Some questions and remarks about SL(2,R) cocycles

to Anatole Katok for his 60™ birthday

0. There have been many deep results about cocycle maps in recent years, especially in the
quasiperiodic case with the achievements of Eliasson ([E]), Bourgain ([B], [B-G]) and Krikorian
([K1], [K2]) amongst others. The questions that we address here are much more elementary :
most of the time, we will be interested in locally constant cocycles with values in SL(2,R)
over a transitive subshift of finite type ; we want to determine whether this cocycle map is
uniformly hyperbolic and how it can bifurcate from uniform hyperbolicity. In our setting,
parameter space is finite-dimensional, and we would like to describe it in the same way that
one does for polynomials or rational maps, where hyperbolic components play a leading role
in the picture. It appears that even in this very much simplified situation, several interesting
questions appear.

I am very much indebted to Artur Avila, who explained to me the statement and the
proof of proposition 6 below. I thank Raphael Krikorian for many helpful conversations,
and also several participants from the July 2003 Oberwolfach meeting in Dynamical Systems,
Artur Avila, Bassam Fayad, Federico Hertz, for fruitful discussions. This is in a sense very
appropriate, since Anatole Katok has been for the last twenty years a most illuminating
presence in this series of meetings which happen every odd year.

1. Recall that a matrix Ag € SL(2,R) is said to be positive hyperbolic (resp. negative hy-
perbolic, resp. hyperbolic, resp. positive parabolic, resp. negative parabolic, resp. parabolic,
resp. elliptic) if trAg > 2 (resp. trAy < —2, resp. |trAg| > 2, resp. trAy = 2, resp. trAy = —2,
resp. |trAg| =2, resp. [tréoy| < 2).

If f: X — X is a continuous map and A : X — SL(2,R) is another continuous map, the
cocycle (f, A) defined by these data is the map :

(f,A): X xR?— X x R?
(z,v) = (f(z), A(z)v) .



We have (f, A)" = (f", A,,) for n > 0, where

An(z) = A(fN(2)) ... Az) .

We will use the same symbol (f, A) to denote the quotient map at the projective level from
X x PY(R) to itself.

Assume that X is compact.

A cocycle map (f, A) is said to be uniformly hyperbolic if there exists a (necessarily unique)
continuous section

es: X — PYR)
x — eg(x)

which is invariant and repelling (in the P*(R) direction). This is equivalent to satisfy the
usual cone condition. When f is an homeomorphism, one also obtains another continuous
section e, which is invariant and contracting, with e,(x) # es(x) for all z € X.

We will say that two cocycle maps associated to A, A are conjugated if there exists a
continuous map B : X — SL(2,R) such that

A

(Lx,B) o (f,A) o (1x, B) " = (f, 4) ,

i.e.

2. The following result is reminiscent of a classical theorem of Gottschalk and Hedlund ([G-H],
[H]). Assume that f : X — X is a minimal homeomorphism of the compact metric space X.
Let A: X — SL(2,R) a continuous map.

PROPOSITION 1 — Assume that, for some xo € X, the sequence of matrices (An(xo))n>0 1S
bounded. Then (f,A) is conjugated to a cocycle map (f, A) with A taking values in SO(2,R).

Proof — Consider the upper half-plane H with the usual SL(2,R) action and define the
fibered map

F(z,2) = (f(x),A(z).2)

from X x H to itself. We equip H with its hyperbolic metric. The map A takes its values in
SO(2,R) iff the constant section z = i is invariant. We have to show that F' leaves invariant



some continuous section o : X — H.

The hypothesis in the proposition means that the positive orbit (£ (zo,%)),>0 is relatively
compact in X x H. Therefore we may choose a minimal compact non empty invariant subset
L contained in the closure of this orbit.

For z € X, denote by L, C H the fiber of L over x. This is a compact subset of H. As f
is minimal, L, is non empty for all z € X. We have, for all z € X :

A([L‘)LI = Lf(r) .

Consider the function

r+— diam L, .

As f is minimal and SL(2,R) acts on H by isometries, this function is contant. If the
constant value is 0, L is the graph of a continuous section ¢ and we obtain the required result.
We nous assume that we have

diam L, =D >0.

