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Major progress in last 30 years:
understanding structure of quantum wavefunctions
(or quantum "states"”)




Mathematical description
of a quantum state is
unimaginably vast

U =

Describing state of just
140 quantum particles
requires more numbers
than atoms in the universe
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But the wavefunction harbors patterns
of quantum entanglement between particles




Entanglement patterns impart
internal structure to the wavefunction
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The Quantum Many-Body Problem



Accurate calculations of many-fermion systems are
central to condensed matter physics

High-temperature superconductor
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Barisic, Chan, Li, PNAS 2013
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Numerical study of
t-t'-J model



Often simplified to minimal model:
the Hubbard model

:—tz (/ET(/E] CCJ —|—UZTAL3'TTAL]¢
J



Quantum physics "simple" mathematically speaking
Given Hamiltonian H

All we must do is find lowest eigenvector (zero temperature):

HU = EV

Or exponentiate (finite temperature):



What is the problem?
Hamiltonian acts in space of all configurations (4N x 4N matrix)

LR 1 it AN Bt A A AR A

N\

H )

W also defined for all configurations



Many-body wavefunction lives in 4N dimensional space

LR 1 it AN Bt A A AR A

Wavefunction W seemingly intractable

Can we get around this many-body problem?




1. Guess the Wavefunction

Can sometimes work!

v=1/3
Laughlin
state jj

Famously, Laughlin guessed wavefunctions qualitatively
explaining the fractional quantum Hall effect

p=1I1 f(z;-2,)} exp(~ £33, 12,2

I<k

Laughlin, Phys. Rev. Lett. 50, 1395 (1983)



2. Avoid the Wavefunction

In the 70's, Kohn, Hohenberg, and Sham developed
density functional theory

Proved all T=0 properties determined by electron density

Local density approximation:

%‘—”—_

Energy sum of interacting uniform gas
energies pinned to each density value

Workhorse of realistic materials calculations



3. Sum Simpler Wavefunctions

Take non-interacting problem (solvable)

To) = ¢k - o ]0)

Interacting wavefunction by summing non-interacting
wavefunctions:

0) = a; ¢TI 60T 0)
+ as g%?)%(?ﬁ o (2>T‘O>
+ as ¢ 3)T¢(3)T o (3)T‘O>
+ ..



4. Sample the Wavefunction (quantum Monte Carlo)

Can rewrite as paths in imaginary time (= path integral)

Now a classical problem — sample with Monte Carlo




But all these methods encounter some trouble...

Summing wavefunctions:
exponentially many terms needed for large U

Sampling / quantum Monte Carlo:
exponentially many samples for low temperature T

Possibly to work with wavefunction directly?




What is a wavefunction? Map of configurations to numbers

Y AN S A AN+

v

0.1



What is a wavefunction? Map of configurations to numbers

(TR S A




What is a wavefunction? Map of configurations to numbers

N Y

v

0.2



Formally a tensor with N indices

A tensor with N indices of dimension 4 (O, T , \L , ﬁ)
has 4N different parameters

Can parameters be truly unrelated?



Take inspiration from Netflix (!)
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Millions of people, but can not be millions
of unique tastes / genres

Movies

X wm R ¥ W

@ -
People |
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Can not be millions of unique
tastes / genres ...

DA ¥ W Rating matrix must

be low rank

¢
people movies
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In similar fashion, ground state wavefunction is low rank

row column
indices indices

A A
r ) r )

an-a»

Properties of one electron can not really depend on
4N-1 states of other electrons

2

Electrons mostly correlate with others nearby to them



Nothing special about center bipartition

row column
indices indices

2



Nothing special about center bipartition

row column
indices indices

f-Hf - =

V- e
o ammm

2



Motivates following decomposition

~ bbb b b4

Low-rank factorization across all 1D bipartitions



Tensor Diagram Notation

Convenient for notating large tensors

N-index tensor = shape with N lines

818283840000 oo o0 oo SN

e G

Low-order tensor examples:
S
J

Uj Mij




Tensor Diagram Notation

Joined lines are contracted, can omit names

l J

oo — A;;Bj; = Tr[AB]
\_

N



Notation — Tensor Diagrams

Compare to traditional notation

0000000000

al1ag ao2as as3aq a4ars asag

Tn1n2n3n4n5n6 — E A’;Lll An2 AnS An4 An5 An6 Agg
a

hard to write and interpret, many index names...



Following decomposition known as
matrix product state (MPS) 1.2

~ bbb b b4

Simplest example of a tensor network

[1] Ostlund, Rommer, PRL 75, 3537 (1995)
[2] Vidal, PRL 91, 147902 (2003)



Name matrix product state refers to retrieving elements:

T

R S



Name matrix product state refers to retrieving elements:

0000

T

R S



Name matrix product state refers to retrieving elements:

T

*-0-0-0-0
R S °-0-0-0



Name matrix product state refers to retrieving elements:

3

T

R S



Name matrix product state refers to retrieving elements:

:iii

T

(U S



Name matrix product state refers to retrieving elements:

RS %

|
S

T

(U S

ttdd



Size of Matrix Product States (MPS)

Main control parameter is bond dimension X

MPS tensors have 4)(2 entries

Reduces memory needed from 4 —» 4N)(2

— 4N/2

For X , can represent any state



When can MPS be used?

