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Motivation:

To develop mathematical study on wave propagation in a system with
boundary.

e Cauchy’s problem in whole
space

* Initial boundary value problem
in half space domain.
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(%, t) =u(x, - aty,0)

Some Simple Examples.

Linear Transport Equation.

u, +au, =0. X=x, +a(t- t,)
X

Linear Transport Equation in half space.

u +au =0, xt>0.

u(x,,t,) =u(x, - at,,0) u(x,,t,) =u(0,t; - %, /a)
u(x;,tp) =U(X, - at,,0)
X, = at,
X —X




Some Simple Examples.

1
U(X,to) =2 (106 +10) + (% - 1))
D’Alermbert Wave Equation "ot
u, - u, =0 +§xo§)0 g(y)dy
Ju(x,0) = f(x)
U (%,0) = g(x) )

D’Alermbert Wave Equation in Half Space

‘u,-u, =0, x>0.
u(x,0) = f(x)

U, (x,0) = g(x)
u(0,t)=0.

(Odd Extension)

(u,-u, =0, x>0.
u(x,0) = f(x)

| u,(x,0) = g(x)

\u, (0,t)=0.

(Even Extension)




Some Simple Examples.

D’Alermbert Wave Equation in 3D

- Du=0
u(x,0) = f(X)

N

Kirchhoff’s formula.

U, (X,0)=9(X)

D’Alermbert Wave Equation in Half Space

(u, - Du=0, x'>0
Ju%.0)= (%
U, (X,0) = g(x)

(u(0,x*,x°,t) =0.

(Odd Extension)

(% t j | amas
Iy Xo|_t
t )
(% J fas |
(%o.to) - %l t
u, - Du=0, x>0
u(x,0) = f(X)

|u(%,0) = g(%)

u,(0,x°,x°,t) =0.

(Even Extension)




J\

Some Simple Examples.

Heat Equation

u-u, =0
{u(x, 0)= f(x)

Heat Equation in Half Space

u-u,=0, x>0.
u(x,0) = f(x)

u(0,t)=0.

(Odd Extension)

(u - u, =0,
Ju(x,0) = f(X)
\u,(0,t)=0.

(Even Extension)

X > 0.



Fundamental Solution, Green’s Identity, and Green’s function for
a Convent Heat Equation

Green's function for (,+1,- 7, )u(xt)=0, x>0, t>0, u(0,t)=0.

(T.+9.- 1. )u(xt)=0, x>0, t>0,
u(x,0) =d(x-y),
u(0,t) =0.

(x-t)°
4t

[\ 4pt

Fundamental Solution: g(xt)=e

Green's idendity for v(x,t)° u(xt)- g(x- y,t):
t

v(xt) = t(‘p(x,t- £)(V(0.t)- v, (0,£))dt - @, (x.t- £ (O, 2)d¢

where \V(0,1)=-9(-V,1).




Dirichlet-Neumann Relationship

(T+9.- 1. I)v(xt)=0, x>0, t>0,

v(Xx,0) =0,

v(0,1) =- a(- y:1).

Laplace-Laplace transformation: v

x>0. s>0 V(x,s)° 09 Sv(xt)dt, W(xs)° 09 VX, S)dX.
_ (- x)V(0,9) - V,(0, s) _1+1+4s

Wxs)= S+x- X % 2

V(x,s) = % (1- x,)V(0,9)- V.(0,s) T (1- x V(0,s)- V.(0,9)

- (X, - X)) - (x - x,)

t

- NV0O9-V(0.9=0] , (0.t)=- 1(jf Erfc(%)*w(o,t)




Dirichlet-Neumann Relationships is valid for boundary value
problems.

(T.+9.- T.)v(xt)=0, x>0, t>0,
v(x,0)=0

¥ ¥

V(x,9)° ¢ “v(xt)dt, W(x,s)° g V(X S)dX

0
1- x,)V(0,s)- V, (0,s)=0.
Example: given Robin Boundary Condition av(0,t)+V, (0,t) = f(t).

V(0,9)=L(f)/(1+a- x,), L(f)= z‘p'gf(t)dt.

