cubic) a = 0.46
Q

Reducing the noise : in the 5-FPU a = 0.39 (a = 0.4 is the kinetic
limit prediction).

@ Reducing the noise : in the a-FPU a = 0.335

Why noise increase the divergence?

More simulation for Toda Lattice, rotors
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