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Cours$2.$Réseaux$op8ques$:$principes$de$base$

Buts$de$ce$cours$

Poten8el%dipolaire%périodique%créé%par%une%onde%lumineuse%sta8onnaire%%
V (x) = V0 sin

2(kx) (cas%1D)%ou%sa%version%bi/tri%dimensionnelle%

• %Comment%exploiter%l’invariance%par%transla8on%discrète%du%poten8el%?%

Théorème'de'Bloch,'bandes'd’énergie'V (x+ a) = V (x)

a = ⇡/k Résultats'explicites'pour'le'poten=el'sinusoïdal'

• %Branchement%et%débranchement%du%poten8el%%

diffrac=on'de'Bragg,'«'band'mapping'»'

• %Propaga8on%de%paquets%d’ondes%
vitesse'de'groupe,'masse'effec=ve'

1.$

Comment$générer$un$réseau$op8que$

Onde$lumineuse$sta8onnaire$à$une$dimension$

x

On%définit%l’origine%de%l’axe%x%pour%avoir%%

Poten8el%dipolaire%:%

:%élément%de%matrice%%
%%du%dipôle%atomique%

d0 1

�̄
=

1

! � !0
� 1

! + !0

E0 sin(kx� !t+ �1) E0 sin(kx+ !t� �2)

Champ%résultant%:%

avec%

E(x, t) = 2E0 sin(kx� �) cos(!t� ')

' = (�1 + �2)/2� = (�2 � �1)/2

� = 0

V (x) =
[2d0E0 sin(kx)]2

4~�̄
= V0 sin

2(kx)

V0 =
d20E2

0

~�̄



Réseaux$op8ques$à$plusieurs$dimensions$

Une%technique%simple%et%robuste%:%une%couleur%par%axe%

miroirs%

!1

!2

Si%la%différence%des%fréquences%

|!1 � !2|

est%grande%devant%les%fréquences%
caractéris8ques%du%mouvement%du%%
centre%de%masse%atomique,%on%peut%%
ignorer%tout%phénomène%d’interférence%
entre%les%différentes%paires%de%faisceaux%

V (x, y) = V1 sin
2(kx) + V2 sin

2(ky)

En%pra8que,%une%différence%de%quelques%dizaines%de%MHz%suffit%%

Réseaux$op8ques$à$plusieurs$dimensions$(suite)$

Une%technique%plus%sophis8quée%(et%plus%riche)%:%deux%ou%trois%ondes%sta8onnaires%
à%la%même%fréquence%et%verrouillées%en%phase%entre%elles%%

miroirs%
E(~r, t) = E1 sin(kx) cos(!t� '1)

+E2 sin(ky) cos(!t� '2)

Le%paysage%de%poten8el%%

dépend%de%la%phase%rela8ve%

/ |E(~r, t)|2
'1 � '2

techniquement%non%trivial...%

Hänsch,%Hemmerich,%Esslinger...%

Réseaux$op8ques$à$plusieurs$dimensions$(fin)$

Configura8on%à%nombre%minimal%de%faisceaux%(Grynberg%et'al.,%1993)%

• %trois%faisceaux%non%colinéaires%à%deux%dimensions%

• %quatre%faisceaux%non%coplanaires%à%trois%dimensions%

Le%changement%de%phase%d’un%des%faisceaux%par%rapport%à%l’autre%ne%change%pas%%
le%profil%d’interférence,%mais%cause%simplement%une%transla8on%globale%de%%V (~r)

L’échelle$d’énergie$naturelle$:$l’énergie$de$recul$

x

x

✓

Le%nombre%d’onde%k'
le%long%de%l’axe%x%est%
ajustable%:%%k = kL sin(✓/2)

V (x) = V0 sin
2(kx)

période%spa8ale%:%%a = ⇡/k

échelle%d’énergie%:%%Er =
~2k2
2m

7Li%@%671%nm%:%60%kHz%=%3%µK%

87Rb%@%780%nm%:%4%kHz%=%0.2%µK%

augmenta8on%de%l’échelle%de%longueur,%
diminu8on%de%l’échelle%d’énergie%



2.$

Le$théorème$de$Bloch$

En$résumé$:$

est%également%périodique,%de%période%%a = ⇡/k

sous%la%forme%d’ondes%de%Bloch%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%où%la%fonc8on%%%%%%%%%%% 

n,q

(x) = e

iqx

u

n,q

(x) un,q(x)

• %On%va%chercher%les%états%propres%de%l’hamiltonien%périodique%(de%période%%%%%%%%%%%%%%%%%)%%a = ⇡/k

Ĥ =
p̂2

2m
+ V0 sin

2(kx̂) =
p̂2

2m
+

V0

4

�
2� e2ikx̂ � e�2ikx̂

�

• %Deux%quasi1moments%q%et%q’%qui%diffèrent%de%%2k%%correspondent%au%même%état%propre%

On%peut%donc%restreindre%notre%recherche%en%prenant%le%quasi1moment%q%%
dans%la%première%zone%de%Brillouin%:%%%�k < q  k

• %Pour%chaque%valeur%de%q,%on%trouve%un%ensemble%d’énergies%%%En(q),   n = 0,1,...%%

nième%bande%d’énergie%:%intervalle%parcouru%par%%En(q)%quand%q%varie%entre%–k et%k%%

Le$rôle$des$symétries$:$la$parité$du$poten8el$

Poten8el%symétrique%par%rapport%à%l’origine%:% V (x) = V (�x)

L’hamiltonien%commute%avec%l’opérateur%parité%:%%P̂ (x) =  (�x)

Ĥ
⇣
P̂ | i

⌘
= P̂

⇣
Ĥ| i

⌘
Ĥ

⇥
e�ixq u

n,q

(�x)
⇤
= E

n

(q)
⇥
e�ixq u

n,q

(�x)
⇤

La%fonc8on%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%vérifie%donc%toutes%les%propriétés%d’une%fonc8on%%
de%Bloch%associée%au%quasi1moment%–q.%

