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Comment s’assurer qu’un logiciel
fait ce qu’il est censé faire ?



Les méthodes classiques

Test

• Exécuter le programme sur des entrées bien choisies.
• Comparer les comportements observés aux comportements

attendus.

Revues

• Relire attentivement le code, les tests, les documents de
conception, . . .

Analyses

• Étudier mathématiquement certains aspects du programme :
précision numérique, complexité en temps ou en espace, etc.

• Sur le papier ou assisté par des outils d’analyse statique.
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Les limites du test

Testing shows the presence, not the absence of bugs.
(E. W. Dijkstra, 1969)

One ne teste qu’un petit nombre des comportements possibles
du programme. Certains bugs se déclenchent très rarement !

Exemple (propagation de retenue dans les codes crypto)

Ajoute 2 * ta * tb à c2:c1:c0 en �optimisant� les retenues.
BN_UMULT_LOHI(t0,t1,ta,tb);

t2 = t1+t1; c2 += (t2<t1)?1:0;

t1 = t0+t0; t2 += (t1<t0)?1:0;

c0 += t1; t2 += (c0<t1)?1:0;

c1 += t2; c2 += (c1<t2)?1:0;
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Les limites des revues de code

Given enough eyeballs, all bugs are shallow.
(Eric Raymond, 1999)

Fatigue, étourderie, distraction des relecteurs.

Certains codes sont moins relus que d’autres (p.ex. les hot fixes).

Exemple (le bug goto fail)

if ((err=SSLHashSHA1.update(&hashCtx,&signedParams)) != 0)

goto fail;

goto fail;

if ...

...

fail: return err;
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Les limites des analyses de code

Beware of bugs in the above code ;
I have only proved it correct, not tried it.

(Donald E. Knuth, 1977)

Risques d’erreurs dans l’analyse faite à la main et d’unsoundness
dans les analyseurs statiques.

Décalage possible entre l’analyse et le �vrai� programme ou ses
conditions d’exécution.

Exemple (Ariane 501)
Débordement dans conversion flottant 64 bits→ entier 16 bits.

Une analyse menée dans le contexte d’Ariane 4 avait montré que
cette quantité BH �tenait� dans 16 bits. Analyse invalide dans le
contexte d’Ariane 5.
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La vérification déductive (aussi appelée program proof )

Établir, par le raisonnement logique, des propriétés vraies de
toutes les exécutions possibles du programme.

Au contraire d’autres �méthodes formelles�, les propriétés
établies vont jusqu’à la correction complète vis-à-vis de la
spécification.

Intérêts pratiques :

• Obtenir des garanties plus fortes
que celles atteignables par test et revues.

• Trouver des bugs introuvables autrement.
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Les logiques de programmes

Une logique de programmes fournit un langage de spécification
et des principes de raisonnement sur les comportements du
programme.

Les spécifications se présentent généralement comme des
assertions logiques portant sur le programme :

• préconditions : hypothèses sur les entrées
(paramètres de fonction ; valeurs initiales des variables)

• postconditions : garanties sur les sorties
(résultats de fonction ; valeurs finales des variables)

• invariants : garanties sur l’état en un point du code
(invariants de boucles, de structures de données, . . . )
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Logiques de programmes et vérification déductive

Programme Assertions

logique
de programmes

Conditions de
vérification

démonstration manuelle,
automatique, ou interactive

OK / alarme
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À la chasse au bug :
La recherche dichotomique



La recherche dichotomique

l = 0; h = a.length - 1;

while (l <= h) {

m = (l + h) / 2;

if (a[m] == v) return m;

if (a[m] < v) h = m - 1; else l = m + 1;

}

return -1; 9



Une longue histoire

l = 0; h = a.length - 1;

while (l <= h) {

m = (l + h) / 2;

if (a[m] == v) return m;

if (a[m] < v) h = m - 1; else l = m + 1;

}

return -1;

1946 John Mauchly, Moore School Lectures
1960 Derrick H. Lehmer publie l’algorithme moderne
1986 Jon Bentley, Programming pearls, chapitre 4
2004 Rapport de bug : java.util.Arrays.binarySearch() will throw

an ArrayIndexOutOfBoundsException if the array is large.
2006 Joshua Bloch, Nearly All Binary Searches and Mergesorts are

Broken.
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La source du bug : un débordement arithmétique

m = (l + h) / 2;

On a 0 ≤ l ≤ h < a.length.

l + h peut déborder si a.length est su�samment grand.

En Java, l + h est alors négatif, donc m aussi, et a[m] lève une
exception �accès hors bornes�.

En C, on a un �comportement indéfini� ou on continue avec m
incorrect.

Un correctif simple : m = l + (h - l) / 2;
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Pourquoi ce bug est di�cile à trouver ?

Test :

• On teste rarement sur de très grosses données.
• Il faut une machine 64 bits et plusieurs Go de RAM pour faire

apparaı̂tre ce bug.

Revues :

• La formule (l + h)/2 est familière.
• Risque d’ �optimiser� l + (h− l)/2 en (l + h)/2.

Analyses :

• Une analyse d’intervalles de variation peut signaler l’erreur.
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Démo

Vérification déductive de la recherche dichotomique
avec l’outil Frama-C.
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Le cours et le séminaire



Objectifs du cours

Comprendre les principes des logiques de programmes et les
développements récents dans ce domaine.

Leitmotiv : quelles logiques pour quels traits des langages de
programmation ?

(variables, pointeurs, parallélisme, ordre supérieur, etc)
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Objectifs du séminaire

Illustrer l’utilisation de logiques de programmes dans des outils
de vérification de qualité industrielle.

Montrer de nouveaux problèmes de vérification et de nouvelles
idées pour les aborder.
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La suite du cours

04/03 La naissance des logiques de programmes
11/03 Variables et boucles : la logique de Hoare
18/03 Pointeurs et structures de données : la logique de séparation
25/03 Parallélisme à mémoire partagée : la logique de séparation

concurrente
01/04 Extensions de la logique de séparation : permissions

fractionnaires, état fantôme, algèbres de ressources, . . .
08/04 Logiques pour la mémoire partagée faiblement cohérente
15/04 Logiques pour les langages fonctionnels et l’ordre supérieur
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Le séminaire

11/03 Loı̈c Correnson (CEA).
Les logiques de programmes à l’épreuve du réel : tours et détours
avec Frama-C/WP.

18/03 Yannick Moy (Adacore).
Preuve auto-active de programmes en SPARK

25/03 Bart Jacobs (K. U. Leuven).
VeriFast : Semi-automated modular verification of concurrent C
and Java programs using separation logic

01/04 François Pottier (Inria).
Raisonner à propos du temps en logique de séparation

08/04 Jacques-Henri Jourdan (CNRS).
Protocoles personnalisés en logique de séparation : ressources
fantômes et invariants dans la logique Iris

15/04 Philippa Gardner (Imperial College London).
Gillian : Compositional Symbolic Testing and Verification
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Logiques de programmes, premier cours

Comment raisonner sur un logiciel?
La naissance des logiques de programmes

Xavier Leroy
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Plan du cours

Une revue de trois articles qui ont fondé le domaine :

• Alan Turing, Checking a large routine, 1949.
• Robert W. Floyd, Assigning meanings to programs, 1967.
• C. A. R. Hoare, An axiomatic basis for computer

programming, 1969.
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La découverte :
Checking a large routine
Alan Turing, 1949



Un article précurseur

Exposé à la inaugural conference of the EDSAC computer, Cambridge University,

juin 1949. Le tapuscrit a été corrigé, commenté et republié par F.L. Morris et C.B.

