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0. Reminders and clarifications on previous 
lecture:

Conduction electron host (``bath’’, environment)

Single-level ``atom’’

Transfers electrons between bath
and atom – Hybridization, tunneling

Anderson « impurity » model:



“Coulomb staircase”, different regimes:

-U 0

kT

Local moment
regime ``Mixed 

valent’’
regime

<nd>/2

εd

Note: middle of staircase has particle-hole symmetry, for:

(There, states |2> and |0> have same energy = 0)
Symmetry ω -ω e.g. in spectral function of d-level



Effective hamiltonian in local moment regime: 
the Kondo model

In symmetric case:



AF coupling flows to strong-coupling under 
renormalization. i.e. integrating out

Kondo scale: 
(1st order expression)

(Λ: cutoff, e.g. bandwidth)



The strong-coupling fixed point:
singlet formation and local Fermi liquid

- Singlet ground-state formed between impurity spin
and conduction electrons

- Seen from the conduction electron viewpoint: 

N sites N-1 sites (impurity site inaccessible) π/2 “phase shift”

- cf. ground-state wavefunction
with 1 conduction electron site:



The conduction electrons viewpoint:

Scattering T-matrix

Define phase-shift by:

Note: at particle-hole symmetry: T is purely imaginary δ = π/2

Need to understand spectral function of impurity orbital

Total scattering cross-section ~ Im T ~ V2 Ad(ω) - `optical’ theorem



d-level spectral function, wide bandwidth limit, Fermi-liquid considerations:

Hence, at low-frequency:

Resonance with renormalized level position and width, overall spectral weight Z:

In particular, in particle-hole symmetric case (LM regime) 

Width, Weight ~ Z
Height unchanged !



The T-matrix, at T=0 and ω=0 (wide bandwidth):

phase shift
at T=ω=0

Hence :

So that, finally:

Local d.o.s of conduction electrons at ω=0:

d.o.s vanishes in symmetric 
case Kondo screening `hole’

Ad(0) pinned at its U=0 value in 
symmetric case !
Im T takes maximal value

Unitary limit scattering



Friedel’s sum-rule
(valid at T=ω=0, wide bandwidth)

Exact relation between 
the phase shift and the occupancy of the atomic orbital !

Why is this remarkable ?
- Phase-shift is a low-energy property (Ad(0))
- Occupancy integrates over all energies (integral of Ad overω<0)

Non-perturbative proof : see later – or see bibliography
(in the context of the AIM: Langreth, Phys Rev 150 (1966) 516



Impurity contribution to resistivity :

Kubo formula for c-electrons

`Optical’ theorem

Unitary limit resistivity :

T=0 :

Finite-T, Kondo regime:



Experiments on 
dilute magnetic impurities 

in metals



1. Historical context: magnetic 
impurities in metals

De Haas, de Boer 
and van den Berg, 
Physica 1 (1934) 1115
``The resistivity of the gold wires
measured (not very pure) has a 
minimum.’’



An experiment contemporary to Kondo’s paper and 
demonstrating that the effect comes from Fe-moments :



Kondo’s 
Resistance minimum:



Experiments: Loram et al. 
Phys Rev B 2 (1970) 857

NRG theoretical calculation:
Costi and Hewson
J. Phys. Cond. Mat. 6 (1994) 2519

Scaling with T/TK ?



??

Details of deviations 
(asymmetry, etc…) 
claimed to be 
reasonably accounted for 
by additional effects
e.g. crystal fields, etc…



Single-orbital Anderson model ignores 
many realistic aspects 

- especially: orbital degeneracy

J: Hund’s coupling
Rotational invariance in spin and orbital space:
Cf. Caroli, Caroli and Fredkin Phys Rev 178 (1969) 599

Dworin and Narath Phys Rev Lett 25 (1970) 1287 



2. The study of scattering by 
magnetic impurities in metals 

has been rejuvenated recently by 
experimental studies on 

mesoscopic wires

See also seminar by S.Florens…

- Quantronics group, SPEC, CEA-Saclay
(F.Pierre, A.Anthore, B.Huard, H.Pothier, D.Esteve, et al.) 
- Grenoble group (L.Saminadayar, C.Bäuerle et al.)



