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Fermi arc 
spectrum, and 
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the density 
wave (DW) 
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lower T ?
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Is the higher temperature pseudogap 
(with ``Fermi arc'' spectra) described by

(A)   Thermal fluctuations of the low 
temperature orders (superconductivity, 

density wave, antiferromagnetism…)

OR

(B)   A new type of metal, which can be stable 
(in principle) as a quantum ground state
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Reasons for working with option (B)

Chan PRL (2013); Mirzaei PNAS (2013); Dennis Drew

• Pseudogap appears already at high temperatures where
there are no observed density wave correlations, and
no pairing fluctuations.

• Transport properties of metal in the pseudogap look
like those of a Fermi liquid with fermionic carrier
density p: this includes conductivity, magnetoresis-
tance, optical conductivity and optical Hall.

• No room for antinodal Fermi surfaces in high field,
low T specific heat.

• Suppressed paramagnetic susceptibility at high fields
and low T
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Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 

The Luttinger theorem for a Fermi liquid requires a 
Fermi surface of size 1+p. 



Can we have a metal with no broken translational 
symmetry,  and with long-lived electron-like 
quasiparticles on a Fermi surface of size p ? 

The Luttinger theorem for a Fermi liquid requires a 
Fermi surface of size 1+p. 

Answer:  Yes.  
There can be a Fermi surface of size p,

but it must be accompanied by 
“topological order”.

At T=0, such a metal must be separated from a 
Fermi liquid (with a Fermi surface of size 1+p) by a 

quantum phase transition



Topological argument 

�

M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000)

Put metal on a torus, adiabatically insert flux � = h/e
through hole, and measure change in momentum. In a

FL, we can assume the only low energy excitations are

quasiparticles near the Fermi surface, and this leads to

a non-perturbative proof of the Luttinger relation on the

area enclosed by the Fermi surface.



Topological argument 

�

T. Senthil, M. Vojta, and S. Sachdev, Phys. Rev. B 69, 035111 (2004)

Violations of the Luttinger relation are possible in

a fractionalized Fermi liquid (FL*) because there

are “topological” low energy excitations associated

with a flux of the emergent gauge field in the hole

of the torus.
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Note: relative to the fully-filled band insulator, 
there are 1+p holes per square
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Spin liquid.
Place on a 

torus;



to obtain 
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states nearly 
degenerate 
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ground state: 
change sign of 
every singlet 
bond across 
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Spin liquid.
These 

“topological” 
states are 
needed to 

allow for Fermi 
surfaces of 
total size p

(and not 1+p)
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Spinon-holon bound state resides on 
a “bonding” orbital between two sites 

R. K. Kaul, A. Kolezhuk, M. Levin, S. Sachdev, and T. Senthil, Phys. Rev. B 75, 235122 (2007)
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Fractionalized Fermi liquid (FL*) 

Emergent 
gauge field

and 
gauge-neutral, 

spin S=1/2,
charge +e
fermions

of density p

T. Senthil, S. S., M. Vojta Phys. Rev. Lett. 90, 216403 (2003) 
R. K. Kaul, A. Kolezhuk, M. Levin, S. S., and T. Senthil, Phys. Rev. B 75, 235122 (2007)

E. G. Moon and S. S. Phys. Rev. B 83, 224508 (2011); M. Punk, A. Allais, and S. S., arXiv:1501.00978.
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Note: 
electron-like 
quasiparticle 
can only be a 

dimer because 
of spin-liquid 
background; it 
is not possible 
to have it on a 

single site
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Realizes a 
metal with a 

Fermi 
surface of 
area p and 

“topological 
order”

Fractionalized Fermi liquid (FL*) 
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The high T pseudogap:

A quantum dimer model for a metal 
with topological order



Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 
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Quasiparticles in the copper-oxygen planes of high-T, superconductors:
An exact solution for a ferromagnetic background

V. J. Emery
Brookhaven National Laboratory, Upton, New York 11973

G. Reiter
Physics Department, University ofHouston, Houston, Texas 77204 5504-

(Received 22 July 1988)

A model for a mobile hole in the copper oxide planes of high-temperature superconductors is
solved exactly. The hole moves on the oxygen atoms through a lattice of spins localized on the
copper atoms. In order to obtain a solvable problem, it is assumed that the copper atoms provide
a ferromagnetic background. The resulting quasiparticles have both charge and spin in contrast
to the Cu-0 singlets occurring in proposed effective single-band Hubbard models derived from the
Cu-0 network. Thus these two models of high-temperature superconductors may have different
low-energy physics.