N

[ 3
3128 1)+ %T S ETC*2) [ 10)

v(0,1) =




Example: Linear Compressible Navier-Stokes Equation in Half-Space

e -

6tr+@xu:0’ U(X,O):f(X,O):O, x>0, t>0.
3
ou+o, r=ao,u, u(o,t) =u,(t),

Fundamental Solution[Liu- Zeng,1994]: G(x,t):L

[ Gy O
ng 922

N——

(x-t)?

(x+t)?

|9, - €'d(X)|, |gjk|30(1){(e' Gt g C )/\/E+e'xc+t}, (j,K) = (1,2).

Laplace-Laplace transformation:

R(X,S) = Te‘ Tr(x,t)dt,

T(x,9) = Te‘XXR(x, s)dx

9

U(x,s) = Te‘gu(x,t)dt,

W(z,s) = Te‘ U (%, s)dx,




(Conti.)

R(x,s):ofe'“r(x,t)dt, U(x,s):]ge‘“u(x,t)dt,

. 0
Laplace-Laplace transformation: | s .
o0

T(x,8) = _[ e "R(x,s)dx | W(z,9)= Te‘ U (x,8)dx,

(s x \( T ( U(,s) )
LX 5= X Jk WJ L R(0,5)- XJ(0,8)- U,(0,9) J’SR(O’S)Jfo(O,S)—O.

U,(0,8)+xJ(0,5)  U(xs)=e"" U.(0,5)+xU(0,s) eXXU(O,s)+)(_U(0,5)

W(x,s) = — , X, - X X - X,
X -

1+s X, =xs/v1+s.

Dirichlet-Neumann Relationship

e—t

Jpt

Ux(01 S) +X+U (O, S) = 0. UX(O,’[) = -

*u,(0,1).




The method for solving initial-boundary value problems:

u, =P(T)u, u(xt)l R", x>0.

Subtract (fundamental solution) *(initial data)
Take Laplace-Laplace transformation.
Compute the roots of the characteristic polynomial

det(s- P(x)) =0 with s>0, Re(x)>0.

Express the Dirichlet-Neumann relation to obtain the full
boundary data

Use the fundamental solution, Green’s Identity, and full
boundary data to reconstruct the solution in the interior of the
space domain.



The method for an initial-boundary value problem:

U =P, 1., 10U u(x,.., x" )T R, x>0,

e Subtract (fundamental solution)* (initial data)
* Take Laplace-Laplace transformation.
 Compute the roots of the characteristic polynomial

det(s- P(x,if?,....iA™) =0 with >0, Re(x)>0,#' T R

* Express the Dirichlet-Neumann relation to obtain the full
boundary data.

e Use the Fundamental solution, Green’s identity, and full
boundary datum to reconstruct the solution in the interior of
space domain.




Example: A 2x2 System in half 2-D Space domain

(

L(at+LaX)+L )

(5

X

y

5, 1 uxyt) ) (o)
-9, J DJL vixyt) )L SJ

t>0 LT (0,2).

- x>0

yeR

u0,y,t) =u,(y,t); v(0,y,t) =v,(y,1); u(xy,0)=v(xYy,0)=0.

¥

U(x,Ah,s) = (‘p' s (‘)e' Yu(x,y,t)dydt; U(x,/,) = ¢ U (x,/1,9)dx.

V(x,Ah,s) = (ﬁ

¥

st\ iyh

Oe

¥

0
¥

v(x,y,t)dydt; V(x,A,5) = ¢ *V(x,A,5)dx.

0

V,(h,s)=

¥

U,(h,9)=C¢

0
¥

(\33_ s

0

¥

-¥
¥

* O Yu, (y, t)dydt.

O V"V, (y, t)dydt.

-¥

[ s+(L +1)x- X2+ 12 i

L i

Y G
s+(L - Dx- X*+H° JL \7J_

G ) [ (x+L+1U,-U, )
(- x+L- 1V, - V. J

x=0
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(Conti.)

( l/J\\_ 1 ( s+(L-1x- xX*+h° -ih i (-x+L+1DU, - U, )
L VJ_ p(X'ih'S)L 17 st(L+Dx- X +1° JL (-X+L-1V,- V, J N

Characteristic Polynomial: p(x,i/,s)=(s+Lx- X’ +*)* - X’ + I

_ 1o 1Y, 1, 1), 1y, 1Y,
X = (S+L)(1+2) +§ +h y X, = (S+LX2 +Z) - E +h°, X3 =~ (S+LX3+Z) - E +h°,

X, =- [(s+Lx +£)1’2+1)2+h2
) Y4t 2 '

Fors>0, Al R the roots are x=x,(h,s), j=1, 2, 3,4
Re(x), Re(x,)>0>Re(x;), Re(x,).

