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Scientific purposes
®00

Shallow water systems

divu=20
(N3) { U+ uVu+Vp=G+dvy,

m small parameter ¢ = ’Z—g expansion in O(&?)
m Saint-Venant 1872, Gerbeau 2001, Saleri 2004, Marche 2007

m Low complexity

m Many applications ‘| i

Bottom —" E;;
NOTATIONS: free surface 1, bottom z,, water height H =1n — z, il
velocities u = (u, w), U(x, t) = 4 fn u(x,z, t)dz W‘“’"

FROM SAINT-VENANT TO NAVIER—STOKES ?
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Navier-Stokes vs. Saint-Venant

2D NAVIER-STOKES u = (u, w)

divu=20
u+ (uVu+Vp=G+divy,

SAINT-VENANT H, 0

Q

P aX(Hu + §H?) = —gH%2 — k(D)
Complexity of Navier-Stokes Advantages of Saint-Venant
m functional analysis m fixed meshes
m numerical schemes m reduced computational .
m geometrical meshes, ALE costs E“_
m computational costs and m efficient numerical e
methods (FV, DG) Wi

use
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Derivation of the Saint-Venant system

ou ow __
xtaz=0

. 2
(Navier-Stokes) % + %—”X + ’?%’V + % = %Zxx + %sz,

ow ouw Ow? op __ 0 0
9t T9x T 97 Tz = 8+ oxtax + gLz,

One main assumption (¢ = Hp/Lg < 1)
Hydrostatic

ow  OQuw Ow? Op . Op__
ot " ox | 0z 0z 0z~ ¢
Averaged velocity T(x, t) = % o u(x, z, t)dz

(St-Venant) { 5Crm)

¥
+
Q‘)‘Q;
T

u?+ §H? — 4MH%) = —gH% — k(@)

Ex
.
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Three numerical examples

Hydraulic jump

B inriA
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Three numerical examples

Waves propagation

Velocity Magnitude
0.180 0.359 0.539 0.718
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Scientific purposes

Three numerical examples

Stratified velocities (wind effect)

Velocity Magnitude

.U 145

0.109

.u 0725
Ioossz
0.00
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Scientific purposes
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Typical applications (Etang de Berre)

Saint-Chamas

Istres

Vitrolles
Canal

de
Caronte

m Large scale : time (1 year) & space (155 km?)
m Water with variable density (temperature & salinity)

m Hydrodynamics and biology >
B inriA
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Outline

A multilayer Saint-Venant system
m Derivation
m Properties (energy equality, hyperbolicity, . ..)
m Kinetic interpretation
m Simulations

Multilayer Saint-Venant with varying density
m Passive pollutant
m Pollutant with varying density

Towards non-hydrostatic systems
m Archimedes’ principle
m Gravity waves

B inriA



A multilayer Saint-Venant system
[ Jelelelo)

Classical Saint-Venant system

Proposition (Gerbeau-Perthame 2001)

The viscous Saint-Venant system with friction

o5}
=

oH | o) _ g,
O(Hu — z _
(gtu) + %(Hu2 + %Hz) H8 9 2F (4u ) — ()

results from an approximation in O(£2) of the Navier-Stokes
equations (¢ = Hy/Lo).

m Strictly hyperbolic
m Numerical schemes
o finite volumes (relaxation schemes, cf. Bouchut, kinetic
schemes, cf. Perthame , Simeoni)
o discontinuous Galerkin (Ern)
m Not only free surface flows (blood in arteries, Quarteroni et
al., avalanches, Bouchut et al.)
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A multilayer Saint-Venant system
0®000

Vertical discretization

Enrich the velocity field

OH  O(Hm) _
Z G %5 o )
Free surface u o g‘ 2 AAEQ
0 3 = x gt + ox (HT” + §H?) = —gH ox
s +8x (4M8x) - K“(u)
Hix.t) u(x,z,t)
e Several attempts (Audusse, Pares)

Valid for non-miscible fluids

Free surface
~

Hyperbolicity ?

i(x, £

e - Key point :