~ bbb b6

X

Bond dimension y bounds quantum

entanglement S between halves of system as

S<Ilny

Tensor network — low-entanglement state



When can MPS be used?

Has been proven? that
* ground states of
e finite-range 1D Hamiltonians with
* gap to first excited state

are low-entangled states

They are tensor networks!

Can refine further: area law, entanglement scaling?

[1] Hastings, J. Stat. Mech, P08024 (2007)
[2] Evenbly, Vidal, J. Stat. Phys. 145 (2011)



When can MPS be used?

~ bbb b6

X

For the electronic Hubbard model:
e works for all U (best for large U!)
* can be applied at high or low temperature T

e challenges remain to handle large 2D systems

U




Tensor Networks

Many other tensor network formats
Varying expressiveness, algorithms, and research questions

R B
/

rreree /N
m%

tree tensor network PEPS / tensor grid
/ hierarchical Tucker



Optimizing Tensor Networks
at Zero Temperature



How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Compute: e_Tﬁ\w()) — )

Forlarge 7 — 00, H|hso) = E|thso) (becomes ground state)



How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Compute: 6_Tﬁ\¢0> T — 0
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How to determine parameters of a tensor network?
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How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Compute: 6_Tﬁ\¢0> T — 0

e—eH €_€H




How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Compute: 6_Tﬁ\¢0> T — 0




How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Compute: 6_Tﬁ\¢0> T — 0




How to determine parameters of a tensor network?

Simplest scheme: imaginary time evolution

Vo)



Even better scheme: density matrix renormalization group
(DMRG) algorithm1:2

(] A
= (Y[H[Y)

\

want to minimize

V)

[1] White, PRL 69 (1992)
[2] Schollwock, Ann. Phys. 326 (2011)



Strategy: improve one tensor at a time

effective Hamiltonian
for single tensor

J

&

tensor U being
optimized

Solve ﬁeﬂ:ﬁ! — EW for just this one tensor



Strategy: improve one tensor at a time
"Sweep" back and forth over all the tensors
(W

H
)




Strategy: improve one tensor at a time
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Strategy: improve one tensor at a time
"Sweep" back and forth over all the tensors
(W

H
)




Example of DMRG in action

1D Heisenberg model A=) "5; 5.
j

(55) oo
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Heisenberg model is U/t — oo limit of Hubbard model
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Finite Temperature
Tensor Networks



Finite Temperature Quantum

Textbook prescription: "just" obtain all eigenstates

ﬁ‘€n> — en‘€n>

Then finite T density matrix is nicely diagonal

T =N e ey (en

n



Finite Temperature Quantum

Textbook prescription: "just" obtain all eigenstates

ﬁ\en> = €n|€n)

Thermal averages given by

A 1 A
- _en/T
(A) = Z > e /T en| Alen)

n



But eigenstates terrible numerically! HM}

e Exponentially small energy spacing
* Non-classical even at high T

e Very high entanglement

¢

No chance for tensor networks!



Need a different way...

First write density matrix symmetrically

A

Biy _BY
—BH —S5H_—-5H

€ — € €

Insert complete set of states

N =

= 3 e i e < D16 o

Z
\ - _J
-~

Freedom to

choose these |¢;)



By decomposing finite T state

) 1 P 1 .
(A) = —Tr[e PHA] = Ezpi (i Al ;)

|

an average over
pure states



Expanding e "% Z i) (D]

To give tensor networks their best chance

choose |¢;) ffgﬁ\i} to "descend"” from

untentangled (zero-entanglement) states

‘ ’ ‘ ’ ‘ ‘ ‘ ’ ‘ ’ Unentangled product state

g
ezt

Modestly entangled state

A AR 4 A0 40 A 4 A 4 ¢



Z/ Solved problem of representing D) ox e ﬁ|z>

(choose |i) as product states)

One more problem: too many states —
there are exponentially many |¢) and thus |¢;)

B4 Solution: sample over the |?)

1) _e_i—' O1)

/ p(1 — iz) = |(izlér)

io) L} P2)

e s

i3) iH—'V P3)



Algorithm just described named
minimally entangled typical thermal states (METTS)1.2

(D;) o 6_§ﬁ|i> METTS wavefunction

Quantum Monte Carlo where samples are
entangled wavefunctions, not classical configurations

Classicality of METTS depend on T
7 I'4 7z ' g 7 I'4 Pl 4 high T, classical,

unentangled

low T, quantum,

[1] S.R. White, PRL (2009)
[2] Stoudenmire, White, NJP (2010)



Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)




Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)




Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)
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Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)
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Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)




Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)




Minimally Entangled Typical Thermal States
Movie of METTS algorithm (S=1/2 Heisenberg ladder, f =)3)




Summary and Future Directions



Summary

Tensor networks, such as matrix product states,
succeed because of low entanglement in
quantum states

Can avoid exponential costs of other methods,
at least for low dimensional systems

Finite temperature treatable by avoiding eigenstates,
working with "typical" states instead

R



Future Directions %

Frontier for tensor networks are two- and
three—dimensional systems

Zero-temperature methods working well in 2D now,
time is ripe for finite temperature approaches
(see next talk: Alex Wietek)

Goal of coherent, unified understanding of
Hubbard model and strongly-correlated electron

systems

2



