. CNRS, Observa
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Hamiltonien planétaire

e oo Coord. Helioc entriques canoniques (Poincare, | 596)
ooy o, « .y T,
Coord. Barycentngues =
Ei EEL Ii=u:;—Uo #£0
£ L =1
e I = o
w h To=1dp4+ 1014+ -4+
fh u§=n§?% JFE
1, - 0 = g,
Ll %
== -
EE i o D
H = Hy + Hi
interactions
mouvements Képlerlens planétaires
i T e _ Gih o i 7
EE” " [mﬁ mﬂ} i=1 H1 -:-{E.i e '3'*=C'=Z*=:.i ﬂ'i'i
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Kepler (1609

J A
J
.
¥ 1 ogud
& argurnent du péerihélie I longitude du nosud

2 excentricte -
T nclinalson

A anormalie moyenne
£ demi-grand axe

hs (0,8 b =

i ~angles M, W, i :I
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Méthodes de Perturbations (moyennisation)

H=HH{“"L} +H1|:ﬂ:}"-r#:ﬂj ﬂzm-\fﬁ.
o afh & BT
o~ 3 B0

T = expi{ 9] . 1)
W = W, + Wt - -

HII:"-'JI-H Ly %‘I:I gg o f g &F

fal= e
1) BT Bg; B B,

|::l=

g = H,
Hi = {W1, Ho} + Hi
1
H'i; — {WE‘.-H':'} i E{Wi‘a{wi‘.-‘ﬁrﬂ}} g3 {Wi‘aHi}

k. Wiy 20



Stabilite des grands axes

[ Laplace, 1772, Lagrange, 177 b, 1009, Folsson, 104, i N L
Haretu, 1877, Poincaré, 1892, fess i A i e

Milan et &, 1987, Cuinnet al. 1991 .. ) T tmed b e

1 :rminm iy owm Atk i .Em 1 r.AFRATO,

; Bkl o satinLi 2 :“rm :.'-:;.*.:';',:L

dA oH (A, =, y) q SRS e R e

e — - R T — e VI L j e |.-.:|I-n-.: Tl .--_.---!-..l'r--u_i.n

dt oA, Sorrn :.?::’-";:":;',*;;

_rl-:-: -;.'...J.—.. -|...I mul: .'.l-:h:r:l I:l:-:-ll.ll.-

Aw = AL+ {Wi, ALY+ {Wa, AL} {Wi:.{Wi:ﬂ § g e

/‘/ J\/ ¢/
-
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The stability of the semi-major axes Is not
sufficient |

Earth: a=1. AU
Mars: a=1.5 AU

e={0.1
e=0.3

D i+
|| |
o O
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Excentricités et inclinaisons

.!'iﬁ.":g:: =Gt R
et 1 BN
H = Hf=,Z,9.5 + Hile,2,9,9) + -

dr  OH i s
o L 5. i 3 |
ETT: & las |_ o es
dy  BH' ol ﬁ< ’ E> i
& e e
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secylar vanations of the

eccentricties and inchnations
Lagratige 1774-78, Laplace 1774-75

z = e exp(iw)

S

|
[
h
-

Jupiter 200 000 year)

0.1
noSE-
nr
£1 |
:ﬂ 'I:I.I:IEI P
" L
L |
A s
=) a0
-0 1

R oo R e oo e A i e M " e L
-0, 75 0 nre

0.1
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RIS | | | |

0.05 F |11 | :
0.04 | e atl f 'J
0.03 Il 47 r\

0.02 | |

0.01 | I'.I!i'ﬂ,l',ﬂ'

exoentricite

4.5 | | | |

2.

2.0

1.3

L5

| I"&rﬂ'.\' I:! '\I.'ﬂ\..ﬂlr.l

INClNalson [ degrre)
[ i
o T r————— e T 1

-1.5 -1 -5 i
fempsha)
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= ' ' ey — | (Lagrange, |1774)

|:|:3- I' .II : _
| ”ﬂ'\"\ Wi o | 0.22208
R Ity
0.07641
_%"'
i
:
0.14726
0.06036
| 0.02605

time (hyr)
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planets

................................................................................................................................................................................................................................................................