W H=3N 1 hae halx,t) = lH(x, t)g

u(x,z,t) = Za 11zen, (2) a(x,t) 25
B iNRIA




A multilayer Saint-Venant system
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Derivation of the (new) multilayer system

Starting point ou 0w _g
ox 9z, —
(Euler hydro) ou 4 du? | duw | Op _

ot Ox 0z ox
ap -
0z g

+ two kinematic boundary conditions

Free swrface
) ~~

0 e e e —
Zrevalet) Fo o e
i G- (£ h(x. 1)
faet) fao COHeD -y ;;“‘)»;_;,,,,,,
TN P =z 2(x
Zalet) F- : P S
’ ) L

F—— jzlat)
Bom)m/

m Viscous terms neglected in the presentation

m Discretization in z of the velocities u, w
m Also done in 3D

B inriA



A multilayer Saint-Venant system
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Derivation of the (new) multilayer system
Starting point

ou ow
+5; =0
0 0.
Euler hyd Ou | Ot | o
(Euler hydro) 5 + G- + G + =0
op _
E——g

Free surface
~—

‘ / i u(x,z,t) = 22’21 Lzcha (2)Ua(x, t)
I, iz;(}’_})’"fi B/‘ / \/}
ottom

m Integration on each layer of the continuity equation

Ohy,  Ohyug
o T o = Gay1/2 — Ga-1)2

0z a+ /2 a +1/2
Gay12 = + Ug1/2 Wart1/2:

Gyp = GN+1/2 =0 (klnematlc boundary conditions)

B inriA



A multilayer Saint-Venant system
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Derivation of the (new) multilayer system
Starting point

ot o

(Euler hydro) { Ou 4 0 4 duw | 90 _
y 0t T g T o T ox T

9z = 8

Free surface
~

= U(X7 Z, t) = Zgzl 1Z€ha (z)ua(x, t)

—

Bottom:

m Integration on each layer of the momentum equation

N

8 haua 8 ha

Ohata) ot )+8X ha“§+gha[7+ Z hj} =Fay12— Fac1/2: ==
j=a+1 =

o~
¥

. N 0z, eDF
with Foi1/2 = taq1/2Gaq1/2 + (Zj:a+1 ghj) 2, Bivria




A multilayer Saint-Venant system
00®00

Derivation of the (new) multilayer system
Starting point

ot o

(Euler hydro) { Ou 4 0 4 duw | 90 _
y 0t T g T o T ox T

9z = 8

Free surface
~

o IRRREEEEN i e -
P ' i
Bottum/ k\/_‘

m Integration on each layer of the momentum equation (xu)

P P [
S Eat o (o (Ea + gha(7 + Zl h))) = Eariz = Eac12
Jj=a+

. he u, g(za+ 27 Zo— 2)
wit EO( - ) + / > /
82Q+]/2

T N
Ea+1/2 = 31/2 Ga+1/2 + (Zj:a+1 ghj) “ox. Ua+1/2

- f’fff’?r u(x,z, t) = Zglzl 1reh, (2)Ua(x, t)

/55
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A multilayer Saint-Venant system
000®0

Energy equality

For the multilayer system

N N
fi (Z Ea) + 861 (Z U (Ea + %haf({hj}jga) - 4uhaaalf)> =

a=1 a=1
8ua
—k(V, H)u Z(ua+1/2 — Ug_1/2)° — 4MZ ha
: hau? g(z2 1/2_22—1/2)
with E, = =5 + =5

For the 2D Navier-Stokes eq.

o U o N [ 1y? 2u§§
ot /., <z+g2> %t ox <“ (/zb (2 *gZ) "””)) =TS

B inriA



A multilayer Saint-Venant system
[elelelel ]

Complete formulation

Proposition (Audusse, Bristeau, Perthame, JSM 2009)

The multilayer Saint-Venant system

9 4 >0 Z(haua) =0

a(ha“a) + Ix (h U + gh f({h }J>Oé)) = Fa+1/2 - Fa—1/2
aEa + % (ta (Ea + §haH)) = Eat1j2 — Ea 172

results in an approximation in O(1/N) of the Euler (Navier-Stokes)
equations (h, = H/N).

m Only one “global” continuity eq.

m Exchange terms G,11/2, Fat1/2 = Uat1/2Gat1/2 + Payi/2, ns
2

u S~

Eoi12= 751/2 Gay1/2 + Uas1/2Pat1)2 s

m If Goy1/2 = 0, non-miscible fluids B inria



A multilayer Saint-Venant system
.