Si%on%a%su%résoudre%le%problème%aux%valeurs%propres%pour%q,%on%connait%aussi%%
les%solu8ons%pour%–q%en%prenant%

e

�ixq

u

n,q

(�x)

 n,�q(x) /  n,q(�x) En(�q) = En(q)

base%de%fonc8ons%de%Bloch%:%  
n,q

(x) = e

ixq

u

n,q

(x)

Le$rôle$des$symétries$:$invariance$par$renversement$du$temps$

Physiquement$:$a1t1on%le%mouvement%«%inversé%»%quand%on%fait%le%changement%

~r ! ~r ~p ! �~p

pas%de%force%de%type%«%Lorentz%»%en%% ~v ⇥ ~B

Mathéma8quement$:$l’hamiltonien%commute%avec%l’opérateur%(an81unitaire)%K̂0

K̂0 (~r) =  ⇤(~r) pour%une%par8cule%sans%spin%



Invariance$par$renversement$du$temps$(2)$

Hamiltonien%périodique%invariant%par%renversement%du%temps%%%%%%:%Ĥ

base%de%fonc8ons%de%Bloch%:%  
n,q

(x) = e

ixq

u

n,q

(x)

[Ĥ, K̂0] = 0

Ĥ
⇣
K̂0| i

⌘
= K̂0

⇣
Ĥ| i

⌘
Ĥ

⇥
e�ixq u⇤

n,q

(x)
⇤
= E

n

(q)
⇥
e�ixq u⇤

n,q

(x)
⇤

La%fonc8on%%%%%%%%%%%%%%%%%%%%%%%%%%%%vérifie%donc%toutes%les%propriétés%d’une%fonc8on%de%Bloch%
associée%au%quasi1moment%–q.%

e

�ixq

u

⇤
n,q

(x)

Si%on%a%su%résoudre%le%problème%aux%valeurs%propres%pour%q,%on%connait%aussi%%
les%solu8ons%pour%–q%en%prenant%

 n,�q(x) /  

⇤
n,q(x) En(�q) = En(q)

3.$

Les$bandes$d’énergie$pour$le$poten8el$sinusoïdal$

un%problème%«%académique%»%pour%la%physique%des%solides,%
le%pain%quo8dien%en%physique%des%atomes%froids...%

L’équa8on%centrale%&%le%cas%d’un%réseau%faible%

L’équa8on$«$centrale$»$

On%injecte%la%forme%de%Bloch%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%dans%l’équa8on%
aux%valeurs%propres%:%%

 

q

(x) =
+1X

j=�1
C

j

(q) ei(2jk+q)x

� ~2
2m

d

2
 q

dx

2
+ V0 sin

2(kx) q = E(q)  q

V0

4

�
2� e2ikx � e�2ikx

�

~2
2m

(2jk + q)2 Cj(q) +
V0

2
Cj(q)�

V0

4
(Cj+1(q) + Cj�1(q)) = E(q) Cj(q)

On%ob8ent%un%système%(infini)%pour%les%coefficients%%%%%%%%%%%%%%:%Cj(q)

L’énergie%de%recul%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%fournit%l’échelle%naturelle%d’énergie%:%%%%%%%%%%Er = ~2k2/(2m)
⇣

2j +
q

k

⌘2
+

V0

2Er

�
Cj �

V0

4Er
(Cj�1 + Cj+1) =

E

Er
Cj

Résolu8on$de$l’équa8on$«$centrale$»$

⇣
2j +

q

k

⌘2
+

V0

2Er

�
Cj �

V0

4Er
(Cj�1 + Cj+1) =

E

Er
Cj

Problème%aux%valeurs%propres%pour%une%matrice%tridiagonale%infinie%%

On%tronque%la%matrice%au%domaine%%%%%%%%%%%%%%%%%%%%%%avec%%|j|  j
max

j
max

= 20

bonne%précision%pour%les%valeurs%propres%les%plus%basses%pour%%V0/Er  50

Pour%chaque%valeur%de%q,%infinité%de%solu8ons%%
correspondant%aux%énergies%%E0(q), E1(q), E2(q), . . .

Pour%q%fixé%dans%la%zone%de%Brillouin%:%�k < q  k



Exemples$de$solu8ons$pour$q=0!
poten8el%«%faible%»%:% V0 = 2Er poten8el%«%fort%»%:% V0 = 20Er

Fondamental%:%n=0!

RÉSEAUX OPTIQUES : LES PRINCIPES DE BASE § 3. Bandes d’énergie pour le potentiel sinusoïdal
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FIGURE 2.2. Gauche : relation de dispersion pour une particule libre E = p2/2m.
Droite : parabole repliée, donnant les bandes d’énergie pour la même particule libre
dans le formalisme des ondes de Bloch.

3-2 L’équation centrale

On considère maintenant le potentiel V (x) = V
0

sin

2

(kx), avec V
0

> 0.
Ce potentiel est de période a = ⇡/k et on cherche les fonctions propres
(ondes de Bloch) sous la forme [cf. (2.16)-(2.18)]

 
q

(x) =

X

j2Z
C

j

(q) e

i(2jk+q)x, �k < q  k. (2.36)

On se ramène à l’équation aux valeurs propres pour une matrice tri-
diagonale symétrique réelle (infinie), souvent appelée équation centrale :

⇣
2j +

q

k

⌘
2

+

V
0

2E
r

�
C

j

� V
0

4E
r

(C
j�1

+ C
j+1

) =

E

E
r

C
j

, (2.37)

qui se résout numériquement à l’aide d’algorithmes standards pour un
couple (q/k, V

0

/E
r

) donné. En pratique, pour déterminer par exemple la
largeur de la bande fondamentale avec une précision relative de 10

�6, on
peut limiter la somme (2.36) à |j|  20 si l’amplitude du potentiel ne dé-
passe pas elle-même V

0

/E
r

= 50. Les coefficients C
j

sont représentés sur la
figure 2.3 pour trois valeurs de V

0

et pour les premières bandes d’énergie.
On voit que ces coefficients ne prennent des valeurs significatives que pour
des valeurs relativement faibles de j, ce qui justifie de tronquer le système
(2.37) à |j|  20.