Jones dans Annals of the History of Computing, 6, 1984. 3



How can one check a routine? That is the question !
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Décomposer la vérification en étapes élémentaires
F. L. Morris & C. B. Jones - Turing Proof 

Consider the analogy of checking an addition. If it is given 
as: 

1374 
5906 
6719 
4337 
7768 

26104 
one must check the whole at one sitting, because of the 
carries. But if the totals for the various columns are given, 
as below: 

1374 
5906 
6719 
4337 
7768 
3974 

2213 
26104 

the checker’s work is much easier being split up into the 
checking of the various assertions 3 + 9 + 7 + 3 + 7 = 29 
etc. and the small addition 

3974 
2213 
26104 

At a typical moment of the process we have recorded k 
and $F for some F, s. We can change q to (s + l)k by addition 
of F. When s = F + 1 we can change F to r + 1 by a transfer. 
Unfortunately there is no coding system sufficiently gener- 
ally known to justify giving the routine for this process in 
full, but the flow diagram given in Fig. 1 will be sufficient 
for illustration. 

This principle can be applied to the process of checking a 
large routine but we will illustrate the method by means of 
a small routine uiz. one to obtain @ without the use of a 
multiplier, multiplication being carried out by repeated ad- 
dition. 

F. L. Morris was graduated in mathematics from 
Harvard College in 1964 and received the Ph.D. in 
computer science from Stanford University in 1972. 
He has been employed at the universities of Essex and 
Edinburgh, and since 1975 has taught at Syracuse 
University. The collaboration with C. B. Jones reported 
here was done while visiting the Programming 
Research Group, Oxford, during 1980- 198 1. 

C. B. Jones began his career working on standard 
commercial computing projects. A period in 
operations research was followed by a change to 
“systems programming. ” In IBM’s Product Test Group 
the realization dawned that quality could only be 
achieved in design. The first step toward “formal 
methods” came with an assignment to the IBM Vienna 
Laboratory in 1968. A sabbatical in Oxford from 
1979-1981 led to the current position of professor of 
computing science at Manchester University. 

Each “box” of the flow diagram represents a straight 
sequence of instructions without changes of control. The 
following convention is used: 
(i) a dashed letter indicates the value at the end of the 

process represented by the box: 
(ii) an undashed letter represents the initial value of a 

quantity. 
One cannot equate similar letters appearing in different 

boxes, but it is intended that the following identifications 
be valid throughout 

s content of line 27 of store 
F ” ” ‘I 28 ” ” 
n ” ” ” 29 ” ” 
u ” ” ” 30 ” ” 
u ” ” ” 31 ” ” 

It is also intended that u be .@ or something of the sort 
e.g. it might be (s + l)F or s but not e.g. s2 + F2. 

In order to assist the checker, the programmer should 
make assertions about the various states that the machine 
can reach. These assertions may be tabulated as in Fig. 2. 
Assertions are only made for the states when certain partic- 
ular quantities are in control, corresponding to the ringed 
letters in the flow diagram. One column of the table is used 
for each such situation of the control. Other quantities are 
also needed to specify the condition of the machine com- 
pletely: in our case it is sufficient to give F and s. The upper 
part of the table gives the various contents of the store lines 
in the various conditions of the machine, and restrictions 
on the quantities s, r (which we may call inductive variables). 
The lower part tells us which of the conditions will be the 
next to occur. 

The checker has to verify that the columns corresponding 
to the initial condition and the stopped condition agree with 
the claims that are made for the routine as a whole. In this 
case the claim is that if we start with control in condition A 
and with n in line 29 we shall find a quantity in line 31 
when the machine stops which is b (provided this is less 
than 240, but this condition has been ignored). 

He has also to verify that each of the assertions in the 
lower half of the table is correct. In doing this the columns 
may be taken in any order and quite independently. Thus 
for column B the checker would argue: “From the flow 
diagram we see that after B the box u’ = u applies. From 
the upper part of the column for B we have u = b. Hence 
u’ = k i.e. the entry for u i.e. for line 31 in C should be Lr. 
The other entries are the same as in B.” 

Finally the checker has to verify that the process comes 
to an end. Here again he should be assisted by the program- 
mer giving a further definite assertion to be verified. This 
may take the form of a quantity which is asserted to decrease 
continually and vanish when the machine stops. To the pure 
mathematician it is natural to*give an ordinal number. In 
this problem the ordinal might be (n - r)u2 + (r - s)w + k. 
A less highbrow form of the same thing would be to give the 
integer 280(n - F) + Z4’(r - s) + k. Taking the latter case 
and the step from B to C there would be a decrease from 
2’“(n - F) + 240(r - s) + 5 to 280(n - r) + 240(r - s) + 4. In 
the step from F to B there is a decrease from 2”(n - r) + 
240(r - s) + 1 to 2’O(n - r - 1) + 240(r + 1 - s) + 5. 

In the course of checking that the process comes to an 
end the time involved may also be estimated by arranging 
that the decreasing quantity represents an upper bound to 
the time till the machine stops. 

140 * Annals of the HIstory of Computing, Volume 6, Number 2, April 1984 
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Le programme de Turing : calcul de la factorielle

Calculer n! en n’utilisant que des additions.

Deux boucles imbriquées.

int fac (int n)

{

int s, r, u, v;

u = 1;

for (r = 1; r < n; r++) {

v = u; s = 1;

do {

u = u + v;

} while (s++ < r);

}

return u;

}
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L’organigramme du programme

�Unfortunately there is no coding system su�ciently generally
known to justify giving the routine for this process.�

F. L. Morris & C. B. Jones * Turing Proof 

0 D 

I---+ 
STOP 

0 A 

0 E 0 G 

- 

, r’=l \ v’=u 
u’ = 1 

I +-- TESTr-n + s’=l : :- l/‘=u+v : s’=s+l 

\, 
/. 

A 

0 F 

- 

+ TESTS-r 
I .p r’=r+l-\ 

, 

I 

Figure 1 (Redrawn from Turing’s original) 

Conference Discussion (from page 70 of the conference 
report) 

Prof. Hartree said that he thought that Dr Turing had 
used the terms “induction” and “inductive variable” in a 
misleading sense since to most mathematicians induction 
would suggest “mathematical induction” whereas the pro- 
cess so called by von Neumann and Turing often consisted 
of repetition without logical connection. Prof. Newman sug- 
gested that the term “recursive variable” should be used. Dr 
Turing, however, still thought that his original terminology 
could be justified. 

Comments 

The contributors to the conference discussion were 

M. H. A. Newman, then professor of pure mathematics 

STORAGE 
(INITIAL) (STOP) 

LOCATION @ @O@O 
k=6 k=5 k=4 k=O k=3 

0 0 
k=l k=2 

I 27 I S s+l S 

r r r r 
n n n 

Sk (s Jl)Lr (s :1,Lf 

28 
:: 

31 

r 
n n 

1L 

TO @ 
WITH r’ = 1 

TO @ 

u’ = 1 

L’ 
II 

TO @ 
IFr=n 
TO @ 
IFr-cn 

v  WITHY = r + 1 
IFsrr 
TO @ 
WlTHs’=s+l 
.- 

at Manchester University, who had played a leading 

part in setting up the Manchester computer project, 

and D. R. Hartree, then professor of mathematical 

physics at Cambridge University, who had been a 

moving force both at the NPL and at Cambridge. 
We now turn to a discussion of Turing’s proof 

method. Present methods might combine Turing’s 

Figures 1 and 2 into a flowchart that includes the 

assertions. Figure A is an annotated flowchart in the 

style of Floyd (1967). Two significant differences be- 

tween Figure A and Turing’s presentation may be 

observed. 

1. In the Floyd style, assertions may be any propo- 

sitions relating the values of the variables to each 

Figure 2 (Redrawn from Turing’s original) 

Annals of the History of Computing, Volume 6, Number 2, April 1984 l 141 

(La notation u/u′ dénote la valeur de u avant/après le bloc).
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Les assertions logiques

�In order to assist the checker, the programmer should make
assertions about the various states that the machine can
reach.�

Documente non seulement quelle case mémoire contient quelle
variable abstraite, mais surtout les relations entre ces variables.

F. L. Morris & C. B. Jones * Turing Proof 

0 D 

I---+ 
STOP 

0 A 

0 E 0 G 

- 

, r’=l \ v’=u 
u’ = 1 

I +-- TESTr-n + s’=l : :- l/‘=u+v : s’=s+l 

\, 
/. 