Set
L® = {(2,2) € Ly x Ly ,du(z,7') = D} ,

L® = {(z,2,7) € X xH? (2,2) € L®};

then L® is compact, each L{?) is compact non empty and we have

(A(z) x A(z)) (L) =L Vo e X .

Denote by m(z, z’) the midpoint of the geodesic segment [z, 2’]. Define

L'= {(z,w)e X xHwelL,}.

Then L' is compact, each L/ is compact, non empty, contained in the convex closure L, of
L., and we have (as SL(2,R) acts by isometries)



Claim — One has diam L! < D" < D with

Proof of claim — In a triangle in hyperbolic space with a right angle, adjacent sides d,d’ and
opposite side h, we have “Pythagoras theorem” :

ch(h) = ch(d)ch(d")

Let (z.,2.) € L? | ¢ = 0,1 and w. = m(z., 2.). From dg (29, 21) < D, du(z, z1) < D, we
have dg(wo, z1) < D. Similarly we have dg(wo, 21) < D. This gives

chD > ch(max(dg(wo, Z1) , du(w, Z1)))

> chD/2 chd(wg, wy) .
[l

Let L™ be a minimal non empty compact invariant subset of L’ ; the fibers L{!) are con-

tained in L, and their constant diameter satisfy D) < D. Among all minimal non empty com-
pact invariant subsets L, whose fibers L, are contained in L., choose one for which the (con-
stant) diameter of the fibers is minimal. By the argument above, this diameter has to be 0 and
we find the required invariant section. O

3. The following elementary result is probably well-known, but I could not find a reference.

Let f: X — X be a continuous self-map of the compact metric space X and let A : X —
SL(2,R) be continuous.

PROPOSITION 2 — The cocycle map (f, A) is uniformly hyperbolic iff the matrices A,(x) are
uniformly exponentially increasing : there exists ¢ > 0, A > 1 such that

[An(@)]| = A"
foralln>0,x € X.

Proof — If (f, A) is uniformly hyperbolic, A,, is uniformly exponentially increasing. Let us
show the converse.

The norm of matrices is the operator norm for matrices acting on the Euclidean plane. For
a matrix M € SL(2,R) with | M| > 1 (i.e. M ¢ SO(2,R)), we denote by e(M) the (unique)

maximally dilated direction. We have the

LEMMA 1 — Let M, M' € SL(2,R), C; > 0 such that



Crt M < [|M)| < CullM]l

M| > 1, |M'M]| >1.

The angle between e(M),e(M'M) is < Co||M'M |7, with Cy depending only on C\.

Proof — Tt is sufficient to consider the case where
(A0 , (A0 cosf) —sinf
M_<0 )\1> M_(O )\’1><sin€ cosf )’

where A\ = || M]| , X' = ||M’||. Then we have

Mhcosf — NAlsinf
/ —
MM = ( AN "tsind N"'A"lcosé )

If ||M'M]|| is not large (< Com '), there is nothing to prove. Otherwise we have

||M'M|| = AN | cos @] + O(1) .

COS W
sin w
to the required result. O

Maximizing the square norm of M'M ( ) over w is now an easy computation leading

Let n >0,z € X,C} = mngA(x)H ; choose m > 0 such that

CrlAn(@)Il < [An(f" (@) < CrllAn(@)]] -

We have then

O Ana (@) < [Am-a (f" (@) < CT | Ansa ()] -

From the lemma, there exists Cy > 0 such that

angle(e(An (@), e(Amrn(2))) < CollAmrn(@)] ™,

angle(e(An+1(7)), e(Amin(2))) < Coll Apin (@)™



if n is large enough (to have cA™ > 1). We conclude that

angle(e(A,(2)), e(Anp1(2))) < 2C,(CA™M) !

The sequence of continuous sections

x—e(A,(r)), n>ng,x € X

converges uniformly exponentially fast to a continuous section x +— e, (z). The direction e4(x)
orthogonal to e, () is easily checked to be the required stable direction. O

4. In the rest of the paper, we will concentrate on more specific cocycles.

Let A be a finite alphabet and let X C A% be a transitive subshift of finite type (Most of
the time, we will be satisfied with the case of the full shift on two letters 0, 1). We will restrict
our discussion to maps A : X — SL(2,R) which only depend on the letter in position 0.
Such a map is thus determined by a family (A%),cq € (SL(2,R))*. This last space is the
parameter space for the cocycle maps we are interested in.