Dirichlet-Neumann Relationship

(s+(L - Dx - ()X +L+DU, - U)- 1A% +L - DV, - V)

=0
(s+(L- DX~ (o)) % +L+1U, - U)- iA((- x5 +L - DV, - V)| =0

15



(Conti.)

The Boundary Kernel in the Laplace domain

(u )| (K, (hsx.x) K,(hsxx) [ U )

x=0

-1- X2'2X' X 2-)( 2+ X +S+/72+|_2
Ko (hsx.x)= 208 = 2% - C6) - 4(2+X%)

1+x+x,- L
ih
h.s —
K sxX) = e L
(- 245+ +x(-1+L)(- +s+hP +x.(-1+L
)= | O S AR LE LG () +5+ A 40, (14L))
1+x+x,- L

-1- () -2x- (%) - x(2+x,)+s+h*+L°
1 2 2 1 2

Ky (h,SX,X,) = Tt x tx - L
1 T X

1o




Inversion to Space-Time variables

1. Analytic extend variable sin x(A,s) froms>0 to s1 SI C via p(x,h,s)=0.

2.

Classify the roots of p(x,A,s) =0 into two types:
Non-Characteristic root: If x (/,s) is analytic in s for |s|,| 7|« 1.

Characteristic root: otherwise.

x;(h,s) and Xx,(h,s): Non-Characteristic.
X,(h,s) and x,(/,s): Characteristic.

E(1,5) ~ O(IWs as s — o.

17



(Conti.)
Non-Characteristic root.

Xl(h’ S) - Xl(h’ O)

x,(h,8) = s+x,(h,0)

X (1,9)- x(1.0)
S

AN L'l[ }*ﬁﬁxl(h, 0)dl(t).

S

L1|:X1(h1 S)_ Xl(h’ O):l(t)

<L ] A9 KON o e 1
210' Re(s)=0 S

Re(s)=-s, |Re(s)=0



(Conti.)

Characteristic root.

The Laplace variable in the normal direction.

[ s+(L+D)x- 2 +R i )

,/1,5) = det =0.
Px/2.9) eL ih s+(L-1)x-x2+h2J

‘ xX=Xx,(h,9) < eXz</7’S>><| | The wave train is written in x and s variables)

The Fourier variable in the normal direction.

[ s+ (L +D)ive 1V + 47 i )
0 =det .
L ih s+(L-Div+V+h J

\ﬁ(h, s(W)=iVe e”fk| The wave train is written in X and Vvariables.
S Is the spectrum w.r.t. (V/A).




(Conti.)

The connection between the Laplace-Fourier variable.

Cauchy’s integral formula.

Definition: {s (1j C| p(i¥h,s () =0, VeR}

A 2 2, L, 02 2 X. =1V
TR A RN &
) G,
L ax(hs) | on- .
Re(s) 0 Re(s) =0
L+40 420 (1420 +4 1 }
F (1 NCAUDN ) T 4
[ L_ th
oy 2! G, +Gy+G, 0s
S:K—AC-—J§2+4]2)—(C2+H 3
X, =11
(1 ) G
j & [ « %619 41 g
-0 L2p|G+G 68 J

(1

_[éy”kp.[cos((vuhz) t) SEdlad )td|>d/7-

G 'yh'w('hh)cos((liﬂf) )dl,dh

p(Vh) R?
20




(Conti.)

More precisely,

1 J‘J‘ eixl/‘riyh-iL u'-(v’+/72)t COS(( V +/72)1/2t)d‘/dh :W(X- Lt,y,t),
P (Vh)eR?

where g satisfies

-

.

t

IX]-t| <O@Wt

(62 8- )W =0
) X2 +y?

e 41
4 pt

W(X,y,0) =

8. W(x,Y,0)=0. \/ :
R

Hadamard’s method of decent
21




The divisor in the Boundary Kernel in the Laplace domain:

1 X, (h,s) and x,(h,s): Non-Characteristic
T+ x +x - L x,(h,s) and Xg(/?, s) . Characteristic.
1 2~
_ __ pxhs) _
a(x.h,9) = =X+ (A, 9)X+0y(1,9) = (X- X,)(x- X,).