The multilayer system is hyperbolic

The multilayer system reads

ou

M(U)U + F(U) 5~

=0,

with U:(hl,...,hN,ul,...,uN)T

m For N =2, eigenvalues A1, Ao, A3 satisfy
M<u—vVgH< <uwm++/gH< A3

m For N > 2, interlacing of the eigenvalues but only numerical
proof (arrow matrices)
m Most finite volume schemes fail

m Velocity discretization (more complex) Ex
=2

oo

A

€eDF

u(x,z,t) Z Pa(z) ua(x,t), with deg(Pa) = k Binria



A multilayer Saint-Venant system

| Jelele}

Kinetic interpretation (Lions, Perthame, Tadmor, Souganidis)

m Gibbs equilibrium M(x,t, &) = %X (523) with ¢ = +/gH
where x(w) = x(-w), supp(x) CQ, [px(w) = [wx(w) =1

Proposition (classical Saint-Venant)

The functions (H, &, E)(t, x) are strong solutions of the
Saint-Venant system if and only if M(t; x; &) is solution of the

kinetic equation

oM OM  0z,0M _
(B), E‘Ffa—gaa—g—fp()@t,f)

where Q(t,x,&) is a “collision term”.
Ex

o~

@ Proof : [,(L.,[62/2)(B) de 5
m See Audusse et al. B inrin



A multilayer Saint-Venant system
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Kinetic interpretation for the multilayer system

m Gibbs equilibrium
o Ma(x, t,6) = (5 ) with co = \/2F({h }j20)
o Nojio(x,t f) Gat1/2 0 (§ = tas1y2)

Proposition (Audusse, Bristeau, Perthame, JSM 2009)

The functions (hq, ua, Eo)(t, x) are strong solutions of the
multilayer Saint-Venant system if and only if the set
{M;(t; x; f)}j’\’:1 is solution of the kinetic equations

oM, oM,
ot + §W - Na+1/2 + Na—1/2 = Qa(X, taé-)
E.I
m Pressure terms omitted f‘._
e more complex kinetic interpretation eoF

e hydrostatic reconstruction (Audusse et al.) Woiera



A multilayer Saint-Venant system
coeo

21 order finite volume

m Positive scheme (CFL=1 but more complex)

m 279 order scheme (space)

m Well balanced (hyd. reconst., cf. Audusse et al. 2004, 2005)
m (Discrete entropy)

m Heun scheme (Runge—Kutta 279 order in time)

n+1 n
HJjL Hj' — gj Z ( a,j+1/2 Fai- 1/2>
and for each layer «
n+1 n n n
Quit = Q2= 07 (@0 j14p— D ao
nt1/2 n+1/2
+N at+l/2 Na 1/2) :f

o~

upwinding of u,1/o and u,_1/2 Exy

m Numerical cost O(N x 1) Finria



A multilayer Saint-Venant system

[eJele] ]

Mesh considerations

m This version
free surface\

bottom

® Improvement
free surface~__

B inriA
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A multilayer Saint-Venant system

[ Je}

Wind effects (stratified velocities)

wind

x(m)  s00

TELEMAC3D Ea
(3D  hydrostatic Navier—,‘c’:
Stokes) €DF

Courtesy of A. Decoene H'¥%!4



A multilayer Saint-Venant system
oe

Simulations

m With 1 and 5 layers

m Qj, =2.749.1072 m?.s™1, = 0.001, Strickler 40.0

= Rain 0.00687 m.s~ 1

—
0000988
EX

7=
-
’ %
€DF
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Varying density
°