A 

0 F 

- 

+ TESTS-r 
I .p r’=r+l-\ 

, 

I 

Figure 1 (Redrawn from Turing’s original) 

Conference Discussion (from page 70 of the conference 
report) 

Prof. Hartree said that he thought that Dr Turing had 
used the terms “induction” and “inductive variable” in a 
misleading sense since to most mathematicians induction 
would suggest “mathematical induction” whereas the pro- 
cess so called by von Neumann and Turing often consisted 
of repetition without logical connection. Prof. Newman sug- 
gested that the term “recursive variable” should be used. Dr 
Turing, however, still thought that his original terminology 
could be justified. 

Comments 

The contributors to the conference discussion were 

M. H. A. Newman, then professor of pure mathematics 

STORAGE 
(INITIAL) (STOP) 

LOCATION @ @O@O 
k=6 k=5 k=4 k=O k=3 

0 0 
k=l k=2 

I 27 I S s+l S 

r r r r 
n n n 

Sk (s Jl)Lr (s :1,Lf 

28 
:: 

31 

r 
n n 

1L 

TO @ 
WITH r’ = 1 

TO @ 

u’ = 1 

L’ 
II 

TO @ 
IFr=n 
TO @ 
IFr-cn 

v  WITHY = r + 1 
IFsrr 
TO @ 
WlTHs’=s+l 
.- 

at Manchester University, who had played a leading 

part in setting up the Manchester computer project, 

and D. R. Hartree, then professor of mathematical 

physics at Cambridge University, who had been a 

moving force both at the NPL and at Cambridge. 
We now turn to a discussion of Turing’s proof 

method. Present methods might combine Turing’s 

Figures 1 and 2 into a flowchart that includes the 

assertions. Figure A is an annotated flowchart in the 

style of Floyd (1967). Two significant differences be- 

tween Figure A and Turing’s presentation may be 

observed. 

1. In the Floyd style, assertions may be any propo- 

sitions relating the values of the variables to each 

Figure 2 (Redrawn from Turing’s original) 

Annals of the History of Computing, Volume 6, Number 2, April 1984 l 141 (La notation |n signifie �factorielle n�.)
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Les assertions logiques directement sur l’organigramme

Dans la notation moderne (introduite par Floyd en 1967), on note
les assertions directement sur les arcs de l’organigramme.

F. L. Morris & C. B. Jones * Turing Proof F. L. Morris & C. B. Jones * Turing Proof 

O<n O<n 
I I 

v  = n! v  = n! 
I I 
I I 
I 

r5n r5n 15 rcn ‘STOP scr<n slr<n 
u = r! u = r! ll= ll = r! u = sr! 

I 20 
u=(s-tl)r! 

I v  = r! v  = f! v  = r! 
I I I A I I I 
I- I 

’ s:=s+l 

I 
I 
I 

r-en 

u=(r+l)r! 

u = sr! 
v  = r! 

Figure A 

other, whereas the format of Figure 2 tends to restrict remarks in Figure 2, the test at F is meant to compare 
one to giving an explicit expression for the value of r with the unincremented value of s. Just how this 
each variable of interest. Thus it is possible to express, test is to be implemented, s being no longer the con- 
for example, the inequality r I n, which strictly speak- tents of any location, is presumably left to the coder’s 
ing is necessary for inferring the u = n! claim at D ingenuity. 
from u = r! (holding at C) and r 2 n (shown by arrival Turing’s convention here-that the increase of s 
at D from C). (Note, that Turing speaks of giving, in need not coincide with execution of the box “s’ = s +’ 
the upper part of Figure 2, “restrictions on the quan- 1”-cannot be regarded as happily chosen; indeed, the 
tities s, r”; these do not appear, however.) notation of Figure 1 must probably be considered as 

2. In Figure 1 the contents of the individual boxes potentially ambiguous standing on its own, because 

(e.g., “r’ = r + 1”) are best regarded as specifications there seems to be no clear rule about when the addition 
to be met by coding: “achieve that r on exit is one of a prime to a letter makes a difference. We conjec- 
more than r on entry.” The corresponding assignment ture, however, that the flow diagram (Figure 1) was 
statement in Figure A (“r := r + 1”) is to be thought drawn just for the occasion, because “there is no 
of as a directly executable statement; the level of coding system sufficiently generally known,” and that 
necessary representation of quantities and implemen- what Turing had in mind to be passed between the 
tation of operations lying below the atomic statements programmer and the checker was the actual code of a 
of Figure A is entirely ignored. In particular, the Floyd routine, marked with letters A, B, . . . , together with 
notation makes no use of primed variables; every use an equivalent of Figure 2. There would then be no 
of a variable in an expression, whether in a box or in appearance of inconsistency between the code corre- 
an assertion, is to be understood as referring to the sponding to box G, incrementing the contents of lo- 
current value. cation 27, and the behavior of the variable s, belonging 

The most striking discrepancy between the two solely to the assertions, which increased-as might 
versions of the flowchart arises form this last point. seem more natural to the programmer-at the point 
Turing chooses to regard the box at G (“s ’ = s + 1”) of closure of the loop it controlled. 
as having no effect on the values of his variables, but An additional, minor, remark on the proof concerns 
instead as causing location 27 to contain s + 1 in place the intended domain of the program. It would appear 
of s, an outcome that in Floyd’s notation one would to compute factorial zero correctly, but the assertions 
have no means of expressing. As is clear from the are not framed so as to prove this. The necessary 

142 l Annals of the History of Computing, Volume 6, Number 2, April 1984 
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La vérification

�The checker has to verify that the columns corresponding to
the initial condition and the stopped condition agree with the
claim that are made for the routine as a whole.�

F. L. Morris & C. B. Jones * Turing Proof F. L. Morris & C. B. Jones * Turing Proof 

O<n O<n 
I I 

v  = n! v  = n! 
I I 
I I 
I 

r5n r5n 15 rcn ‘STOP scr<n slr<n 
u = r! u = r! ll= ll = r! u = sr! 

I 20 
u=(s-tl)r! 

I v  = r! v  = f! v  = r! 
I I I A I I I 
I- I 

’ s:=s+l 

I 
I 
I 

r-en 

u=(r+l)r! 

u = sr! 
v  = r! 

Figure A 

other, whereas the format of Figure 2 tends to restrict remarks in Figure 2, the test at F is meant to compare 
one to giving an explicit expression for the value of r with the unincremented value of s. Just how this 
each variable of interest. Thus it is possible to express, test is to be implemented, s being no longer the con- 
for example, the inequality r I n, which strictly speak- tents of any location, is presumably left to the coder’s 
ing is necessary for inferring the u = n! claim at D ingenuity. 
from u = r! (holding at C) and r 2 n (shown by arrival Turing’s convention here-that the increase of s 
at D from C). (Note, that Turing speaks of giving, in need not coincide with execution of the box “s’ = s +’ 
the upper part of Figure 2, “restrictions on the quan- 1”-cannot be regarded as happily chosen; indeed, the 
tities s, r”; these do not appear, however.) notation of Figure 1 must probably be considered as 

2. In Figure 1 the contents of the individual boxes potentially ambiguous standing on its own, because 

(e.g., “r’ = r + 1”) are best regarded as specifications there seems to be no clear rule about when the addition 
to be met by coding: “achieve that r on exit is one of a prime to a letter makes a difference. We conjec- 
more than r on entry.” The corresponding assignment ture, however, that the flow diagram (Figure 1) was 
statement in Figure A (“r := r + 1”) is to be thought drawn just for the occasion, because “there is no 
of as a directly executable statement; the level of coding system sufficiently generally known,” and that 
necessary representation of quantities and implemen- what Turing had in mind to be passed between the 
tation of operations lying below the atomic statements programmer and the checker was the actual code of a 
of Figure A is entirely ignored. In particular, the Floyd routine, marked with letters A, B, . . . , together with 
notation makes no use of primed variables; every use an equivalent of Figure 2. There would then be no 
of a variable in an expression, whether in a box or in appearance of inconsistency between the code corre- 
an assertion, is to be understood as referring to the sponding to box G, incrementing the contents of lo- 
current value. cation 27, and the behavior of the variable s, belonging 