1997: a much discussed article …

Measure of the phase-coherence 
(dephasing) time from 
weak-localization 
Magnetoresistance experiments



From 2002 : growing evidence  that  these 
effects are largely  due to magnetic impurities.
- Detailed magnetoresistance measurements and comparison 
to theory of dephasing in Kondo systems:
F.Pierre et al PRB 68 (2003) 
B. Huard et al. PRL 95 (2005) 036802
Lin et al. J. Phys. Cond Matt 14 (2002) R501 –exp. Review-

Goppert et al. PRB 66 (2002) 155328
Zarand et al. PRL 93, 107204 (2004) 
Micklitz et al. PRL 96 (2006) 226601

- `Relax’ experiments probing electron distribution function
Energy dependent kernel for inelastic scattering

H.Pothier et al. PRL 79 (1997) 3450
A. Anthore et al. PRL 90 (2003) 076806
Kaminsky and Glazman PRL 86 (2001) 2400 



+ A number of papers by the Grenoble group, e.g.:
Anomalous Temperature Dependence of the Dephasing

Time in Mesoscopic Kondo Wires
Félicien Schopfer, Christopher Bäuerle, Wilfried Rabaud, and Laurent Saminadayar

Phys. Rev. Lett. 90, 056801 (2003) –

Scaling of the Low-Temperature Dephasing Rate in Kondo Systems 
Mallet et al. Physical Review Letters, vol. 97, 226804 (2006) 

+ many others



Dephasing rate in Kondo systems:

Zarand et al.
PRL 93, 107204 (2004) 
Micklitz et al.
PRL 96 (2006) 226601



3. A quantum dot as an 
`artificial’ magnetic impurity:

when the Kondo effect suppresses 
the Coulomb blockade !



Quantum dots :

Cf. e.g. M.Kastner
Physics Today, 1993

http://www.mitre.org/research/nanotech/quantum_dot_cell6.html


Extremely simplified model: a slight 
modification of the Anderson 

single-impurity model (w/ 2 baths)

Hybridization to the leads Leads

Coulomb blockade on the dot 

Valid for widely separated energy levels on the dot, considering a 
single level (NOT correct for a metallic island, OK for 2DEG dots). 



Conductance through dot :

L

R

Left junction, Kubo formula:

Adding the 2 junctions in series:



Conductance (cont’d)…
Specialize to L-R symmetric device, for simplicity:

Notes:
1- Compare to formula for resistivity ! G ~ R quite remarkable !

2- ~ A Landauer formula generalized to tunneling into an interacting system
ΓAd(ω,T) plays the role of transparency of barrier

3- Generalization to out of equilibrium, e.g. I(V) for finite voltage
Is an outstanding problem. General formula based on Keldysh has been 
Derived (Meir and Wingreen, PRL 68 (1992) 2512) but concrete calculations 
Difficult ! Numerous recxent works (Saleur et al., Andrei et al.) – an active field !



High-temperature regime T>>Γ : Coulomb blockade
Use isolated atom form of spectral function

Height Γ/T

Width ~ T

Decreasing T



Low-T regime: the Kondo effect suppresses 
Coulomb blockade !

Using the value of Ad(0) above, and the Friedel sum-rule:

Maximum conductance 2e2/h restored at midpoint of Coulomb staircase !

Scaling form vs. T/TK :

Theoretical prediction of suppression of Coulomb blockade:
- L.Glazman and M.Raikh, JETP Lett. 47 (1988) 452
- T.K.Ng and P.A.Lee, Phys Rev Lett 61 (1988) 1768
- Cf. also: J. Appelbaum, PRL 17 (1966) 91



Wave-function interpretation:
Virtual transitions create admixture of components with 
0 or 2 electrons on the dot in the wave-function.

Restoration of charge fluctuations





See also: D. G-G et al. PRL 81 (1998) 5225

Orders of magnitude:
U ~ 1.9 meV
Γ ~ 0.3 meV
Range of TK:
40mK 2,5 K





Dependence on gate voltage :
Goldhaber-Gordon et al.
Phys Rev Lett 81 (1998) 5225



Scaling of G(T)/G(0) vs. T/TK 



2e2/h (t=1), yet noisy, conductors …

SU(2) vs. SU(4) Kondo effect,…



The Kondo effect has implications for a 
variety of different 

physical systems…
which I didn’t have time to deal with here…

- e.g. out of equilibrium transport/response
- Tunneling into magnetic impurities, magnetic atom 
Adsorbed on surfaces etc…





``No Hamiltonian so incredibly 
simple has ever previously done 

such violence to the literature and 
to national science budgets’’

Kondo effect: in lieu of a conclusion…

Attributed to Harry Suhl by P.W. Anderson 
in his 1978 Nobel lecture
[Rev Mod Phys 50 (1978) 191 p. 195]

[Although the Ising model is surely a serious competitor…]



Friedel’s sum-rule: non-perturbative proof (sloppy about contours…)





Guesswork on the structure of the d-level spectral 
function (particle-hole symmetric case):

High Temperature T>>TK: no Kondo effect
spectral function is made of 2 atomic-like transitions broadened by Γ

What happens at low – T ?

Constraint: Friedel sum-rule imposes at T=0 (in the wide bandwidth limit):





Numerical Renormalization Group (NRG) calculation
T.Costi and A.Hewson, J. Phys Cond Mat 6 (1994) 2519

Cf. seminar 
by Olivier Parcollet

~ -U/2 ~ +U/2

Γ ZΓ
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