We denote by H C (SL(2,R))* the open set of parameters for which the associated cocycle
map is uniformly hyperbolic.

The finite group {41, —1}* acts on the parameter space through

(€a) - (A7) = (€aA”)

and H is invariant under this action.

5. We denote by Py the set of periodic orbits of X. Let (A%) € H,7m € Px,x € m,n the
minimal period of 7. The matrix A, (z) is hyperbolic and its trace depends only on 7, not on
the choice of x € m. We thus define a map

T H— {+1, -1}
(A%) = (sgn(tr(An(2))))repy

which is constant on each connected component of H. This map is covariant with the actions
of {+1,—1}* if one defines

(Ea)aea : (Tﬂ)ﬂ'EPX = (H €Za(ﬂ) : T7T)7T€PX )

where n,(m) is the number of times the letter a appears in one period of 7.



Question 1 : Is the quotient map 7 from mo(H) into {+1, —1}¥X essentially injective ?

We will see in the sequel that 7 is not always injective : there may exist a component
Uy and a matrix A* € GL(2,R), detA* < 0, such that the component A*Uy(A*)~! = U, is
distinct from Uy. Then U; and Uy have the same image under 7. Is this the only reason for
the lack of injectivity of 7 7

Problem 1 : Describe the image of 7.

6. Let A* be a positive hyperbolic matrix. The parameter such that A* = A* for all o € A
belongs to H. The open subset of SL(2, R) formed by the positive hyperbolic matrices is con-
nected. We call principal component the connected component of H which contains these
uniformly hyperbolic parameters. The image of this component under 7 satisfies 7, = +1 for
allme P X

Question 1’ : Is there another component with the same image under 7 7

When X is the full shift A%, it is possible to give a nice description of the principal com-
ponent and its boundary.

We assume till further notice, that X = A%. Then, a necessary condition for the parameter
(A%)aea to be uniformly hyperbolic is that each matrix A® should be hyperbolic. If (A%),eca
belongs to the principal component, we conclude that each A% should be positive hyperbolic.
Denote by es(A*) (resp. e,(A*)) the stable (resp. unstable) direction of an hyperbolic matrix
A*.

PROPOSITION 3 — A parameter (A%)aeca belongs to the principal component iff the following
conditions are satisfied

(i) each A% is positive hyperbolic ;

(ii) there exist two disjoint intervals I,, I, in PY(R) such that e,(A%) € I, e, (A%) € I, for
every o € A.

Remark : When X is not a full shift, it may happen that (A%),c4 is uniformly hyperbolic
but not all A are hyperbolic. Consider for instance A = {0,1,2}, A% = 1, A = A% = A*
hyperbolic, and X the subshift of A% which allows all transitions except consecutive 0’s.

Proof of proposition — We first observe that conditions (i) and (ii) imply uniform hyperbol-
icity : indeed, condition (ii) allows to define a constant cone field which is sent strictly inside
itself by each A%, « € A.

It is also very easy to check that the open set of parameters U defined by conditions (i),
(ii) is connected.



To end the proof, we will show that any point in the boundary OU cannot belong to H. let
(A%)qea € OU. If A% is not positive hyperbolic for some « € A, it is positive parabolic. The
fixed point ... aao ... of X = AZ% then prevents uniform hyperbolicity. Assume now that A® is
positive hyperbolic for each o € A. Then condition (ii) is not satisfied by (A%)ae4 but is satis-
fied by some arbitrarily small perturbations ; this means that there exist distinct o, 8 € A with
es(A%) = e, (AP). Looking at the heteroclinic orbit ... 88Baacq . . ., it is clear that the param-
eter is not uniformly hyperbolic. a

The proof has also shown the

PROPOSITION 4 — Let (A%)qaea be a parameter on the boundary of the principal component of H.
Either some A® is positive parabolic or there exist distinct a, 3 € A with e,(AP) = e,(A%) (or
both).

Problem 2 : Describe the principal component and its boundary when X is a general subshift
of finite type.

7. In this section and the next one, we assume that X = {0, 1}% is the full shift on two letters.
We will describe components of H C (SL(2,R))? which are not principal (nor deduced from
the principal one by the action of {+1,—1}?!).