Coefficients de Fourier C

j

(n, q) des ondes de Bloch  

n,q(x)
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FIGURE 2.3. Coefficients de Fourier solutions de l’équation centrale (2.37) pour
V
0

/E
r

= 2 (colonne de gauche), V
0

/E
r

= 8 (colonne du milieu), V
0

/E
r

= 20

(colonne de droite). Les lignes correspondent de haut en bas à (n = 0, q = 0),
(n = 0, q = ⇡/a), (n = 1, q = 0), (n = 1, q = ⇡/a).
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j

RÉSEAUX OPTIQUES : LES PRINCIPES DE BASE § 3. Bandes d’énergie pour le potentiel sinusoïdal
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FIGURE 2.2. Gauche : relation de dispersion pour une particule libre E = p2/2m.
Droite : parabole repliée, donnant les bandes d’énergie pour la même particule libre
dans le formalisme des ondes de Bloch.

3-2 L’équation centrale

On considère maintenant le potentiel V (x) = V
0

sin

2

(kx), avec V
0

> 0.
Ce potentiel est de période a = ⇡/k et on cherche les fonctions propres
(ondes de Bloch) sous la forme [cf. (2.16)-(2.18)]

 
q

(x) =

X

j2Z
C

j

(q) e

i(2jk+q)x, �k < q  k. (2.36)

On se ramène à l’équation aux valeurs propres pour une matrice tri-
diagonale symétrique réelle (infinie), souvent appelée équation centrale :

⇣
2j +

q

k

⌘
2

+

V
0

2E
r

�
C

j

� V
0

4E
r

(C
j�1

+ C
j+1

) =

E

E
r

C
j

, (2.37)

qui se résout numériquement à l’aide d’algorithmes standards pour un
couple (q/k, V

0

/E
r

) donné. En pratique, pour déterminer par exemple la
largeur de la bande fondamentale avec une précision relative de 10

�6, on
peut limiter la somme (2.36) à |j|  20 si l’amplitude du potentiel ne dé-
passe pas elle-même V

0

/E
r

= 50. Les coefficients C
j

sont représentés sur la
figure 2.3 pour trois valeurs de V

0

et pour les premières bandes d’énergie.
On voit que ces coefficients ne prennent des valeurs significatives que pour
des valeurs relativement faibles de j, ce qui justifie de tronquer le système
(2.37) à |j|  20.

Coefficients de Fourier C

j

(n, q) des ondes de Bloch  

n,q(x)
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FIGURE 2.3. Coefficients de Fourier solutions de l’équation centrale (2.37) pour
V
0

/E
r

= 2 (colonne de gauche), V
0

/E
r

= 8 (colonne du milieu), V
0

/E
r

= 20

(colonne de droite). Les lignes correspondent de haut en bas à (n = 0, q = 0),
(n = 0, q = ⇡/a), (n = 1, q = 0), (n = 1, q = ⇡/a).
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Premier%état%excité%:%n=1!

RÉSEAUX OPTIQUES : LES PRINCIPES DE BASE § 3. Bandes d’énergie pour le potentiel sinusoïdal
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FIGURE 2.2. Gauche : relation de dispersion pour une particule libre E = p2/2m.
Droite : parabole repliée, donnant les bandes d’énergie pour la même particule libre
dans le formalisme des ondes de Bloch.

3-2 L’équation centrale

On considère maintenant le potentiel V (x) = V
0

sin

2

(kx), avec V
0

> 0.
Ce potentiel est de période a = ⇡/k et on cherche les fonctions propres
(ondes de Bloch) sous la forme [cf. (2.16)-(2.18)]

 
q

(x) =

X

j2Z
C

j

(q) e

i(2jk+q)x, �k < q  k. (2.36)

On se ramène à l’équation aux valeurs propres pour une matrice tri-
diagonale symétrique réelle (infinie), souvent appelée équation centrale :

⇣
2j +

q

k

⌘
2

+

V
0

2E
r

�
C

j

� V
0

4E
r

(C
j�1

+ C
j+1

) =

E

E
r

C
j

, (2.37)

qui se résout numériquement à l’aide d’algorithmes standards pour un
couple (q/k, V

0

/E
r

) donné. En pratique, pour déterminer par exemple la
largeur de la bande fondamentale avec une précision relative de 10

�6, on
peut limiter la somme (2.36) à |j|  20 si l’amplitude du potentiel ne dé-
passe pas elle-même V

0

/E
r

= 50. Les coefficients C
j

sont représentés sur la
figure 2.3 pour trois valeurs de V

0

et pour les premières bandes d’énergie.
On voit que ces coefficients ne prennent des valeurs significatives que pour
des valeurs relativement faibles de j, ce qui justifie de tronquer le système
(2.37) à |j|  20.

Coefficients de Fourier C

j

(n, q) des ondes de Bloch  

n,q(x)
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FIGURE 2.3. Coefficients de Fourier solutions de l’équation centrale (2.37) pour
V
0

/E
r

= 2 (colonne de gauche), V
0

/E
r

= 8 (colonne du milieu), V
0

/E
r

= 20

(colonne de droite). Les lignes correspondent de haut en bas à (n = 0, q = 0),
(n = 0, q = ⇡/a), (n = 1, q = 0), (n = 1, q = ⇡/a).
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RÉSEAUX OPTIQUES : LES PRINCIPES DE BASE § 3. Bandes d’énergie pour le potentiel sinusoïdal
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FIGURE 2.2. Gauche : relation de dispersion pour une particule libre E = p2/2m.
Droite : parabole repliée, donnant les bandes d’énergie pour la même particule libre
dans le formalisme des ondes de Bloch.