Laplace, Lagrange. Le Verrer Poincaré, KAM

ph, remcnog Erapniop, Wnlvorsalls)

U sera frappe par la complaexite de cette figure,
gue je ne cherche méame pas a tracer (Poincare, 1829, MN, ill)
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KAM Rigorous results

Arnold (1963) . 2-planets, planar, afa’ -> 0

Robutel (1 995) : extension to 2 planets, to spatial
case, larger values of a, a’

Herman, Fejoz (2004) : n planets, spatial case,

In all cases : very small values of the

masses, eccentricities and
inclinations



Orbital solutions for the Solar System planets

b planets, anayticd,

Lagrange, 1774 deg 1, order 1

Fpanets, analylicd,

Le verrier 18565 deq 1, order 1

stockwell 1873 Harzer 1255 Le Werrier + Meplune

analytical

+Hill, 1897

Le Verrier + order 2 terms from Hill
Brouwer & van Woerkom, 15250 -

3 planets, snalyticd,

Bretagnon, 1974 deq 3, order 2

analylica averading deg 9, ord 2
Laskar, 1986, 1950 nurmericd integ 200 hyr

MUMERICAL INTEGRATIONS

k. Wiy 20



Moyennisation d'ordre 2

Bl
H{ ={W,, Ha} + H,4
|
HE = {WE#H':]} T E{Wi‘a{wi‘aﬂﬂ}} + {Wi.,Hi}

S e gg &
g —
U} ; Bl 8f; B &,

Explosion du nombre de termes
8 planétes,
32 variables =z;,%;,v:,%: + 8 angles X,

Systéme moyen d'ordre 2 au degré 5 (6 dans H)

|53 824 termes  az"z" yEﬂE (Laskar, | 965-20)

||||| O 1 E T ] |



Chaotic motion of the Solar System
Secular equations : 200 Ma : Laskar (1989,1320)
Direct integraticn : 100 Ma : Sussman and Wisdom {1992)

150 000 000 km

1 500 000 km

L Efrd of chans

15 000 km

=N

150 km

regular oo 1.3 km

15 m
0.1 Ma 1 Ma 10 Ma 1040 Ma
tirme

d(T) =~ dp10"""°
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Nurnerical Integrations

MNewton equations
+ relativity
(model ~DE40S )

MNewton equations
+ relativity
[simphfled model )

computer algebra

l

secular equations

INFOF (20063 )
Adams integrator
h=0.055 days
FO00 w1 day

La2004 (2004 )
sympledic integrator
h=1.2625% days
2 Moy 1 day

150 000 polynomial terms
Adams integrator [1529)
h= &5l yr
o Gy 1 day

k. Wiy 20



Short time integrations

T < [Myr

References integations directly adjusted to
observation (45 000 planetary obs)

JPL (NASA) integrations for 30 yrs : DE405
Russian solution (Fitjeva, 2001 -5)

New solution (2008, 9) : INPOPO6-8
(Fienga, Manche, Laskar, Gastineau et al ..)
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Interactions in La2004, Lax, DE405, INPOP

» Mewtonian [ planets « planets, astercids « asterolids (o), planets «

asteroids (E00))
» Relativistic corrections (planets, asterolds)
» Mon-sphencal body < pont mass

v =Un (o) = Planets

» Earth (J2, 2, J4)« (Moon, Sun, Wenus, Jupiter)

*Moon (J2, J3, J4, Cnm, snm, n2. 4 miln) < (Earth, sun, Venus, Jupiter)
» Deformation of extended bodies (fides) « point mass

» Earth (Sun, Moon) <« (Moon, Sun, Yenus, Jupiter)

»Moon (=pin Earth, Sun) « (EBEarth, =un, Venus, Jupiter)

» Earth shape <« Moon shape (torgue exerted by the Moon )

k. Wiy 20



The numerical integrator

Adarms PECE integrator h = 0.055 day

60 bits arithmetic on itanium ||
Quad prec for the corrector step (| addition)

k. Wiy 20



o 10 err (arcsac))