Let (A% A') € (SL(2,R))? such that

(x) A% A are positively hyperbolic and A°A! (and thus also A A°) is negatively hyperbolic.
PROPOSITION 5 — Condition (*) defines the union of two connected components of H.
Remark : As A°A! is negatively hyperbolic while A% Al are positively hyperbolic, we see

that these components are not principal nor deduced from the principal one by the action of
an element of {—1,+1}>.

Proof — Let U be the open subset of (SL(2,R))? defined by (*). We first observe that
for (A%, A') € U, the directions e,(A%),e,(A"), es(A%), e (A') are always distinct : indeed
otherwise A%, A! would have a common eigenvector ; as A%, Al are positive hyperbolic, the
corresponding eigenvalues would be positive ; but then A°A! would also be positive parabolic
or hyperbolic.

For the cyclic order of P1(R), we may only have

(1) eu(A%) < es(AY) < e (AY) < ey(A°) < e, (A?)
(2) eu(A%) < ey(AY) < e, (A) < es(AY) < e, (A%,



the other possibilities being forbidden by proposition 3. By symmetry, it is sufficient to con-
sider the first of the two cases above.

Choose vectors e, e; in the directions of e,(A%),e,(A') such that (eg,e;) is an oriented
basis of R?. In the basis (eg, €;), the matrices A%, A are rewritten as

~ Ao U
3 A0 = 7° 0) . X>1, u>0
() (0 Aol 0 0

~ A0

1 _ 1
(4) A _<U1 )\1> , )\1>1, up <0

We have then

T?"(A()Al) = )\0)\;1 -+ )\61)\1 + upUq
and the condition that A°A! is negatively hyperbolic is equivalent to

(5) |U0U1| > )\0)\1_1 + )\61)\1 +2.

It is now clear that conditions (1), (3), (4), (5) define a connected subset of (SL(2,R))?,
and therefore that ¢ has two connected components associated to the cases (1), (2) above.

Let

o (A A L (A0
w=(5 da) . aw=(Y )
For A > 2, (A°()\), A'()\)) belongs to the component of U associated to (1).

We have
AY (N AY(N) = < 1_1_ X fQ )
wrm =ty L)
Computing the stable and unstable directions, we obtain, for the cyclic order of P*(R) :
eu(A%(N)) < eu(A"(N)AT(N)) < es(A°(N)AN(N)) < es(AN(N)) < eu(AN(N)) <
< ey (AN AP () < es(AY(N)AY(N)) < es(A°(N)) < eun(A°(N)) .

This cyclic ordering of directions must be valid in all the component of U associated to (1) :
indeed, we have seen that in U, A° and A' cannot have a common eigenvector and therefore
AYAL or A'A® cannot have an eigenvector which is also an eigenvector of A° or A!. Therefore
all inequalities in (6) must remain strict through the component of U.



From (6), it is easy to see that parameters in the component of U associated to (1) are
uniformly hyperbolic : choose directions ey, €1, €91, €19 such that
es(A%) < eg < A%eg) < eu(AY)
es(Al) < ey < Al(ey) < eu(AY)
eu(APAY) < A%(eqp) < ey < es(AYAY) |
eu(ATA%) < Al(eg)) < ejp < e,(ATA?) |
(observe that A'(e,(A%A')) = e, (ATA%) | ...).

Set

COZ{€0<€<€10},
C1:{€1<6<601},

we have

AOCO CcC Co ﬂCl ,
A1C1 CcC Co NCy ,

and thus we can construct conefields which satisfy the conditions of uniform hyperbolicity.

On the other hand, it is obvious that a parameter on the boundary of &/ cannot be uni-
formly hyperbolic. The proof of the proposition is complete. O

On the boundary of any of the two components of H defined by (*), one of the three
matrices A, A', A°A! must be parabolic. This is in sharp contrast with the boundary of the
L Ao 0 A0 . log A

. 0 _ 0 1 1 08g Ao
principal component : let A° = < 0 A ), A = ( 0 A ), with A\g, Ay > 1 and Tog Ay
irrational. Then (A° A') is on the boundary of the principal component of H, but there is no
periodic orbit of {0,1}% for which the corresponding product is parabolic.

Let A* be any matrix in GL(2,R) with negative determinant. Then A* conjugates each
of the two components of H contained in U to the other (see the comment after question 1).
The two components have the same image under 7, that we will now determine.