3-2 L’équation centrale

On considère maintenant le potentiel V (x) = V
0

sin

2

(kx), avec V
0

> 0.
Ce potentiel est de période a = ⇡/k et on cherche les fonctions propres
(ondes de Bloch) sous la forme [cf. (2.16)-(2.18)]

 
q

(x) =

X

j2Z
C

j

(q) e

i(2jk+q)x, �k < q  k. (2.36)

On se ramène à l’équation aux valeurs propres pour une matrice tri-
diagonale symétrique réelle (infinie), souvent appelée équation centrale :

⇣
2j +

q

k

⌘
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+

V
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2E
r

�
C

j

� V
0

4E
r

(C
j�1

+ C
j+1

) =

E

E
r

C
j

, (2.37)

qui se résout numériquement à l’aide d’algorithmes standards pour un
couple (q/k, V

0

/E
r

) donné. En pratique, pour déterminer par exemple la
largeur de la bande fondamentale avec une précision relative de 10

�6, on
peut limiter la somme (2.36) à |j|  20 si l’amplitude du potentiel ne dé-
passe pas elle-même V

0

/E
r

= 50. Les coefficients C
j

sont représentés sur la
figure 2.3 pour trois valeurs de V

0

et pour les premières bandes d’énergie.
On voit que ces coefficients ne prennent des valeurs significatives que pour
des valeurs relativement faibles de j, ce qui justifie de tronquer le système
(2.37) à |j|  20.

Coefficients de Fourier C

j

(n, q) des ondes de Bloch  

n,q(x)
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FIGURE 2.3. Coefficients de Fourier solutions de l’équation centrale (2.37) pour
V
0

/E
r

= 2 (colonne de gauche), V
0

/E
r

= 8 (colonne du milieu), V
0

/E
r

= 20

(colonne de droite). Les lignes correspondent de haut en bas à (n = 0, q = 0),
(n = 0, q = ⇡/a), (n = 1, q = 0), (n = 1, q = ⇡/a).
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Le$cas$du$poten8el$nul$$

Le%poten8el%V(x) = 0%est%périodique%de%période%!

Les%états%propres%de%l’hamiltonien%sont%les%ondes%planes%%

�

p

(x) = e

iqx

e

2ijkx avec
p

~ = 2jk + q,

�

p

(x) = e

ipx/~

qui%s’écrivent%

j%:%en8er%le%plus%proche%de%% p/(2~k)

E(p) =
p2

2m

E0(q) =
~2q2
2m

E1(q) =
~2
2m

(q ± 2k)2

. . .

bande%fondamentale%

première%bande%%
excitée%

�1 0 1
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4
En(q)

q/k

a = ⇡/k

Evolu8on$de$la$structure$de$bande$avec$V0!

�1 0 1
0

10

20

30

�1 0 1
0

10

20

30

�1 0 1
0

10

20

30

�1 0 1
0

10

20

30

V0 = 0 V0 = 2Er V0 = 8Er V0 = 20Er

ouverture%d’un%«%gap%»%
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bandes%de%basse%énergie%%
de%plus%en%plus%plates%

réseau%faible% réseau%fort%



Le$cas$du$réseau$faible$
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p
p± 2~k

Ce%couplage%peut%avoir%une%conséquence%significa8ve%si%les%deux%états%couplés%
ont%une%énergie%voisine%vis1à1vis%de%%%%%%%%%:%Ĥ0
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Le$cas$du$réseau$faible$(2)$

Plaçons1nous%exactement%au%point%de%croisement%pour%%%%%%%%%%%%%%%%:%%%V0 = 0

E0(q) =
~2q2
2m

E1(q) =
~2
2m

(q � 2k)2

q = k
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Deux%états%«%onde%plane%»%

A%l’ordre%1%de%la%théorie%des%perturba8ons,%les%états%propres%sont%obtenus%par%
diagonalisa8on%de%la%matrice%2%x%2:%%

Ĥ =

✓
Er + V0/2 �V0/4
�V0/4 Er + V0/2

◆

E0(k) = Er +
V0

4

E1(k) = Er +
3V0
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Diffrac8on$de$Bragg$

q/k

 0,k / cos(kx)

 1,k / sin(kx)

4.$

Branchement$et$débranchement$d’un$réseau$

Approxima8on%adiaba8que,%diffrac8on%de%Bragg%&%«%band%mapping%»%

Le$théorème$de$Bloch$dans$un$cas$dépendant$du$temps$

Ĥ(t) =
p̂2

2m
+ ft V (x̂)

Poten8el%spa8alement%périodique%%%%%%%%%%%dont%l’amplitude%%%%%%%%%%%%%%%%%%dépend%du%temps%:%V (x) f(t) ⌘ ft

On%suppose%qu’à%t = 0,%l’état%de%la%par8cule%a%la%forme%d’une%fonc8on%de%Bloch%:%%

�(x, t = 0) = e

iqx

u(x, t = 0) u(x, t = 0) :%périodique%de%période%a!

Alors,%ceoe%forme%est%préservée%durant%l’évolu8on%avec%le%même%quasi1moment%q!

�(x, t) = e

iqx

u(x, t)
u(x, t) :%périodique%de%période%a!

Démonstra8on%:% [Ĥ(t), T̂a] = 0 [Û(0 ! t), T̂a] = 0 Û) :%opérateur%d’évolu8on%

Physiquement$clair$:$les%échanges%d’impulsion%entre%atome%et%lumière%se%font%par%processus%
«%absorp8on1émission%s8mulée%»%qui%transfèrent%%%%%%%%%%%%%%:%ne%changent%pas%le%quasi1moment%q%%±2~k



Adiaba8cité$du$branchement$(ou$du$débranchement)$

Partons%d’un%atome%d’impulsion%donnée,%par%exemple%%%%%%%%%%%%%%%%%%%%en%absence%de%lumière%p = ~k/2
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Evolu8on%de%la%par8e%périodique%de%la%fonc8on%de%Bloch%%
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0 (x)

L’approxima8on$adiaba8que$

Hamiltonien%dépendant%d’un%paramètre%f%:%

f

En(f)

Etats%propres%%|�n(f)i

A%l’instant%ini8al,%le%système%est%dans%un%état%propre%par8culier% |�n[f(0)]i

Energies% En(f)