The most striking discrepancy between the two solely to the assertions, which increased-as might 
versions of the flowchart arises form this last point. seem more natural to the programmer-at the point 
Turing chooses to regard the box at G (“s ’ = s + 1”) of closure of the loop it controlled. 
as having no effect on the values of his variables, but An additional, minor, remark on the proof concerns 
instead as causing location 27 to contain s + 1 in place the intended domain of the program. It would appear 
of s, an outcome that in Floyd’s notation one would to compute factorial zero correctly, but the assertions 
have no means of expressing. As is clear from the are not framed so as to prove this. The necessary 

142 l Annals of the History of Computing, Volume 6, Number 2, April 1984 

r ≤ n ∧ u = r! ∧ v = r! ∧ r − n ≥ 0 =⇒ v = n!
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La vérification

�[The checker] also has to verify that each of the assertions in
the lower half of the table is correct. In doing this the columns
may be taken in any order and quite independently.�

F. L. Morris & C. B. Jones * Turing Proof F. L. Morris & C. B. Jones * Turing Proof 

O<n O<n 
I I 

v  = n! v  = n! 
I I 
I I 
I 

r5n r5n 15 rcn ‘STOP scr<n slr<n 
u = r! u = r! ll= ll = r! u = sr! 

I 20 
u=(s-tl)r! 

I v  = r! v  = f! v  = r! 
I I I A I I I 
I- I 

’ s:=s+l 

I 
I 
I 

r-en 

u=(r+l)r! 

u = sr! 
v  = r! 

Figure A 

other, whereas the format of Figure 2 tends to restrict remarks in Figure 2, the test at F is meant to compare 
one to giving an explicit expression for the value of r with the unincremented value of s. Just how this 
each variable of interest. Thus it is possible to express, test is to be implemented, s being no longer the con- 
for example, the inequality r I n, which strictly speak- tents of any location, is presumably left to the coder’s 
ing is necessary for inferring the u = n! claim at D ingenuity. 
from u = r! (holding at C) and r 2 n (shown by arrival Turing’s convention here-that the increase of s 
at D from C). (Note, that Turing speaks of giving, in need not coincide with execution of the box “s’ = s +’ 
the upper part of Figure 2, “restrictions on the quan- 1”-cannot be regarded as happily chosen; indeed, the 
tities s, r”; these do not appear, however.) notation of Figure 1 must probably be considered as 

2. In Figure 1 the contents of the individual boxes potentially ambiguous standing on its own, because 

(e.g., “r’ = r + 1”) are best regarded as specifications there seems to be no clear rule about when the addition 
to be met by coding: “achieve that r on exit is one of a prime to a letter makes a difference. We conjec- 
more than r on entry.” The corresponding assignment ture, however, that the flow diagram (Figure 1) was 
statement in Figure A (“r := r + 1”) is to be thought drawn just for the occasion, because “there is no 
of as a directly executable statement; the level of coding system sufficiently generally known,” and that 
necessary representation of quantities and implemen- what Turing had in mind to be passed between the 
tation of operations lying below the atomic statements programmer and the checker was the actual code of a 
of Figure A is entirely ignored. In particular, the Floyd routine, marked with letters A, B, . . . , together with 
notation makes no use of primed variables; every use an equivalent of Figure 2. There would then be no 
of a variable in an expression, whether in a box or in appearance of inconsistency between the code corre- 
an assertion, is to be understood as referring to the sponding to box G, incrementing the contents of lo- 
current value. cation 27, and the behavior of the variable s, belonging 

The most striking discrepancy between the two solely to the assertions, which increased-as might 
versions of the flowchart arises form this last point. seem more natural to the programmer-at the point 
Turing chooses to regard the box at G (“s ’ = s + 1”) of closure of the loop it controlled. 
as having no effect on the values of his variables, but An additional, minor, remark on the proof concerns 
instead as causing location 27 to contain s + 1 in place the intended domain of the program. It would appear 
of s, an outcome that in Floyd’s notation one would to compute factorial zero correctly, but the assertions 
have no means of expressing. As is clear from the are not framed so as to prove this. The necessary 
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s ≤ r < n ∧ u = sr! ∧ v = r!
⇓

s ≤ r < n ∧ u + v = (s + 1)r! ∧ v = r!

s− 1 ≤ r < n ∧ u = sr! ∧ v = r!
∧ (s− 1)− r < 0

⇓
s ≤ r < n ∧ u = sr! ∧ v = r!
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Vérifier la terminaison

�Finally the checker has to verify that the process comes to
an end. Here again he should be assisted by the programmer
[. . . ]. This may take the form of a quantity which is asserted to
decrease continually and vanish when the machine stops.�

Turing propose de prendre l’ordinal (n− r)ω2 + (r − s)ω + k,
ce qui correspond à l’ordre lexicographique sur (n− r, r − s, k).

Plus prosaı̈quement il suggère 280(n− r) + 240(r − s) + k.

F. L. Morris & C. B. Jones * Turing Proof 

0 D 

I---+ 
STOP 

0 A 

0 E 0 G 

- 

, r’=l \ v’=u 
u’ = 1 

I +-- TESTr-n + s’=l : :- l/‘=u+v : s’=s+l 

\, 
/. 

A 

0 F 

- 

+ TESTS-r 
I .p r’=r+l-\ 

, 

I 

Figure 1 (Redrawn from Turing’s original) 

Conference Discussion (from page 70 of the conference 
report) 

Prof. Hartree said that he thought that Dr Turing had 
used the terms “induction” and “inductive variable” in a 
misleading sense since to most mathematicians induction 
would suggest “mathematical induction” whereas the pro- 
cess so called by von Neumann and Turing often consisted 
of repetition without logical connection. Prof. Newman sug- 
gested that the term “recursive variable” should be used. Dr 
Turing, however, still thought that his original terminology 
could be justified. 

Comments 

The contributors to the conference discussion were 

M. H. A. Newman, then professor of pure mathematics 

STORAGE 
(INITIAL) (STOP) 

LOCATION @ @O@O 
k=6 k=5 k=4 k=O k=3 

0 0 
k=l k=2 

I 27 I S s+l S 

r r r r 
n n n 

Sk (s Jl)Lr (s :1,Lf 

28 
:: 

31 

r 
n n 

1L 

TO @ 
WITH r’ = 1 

TO @ 

u’ = 1 

L’ 
II 

TO @ 
IFr=n 
TO @ 
IFr-cn 

v  WITHY = r + 1 
IFsrr 
TO @ 
WlTHs’=s+l 
.- 

at Manchester University, who had played a leading 

part in setting up the Manchester computer project, 

and D. R. Hartree, then professor of mathematical 

physics at Cambridge University, who had been a 

moving force both at the NPL and at Cambridge. 
We now turn to a discussion of Turing’s proof 

method. Present methods might combine Turing’s 

Figures 1 and 2 into a flowchart that includes the 

assertions. Figure A is an annotated flowchart in the 

style of Floyd (1967). Two significant differences be- 

tween Figure A and Turing’s presentation may be 

observed. 

1. In the Floyd style, assertions may be any propo- 

sitions relating the values of the variables to each 

Figure 2 (Redrawn from Turing’s original) 
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La redécouverte et la formalisation :
Assigning meanings to programs
Robert W. Floyd, 1967



Un article fondateur

Robert W. Floyd 

ASSIGNING MEANINGS TO PROGRAMSl 

Introduction. This paper attempts to provide an adequate basis for 
formal definitions of the meanings of programs in appropriately defined 
programming languages, in such a way that a rigorous standard is established 
for proofs about computer programs, including proofs of correctness, 
equivalence, and termination. The basis of our approach is the notion of 
an interpretation of a program: that is, an association of a proposition 
with each connection in the flow of control through a program, where the 
proposition is asserted to hold whenever that connection is taken. To prevent 
an interpretation from being chosen arbitrarily, a condition is imposed on 
each command of the program. This condition guarantees that whenever 
a command is reached by way of a connection whose associated proposition 
is then true, it will be left (if at all) by a connection whose associated 
proposition will be true at that time. Then by induction on the number of 
commands executed, one sees that if a program is entered by a connection 
whose associated proposition is then true, it will be left (if at all) by a 
connection whose associated proposition will be true at that time. By this 
means, we may prove certain properties of programs, particularly properties 
of the form: "If the initial values of the program variables satisfy the 
relation Rit the final values on completion will satisfy the relation Rz." 
Proofs of termination are dealt with by showing that each step of a program 
decreases some entity which cannot decrease indefinitely. 