Let 7 be a periodic orbit of the shift, which is not a fixed point ; let n be its period. We
can choose x € 7 such that the period of 7 starting at z is

omt 1™ o™ 1" L 0™ 1™

(with n =my +ny +...+m; +n;). An easy calculation shows that, for A* = A%(\) as in the
proof of proposition 5, we have

Tr A, (z,\) = (=1)'A" +0(\"72) .

10



We conclude that the image of U under 7 is given by

.= (=1)" .

8. We describe in a shorter way another pair of components of H when X is the full shift on
two letters.

For (A% A') € (SL(2,R))?, we now consider the condition
(xx) A% Al AY Al are positive hyperbolic, A°(A')? is negative hyperbolic.

This open set is made of two symmetric parts corresponding to cyclic orderings (1) or (2).
We consider the case where (1) holds.

After conjugacy in SL(2,R), we can replace A%, A by

- Ao U - AT 0
0 __ 0 0 1 _ 1
() e (%)

with Ag, Ay > 1, ug,u; > 0. Condition (*x) is then equivalent to

AoAr” 4+ Ao AT + 2

(") XoATt + AT — 2 > wguy > e

One checks that this last relation defines a connected set in {\g > 1, Ay > 1,49 > 0,u; > 0}.
Set
221 A0
0/y) _ 1y
A()\)—<0 )\2),A()\)—<_1 )\>'

For A > 1, A+ A~ > 4, this value of parameter satisfies (xx’) (or (xx)). One then computes,
for large \, the cyclic ordering of the stable and unstable directions for A%, A, A°A! A1 A° A°
(A1)2 ATAY AL (A1)2A° (we did not indicate the dependance on \). One obtains

eu(A%) < eu(A° (A1) < ey(A°(AL)?) < ey(AD) < en(Al) <

< eu((AM)?AY) < e,((A1)?AY) < e,(A%) < e,(ATAY) < e, (AT A%) <
< e (ATAYAY) < e (ATAYAY) < e,(A°AY) < e, (A°AY) < e, (AY) .

11



Condition (*x) implies that A° A! cannot have a common eigenvector. This implies that
none of the following pairs can have a common eigenvector : (A% A°(A!)?), (A%(AY)2, AY),

(A1, (A1)2A0), ((A1)2A°, A0), (A0, ALAC), (AT A0, ATADAY), (ATAP AT, AV ALY, (ADAY, AO).

This implies in turn that the cyclic ordering above is valid through the connected set de-

fined by (xx) and (1).

The cyclic ordering as above allows to construct cone fields with the properties required
for uniform hyperbolicity.

One chooses e, eg1, €10, €110, €101, €011 Such that

Next we set

es(Al) < ep < Ale;) < eu(Al),

es(APAY) < e < A%(eqg) < ey (AYAL) |

S(ATA%) < ep < Al(e) < e, (A'A?)
((A)?A%) < errp < Al(er01) < eu((A1)?A%)
( (
( (

™

€s
es(ATAOAY) < e101 < Al(egry) < e (ATAOAY) |
es(A%(A")?) < eonn < A%(e110) < eu(A(AY)?) .

Co ={ewn<e<ennt,
Coo ={eo <e<eou},
Con ={ew<e<em},
Cin ={e1<e<enot,

with the following properties

ACyccCo

AlCyy cC Coni , Co1 C Gy,
A'Cyy CC Ci11 , Corr C Gy,
A'CincC iy, Cin CGo .

For z = (2,)nez € {0,1}%, we set

12



Co if x():O,
C()l if ZL'()Zl,ZL'_l:O,
Con if xo=2_1=1,2_,=0,

6111 if Top =T -1 =T 9= 1.

The required properties are satisfied. The open connected set defined by (%) and (1) is a
component of H. On the boundary of this component, one of the matrices A%, A, A°Al, A%(Al)?
has to be parabolic.

The image under 7 of this component is as follows : let m be a periodic orbit ; write its
minimal period, after cyclic permutation if necessary, as

gmo 1nme oM 1t L. 0™ 1™

with m;, n; > 0 (we assume that 7 is not a fixed point) ; let {* be the number of indices i such
that n; > 1. We have

7. = (=1)"

The verification is left to the reader.