Le%système%va%suivre%cet%état%propre%si%on%a%à%chaque%instant%:%

On%suppose%que%f%dépend%du%temps.%

~
����h�n0 | d
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L’approxima8on$adiaba8que$pour$le$branchement$du$réseau$
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Figure 7. Testing the adiabaticity of a linear intensity ramp with a double ramp. Perfect adiabaticity
would leave all the atoms in the 0h̄k state. If the ramp is not fully adiabatic other momenta are
populated. The observed oscillations in the 0h̄k component are due to interference effects similar
to the ones described in section 3. The full curve is a theoretical model obtained through direct
integration of the Hamiltonian. It has been rescaled by about 10% in the time direction to match
the data.

populated bands (as seen in the previous section) can lead to all the population being in the 0h̄k

state even though the process is far from adiabatic. Because of this, the signal oscillates and
the adiabaticity of a single ramp time can only be determined by interpolating the envelope of
the curve.

In order to directly measure the adiabaticity, i.e. the efficiency of transfer into the lattice
ground state, we perform experiments similar to those described in the previous section.
Starting from a condensate at rest we ramp up the intensity of a stationary lattice8. We
hold the BEC in the lattice for a time τ , typically between 0 and 10 µs, before suddenly
switching off the light. We then study the oscillations in the plane-wave decomposition of the
lattice wavefunction as a function of τ . Figure 8 shows an example of such oscillations for
the 0h̄k component at q = 0 after a ramp time of 20 µs. This beating signal has a very small
amplitude compared to the beating signal of figure 3 for a lattice that was abruptly switched
on. This indicates that most of the population is in band 0. If we had populated only the
ground state, there would have been no beating at all. If we ignore the small oscillations,
the measured momentum decomposition (60% 0h̄k; 20% +2h̄k; 20% −2h̄k) is close to the
theoretical decomposition of the lattice ground state (section 2).

From the amplitude of the oscillations we can infer the population in the lattice ground
state. To do this, we assume that only bands 0 and 2 are populated (since bands 1 and 3 cannot
be excited at q = 0). Let p be the fraction of the population in band 0 after loading into the
lattice. Then the population in band 2 is 1 − p. For a lattice with a height of 14ER band 0 has
a calculated 0h̄k momentum component of 65% whereas band 2 has one of 34% (see figure 2).
The fraction of population in the 0h̄k momentum component after evolving for a time τ is

P(τ ) =
∣∣∣
√

0.65p + ei(ωτ+θ)
√

0.34(1 − p)
∣∣∣
2

(8)

where ω is the frequency difference between bands 0 and 2 and θ is a phase that is dependent
on the details of the ramp. The amplitude of the beating is

$P = 2
√

0.65p × 0.34(1 − p). (9)
8 While we apply a linear voltage ramp, non-linearities in the response of the AOM smooth the ends (≈10% of the
ramp time).
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Remarque$:$problème$en$bord$de$bandes$!$



La$diffrac8on$de$Bragg$

Tire%par8%de%la%périodicité%du%réseau%pour%diffracter%l’onde%dans%une%direc8on%donnée%%
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Comment%retrouver%ce%résultat%dans%le%formalisme%de%la%théorie%des%bandes%%?%%
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On%se%place%au%voisinage%du%bord%de%la%zone%de%%
Brillouin%et%on%branche%soudainement%le%réseau%

V0 = 0.2Er

q/k

La$diffrac8on$de$Bragg$(2)$

n = 0

n = 1

q/k

| (t = 0)i = |pi = cos(✓/2) | n=0,qi � sin(✓/2) | n=1,qi

Evolu8on%de%type%«%oscilla8on%de%Rabi%»:%%

| (t)i = cos(✓/2) e�iE0,qt/~ | n=0,qi � sin(✓/2) e�iE1,qt/~ | n=1,qi

A%la%fin%de%l’évolu8on,%on%éteint%soudainement%le%réseau%et%on%projeoe%l’état%%
obtenu%à%cet%instant%sur%la%base%des%ondes%planes%:%

Pp!p�2~k(t) = sin2 ✓ sin2(⌦t/2) ~⌦ = E1,q � E0,q ⇡ V0/2

Oscilla8on%«%Pendellösung%»%

Sélec8vité$en$vitesse$de$la$diffrac8on$de$Bragg$
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Pour%un%réseau%faible,%les%états%propres%%%%%%%%%%%%%%%%%%%%sont%obtenus%par%diagonalisa8on%
de%la%matrice%2x2%:%%

| n=0/1,qi
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d’autant$plus$sélec8f$en$vitesse$que$V0$est$faible$

écrite%dans%la%base%%
|pi, |p� 2~ki

Observa8on$et$u8lisa8on$de$la$diffrac8on$de$Bragg$

Expérience%faite%au%NIST%avec%%
des%condensats%:%%
Kozuma%et'al.,%1999%%%
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snPrecoild2

2M

≠ nh̄d
n

, (1)

where Precoil ≠ 2h̄k sinsuy2d is the recoil momentum
from a two-photon Raman process, k ≠ 2pyl; l is the
wavelength of the light, M is the atomic mass, and d

n

is the frequency difference between the two lasers. For
our conditions first-order Bragg diffraction is resonant at
d1y2p ≠ 98 kHz and higher orders at d

n

≠ nd1.
In our experiment, we produce a BEC as described in

detail elsewhere [17]. Briefly, about 1010 Na atoms are
optically cooled and trapped in a dark magneto-optical
trap [18]. They are transferred into a magnetic quadrupole
field where atoms in the 3S1y2 F ≠ 1, m

F

≠ 21 state
are trapped, compressed, and then cooled by rf-induced
evaporation. Before the atoms are lost in the zero field
region in the center of the trap, a time-averaged orbiting
potential (TOP) [19] trap is created by suddenly turning
on a rotating bias field. The bias field rotates in the
x-z plane, where x is the quadrupole axis and z is
vertical along the direction of gravity. Our TOP trap
differs from the design of [19] in that our bias field
rotates in a plane that includes the quadrupole symmetry