These modes of proof of correctness and termination are not original; 
they are based on ideas of Perlis and Gorn, and may have made their 
earliest appearance in an unpublished paper by Gorn. The establishment 
of formal standards for proofs about programs in languages which admit 
assignments, transfer of control, etc., and the proposal that the semantics 
of a programming language may be defined independently of all processors 
for that language, by establishing standards of rigor for proofs about 

1 This work was supported by the Advanced Projects Agency of the Office of 
the Secretary of Defense (SD-146). 
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Mathematical Aspects of Computer Science, 1967, 14 pages.
Proceedings of Symposium on Applied Mathematics, vol 19, AMS.
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Le retour des assertions logiques

18 ans après, Floyd redécouvre l’idée de Turing :
annoter un organigramme par des assertions logiques.

programs in the language, appear to be novel, although McCarthy ll, 2] 
has done similar work for programming languages based on evaluation of 
recursive functions. 

A semantic definition of a programming language, in our approach, is 
founded on a syntactic definition. It must specify which of the phrases 
in a syntactically correct program represent commands, and what conditions 
must be imposed on an interpretation in the neighborhood of each command. 

We will demonstrate these notions, first on a flowchart language, then 
on fragments of ALGOL. 

DEFINITIONS. A flowchart will be loosely defined as a directed graph 
with a command at each vertex, connected by edges (arrows) representing 
the possible passages of control between the commands. An edge is said 
to be an entrance to (or an exit from) the command c at vertex v if its 
destination (or origin) is v. An interpretation I of a flowchart is a mapping 
of its edges on propositions. Some, but not necessarily all, of the free 
variables of these propositions may be variables manipulated by the 

- - - - - - - - n E J+ (J+ is the set of positive integers) 

- - - - - - - - n E J+ /\ i = 1/\ S = 0 
i-l 

_____ - - - n E J+ /\ i E J+ /\ i n + 1/\ S = 1: OJ 
j-l 

i-I n 
- - - n E J1- /\ i = n + 1/\ S = 1: OJ; i.e., S = 1: OJ ______ j-l j-l 

i-l 
- - - - - - - - n E J+ /\ i E J+ /\ i n /\ S = 1: OJ 

j-1 

. 
I 

- - - - - - - - n E J+ /\ i E J+ /\ i n /\ S = L. OJ 
j-1 

i - i + 1 i-l 

- - - - - - - - n E J+ Ai € J+ 1\ 2 i n + 1/\ S = 1: OJ 
j-l 

FIGURE 1. Flowchart of program t() compute S = 1:1-1 OJ (n 0) 
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Des conditions de vérification. . .

Floyd formalise les conditions de vérification :
les implications logiques qui garantissent la cohérence des
assertions qui annotent le programme.

x > 0 ?

y := x y := −x

P

Q R

S T
U

P ∧ x > 0⇒ Q
P ∧ x ≤ 0⇒ R

∃y0,Q[y ← y0] ∧ y = x⇒ S
∃y0,R[y ← y0] ∧ y = −x⇒ T

S ∨ T ⇒ U

Programme annoté −→ Conditions de vérification

15



. . . à la sémantique du langage de programmation

programme annoté
sémantique

formelle conditions de vérification

Floyd observe que les règles qui transforment un programme
annoté en conditions de vérification constituent une sémantique
du langage de programmation utilisé.

C’est la naissance de la sémantique formelle !
(Cf. mon cours �Sémantiques mécanisées� en 2019).

�[T]he proposal that the semantics of a programming lan-
guage may be defined independently of all processors for that
language, by establishing standards of rigor for proofs about
programs in the language, appear to be novel�

16



Conditions de vérification pour les organigrammes

x := f (x,~y)

P(x,~y)

Q

(∃x0, x = f (x0,~y) ∧ P(x0,~y))⇒ Q

b ?
P

Q1 Q0

P ∧ b⇒ Q1
P ∧ ¬b⇒ Q0

P1 P2

Q

P1 ∨ P2 ⇒ Q

17



La règle de Floyd pour l’a�ectation

x := 0

y ≤ 10

x = 0
∧ y ≤ 10

x := 0

y = 2x

x = 0
∧ ∃x0, y = 2x0

x := x + 1

0 ≤ x ≤ y

∃x0, x = x0 + 1
∧ 0 ≤ x0 ≤ y

x := e

P

Q

(∃x0, x = e[x← x0] ∧ P[x← x0])⇒ Q

Exemples :

Le cas général :

18



Quelques règles générales

Notations : c commande (morceau de programme)
~P préconditions (une par entrée dans c)
~Q postconditions (une par sortie de c)

Vc(~P; ~Q) conditions de vérifications pour ~P, c, ~Q

Conséquence : si Vc(~P; ~Q) et ~P′ ⇒ ~P et ~Q⇒ ~Q′, alors Vc(~P′; ~Q′).

Conjonction : si Vc(~P; ~Q) et Vc(~P′, ~Q′) alors Vc(~P ∧ ~P′; ~Q ∧ ~Q′).

Disjonction : si Vc(~P; ~Q) et Vc(~P′, ~Q′) alors Vc(~P ∨ ~P′; ~Q ∨ ~Q′).

Quantification existentielle : si Vc(~P; ~Q) alors Vc(∃x. ~P;∃x. ~Q).

19



Correction sémantique

Si la condition de vérification Vc(P1 . . . Pn;Q1 . . .Qm) est vraie
c s’exécute d’un état initial s vers un état final s′ (sortie j)
l’état initial s satisfait l’une des préconditions Pi

alors
l’état final s′ satisfait la postcondition Qj.

Facile à vérifier pour les règles des organigrammes.

Corollaire : si le programme démarre dans un état initial
satisfaisant sa précondition P, et s’il termine, alors l’état final
satisfait sa postcondition Q.

20



Plus forte conséquence vérifiable

Floyd conjecture que la condition de vérification Vc(~P; ~Q) peut
toujours s’écrire sous la forme

Tc(P1 ∨ · · · ∨ Pn)⇒ ~Q

où Tc(P) est la plus forte postcondition de la commande c avec la
précondition P.

Par exemple, pour les organigrammes, on a

Tx:=e(P) = ∃x0, x = e[x← x0] ∧ P[x← x0]

Ttest(b)(P) = (P ∧ b, P ∧ ¬b)

21



Vers l’automatisation

En utilisant T, on peut compléter un organigramme partiellement
annoté.

A

F

A

B = T(A)

C = T(B ∨ F)

D = T(C)F

T(D)⇒ F

� This fact o�ers the possibility of automatic verification of
programs, the programmer merely tagging entrances and one
edge in each innermost loop ; the verifying program would ex-
tend the interpretation and verify it, if possible, by mechanical
theorem-proving techniques. �

22



Autres contributions de l’article

Un début de définition de Vc pour des commandes structurées à
la manière d’Algol (séquence, if/then/else, boucle for).

Une discussion de la complétude de la définition de Vc

(voir le prochain cours).

Une méthode pour vérifier la terminaison :

• Associer à chaque arc de l’organigramme une fonction
état des variables→ ensemble bien fondé W
(p.ex. W = n-uplets d’entiers + ordre lexicographique)

• Vérifier que ces fonctions décroissent sur chaque transition.