Transport of a passive pollutant

m 2D Euler (Navier-Stokes) with pollutant

divu=0
U+ (uV)(u) +Vp=0G6
T+d|v(Tu) a@ (MT%—D

m Discretized by layer

N
ot ZOL 1 h + Ox Za:]_ haua = 07

Ahatia) | 0 (h u? + gha [”“ + ]) = Far1/2 = Fa1y2,
a(haTa) + 2% (hatia Ta) = Tas1/2Gat1/2 = Tac1/2Ga1/2,

(3]

11/2 u=
a+1/2 :‘:
0Zo 412 eDF

N
and Fa+1/2 = ua+1/2Ga+1/2 + (Zj:a—H ghj) Ox B inriA

0z a+1/2

with Gop1/2 = + Ua+1/2




Varying density
°

Transport of a passive pollutant

m 2D Euler (Navier-Stokes) with pollutant

divu=20
a+(uV)(u) +Vp=G6
T +div(Tu) = 2 (urdl)

m Also kinetic interpretation
m Same numerical scheme as previously

Pollutant in 3D

B inriA



Varying density
Multilayer with variable density

3D Euler/Navier-Stokes (hydrostatic) with variable density

p + div (pu) =0,
pu + (u.V)(pu) + Vp = pG,

oT; .
pT-I—dIV(pTu)_az(#Taz)a ./Zlaap

p= P({TJ}J‘:1) = p(H, {TJ}JP:I')

m Discretized by layer
N N
% a=1 (Paha) + Zazl %(pahaua) =0,

8 Otha (&3
Hoegeted - 8 (pahat + §haf ({pihi}2a)) =
tuay1/2Gas1/2 — Ua—1/2Ga—1/2 + Sc. Terms, ==

=2
IpahaTa) | 8
S5 + 5x (Pahata Ta) ;‘;‘:

\ +Ta+1/2Go<+1/2 - Ta—1/2Ga_1/2, B inriA



Varying density
.

Multilayer with variable density

m Gibbs equilibrium
o Ma(x,t,§) = L2 "‘X(5 ““), with co = \/gf({pjhi}j>a)
o Nos1/o(x,t,6) = Gag1y2 6 (€ — Uar1)2)

Proposition

The functions (pa, ha, U, Tay Eo)(t, x) are strong solutions of the
multilayer Saint-Venant system with variable density if and only if
the set {M;(t;x; 5)} Y, is solution of the kinetic equations

oM, oM
ata + fa—xa — Nog1/2 + No—120 = Qulx, t,6)
E.I
® Numerical scheme E‘._
e maximum principle for T, positivity of T, ... éDF
B inriA

e no more explicit, more complex and costly



Varying density
Multilayer with variable density

3D compressible Euler/Navier-Stokes (hydrostatic)

p +div(pu) =0,

pu + (u.V)(pu) + Vp = pG,

pT; +div(pTiu) =0, j=1,...,p
p=p({Tj}=1) = p(H AT }2))

Ex
.

o'
¥

€eDF

B inriA




Varying density
Multilayer with variable density

3D hydrostatic Euler/Navier-Stokes (constant density)

div (u) =0,
u+(uV)(u) +Vp=G6,
0

Ti+div(Tju)=0, j=1,...,p

.

o'
¥

€eDF

B inriA




Varying density
.

Multilayer with variable density

3D compressible hydrostatic Navier-Stokes

p +div (pu) =0,

pu + (u.V)(pu) + Vp = pG,
pT;+div(pTju) =0, j=1,...,p
p=p({Ti}7_;)) = p(H {T;}5_;

Temperature (C)
25.0

L ; ———»5* ==
4 o

| l Car . X ‘\l 1 A

i\ g el Ay €DF

B @i



Towards non-hydrostatic systems
.