FIG. 1. Experimental arrangement of the laser beams (a) and
partial transition diagram (b) for nth order Bragg diffraction.
The parabolas correspond to the P

2y2M kinetic energy.

axis. The ratio between spring constants along the x, y,
and z directions is K

x

:K
y

:K
z

≠ 4:2:1. The atoms are
compressed in the TOP trap and cooled by evaporation
to form a BEC. We obtain a condensate with about 106

sodium atoms having no discernible uncondensed fraction
in a trap with harmonic frequencies of v

x

y2p ≠ 360 Hz,
v

y

y2p ≠ 250 Hz, v
z

y2p ≠ 180 Hz.
Our first experiments were performed on Bose-

condensed atoms released suddenly from the TOP
trap. The trap is turned off in 50 ms and the BEC
undergoes expansion driven by the mean-field repulsion
between the atoms. After a few characteristic times t ≠
sv

x

v
y

v
z

d21y3, the mean field is negligible and the cloud
expands ballistically [20]. During this ballistic expansion
the condensate is exposed to a moving, periodic optical
potential generated by two nearly counterpropagating
su ≠ 166±d laser beams with parallel linear polarizations
but slightly different frequencies [Fig. 1(a)]. These
(phase coherent) laser beams are derived from a single
laser sl ≠ 589 nmd using acousto-optic modulators. The
intensity of each beam is 23 mWycm2, and the common
detuning with respect to the 3S1y2, F ≠ 1 ! 3P3y2,
F

0 ≠ 2 transition is Dy2p ≠ 21.85 GHz. To transfer
all the atoms to the desired momentum state, we empiri-
cally choose laser intensities and pulse durations to give a
p pulse for the effective two-level system. We use two
pulses with frequencies v and v 1 d that overlap for
55 ms [21]. The probability of spontaneous emission is
less than 0.05.
Figure 2(a) is an image taken just before the Bragg

pulse is applied. The atoms are first optically pumped
into the 3S1y2 F ≠ 2 ground state. They are then absorp-
tion imaged [5] with probe light on the F ≠ 2 ! F

0 ≠ 3

FIG. 2. Optical absorption image of a Bragg diffracted con-
densate. (a) An image taken just before the moving standing
wave pulse is applied. (b) is taken after a time of flight of
10 ms. (c) is a line profile taken through the center of the
expanding clouds.
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in%situ%

TOF%10%ms%

Observée%d’abord%avec%des%jets%atomiques%
traversant%des%ondes%lumineuses%sta8onnaires%
%%(groupe%de%Pritchard,%MIT%1988)%%

à%la%base%de%schémas%interférométriques%%
variés,%par%exemple%π/2%%1%%π%%1%%π/2%
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Comment$mesurer$la$popula8on$des$différentes$bandes$?$

On%éteint%adiaba8quement%%
le%réseau.%Qu’ob8ent1on%?%

Chaque%bande%est%%
projetée%sur%deux%%
segments%de%
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«$Band$mapping$»$

Mesure$de$la$popula8on$des$différentes$bandes$$

Greiner%et'al.,%2001%:%bosons%(87Rb)%%
dans%un%réseau%carré%à%2D%
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FIG. 6 (color). (a) Reciprocal lattice and Brillouin zones for
the two-dimensional Bravais lattice of Fig. 4(a). (b) False color
image of the experimentally measured band population of a
dephased Bose-Einstein condensate in a 12Er deep optical lattice
where phase coherence between neighboring lattice sites has
been lost.
scattering, the measurement of the interference pattern is
less suitable to quantitatively analyze the coherent fraction
of atoms in the lattice.

The dephasing of the condensate wave function in the
optical lattice becomes clearly visible when we introduce
an external perturbation by switching off the magnetic
trapping field and thereby exposing the atoms to the linear
gravitational potential. For a 12Er deep optical lattice and
2 ms after switching off the magnetic field we can no longer
observe an interference pattern in the density distribution
of the released atoms. This indicates that phase coherence
of the atoms across the lattice has been lost. To experimen-
tally determine which energy bands are populated by the
dephased Bose-Einstein condensate, we ramp down the op-
tical potential in 2 ms, after the 2 ms hold time in the pure
optical potential. This ramp speed ensures that we are adi-
abatic with respect to the atomic motion in a single lattice
site and preserve the band population. The momentum
distribution of the atomic cloud is obtained by imaging the
atoms after 12 ms of ballistic expansion. Atoms originat-
ing from the lowest energy band are then expected to ob-
tain momenta that lie within the first Brillouin zone of the
lattice [17]. The Brillouin zones of a two-dimensional Bra-
vais lattice are displayed in Fig. 6(a). The experimentally
measured momentum distribution shown in Fig. 6(b) ex-
hibits a pronounced squarelike momentum distribution of
width 2h̄k coinciding with the first Brillouin zone of the
Bravais lattices. This proves that the atoms from the de-
phased condensate populate only the lowest energy band of
the lattice and remain in the radial ground state of a single
lattice tube even if the phase coherence between neighbor-
ing lattice sites has vanished.

Employing the same method we have measured the band
population in the combined potential of the magnetic trap
and the optical lattice. For a 12Er deep lattice and after
a storage time of 1 s we find that 60% of the initial num-
ber of atoms are still present and that all of these atoms
remain confined to the first energy band. For the same pa-
rameters no significant condensate fraction was measured
(see Fig. 5). So far, we cannot identify whether axial ex-
citations are present in a single lattice tube.

In conclusion, we have created an experimental system
which now enables us to study the physics of ultracold 1D
quantum gases (see also [18]). A variety of fundamental
questions of the physics in reduced dimensions can now
be addressed in the experiment. The correlation properties
of 1D quantum gases are intrinsically different from those
encountered in 3D. It is expected that in a 1D gas the de-
crease of temperature leads to a continuous transformation
of the correlation properties from the ideal gas case to the
regime which is dominated by quantum statistics and in-
teractions [4]. In the extreme limit of low atomic densities
or large interactions even the character of the bosonic par-
ticles changes and the gas acquires Fermi properties [1–5].