23



Exemple final de l’article : la division euclidienne

START 

_____ {X 0, Y> 0, Q = ° 
r-----lI=----, (X - Q, 5) 

R-X 
_____ 

(X-Q,4) 
_____ {R 0, X 0, Y > 0, Q 0, X = R + QY 

(X - Q,3) __ _ 

---"'-- ,C HALT) 

I_tO R < Y,X O,X = R + QY 
No (X - Q,2) 

_____ {R Y> 0, X 0, Q 0, X = R + QY 
,_----'1""-_--, (X - Q, 2) 

_____ {R 0, Y > 0, X 0, Q > 0, X = R + QY 
(X - Q,4) 

FIGURE 5. Algorithm to compute quotient Q and remainder R of 
X.;- y, for integers X 0, Y > ° 
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Le manifeste :
An axiomatic basis for computer
programming
C. A. R. Hoare, 1969



Un article séminal

An Axiomatic Bas is  for 
Computer Programming 

C. A. R . HOARE 
The  Queen's  Unive rs ity of Be lfas t,* Northe rn Ire land 

In this paper an attempt is made to explore the logical founda- 
tions of computer programming by use of techniques which 
were first applied in the study of geometry and have later 
been extended to other branches of mathematics. This in- 
volves the elucidation of sets of axioms and rules of inference 
which can be used in proofs of the properties of computer 
programs. Examples are given of such axioms and rules, and 
a formal proof of  a simple theorem is displayed. Finally, it is 
argued that important advantages, both theoretical and prac- 
tical, may follow f rom a pursuance of  these topics. 

KEY WORDS AND PHRASES: axiomatic method, theory of programming' 
proofs of programs, formal language definition, programming language 
design, machine-independent programming, program documentation 
CR CATEGORY: 4.0, 4.21,4.22, 5.20, 5.21,5.23, 5.24 

1. Intro duc tio n 
C o m p u te r  p ro g ra m m in g  is  a n  e xa c t s c ie nce  in  th a t  a ll 

th e  p ro p e rtie s  of a  p ro g ra m  a n d  a ll th e  cons e que nce s  of 
e xe c u tin g  it  in  a n y g ive n  e n viro n m e n t ca n, in  p rinc ip le ,  
be  fo u n d  o u t fro m  th e  te xt of th e  p ro g ra m  its e lf b y m e a n s  
of p u re ly d e d u c tive  re a s on ing . De d u c tive  re a s on ing  in- 
vo lve s  th e  a p p lic a tio n  o f va lid  ru le s  o f in fe re nce  to  s e ts  o f 
va lid  a xioms . It  is  th e re fo re  de s ira b le  a n d  in te re s tin g  to  
e lu c id a te  th e  a xioms  a n d  ru le s  of in fe re nce  wh ich  u n d e rlie  
o u r re a s on ing  a b o u t c o m p u te r p ro g ra m s .  Th e  e xa c t cho ice  
of a xioms  will to  s ome  e xte n t d e p e n d  o n  th e  cho ice  of 
p ro g ra m m in g  la ngua ge . F o r illu s tra tive  pu rpos e s ,  th is  
p a p e r is  confine d  to  a  ve ry s imple  la ngua ge , wh ich  is  e ffe c- 
tive ly a  s ubs e t o f a ll e u rre n t p ro c e d u re -o rie n te d  la ngua ge s .  

2. Co mpute r Arithme tic  
Th e  firs t re q u ire m e n t in  va lid  re a s on ing  a b o u t a  p ro - 

g ra m  is  to  kn o w th e  p ro p e rtie s  of th e  e le m e n ta ry o p e ra tio n s  
wh ich  it  invoke s ,  fo r e xa mple ,  a d d itio n  a n d  m u ltip lic a tio n  
of in te ge rs .  Un fo rtu n a te ly,  in  s e ve ra l re s pe c ts  c o m p u te r 
a rith m e tic  is  n o t th e  s a me  a s  th e  a rith m e tic  fa milia r to  
m a th e m a tic ia n s ,  a n d  it  is  n e c e s s a ry to  e xe rc is e  s ome  ca re  
in  s e le c ting  a n  a p p ro p ria te  s e t of a xioms . F o r e xa mple ,  th e  
a xioms  d is p la ye d  in  Ta b le  I a re  ra th e r a  s ma ll s e le c tion  
of a xioms  re le va n t to  in te ge rs .  F ro m  th is  in c o m p le te  s e t 

* De purtme nt of Compute r Science  

of a xioms  it is  pos s ib le  to  de duce  s uch  s imple  th e o re m s  a s : 

x =x +y X O  

y <r ~ r +y  X q = ( r-  y ) +y  X (1 + q )  

Th e  p ro o f of th e  s e cond  of th e s e  is : 

A5 ( r- - y )  + y X ( l+ q )  

= ( r- - y ) + ( y X l+y X q )  

A9 = ( r - -  y) + (y + y  X q) 

A3 = ( ( r- - y ) +y ) +y X q  

A6 = r + y X q p ro v id e d y  < r 

Th e  a xioms  A1 to  A9 a re , of cours e , tru e  o f th e  tra d i- 
tio n a l in fin ite  s e t of in te ge rs  in  m a th e m a tic s .  Ho we ve r,  
th e y a re  a ls o tru e  of th e  fin ite  s e ts  of "in te g e rs " wh ich  a re  
m a n ip u la te d  b y c o m p u te rs  p ro vid e d  th a t  th e y a re  con- 
fine d  to  nonnegative  n u m b e rs .  Th e ir  t ru th  is  in d e p e n d e n t 
o f th e  s ize  of th e  s e t; fu rth e rm o re ,  it is  la rge ly in d e p e n d e n t 
of th e  cho ice  o f te c h n iq u e  a pp lie d  in  th e  e ve n t o f "o ve r- 
flow"; fo r e xa mp le : 

(1 ) S tric t in te rp re ta tio n : th e  re s u lt of a n  ove rflowing  
o p e ra tio n  doe s  n o t e xis t; wh e n  ove rflow occurs , th e  o ffe nd- 
ing  p ro g ra m  n e ve r comple te s  its  o p e ra tio n .  No te  th a t  in  
th is  ca s e , th e  e qua litie s  of A1 to  A9 a re  s tric t,  in  th e  s e ns e  
th a t  b o th  s ide s  e xis t o r fa il to  e xis t to g e th e r.  

(2 ) F irm  b o u n d a ry:  th e  re s u lt of a n  ove rflowing  o p e ra - 
tio n  is  ta ke n  a s  th e  m a xim u m  va lu e  re p re s e n te d .  

(3 ) Mo d u lo  a rith m e tic : th e  re s u lt o f a n  ove rflowing  
o p e ra tio n  is  c o m p u te d  m o d u lo  th e  s ize  o f th e  s e t o f in te ge rs  
re p re s e n te d .  

Th e s e  th re e  te c h n iq u e s  a re  illu s tra te d  in  Ta b le  II b y 
a d d itio n  a n d  m u ltip lic a tio n  ta b le s  fo r a  trivia lly s ma ll 
mode l in  wh ich  0, 1, 2, a n d  3 a re  th e  o n ly in te ge rs  re p re - 
s e n te d .  

It  is  in te re s tin g  to  n o te  th a t  th e  d iffe re n t s ys te m s  s a tis fy- 
ing  a xioms  A1 to  A9 m a y b e  rigo rous ly d is tingu is he d  fro m  
e a c h  o th e r b y choos ing  a  p a rtic u la r one  o f a  s e t of m u tu a lly 
e xc lus ive  s u p p le m e n ta ry a xioms . F o r  e xa mple ,  in fin ite  
a rith m e tic  s a tis fie s  th e  a xio m : 

A10z ~ 3 x V y  (y < x ),  

wh e re  a ll fin ite  a rith m e tic s  s a tis fy: 

A10~ Vx (x < m a x) 

whe re  "m ax" d e n o te s  th e  la rge s t in te g e r re p re s e n te d .  
S imila rly,  th e  th re e  tre a tm e n ts  o f ove rflow m a y be  

d is tingu is he d  b y a  cho ice  o f one  o f th e  fo llowing  a Moms  
re la tin g  to  th e  va lu e  of m a x + 1: 

Alls  ~ 3 x  (x = m a x + 1) (s tric t in te rp re ta tio n ) 

All,  m a x + 1 = m a x (firm b o u n d a ry)  

AllM m a x + 1 = 0 (modu lo  a rith m e tic ) 

Ha vin g  s e le c te d  one  o f th e s e  a xioms , it  is  pos s ib le  to  
us e  it  in  d e d u c in g  th e  p ro p e rtie s  of p ro g ra m s ; h o we ve r,  

576 C o m m u n ic a tio n s  o f th e  ACM Volume  12 / Nu m b e r 10 / O c to b e r,  1969 

Communications of the ACM 12(10), 1969
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Une position de principe : l’approche axiomatique

Une approche axiomatique permet de spécifier les programmes
et de définir les langages sans pour autant tout spécifier.