A central problem in the theory of high-temperature su-
perconductors' such as La2 „Sr„Cu04 and YBa2Cu3-
06+„ is to determine the nature of the quasiparticle states
in the copper oxide planes. This is a nontrivial problem
because we have to deal with a strongly coupled system
and the charge carriers are not free electrons or holes.
In a single-band Hubbard model it is assumed that

there is one available state per unit cell. For a strong on-
site interaction U and one hole per unit cell, it is a good
approximation to assume that each state is singly occupied
and that the spins are the only remaining degrees of free-
dom. 2 Such a system is an antiferromagnetic insulator,
consistent with many experiments on high-temperature
superconductors. 3 When further holes are added by dop-
ing or by increasing the oxygen content, some states will
contain two holes of opposite spin, and their mobility is
strongly dependent on the background configuration. The
problem is then to construct the corresponding quasiparti-
cle states and to understand how the antiferromagnetism
is destroyed giving way to a superconducting state. An al-
ternative picture to be assumed in the present paper is to
use an extended model, allowing single states on both
copper and oxygen sites. There is by now much evidence
to support the view that the antiferromagnetic spins are
mainly on copper sites and the mobile holes on oxygen
sites. It is then a more complicated problem to under-
stand the motion of the charge carriers, since we must first
determine what replaces the simple doubly occupied sites
of the single-band model and find out how many degrees
of freedom there are. In order to address this first step in
the process of constructing quasiparticle states, we give in
this paper the exact solution of a model of an oxygen hole
moving in a ferromagnetic Cu background. This is a trivi-
al problem in the single-band model —the doubly occu-
pied site is a freely moving spin-0 entity. For the entended
copper-oxygen model, we find that the oxygen hole is
equally mobile but it carries a spin. Thus, the two models
are not equivalent. In a separate paper (to be referred to
as I) we calculate the interactions between the mobile
holes, mediated by the background of Cu holes, and show

how they may lead to high-temperature superconductivi-
ty.
Zhang and Rice suggested that the two models are in

fact equivalent in their low-energy physics because an ox-
ygen hole forms a singlet with a copper hole in the same
cell, and this behaves in essentially the same way as a dou-
bly occupied site of the single-band model. Our calcula-
tion shows explicitly that this is not so. The admixture of
singlets formed between holes in different cells may not be
neglected and gives rise to the additional spin quantum
number.
We emphasize that the ferromagnetic background of

Cu spins is not the same as the physical state of the Cu02
planes of the high-T, superconductors. The reason for us-
ing such a background as a first step is that it enables us to
obtain an exact solution of the model and hence to con-
struct quasiparticle states and to consider the relationship
to the single-band model without having to worry about
the merits of particular approximations. As we shall
show, the essential point is that the superexchange be-
tween holes on Cu sites and oxygen Wannier states is non-
local. This will lead to differences from the single-band
model whatever the state of the background Cu spins.
The Hamiltonian to be studied is

H (t~+tq) ~ a a ~~+&~ +~
m, h, h
CF, CT

—t2 ~ a~+g ~~+~ 4t) ~ a~~~,— (1)
h, d' Hl, cx
m, cr

where a~t creates a hole of spin o in a Cu(3d„2 y2) state
at m=(m, n) and a~t+s, creates a hole of spin o in an
O(2p„) or O(2') state at m+6. Here h is (~ 2,0) or
(0, ~ 2 ), and a factor (—1) +" has been included in the
definition of a +& to remove signs associated with the
symmetry of the states. The simplest derivation of 0
from an extended Hubbard model uses second-order de-
generate perturbation theory in the Cu-0 hopping param-
eter t and gives t~ t /e and t2 t /(Ud e), where e is-
the difference in the energy of O(2p) and Cu(3d) holes
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difference between the copper-oxygen model and the t J-
model. In order to get a clearer feeling for this difference,
we introduce the Fourier transforms of in-cell singlets and
triplets, involving the oxygen Wannier states

) yk
—)- hei™(bmtt+ bmt)Sm ) ) FM)&

42N m

bkt ~—gbq)Sk+ q ) FM j) .2, q

(8)

(9)

Now for r ~ 0, the spread of the wave function is quite
small' and it is a good approximation to write ) yk) as a
sum of ) pk+) and ) pk ). Using Eqs. (1), (8), and (9),

&Ok- I yk&- ' [ak~a(0)]bkk (10)

and then

) yk) = [a(+a (0)] 'i [cos8k ) pk )+sin8k ) pk+)], (1 1)

where the singlet-triplet mixing angle is given by

ak —a(0)tan 8k ( ) (12)

The ZR approximation sets 8k 0 (pure singlet) but it is
clear that tan8k ranges from essentially zero, when ak 2
to (—1) when ak 0. To illustrate the physical sig-
nificance, let us calculate the z component of the oxygen
spin-spin correlation function for the state ) yk)

S](Q,co)—=—g b(ru —&k+&k),) &V4)zg I V~k& I'
Yk Yk Wk Wk'

where sg is the Fourier transform of the z component of
the oxygen spin operator sg = 2 P~ abp+Q, +p [omitting
the nonbonding states which will not contribute to Eq.
(13)]. It is easy to evaluate Sj(Q,ro) using the exact
eigenfunctions but it is more instructive to use the approx-
imation (11)to find