IN POP : Adams PECE order |2
Error in the Moon longitude after |00 years

| | | | | |
il L=l
= B ++++++++++++++++++++++_
= HI
E]E]E]
N Ed o=
E
El
=
e EE] =
k]
s h 4 o EEEE 2]
Y L
e E|:| [aj +
¥ L (b x
a =
]DID@I | | | |

(.04 006 .03 L1:7] 012 014
Sepsize (day)

(@)  + double precision 64 bits
s) ¥ extended predision B0 bits
C

] O extended precision 80 bits+ 1 quad, prec addition

-l b



IN POPO&
Error in position after |00 or 10000 years

100 W [milcro m) 10000 v (i)
P ercury EERC 41.24
WEN LS Pl 4 40
EMB 14 .0 Dadd
M ars 3.4 046
Jupiter N .04
St 0.2 0.4
ranus 50 0.0
Neptune Ll RO
Fluto e 004
{ilelely Ak |
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INPOPO7 LLRE residuals Grasse

(H. Manche, IMCCZE, S, Bouguillon, SYRTE)

8262 pts moy: 0.0l cm siz 4.64 cm (4.4 cm)
al) | | | | |

20 = &

Yl

O-C Tway LLE (cm)
e
I

- o

Ty | | | | |
198k 1992 19496 2000 2004

Time pyear)
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Longitude of the Moon
Ay =23 x 1071 x T4, T(yr)

58 . . . .

5
6.2
6.4
6.6
6.8

7
S
74

| turn after 1400 Gyr

log 100 err)

3 Dt a4 5.6 30 4
log1O0tme (yr )
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= [ang [mica ac=eac]

=i fang [mcigaceeac]

1014
-Ju]a]
-]
-1 |
-1
-1.1.41
-1.12]
-11.1 %]

-Jd1
-1l |
-]
-1
-Judds
-
-10d7
11000

numetrical errors

1101.4]
11010

Jadud1
11010

N 1

Sh= ot X T°

L5yT)
I Ercury £18
WernU s 120
EMEB 1330
=g o
Jupiter A
oatur oI00)
Uranus = 8100
MNeptune 10000
Fluton 10000
{filelely 10

CLETTE ]




: _ 2
numerical errors oh=axT

Gy )
110140
T M ey 30
-0l B
E -dudad Venus 10
E -0ahid
E 00 EM B 130
E‘ =110 F
- -diaF B M ars =
small Problem upiter 3800
=t SO0
5 G}"T ranus SO0
MNeptune 10000
: Fluton 10000
CPU time :~ 2000 years ! — -~

1 2 < L | 11
N 1
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Long time integrations

| Myr< T <250 Myr

k. Wiy 20



Numerical Integration

Complete Solar System (Moon + relativity)

1523 19591 195 SRR =0
Mewhall et al. Trfrl::wl;r:wle =SLUSSmaEn, warad et &l b b
(DE1DZ) ’ Wisdom [F.7) |
Liuncan
0004 M yr A My 100 M 1000 M yr ol byt
I i A [ oon Ay M oon Ay b oon I i
Felatiaty Felatiaty (=] | AvRelataty |Relatiaty (o) |Relatiaty (5, E)
Adams- | .
Comel Symmetric (13) syimpledc stormer sympledc
2] (14 (445 )
< 14
Bl Fed 03125 d 18625 d
e B o e~ 100 o el o
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_ -Iﬂtegrateur" sifr'np-lattique H = A':F':' + B':f-i’:'

Big -oridiris ?'E E‘TII."___.:H—."_E::I
Campbell-Baker-Hausdorf (CEH) formulas

aTlaale — oTili) itk

: 2 2

2
+37{A{{4 B}, B))

7 7"
TED{A*{A*{A*{A* EttirA 13[]{&{&{{& E}, B}

T-fl ,J._-'-l
Fo={{A {4 B}, {A B)} + —=={ A {{{4,8), B}, B})