By adding a further standing wave laser field we can
extend the geometry of the lattice to three dimensions.
This should pave the way towards the observation of a
quantum phase transition in a dilute gas of atoms from
a superfluid to a Mott insulator phase [19]. We believe
that straightforward modification of our experiment should
allow us to reach this regime.

We thank Wilhelm Zwerger and Martin Holthaus for
stimulating discussions and Anton Scheich for experi-
mental assistance during the construction of the experi-
ment. We also acknowledge support by the Deutsche
Forschungsgemeinschaft.

*Also at Department of Physics, University of Florence,
Italy.

[1] M. Girardeau, J. Math. Phys. (N.Y.) 1, 516 (1960).
[2] E. H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1962);

E. H. Lieb, Phys. Rev. 130, 1616 (1963).
[3] M. Olshanii, Phys. Rev. Lett. 81, 938 (1998).
[4] D. S. Petrov, G. V. Shlyapnikov, and J. T. M. Walraven,

Phys. Rev. Lett. 85, 3745 (2000).
[5] M. D. Girardeau, E. M. Wright, and J. M. Triscari, Phys.

Rev. A 63, 033601 (2001).
[6] B. P. Anderson and M. A. Kasevich, Science 281, 1686

(1998).
[7] C. Orzel et al., Science 291, 2386 (2001).
[8] M. Greiner, I. Bloch, T. W. Hänsch, and T. Esslinger, Phys.

Rev. A 63, 031401 (2001).
[9] T. Esslinger, I. Bloch, and T. W. Hänsch, Phys. Rev. A 58,

2664 (1998).
[10] R. Grimm, M. Weidemüller, and Y. B. Ovchinnikov, Adv.

At. Mol. Opt. Phys. 42, 95–170 (2000), and references
therein.

[11] A. Hemmerich et al., Europhys. Lett. 18, 391 (1992).
[12] Y. B. Band et al., Phys. Rev. Lett. 84, 5462 (2000).
[13] A. P. Chikkatur et al., Phys. Rev. Lett. 85, 483 (2000).
[14] S. Inouye et al., Science 285, 571 (1999).
[15] L. Deng et al., Nature (London) 398, 218 (1999).
[16] See, for example, N. W. Ashcroft and N. D. Mermin, Solid

State Physics (Saunders College Publishing, Fort Worth,
TX, 1976).

[17] A. Kastberg et al., Phys. Rev. Lett. 74, 1542 (1995).
[18] A. Görlitz et al., cond-mat/0104549.
[19] D. Jacksch et al., Phys. Rev. Lett. 81, 3108 (1998).

160405-4 160405-4

3 Superfluid Bose-Einstein condensates in optical lattice potentials

directions.
The measurement of the band population demonstrates that it is possible to homogenously

populate the lowest energy band while having no population in higher bands. In a tight
binding picture this corresponds to a situation where in each lattice site only the vibrational
ground state is occupied by the condensate, but the phase correlation between the sites is
lost.

Populating higher energy bands

We can populate higher energy bands in the lattice by using stimulated Raman transitions,
where states in different energy bands are connected by a stimulated two-photon process
[80, 81]. In order to drive the transition we apply two Raman beams to the atoms in the lattice
(Figure 3.21b). The frequency difference δωr = δE/h̄ between the beams corresponds to
the energy difference δE between the Bloch states. The Raman beams are detuned by ∆r

with respect to an atomic transition. By changing the angle between the two beams the
momentum transfer δq of the Raman beams can be arbitrarily chosen between 0h̄kr and
2h̄kr, where kr denotes the norm of the k-vector of the Raman beams. Therefore Bloch
states in all bands and with arbitrary quasi momenta can be populated.

In a tight binding picture the Raman beams induce transitions between vibrational levels
of each potential well (see 3.21a) and the change of the quasimomentum δq corresponds to
the simultaneous change of the relative macroscopic phase between lattice sites.

(a) (b) (c)

Figure 3.21: Population of higher energy bands. (a) Higher vibrational levels on each lattice
site can be populated by stimulated Raman transitions. (b) In a Bloch picture this corre-
sponds to Raman transitions between different energy bands. (c) Measured band population
of a dephased BEC in a 2D lattice, where higher energy bands have been populated by stim-
ulated Raman transitions. Therefore population of the corresponding higher Brillouin zones
is visible.
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sequence of two radio-frequency pulses. By lowering the
depth of the optical trap on a time scale of 2 s we further
evaporatively cool the potassium gas. This is done at a bias
magnetic field of B ! 227 G, which is well above the
magnetic Feshbach resonance centered at B0 ! 202:1 G
[1], and the s-wave scattering length between the two
fermionic spin states is a ! 118a0 (a0 is the Bohr radius).
At the end of the evaporation we reach temperatures be-
tween T=TF ! 0:2 and 0.25 with 5" 104 to 2" 105 par-
ticles, respectively.

Prior to loading the atoms into the optical lattice we tune
the magnetic field to B ! #210$ 0:1% G, such that the
s-wave scattering length between the two states vanishes.
Then the standing wave laser field along the vertical z axis
is turned on. Subsequently, the optical dipole trap along the
y axis is turned off and a standing wave laser field along the
same axis is turned on, followed by the same procedure
along the x axis. In order to keep the loading of the atoms
into the lattice as adiabatic as possible the intensities of the
lasers are slowly increased (decreased) using exponential
ramps with time constants of 10 ms (25 ms) and durations
of 20 ms (50 ms), respectively.