9. Consider again general transitive subshifts of finite type. For the components of ‘H that
we have considered, the boundary points are of one (at least) of the two following types

e (“parabolic periodic”) there exists a periodic orbit 7 in X for which the associated
product matrix is parabolic ;

e (“heteroclinic connexion”) there exist periodic points T, 2~ (not necessarily distinct),
a point z € W*(x™) N W (7)) and a large integer M such that

Each of the two phenomena obviously prevents uniform hyperbolicity.
Question 2 : Are there boundary points of H which are not of one of these two types ?

There are many other questions relative to the boundary points of H.

13



Question 3 : Let (A%),ea be a boundary point of H. Does there exist a component of
‘H, and a neighbourhood of this boundary point, such that the intersection of H with this
neighbourhood is contained in the component ?

A weaker version of this question is :
Question 3’ : Is any boundary point of H a boundary point of a connected component of H ?

Let & be the set of parameters such that there exists a periodic point x in X for which the
matrix A, (x) is elliptic (n being the period of x). This is an open subset disjoint of H.

Question 4 : Does one have

OH = 0E = (HUE)® ?

A point in OH of the “parabolic periodic” type belongs to 0 ; we will also see in the last
section some evidence in the “heteroclinic connexion” case. The following result was explained
to me by Artur Avila [A].

PROPOSITION 6 — H U & is dense in parameter space. More precisely, one has H¢ = £.

Proof — Let A* be a matrix in SL(2, C) with trA* € C—[—2,2]. Then A* has two eigenvalues
Ay and A, = A1 satisfying [N, | > 1> ||

As a Mobius transformation of the Riemann sphere, A* has two fixed points with multi-
pliers A2, A\2. The eigenvalues \,, A\, depend holomorphically on A* ; therefore, if A* = A*(6)

depend holomorphically on a complex parameter 6, the function 6 — log |\, (A*(6))| is positive
harmonic. These considerations apply to prove the following :

cosf) —sinf
LeMMA 2 — Let Al,... A" € SL(2,R) ; for 0 € R, define Ry = and

sinf  cosf
A*(0) = A'RyA’Ry ... A"Ry. Assume that, for some 0y > 0, A*() is hyperbolic for all |0] < 6.
Then we have

1A (0)]| > exp <2j§ o) .

Proof of lemma 2 — Consider the action of SL(2,R) on the Poincaré disk ; then Ry acts
by w — e*®w. For Imd > 0,Ry € SL(2,C) still acts by w +— e**w and thus contracts
the Poincaré metrics by a factor equal or smaller than exp(—2 I'm 6). On the other hand,
Al ..., A™ act by isometries ; therefore, the Poincaré metrics is contracted by a factor equal or

14



smaller than exp(—2n I'm ) by A*(#) ; the multiplier A\? then satisfies |A\%| < exp(—2n I'm ),
and we obtain

log [Au(A*(0))] > 1 Im 0.

Similarly, one obtains

log |Au(A™(0))| = n [Im 0]
for Im 6 < 0. The matrix A*(0) satisfies

Tr(A*(0)) ¢ [=2,+2]
in the disk {|f| < 6y} C C. Harmonicity of log |\,| now gives
log [[A*(0)]] = log |Au(A*(0))]
2w .
& [ log In (A" (B0e™))| at
L Oon .

> o

g

2v/3
|

Let now (A%)a,ea be a parameter which is not in the closure of £. We show, using propo-
sition 2, that it belongs to H. Set A%(0) = A“Ry ; by hypothesis, there exists 6y such that
(A%(0))aeca does not belong to the closure of £ for || < 6. Let y be a periodic point of X, of
period n. A rotation number argument shows that A, (y,#) must be hyperbolic for || < 6y ;
then by the lemma, we get

1
A, > exp (—= Ogn
A ()]l = p(2\/§ on)
From this inequality, we immediately deduce that there exists ¢ > 0 such that, for all
reX,n>0:
1
[An(2)[| = ¢ exp (5—= bon)

2V/3

10. We now give some further evidence for a positive answer to questions 3, 4. We assume
again that X is the full shift on two letters 0, 1.