Exemple de Hoare : les débordements arithmétiques
(en arithmétique entière non signée).

Erreur : MAX+ 1 arrête le programme
Saturation : MAX+ 1 = MAX

Modulo : MAX+ 1 = 0

26



Axiomatiser l’arithmétique des ordinateurs

Hoare donne 9 axiomes qui sont vrais dans N mais aussi dans les
trois types d’arithmétique machine :

TABLE I 

A1 x +y =y +x  
A2 x X y =y X x  

A3 (x + y) + z  = x + (y + z ) 
A4 (xX y) X z = x X (yX z) 

A5 x X  ( y +z )  = x X  y +x X  z  

A6 y <x D  ( x - -  y ) +y  = x 

A7 x + 0  = x 
A8 x X0 = 0  
A9 x X l=x  

a ddition is  commuta tive  
multiplica tion is  commut- 

a tive  
a ddition is  associa tive  
multiplica tion is  associa - 

tive  
multiplica tion dis trib- 

ute s  through a ddition 
a ddition cance ls  s ubtra c- 

tion 

TABLE II 

1. 
+ 0 1  

0 0 1 2 
1 1 2 3  
2 2 3 * 
3 3 * * 
• nonexis tent 

S tric tIn te rp re ta tion  
2 3  x 0 1 2  

3 0 0 0 0  
* 1 0 1 2  
* 2 0 2 *  
* 3 0 3 *  

+ 
2. F irmBounda ry 

1 2 3  × 0 1 2 3  

1 2 3  0 0 0 0 0  
2 3 3  1 0 1 2 3  
3 3 3  2 0 2 3 3  
3 3 3  3 0 3 3 3  

3. 
+ 0 1 2  

0 0 1 2 
1 1 2 3  
2 2 3 0  
3 3 0 1 

Modulo Arithme tic 
3 X 0 1 2 

3 0 0 0 0  
0 1 0 1 2 
1 2 0 2 0  
2 3 0 3 2 

the s e  p rope rtie s  will n o t ne ce s s a rily obtMn, unle s s  th e  
p ro g ra m  is  e xe cu te d  o n  a n  im p le m e n ta tio n  wh ich  s a tis fie s  
th e  chos e n  a xiom. 

3 . P r o g r a m  E xe c u t io n  

As  m e n tio n e d  a bove , th e  pu rpos e  of th is  s tu d y is  to  
p ro vid e  a  logica l ba s is  fo r p roofs  of th e  p rope rtie s  of a  
p ro g ra m .  One  of th e  m o s t im p o rta n t  p rope rtie s  of a  p ro - 
g ra m  is  wh e th e r o r n o t it ca rrie s  o u t its  in te n d e d  func tion .  
Th e  in te n d e d  fu n c tio n  of a  p ro g ra m , o r p a rt  of a  p ro g ra m , 
ca n  be  s pe cifie d b y m a kin g  ge ne ra l a s s e rtions  a b o u t th e  
va lue s  wh ich  th e  re le va n t va ria b le s  will ta ke  a fte r e xe cu tion  
of th e  p ro g ra m . The s e  a s s e rtions  will u s ua lly n o t a s cribe  
p a rtic u la r va lue s  to  e a ch  va ria b le , b u t  will ra th e r s pe c ify 
ce rta in  ge ne ra l p rope rtie s  of th e  va lue s  a n d  th e  re la tion - 
s hips  ho ld ing  be twe e n  th e m . We  us e  th e  n o rm a l n o ta tio n s  

of m a th e m a tic a l logic to  e xpre s s  the s e  a s s e rtions , a n d  th e  
fa milia r rule s  of o p e ra to r p re ce de nce  h a ve  be e n  us e d  
wh e re ve r pos s ible  to  im p ro ve  le gibility. 

In  m a n y ca s e s , th e  va lid ity of th e  re s u lts  of a  p ro g ra m  
(or p a rt  of a  p ro g ra m ) will d e p e n d  on  th e  va lue s  ta ke n  
b y th e  va ria b le s  be fore  th a t  p ro g ra m  is  in itia te d . Th e s e  
in itia l p re cond itions  of s ucce s s ful us e  ca n  be  s pe cifie d b y 
th e  s a me  typ e  of ge ne ra l a s s e rtion  a s  is  us e d  to  de s cribe  
th e  re s u lts  o b ta in e d  on  te rm in a tio n .  To  s ta te  th e  re qu ire d  
c o n n e c tio n  b e twe e n  a  p re c o n d itio n  (P ),  a  p ro g ra m  (Q) 
a n d  a  de s c rip tion  of th e  re s u lt of its  e xe cu tion  (R),  we  
in tro d u c e  a  ne w n o ta tio n : 

P {Q }R .  

This  m a y be  in te rp re te d  "If  th e  a s s e rtion  P  is  tru e  be fore  
in itia tion  of a  p ro g ra m  Q, th e n  th e  a s s e rtion  R will be  
tru e  o n  its  c o m p le tio n ." If the re  a re  no  p re cond itions  im- 
pos e d, we  write  t r u e  {Q }R )  

Th e  tre a tm e n t g ive n  be low is  e s s e n tia lly due  to  F lo yd  
[8] b u t is  a pp lie d  to  te xts  ra th e r th a n  flowcha rts . 

3.1. Axio m  OF ASSIGNMENT 
As s ig n m e n t is  u n d o u b te d ly th e  m o s t cha ra c te ris tic  fe a - 

tu re  of p ro g ra m m in g  a  d ig ita l compu te r,  a n d  one  th a t  
m o s t c le a rly d is tinguis he s  it fro m  o th e r b ra nche s  of m a th e - 
ma tics . It  is  s u rpris ing  the re fo re  th a t  th e  a xiom g o ve rn in g  
o u r re a s on ing  a b o u t a s s ignme n t is  q u ite  a s  s imple  a s  a n y 
to  be  fo u n d  in  e le m e n ta ry logic. 

Cons ide r th e  a s s ignme n t s ta te m e n t: 

x : = f 

whe re  
x is  a n  ide ntifie r fo r a  s imple  va ria b le ; 
f is  a n  e xpre s s ion  of a  p ro g ra m m in g  la n g u a g e  with o u t 

s ide  e ffe cts , b u t  pos s ib ly c o n ta in in g  x. 
No w a n y a s s e rtion  P  (x) which  is  to  be  tru e  of (the  va lu e  

o f) x a fte r th e  a s s ig n me n t is  m a d e  m u s t a ls o h a ve  be e n  
tru e  of (the  va lu e  o f) th e  e xpre s s ion f, ta ke n  be fore  th e  
a s s ig n m e n t is  ma de , i.e . with  th e  old  va lu e  of x. Th u s  
if P  (x) is  to  be  tru e  a fte r th e  a s s ignme nt,  th e n  P  (f) m u s t 
be  tru e  be fore  th e  a s s ignme nt.  Th is  fa c t m a y be  e xpre s s e d 
more  fo rm a lly: 

DO Axio m  of As s ig n m e n t 
 -P0 {x :=  f} P  

whe re  
x is  a  va ria b le  ide ntifie r; 
f is  a n  e xpre s s ion; 
P 0 is  o b ta in e d  fro m  P b y s u b s titu tin g  f fo r a ll occur- 

re nce s  of x. 
It  m a y be  no tice d  th a t  DO is  n o t re a lly a n  a xiom a t a ll, 

b u t  ra th e r a n  a xiom s che ma , de s crib ing  a n  infin ite  s e t of 
a xioms  wh ich  s ha re  a  c o m m o n  p a tte rn .  Th is  p a tte rn  is  
de s c ribe d  in  p u re ly s yn ta c tic  te rms , a n d  it is  e a s y to  
che e k wh e th e r a n y finite  te xt con fo rms  to  th e  p a tte rn ,  
th e re b y qua lifying  a s  a n  a xiom, which  m a y va lid ly a p p e a r 
in  a n y line  of a  proof. 