In its final configuration the optical lattice is formed by
three orthogonal standing waves with mutually orthogonal
polarizations and 1=e2 radii of 50 !m (x axis) and 70 !m
(y axis and z axis), which are derived from the same lasers
as for the optical dipole trap. The laser fields of the three
beams have a linewidth of the order of 10 kHz and their
frequencies are offset with respect to each other by be-
tween 15 and 150 MHz. The resulting optical potential
depth Vx;y;z is proportional to the laser intensity and is
conveniently expressed in terms of the recoil energy Er !
!h2k2=#2m%, with k ! 2"=# and m being the atomic mass.
The lattice depth was calibrated by modulating the laser
intensity and studying the parametric heating. The calibra-
tion error is estimated to be <10%.

The potential created by the optical lattice results in a
simple cubic crystal structure and the Gaussian intensity
profiles of the lattice beams give rise to an additional
confining potential which varies with the laser intensity.
As a result, the sharp edges characterizing the T ! 0
distribution function for the quasimomentum in the homo-
geneous case [19] are expected to be rounded off. A
quantitative picture can be obtained by considering a
tight-binding Hamiltonian to describe noninteracting fer-
mions in an optical lattice with an additional harmonic
confinement [20]. At T ! 0 the inhomogeneous system
is characterized by the total atom number N and by the
characteristic length $ over which the potential shift due to
the harmonic confinement equals the tunnel coupling ma-
trix element J. One finds $% !

!!!!!!!!!!!!!!!!!!!

2J=m!2
%

p

, with the fre-
quencies of the external harmonic confinement given by
!% (% ! x; y; z). The density distribution scaled by $% and
the momentum distribution of the atoms in the lattice
depend only on the characteristic density &c ! Nd3

$x$y$z
,

where d is the lattice spacing [7]. For a three-dimensional

lattice with 20" 20" 20 sites we have numerically calcu-
lated the characteristic density for the onset of a band
insulator to be &c ’ 60. For this value of &c the occupation
number at the center of the trap is larger than 0.99. It has
been pointed out that a fermionic band insulator in an
optical lattice with confining potential constitutes a high
fidelity quantum register [21].

In the experiment we probe the population within the
first Brillouin zones by ramping down the optical lattice
slowly enough for the atoms to stay adiabatically in the
lowest band while quasimomentum is approximately con-
served [22]. We lower the lattice potential to zero over a
time scale of 1 ms. After 1 ms we switch off the homoge-
neous magnetic field and allow for a total of 9 ms of
ballistic expansion before we take an absorption image of
the expanded atom cloud. The momentum distribution
obtained from these time of flight images, shown in
Fig. 1, reproduces the quasimomentum distributions of
the atoms inside the lattice. With increasing characteristic
density the initially circular shape of the Fermi surface
develops extensions pointing towards the Bragg planes and
finally transforms into a square shape completely filling the
first Brillouin zone deeply in the band insulator. We have
observed population of higher bands if more atoms are
filled into the lattice initially. In Fig. 2 the experimental
data for momentum distributions along the line with qua-
simomentum qy ! 0 are compared to the results of nu-
merical simulations using the same characteristic densities.

When imaging the cloud along the x direction we find a
homogeneous filling of the band in the vertical (z) direc-
tion, probably due to the change in the harmonic confine-
ment while loading the lattice combined with the presence
of gravity. This asymmetry between the horizontal x, y, and
the vertical z directions vanishes when the gas approaches
the band insulating regime. We have examined the level of
adiabaticity of our loading scheme into the optical lattice
by transferring the atoms from the band insulator back into
the crossed beam dipole trap. There we find a temperature
of 0:35TF when the initial temperature prior to loading into
the lattice was 0:2TF.

We have studied the dynamic response of the noninter-
acting Fermi gas to a change in the characteristic density

a cb d

OD

0

0.04e

x

y

2 hk

FIG. 1. Observing the Fermi surface. Time of flight images
obtained after adiabatically ramping down the optical lattice.
The characteristic density increases from left to right. (a) Image
of 3500 atoms per spin state and a potential depth of the optical
lattice of 5Er. Images (b)–(e) were obtained with 15 000 atoms
per spin state. The potential depths of the optical lattices were
(b) 5Er, (c) 6Er, (d) 8Er, and (e) 12Er. The images show the
optical density (OD) integrated along the vertically oriented z
axis after 9 ms of ballistic expansion.
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Propaga8on$de$paquets$d’ondes$

vitesse%de%groupe%&%masse%effec8ve%

La$vitesse$de$groupe$

Rappel$:%pour%une%onde%de%rela8on%de%dispersion%%%%%%%%%%%%,%un%paquet%d’ondes%
piqué%autour%d’un%valeur%%%%%%%se%propage%à%la%vitesse%de%groupe%:%%%%%%%%%%%%%

!(k)
k̄

vg =
d!

dk

����
k=k̄

Ceoe%rela8on%s’étend%presque%à%l’iden8que%à%un%réseau.%%

Etat%ini8al%:%
 (x, 0) =

Z
c(q) n,q(x) dq

Paquet%d’ondes%%
• %%composé%de%fonc8ons%de%Bloch%d’une%seule%bande%d’énergie%n!
• %%centré%en%q0%avec%une%dispersion%Δq  <<  k%%



La$vitesse$de$groupe$(2)$

 (x, 0) =

Z
c(q) n,q(x) dq  (x, t) =

Z
c(q) n,q(x) e

�iEn(q)t/~
dqévolue%en%

 (x, t) ⇡ e

�i!0t

Z
c(q) n,q(x) e

�iqvg,nt
dq

Développement%de%l’énergie%au%voisinage%de%q0%:% En(q) = En(q0) + (q � q0)
dEn

dq

����
q=q0

On%définit%:% vg,n(q0) =
1

~
dEn

dq

����
q=q0

et%on%ob8ent%:%%

Choisissons%une%durée%t%telle%que%%%%%%%%%%%%%%%%%%%%%%(une%période%spa8ale%du%réseau)%%vg,nt = a

e

�iqa
 n,q(x) =  n,q(x� a)Par%défini8on%d’une%fonc8on%de%Bloch%:%%%

 (x, t) ⇡ e

�i!0t
 (x� a, 0)

Exemples$de$vitesse$de$groupe$
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Approxima8on%parabolique%au%voisinage%du%fond%%
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