Archimedes’ principle

m Limitations for hydrostatic systems

e Re-ordering e Behaviour (hot/cold water)

S ;S — ’ ;5= Temperature (C)
Salinity S = 30 Salinity 5 = 20 500 100 56 %00 250
| . ]

+8pu+8pw:0
M_‘_Bpuz_‘_apuw_‘_ap_o

A 5 %
Opw puw pw p _
ot + ox + + Pg

m Static equilibrium stable if % >0 B inria



Towards non-hydrostatic systems
[ Jelelolole}

Gravity waves

Non-hydrostatic

0 0
w+p

u(x,z,t) = U(x, ) + O(e),  —-+ o= =~

{a—H‘|‘ ( ) _
d(Hu)

t

ol

=0,
L (HT? + §H?) + D(H) %

Qa|®><

= —HG: — (@)

Q)

d2xdt

m Peregrine 1957, BBM 1972, Bristeau-JSM 2008
m Kinetic type interpretation & scheme

m Implementation in Mascaret (©EDF-MEEDDAT)
m Other approach : irrotational velocity field (Bona, Saut,

Lannes) 52
e often ill-posed problems s

€eDF
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Towards non-hydrostatic systems
0®0000

Experimental validation

m Dinguemans experiments

A~
m Animation

m Comparisons (sensors 4, 5 and 6) A
0.04 T T
P4 —
P55
P66 ——
0.03 | N E
:‘ ih . 4 : n T s i a :\ 0,035 ‘Sdint-Venant etendu, Cg
_ 002 I 4 : 1 : £ Exp?msi“n".‘;."f;!:"a‘a;?; X
= i fl i i !
g oo i I I Il
y I
k] b
> 3 k ‘%ﬂ 3] 3
0 4 }i{ki x %‘# x XX?U x
‘%i{‘ }‘{i’\ Ba |
{ | | &% 4
001 U §\y} 1) ‘[““i; |
AR '
o e e a iveia

8 10 12 14 16 18 20 22 24 Time (<)



Towards non-hydrostatic systems
[e]eY Yolole}

General outlook

e From Saint-Venant to Navier-Stokes
o multilayer system (vertical dicretization)
o variable density
o kinetic interpretation, associated numerical scheme

Mathematical works (compressible case)

Convective terms (to be added)

ow  Oduw  Ow? @_

ot T ox 0z oz &

o Boltzmann type equations but with reaction terms

Exprerimental validations needed

Biology/hydrodynamics coupling

Inverse problems (data assimilation) using kinetic type
interpretations B inriA



Towards non-hydrostatic systems
00000

Comparison (flat bottom)

m Audusse formulation (hy + hy = H)

8h1 + (h1u1) —O th + (hzuz) _O

2
a(gltul) 78 (hlul +gh1 h1 + h2 ) (h1-2&-h2) T’?X h1ﬁ}h2’
A (hau hi+hy)?
) 1 5 (ot + gha(hy + o)) = EOL G e

m New formulation (hy = aH, h = (1 — a)H and a € (0,1))

oH | 9(h a(h
ot T (a;m) + (azuz) =0,
a(hlm + ox (h 10 + %(2/73 + h%)) = 32 <% + B(QUI))

% + 2 (hou3 +8h3) = —us)» (am + (h1u1)> ,
L= ]
-

o'
¥

€eDF
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Towards non-hydrostatic systems
00000

Flows without free surface

.
T T TS B NS

m Flow with deformable tip

H+65)I(E—0

BH” + 3¢ (Hu + gH2 + Hps) —gH% — pg%'j

] Kinetlc lnterpretatlon
e Gibbs equilibrium

M(x, Lf)zgx (f—ﬂ) with ¢ = +/gH + ps .

c -
m Solution of <3

€eDF
oM oM az,, oM _ Howein




Towards non-hydrostatic systems
oooooe

Source terms - two writtings

Incompressible case i.e. p=g(n— z)

Zat+1/2 ap Zat1/2 @77 0 0zp
“Edx = lax = — (ShoH) + gha =2
/za_m ax ™~ /za_m ax T ox ( ) Bx

Compressible case i.e. p= [ pg dz

fat1/2 § 0 K 0z 1172 0zy_1/2
/ Pax = = (/ rg dZ) 8—+/pa+1/2+7/pa—1/2

Za1)2 Ox Ox
Ea
m Extension of Audusse, Bouchut, Klein, Perthame 2005 <5

eDF
m Well balanced, 2" order in space . .. rather tricky Finria
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