Sf (Q, ro) sin (8k+ 8k+q) b(ro —)I k+Xk~q) . (14)4N
For many oxygen holes the result is intensive because
Sj(Q,m) should be summed over k values in a Fermi sea
(assuming independent quasiparticles). In principle,
S)(Q,ro) is a measurable quantity, but it is zero in the ZR
approximation (8k 0, all k). Indeed they set all oxygen
spin-spin correlation functions equal to zero—a result
that has been used in the interpretation of NMR experi-
ments. However, it is evident that the spin reduction fac-
tor ) sin(8k+8k~g) ) is not small in general —indeed it is
equal to I when k (x,x) and Q 0. Moreover Sj(Q,ro)
clearly is part of the low-energy physics since the energies
in the 8' functions are in the low-energy band.
ZR's argument was that there is a large gap between

the singlet and triplet states so the triplets may be neglect-
ed. For the present problem, the singlet-triplet splitting is
2tzaka(0) which actually vanishes at k (x,x). But, even
where it is not small, there is a signi6cant mixing matrix
element +tz[a2(0) —a$]/2. As pointed out in ER, the

overlap cos8k between ) leak) and the singlet state is not
necessarily a good measure of the mixing —it is better to
look at the triplet amplitude sin8k. (The value of cos8k
was given in ER and plotted in Fig. I of ZRC. ) For ex-
ample, as pointed out in ER, when k-O, Q=O, cos8k
0.98 [from Eq. (12)] but the spin reduction factor

sin28k 0.37.
ZRC's only comment about all of this is to point out

that the spin on oxygen is not a good quantum number.
This is true and, by the same token, the total spin on
copper is not a good quantum number (since the overall
spin is conserved). Thus ZRC's remark does not contra-
dict our conclusion but reinforces it, since the spin on
copper is conserved in the t J-model
We now turn to ZRC's criticism of an approximation

that we used for purposes of illustration.
ZRC states "(ER) propose that the correct basis to de-

scribe the result is composed of a hole on a single 0 atom
coupled to its two neighboring Cu atoms, i.e., basis states
of the form 6 'i [2) f t J)—) 1 J f&—) J J t&]." This is in-
correct and the comment in ZRC that this is not a good
basis for all k has nothing to do with what was said in ER
or the validity of the t Jmod-el. Obviously our basis is the
orthogonal set of states ) yk) which diagonalize H when
t~ 0. What we actually said was that, for small k, it is
useful to think of the oxygen hole hopping between sites
with the Cu-0-Cu spin configuration mentioned above.
This statement is correct, and is not disproved by showing
that the approximation is not good for k (x,z) as
claimed in ZRC. The representation was used mainly to
illustrate why there is a spin associated with the charge
and is unrelated to the validity of the t-J model since that
involves ZR's approximation, not ours. It is straightfor-
ward to show that for small k the overlap between the ex-
act eigenfunctions and a plane wave made up of our states
is (1—k /48). Moreover, when k is small the average
spin on the oxygen site is 3 (1—k /6) for the exact eigen-
function and 3 for our approximation. Therefore, we be-
lieve that the approximation is good for small k as
claimed.
Next we should like to comment on three papers cited

by ZRC in support of their contention.
(i) Milas and separately Eskes and Sawatzky6 found a

local Cu-0 singlet in a model with only one copper ion
surrounded by oxygen ions. We, too, would find a local
Cu-0 singlet for that case, but it obviously has no bearing
on the issues under discussion, since hopping of the oxygen
hole from the neighborhood of one copper site to another
is essential for the singlet-triplet mixing.
(ii) Schiittler and Fedro have carried out numerical

calculations for a periodically extended system of four Cu
and eight 0 sites containing five or six holes. They con-
cluded that their results were inconsistent with our pic-
ture. However, we believe that if they calculated
Sj(Q,m) for a range of values of k and Q, the differences
from the t Jmodel would b-ecome clear.
(iii) Zhang has considered a single oxygen hole for the

case t ~ 0, and no Cu-Cu superexchange. He shows that,
for an arbitrary background spin state, there is a
correspondence between all the states of the t-J model and
the lower band for the oxygen hole. Speci6cally, the ener-



M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Quantum dimer model with 
bosonic and fermionic dimers 

Connection to the

t-t0-t00-J model:

t1 = �(t+ t0)/2
t2 = (t� t0)/2

t3 = �(t+ t0+ t00)/4

,�J V)

,
�t1 ,

,

�t2

�t3



Quantum dimer model with 
bosonic and fermionic dimers 

M. Punk, A. Allais, and S. Sachdev, arXiv:1501.00978 

Dispersion and quasiparticle residue of a single fermionic dimer for J = V = 1,

and hopping parameters obtained from the t-J model for the cuprates,

t1 = �1.05, t2 = 1.95 and t3 = �0.6, on a 8⇥ 8 lattice.
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Electron spectral
function of FL*

Semi-phenomenological theory of a FL* state with hole pockets of

volume p, along with a background spin liquid with an emergent

U(1) gauge field. Note that the quasiparticle excitations around

the Fermi surface do not carry U(1) gauge charges.
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Quantum critical point near optimal p

Higgs transition in a metal, 
not directly involving any broken symmetry 
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Conclusions

1. Predicted d-form factor density wave order 
observed in the non-La hole-doped cuprate 
superconductors.

2.  The “electron becomes a dimer” in the  
    pseudogap metal: proposed a quantum dimer   
    model.

3. Can we experimentally detect possible 
“topological order” in the pseudogap metal ? 
(topological order is directly linked to Fermi surface size)
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