T4 T4
oA B {{A, BY, BY) — —{{{{A B}, B}, B}, B} + O(+")

k. Wiy 20



Higher orders

3.-_.(7_:] — ECi‘T'.'I_._dIEl:'Ii'TLE L E-f,-,"u"."___.:|.El.'.",-,"u"."_lg s E'T."_F{I:.I.:I

KIT) = kg1 A+ k1o B+ Ty 1{A B)

+7k A LA, BY Y+ 70 0 {{ A, BY, B)
+7ka LA, LA {4, B} 4+ 70k o A {1 A B}, B})
¥l LA BY, BY, BY + O(rH)

order p: Kir)= A4+ E+ O(7°).

et of algebraic equations

:'-_. | :':1+':E+"":n:1- E.a_.. :|:Ir1—|—|:lr2—|—"'lzlrn:1| fﬂl’p&l

k=0 for 2= p)
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Mouvernents planétaires

H=A(p,q)+B(qg)

Hi= A(a)+EB( e, T, i,

\ planetary

Keplerian rnc:tn:m interactions

(p,g) — (a,h e,@,i,Q)
/.. fast angle

(WWscom & Homan, 1551
kinoshita, Yoshica, Makai, 15591

k. Wiy 20



Perturbed Hamiltonian H = A+ =8B

Enli‘]":l = E'fi’-"-"—,d. E-.'.l'i’r.E."_,g L E':"'T'Il'“d'ed"'ﬂis i E’."."_F{[Tj

Kir) = AdeBtm ek LA LA BV 4r?etin 2114, BY, BY 4+ O(7T%E)

Fill anby terms in 7% |

Kir)= A4 eBE 4 O(r"e)+ O )

k. Wiy 20



symplectic integrator s ABAIC)E (Laskar & Robutel, 2007 )
(McLachlan, 1995

¢ _ ST Lg AT Lp ATl T Lp  TCA L4
SolT) = e @ a 2 e

}{.ETH?_LEETI_‘ELAETJT']LEETE]LA

ol o= 11— 825 4 TR0

eno= [ W328 £ TONE0 = /525 - T 70
'- )

i o i
o= | 4523 ?r.h-'ﬁu] /35 H — A —|— B
lnﬁ" _ E

di = 1/4— v3072
dr = 104+ V3072,
sy — &b M —lethy 2L, BT
Miiti=¢ B S & i (3)

where £ = (.00330677504320860153 and ¢ = {{A, B}, B}

O(t%e) + 0" ™)
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sympledic integrator SABAC)S
(MclLachlan, 1995, Laskar & Robutel, 2007)

o 412
energy O(t’e) ‘|‘0(T2( e )
2.7e,,/ step
: 0.00> yr 87 elem op
1 Ge+12 : | | |
1 de+12 | o
4 12s+12 | o
Te+lz | &
N T =1= 2 A &
ular mome Bt | —
411 | 3
2a+11 | L
g ¥ B S NS PO TRPT, S A e PR .. -1I:.IEE-1E-1E--1E -EEI-13 II:I 55113 112 15s12
S0 -200 B AN 6 80 K 1 M0 Y M (Laskar et al, 2004)
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Mars eccentridty | num2l04-sec2i04

o1z

o f%|"fuﬂw|!r|ﬂi W*.fj‘.’l'l“ "rl“'i"“ltr"‘vmmll A "rp,arum il ;1“m“h|1‘ﬂ"lm‘1 I
iﬁ? 'W | ﬂ NJl I il |J | l‘ﬂ ”ﬂ ‘J al “H‘J flr.1 n |'||n r| | by .fw‘n d 11' 1 l il Iflr [ 1"L' iy il ||1 " i "1:|I||| | “ﬂi'ﬂr i hl ol J‘J' ft‘d
%Eﬂﬁ ﬂ:l’l|1'l.i;ﬂﬁhrt|ﬁ ;ifl“h'gflllh‘hf| ﬂ ,1.,'“ ) i Hwn i J' Ir,:rﬁﬁ i i fﬂh,l‘;'l[“l'w I nf\r i ) w y \“ i\ Tt m 1 mlh
EEF% ;#;Iﬁ"w"?iﬂﬂwﬁw Eﬁt@ il My [?M gnlfllﬁ I."Jyﬁ,ﬁ,”um M'”“I,IHWr!l|||fu’Jllm'[r.