(X- x)(x- X,)

1

1+x +x,- L

1+x - q(hs)- x,- L

(L4x- L) - (1+x- L)a(h9)+aq(ns)

1+x+x- L (L+x+x- L)(1+x+x- L)

1+x- G(h9)- L

(L+x- L) - (1+x- L)a(h9)+a(h,9)

= X2

(1+x- L) - (1+x- L)g(hs)+0q,(h9)

22



Recombination of the boundary kernel

-1- (Xl)2 B 2X2 ~ (Xz)z' )(1(2+X2)+S+/72 +L°

Kiu(7,5%,%) = Ttxtx. L
1 2

ih
1+x+x,- L
_ 2 2 _ _ 2 2 }
KZl(h,S;)(l,XZ):'i( ()(1) +S+h +)(1( 1+L))( (XZ) +S+h +X2( 1+L))
1+x +x,- L
-1+s+ M +x,(-1+L)+2L - L2 +x(-1+x,+L)
1+x+x,- L
x,(h,s) and x,(h,s): Non-Characteristic
x,(h,s) and x,(h,s): Characteristic
(X' Xz)(X' Xs):X2 +q1(h1S)X+qo(/7’S)

Klz(h1S;X1’X2) - -

Ky (MsX,X)=-

Ko(msx,x,)=A,(hs)+B,(hs)x | whereAs), B (A s) satisfy

Ko (1,5%,56) = Ay (1,9) + B, (A.9)X, | $h,, 5,>0 " " | <hy

K, (hsx,x)=A,(hs)+B,(hs)x| A s)andB, (A s)areanalytic for
Ky (M,5X,%) = Ay (1,9) + B,y (M,5),| S E1ZIRE(S) >~ 5o}
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Long wave component of the boundary kernel on the boundary

Let V, (A,s) and \7b (Ah,t) be the Fourier-Laplace transformation and Fourier
transformation of an input function v, (y,t).

For (1,])* (2,),

{J‘e K, (15X, % )V, (4 s)dh}(t)

t X+Z
max(E,t-l(
(W(x,zt- £)] . g 4-0)
<O(1 *| v (y, )| dt
o | { e 3, (3,0)]
(x2)=(- L (t-1).y)

+O(1) max IV, (4, 1‘)|+O(1)je [|a vb(-,z‘)||L1 +||vb(-,t)||Lljdz‘

t e(max(t- 1, 2)t)
1</

24




Energy estimates for short wave components and the global
wave structure.

(Short wave component.)

( (GX 1/ 2 2\ OXht)\ [0 o
L(6t+L@X)+L T - (G- hJ (X, A,t) kOJ|/;|(;;)70

G(0,A,t) =G, (A1) (0,A,t) =V (A1) G(xh,0)=V(x A, 0)=0.

1q.G(0, A, r)\ +\wﬂ v0,h,t) |e ) D g

0

TG, (A,2) +| 179, (4, r)\) 0 dr j=0,1.

k=0 0




(conti.)
(Space-time exponential decay.)

| jeaw")( i) (a+La)+ ( i dxdy:o, a,b>0.
-0 0 y = a L V
a(y- o) 222 Dy
C\)(\) (ﬂg'ﬂ u(o, yz‘)‘ +|‘Hg'ﬂ v(0, yz‘)‘ ) 4 dydt
a(y- br)- 2@ g
£O(l)a C)C) ('”g Tru(y, l‘)‘ +"|Tg'ﬂ Vo (Y, l‘)| ) ) dydz,
Whereg:(gl,gz), ﬂg:ﬂ?lﬂi, gl+gz3 2.
a|y| a(b-a-1nt
0, u(O yt)|+|8 v(0,y,t) <e 4+ 8
L 2 a(b-a-1) \1/2
CO(]')L jj (‘5g8kub(yl‘)‘ +‘ag6kvb y[)‘ ) (y- br) 4 (t t)dydl‘J
0 -

k=0




The conclusion from the example.

(0,- bt,,t)]

(8, o

( o ) M uxyn ) (o)
t/ L(at+|_ax)+L o -0 J D L Oyit) Jzk 8}’
0,0t,,t)

(Lt,0,0)
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