The principal component of the locus of uniform hyperbolicity H was described in propo-
sition 3, and its boundary in proposition 4. Here we want to consider a parameter (AJ, A}) on

15



the boundary such that A3, A} are positive hyperbolic and e, (A}) = e,(AY). After conjugating
in GL(2,R), we can assume that

X O AT 0
0 _ o Y 1 _ 12
A= %) - a=(a 0 )

with Ao, A\; > 1 and @; > 0. We assume that A, A} do not commute, i.e. @ > 0.

PROPOSITION 7 — The boundary of the principal component of H is locally near (A3, A}) an
hypersurface which is the complement of H U E in a neighbourhood of (A3, A}). In other
terms, a “half-neighbourhood” of (AY, A}) is contained in E.

Proof — Let (AY, A') be close to (A3, A}). In the basis (e, (A%),e,(A)), we have

Ao u Ao

0 _ 0 Uo 1_ 1
A_(O >\01>7A_<U1 )\1)
with Ay close to Ao, A\; close to A;, uy close to @y and ug close to 0.

If ug > 0, the parameter (A" A') is uniformly hyperbolic and belongs to the principal
component of H. If ug = 0, it belongs to the boundary of this component. We will show that
for up < 0, |up| small enough, the parameter (A°, A') belongs to .

LEMMA 3 — Let mg,ng, my,ny > 0. The trace of (A%)™0(AN)0(A%)™(AN™ 4s equal to P +
uou1Q + vguiR, with

P = /\6n0+m1/\1—(n0+n1)+>\6(m0+m1)/\1110+n1

Y

mo —myg mi —mq no —no ni —nq
)\O _>\0 )‘O _)\O )‘1 _)‘1 )\l _)\l

SRR P w2 S WD 5 B v v S N ve

Q = XA A(;O:igl Ailiiil
mo _ y—mo no __ \—no
R R e e
oy Aimo
b ogrep Ao A A=A
mo _ y—mo ny _ y—ni
+ AgTIAR A‘)Ao_igl Ail—ii—l

Proof — Compute ! -

Set u = uoui (Mo — Ao ) LA — A1) 7L We rewrite P+ uouiQ + uuiR as P+ Qu + Ru?
with
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Q= QMo — X" =AY

R= (A5 =A™ =A™ )AL = AT = A™)
Set
Q* — )\6n0+m1 )\l—no-i-m + )\6n0+m1)\7110—n1 + )\O—ﬂlo-&-m1)\7110+n1 + )\glo—m1 )\71104-711 ’
R = )\6n0+m1 )\71l0+m )

For A\{"0, Ag™, AT, AT* > 2, one obtains
(1Q<Q<Q",
(3)*R* < R< R*.

We assume now that

1
(7) )\6”0 < m min()‘8h> )‘71107 )‘71“) :

Then, we have, with Q = A~ \no+m

Q<@ <(1+3101Q.

We will choose mg, my,ng,n; in order to have (7) and also

(8) 1/2 < Agotmy o) <9

which is equivalent to

(9) 2<P<5/2.

Then we obtain :
Ru? < R*u? < 2.1074)\g™u? | by (7),(8) ;
Qlul < (1+3.107H)Q|u| < 2(1 +3.1074) X2™ |u| , by (8) ;

Qlul = (2)%L X™ |ul , by (8) .

We conclude that, for

(10) 4(P —2)N 2™ < —u < Mg
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the matrix (A%)™m0 (A0 (A%)m1(AN)™ is elliptic.
The last step in the proof of the proposition is the :

Claim — For every € > 0, there exists my(¢) such that, for m; > m;y(g), one can find mg, ng, n
such that A\f™® > 2, P < 2+ ¢ and (7) is satisfied.

Choose m(e) such that, for any m* € Z, there exists n € Z,m € Z with m* < m <
m*+m(e) and 1 < A\J'AT" < 1 +¢. Let m such that )\glg > 2 and my(e) >> m{ +m(e). For
my > my(g), one can find n > 0 and mg € [m, m§ +m(e)) such that 1 < \JOT™ A" < 1 +e.
It is now sufficient to write n as ng + ny with |ng — nq| < 1.

Take ¢ < A\y2 For any m, large enough, one can find myg,ng,n; such that the matrix
(A0ymo (Ao (A0)m1(AT)™ g elliptic for Ag @™ ™ < —u < A;%™. This ends the proof of the
proposition. O
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