i = —— L 1

(Laskar et al, 2004)
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eccentricity of the Earth (L2004
0.06 - | ! |

0.04
0.02

@) -

-0.02
-0.04

-0.06 ' | ' |
-100 80 -B0 -40 -20 0

numerical error

0.06 . . . .
0.04 ) -
0.02 4

-0.02
0.04 | ‘model” errar -

-0.06 ! | | :
-100 80 -60 -40 20 D

time (Myr)

(Laskar et al, 2004)

k. Wl oo 200



Very long times

1 > 250 Myr

k. Wiy 20
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maximum eccentricity

Time [ Gyr)

[ 1994 ] £ ), Laskpn'CHRS/BL
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1 ) |
|
s @=0 —— Rel s B
i p ,f“’- s .-...—III_!'.
0:%) 4 | ]
!-_ ; =11 .f 3
| . ="
065 ]
[
L 1
0.4F E
|
1

=
%)
TTTTT T

?.
)

eccentricity

=
1 T = |

-
ek

Uranus Juplier

=g TR T )

=

Time (Ga)
Laskar {19494)
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shacdow arbit for the collision
of Mercury with Yenus

.

\Y
*

\'

Wlercury ecoentricity

200 Ma

do = 15m x 107°Y

k. Wiy 20



Statistical view

(Laskar, lcarus, 2003)

Numerical experiment

1000 orbits from 0 10 -5 Gyr with close initial conditions :

500 % 107° — £500 x 10~°

secular equations (Laskar, 1989,2004 )

k. Wiy 20



Probability Density
Functions

k. Wiy 20



Diffusion of Mars eccentricity

Sl I | Sl I i

1 000hA2
i 15 L .

Sa

Mo

|:| | | -
N 0.5 0.1 015 0.2 0 0 0.1 015 oz

SCCantricity Soman Ticity

1 =olution, non averaged equations

1000 =olutons, aweraged equations
(Laskar et al, 2004)

mkbr. WAy 20



density function

20 -

10 H

0

F N

ME!I'II:LJI“'_-.-'
WErNL S

Earth ——
Mars ——

o oos 0O
(Laskar 200=)

U135

0.2

U235

O3 055
BCCENTICITY

0.4
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160

140

120

100

=1l

all

41

2L

density function

L 'te'r gi
=afurn
Lranus
MNephne &
| 1
[T ' |
L | | | |
0.0z 004 006 .02

eccentricity

0.1
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Density function of sin(x)

sin{x)

i 4 ’ B T o g 10 -1.%5 -1 4.4
sm{xj

1.7
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Chaotic diffusion
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10

| | | |
T M Mercury
i ]
4l | Rice density
2
X X —I—J'i"f THL
2 1 Fomls) =—&xp (— )f.;. (—)
. , | . ay 20 o
I .1 nz s 0. 15
H ' ' ; ! i =it D 24T
- 3 y
3 B00My 1 4 — () 00207 4 0.00104 T
j I:I'llgll.. ] | ] ] ] [ 1
1 114 ) i
1.199 -
1 .13 oo T I
1147 + by . SR
o 0.1 0z 3 .4 05 0136 + o + " -
10 . : . : 0.195 T SR, HC WAL T P
Il 15 . T | 1.5 d d O 0
g 500 hdw 4 2 1 -
0y
O 1 nms
0 IxG
4 0 x4
0 X
: o o i
I ; I
I .1 .z s 0. 15
gCCRntricd by
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0.04 006
gCoEnTIcity

The Earth

Hice density
X IE—I—J?'E g
f-:l;:-zi:x:' = F'E’:';P (_ ?) i (F)
m:D.lSTE
= E] DDDEE —|— 0000006 T
: '|m*' I -|-_|_:..
R et 5
1.3 1 1.3 2 a1 il % = Z: 3
Iy ]

mkbkr. HlaNAY S
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Eccentricity of Mercury (1001 solutions)
secular equations

500 | 1000 | 2000 | 3000 | 4000 | 5000
035 | 14 | 44 | 127 | 228 | 328 | 426
04 | 2 | 8 | 37 | 81 | I53] 219
05 | = : | 8 | 28 | 48
0.6 | - . ! 2 | 18 | 21
0.7 | - - - | 8 | 14
0.8 | - . - | 8 | I2
0.9 | - - - - | 6 | 9
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Secular Equations- No relativity

Excentricity of Mercury (1001 solutions)

>00 | 1000 | 2000 | 3000 | 4000 | 5000
035 | 130 341 558 692 /63 8l2
0.4 75 249 449 589 684 /4/
0.5 24, 118 306 442 552 640
0.6 16| 76| 238 364 4/6] 564
0.7 14| &7, 218 343] 454 5S4l
0.8 12 63 209 331 442 53l
0.9 12 &l 202 325 441] 530

k. Wiy 20




Full System
8 Planets + Pluto
General relativity
Averaged Lunar contribution (Boue & Laskar, 2006)

Tidal dissipation

Fitted to INPOPOBG (Fienga et al, 2008)

(Loskar & Gastineau, Nature, 2009)

k. Wiy 20



Search for a small probability ~1%

2000 solutions over 5 Ga

Cl : differences of 0.38 mm in Mercury's
semi-major axis

(real uncertainty ~ a few meters)

6-7 milllon CPU hours

k. Wiy 20



| 536 Intel E5472 nodes ; | 2288 cores

147 Tflop/s

| 4th of TOP500 (nov. 2008)
Test period : August-December 2008

k. HianAasy 20



Eccentricity of Mercury (No relativity)

Secular system (1000 sol)
direct equations (200 sol)

500 | 1000 | 2000 | 3000 | 4000 | 5000
0.35 [164]| 130|423| 341|627| 555|766| 692|826| 763|886 612
0.4 |[80| 75313| 249|527 449|667| 589|736| 504|831 747
0.5 (25| 24/124| 118(333| 306|517 442|612| 552|687 &40
0.6 |15 16 95| 75|274| 238|433 364|547| 475|612| 564
0.7 15| 14| 90| #7264 216|423| 243|527 454|602| 541
0.8 |15 12/ 90| &3]259| 209|423| 331|527 442|602| 521
0.9 (10| 12/ 85| 61|259| 202(423| 325(527| 441|602| 530
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Eccentricity of Mercury with relativity

Secular system (1000 sol)
direct equations (2501 sol)

500 | 1000 | 2000 | 3000 | 4000 | 5000
0.35 |30 14|91 |44 |202|127 |318|225 |418| 328 |492| 426
04 | 3 |2|20|¢8 |67]37|126| 21 |189]153 (255|219
0.5 31|10 & |20|28 |40/ 48
0.6 1 2|2 |5 |[10]10] 2
0.7 1 1|19 |4|8]| 9|14
0.8 ] A O O ) B L (& ) £
0.9 1 1 o 8] 8l @

k. Wiy 20




BCCTIA X

BCCITIA X

Mercury's
eccentricity

201 sol.
No Relativity

(3.3 Cm)

2501 sol.
With Relativity

(0.35 mrmn)

i e *l"in*'
J w m .ql"

i | | i
O 1000 2000 000 A0 000
tirne (i) (Laskar & Gastimeau, Mature, 2009




(2.8

BCC

(a)

I

i g
pir st W AL o e W gl

ey N

5000

-
10000

i
1500

20000

firne {bAyr)

A
i B0

I
S{HEN

a1l

Max. eccentricity

Mercury
Mars

Earth

Energy
dh/h

Angular mormentum
dc/c




—

g

agiodming (AL
2y

L

e T 1 T T 1 T T 1 T
E'-El.i- —-*‘1—-qu J--.-..—-F'_hﬁﬂﬁ
D 6l il )

1 1 s 3 A =) B T g H

irma - 3344 (kbiyr)

Eccentricity.
Mercury, Venus, Earth,

Mars.

Semi-major axis.
Mercury, Venus, Earth,
Mars.

distances.
Venus-Earch,

Mars-Earth.

Energy conservation
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