1 If this  ca n be  prove d in our formal s ys te m, we use  the  fa milia r 
logica l s ymbol for the ore mhood: [-P {Q} R 
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Il montre que ces axiomes su�sent à vérifier le programme de la
division euclidienne.
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Une notation : les �triplets de Hoare�

Pour axiomatiser les programmes, Hoare introduit la notation

P { Q } R
↗ ↑ ↖

précondition programme postcondition

This may be interpreted “If the assertion P is true before ini-
tiation of a program Q, then the assertion R will be true on its
completion”.

La notation utilisée partout aujourd’hui :

{ P } c {Q }
↗ ↑ ↖

précondition commande postcondition
28



Une contribution : les règles pour un langage structuré

Plus d’organigrammes, mais des structures de contrôle dans le
style d’Algol 60.

{Q[x← e] } x := e {Q } (a�ectation)

{ P } c {Q } Q⇒ Q′
(conséquence 1)

{ P } c {Q′ }

P′ ⇒ P { P } c {Q }
(conséquence 2)

{ P′ } c {Q }

{ P } c1 {Q } {Q } c2 {R }
(composition)

{ P } c1; c2 {R }

{ P ∧ b } c { P }
(itération)

{ P } while b do c { P ∧ ¬b }
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La règle de Hoare pour l’a�ectation

{Q[x← e] } x := e {Q }

Style �en arrière� : la postcondition Q détermine la précondition.

Exemple

{ 0 = 0 ∧ y ≤ 10 } x := 0 { x = 0 ∧ y ≤ 10 }
{ 1 ≤ x + 1 ≤ 10 } x := x + 1 { 1 ≤ x ≤ 10 }

À comparer au style �en avant� de la règle de Floyd :

{ P } x := e { ∃x0, x = e[x← x0] ∧ P[x← x0] }
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La règle de Hoare pour l’itération

{ P ∧ b } c { P }
(itération)

{ P } while b do c { P ∧ ¬b }

La précondition P doit être un invariant de boucle :
vrai au début du corps de boucle c à chaque itération ;
rétabli à la fin du corps c pour l’itération suivante.

Exemple (boucle comptée)
x := 0;
{ 0 ≤ x ≤ 10 }

while x < 10 do

{ 0 ≤ x ≤ 10 ∧ x < 10 } x := x + 1 { 0 ≤ x ≤ 10 }
done

{ 0 ≤ x ≤ 10 ∧ ¬(x < 10) } ⇒ { x = 10 }
31



Dernier exemple de l’article : la division euclidienne

r := x;
q := 0;
while y ≤ r do

r := r − y;
q := q + 1

done

is  th a t  th e y g ive  no  ba s is  fo r a  p ro o f th a t  a  p ro g ra m  s uc- 
ce s s fu lly te rm in a te s .  F a ilu re  to  te rm in a te  m a y be  d u e  to  a n  
in fin ite  loop ; o r it  m a y be  d u e  to  vio la tio n  o f a n  imp le - 
m e n ta tio n -d e fin e d  limit,  fo r e xa mple ,  th e  ra n g e  of n u m e ric  
ope ra nds ,  th e  s ize  of s to ra ge ,  o r a n  o p e ra tin g  s ys te m  tim e  
limit. Th u s  th e  n o ta tio n  "PIQ}R" s h o u ld  be  in te rp re te d  
"p ro vid e d  th a t  th e  p ro g ra m  s ucce s s fu lly te rm in a te s ,  th e  
p rope rtie s  of its  re s u lts  a re  de s c ribe d  b y R ." It  is  fa irly 
e a s y to  a d a p t th e  a xioms  s o th a t  th e y c a n n o t be  u s e d  to  
p re d ic t th e  "re s u lts " of n o n te rm in a tin g  p ro g ra m s ; b u t  th e  
a c tu a l us e  o f th e  a xioms  wou ld  n o w d e p e n d  on  kn o wle d g e  
of m a n y im p le m e n ta tio n -d e p e n d e n t fe a tu re s ,  fo r e xa mple ,  
th e  s ize  a n d  s pe e d  of th e  c o m p u te r,  th e  ra n g e  o f n u m b e rs ,  
a n d  th e  cho ice  of ove rflow te chn ique .  Ap a rt  fro m  p roofs  of 
th e  a vo id a n c e  of in fin ite  loops , it is  p ro b a b ly b e tte r  to  
p ro ve  th e  "c o n d itio n a l" co rre c tne s s  of a  p ro g ra m  a n d  re ly 
o n  a n  im p le m e n ta tio n  to  g ive  a  wa rn in g  if it ha s  h a d  to  

TABLE III 

Line 
number Formal proof Jus tifica tion 

1 t r u e  ~ x  = x ~ y X 0 Le m m a l 
2 x = x - {- y X  O {r := x }x = r. - t - y X O  DO 
3 x = r~ y X O {q := O }x = r. - b y X  q DO 
4 tru e  {r :=  x} x = r ~ y X 0 D1  (1, 2) 

5 t r u e  {r :=  x; q :=  0} x = r -t- y X q D2  (4, 3) 
6 x = r~ y X  q A y ~ r ~ x  = 

( r- y )  ~ y X (1-t-q) Le m m a  2 
7 x = ( r- - y )  .-{- y X (1 -t-q ){r :=  r- y }x  = 

r + y X ( l+ q )  DO 
8 x = r + y X ( l+ q ) [q  :=  1 . -b q }x  = 

r- t - y  X q DO 
9 x = ( r- - y )  -~ y X ( l+ q ) {r  :=  r- - y ; 

q :=  1 +q } x = r + y X q D2  (7, 8) 
10 x = r + y X q A y ~ r {r := r- - y ; 

, q :=  l+ q } x = r + y X q D1  (6 , 9 ) 
11 x = r -b  y X q [w h ile  y ~ r d o  

(r := r- - y ; q :=  1--bq)} 

~- -Ty < r /~  x = r ~ y X q D3  (10) 
12 t r u e  {((r :=  x; q :=  0 ); w h ile  y ~ r d o  

(r := r- - y ; q :=  l+ q ) ) } -~y ~ r Ax  = 

r + y X q D2  (5 ,1 1 ) 

NOTES 
i. The left hand column is used to number the lines, and the 

right hand column to justify each line, by appealing to an axiom, 
a lemma or a rule of inference applied to one or two previous 
line s , indica te d in bra cke ts . Ne ithe r of the s e  columns  is  pa rt 
of the  forma l proof. For example , line  2 is  a n ins ta nce  of the  
axiom of a s s ignme nt (DO); line  12 is  obta ine d from line s  5 a nd 11 
by a pplica tion of the  rule  of compos ition (D2). 

2. Le mma  1 ma y be  prove d from axioms A7 a nd AS. 
3. Le mma  2 follows  dire ctly from the  the ore m prove d in S e e . 2. 

a b a n d o n  e xe c u tio n  of th e  p ro g ra m  a s  a  re s u lt o f vio la tio n  
of a n  im p le m e n ta tio n  limit.  

F in a lly it is  n e c e s s a ry to  lis t s ome  of th e  a re a s  wh ich  h a ve  
n o t b e e n  c o ve re d : fo r e xa mple ,  re a l a rith m e tic ,  b it a n d  
c h a ra c te r m a n ip u la tio n ,  c o m p le x a rith m e tic ,  fra c tio n a l 
a rith m e tic ,  a rra ys ,  re cords , o ve rla y de fin ition , file s , in p u t /  
o u tp u t,  de c la ra tions ,  s ub rou tine s ,  p a ra m e te rs ,  re curs ion , 
a n d  pa ra lle l e xe cu tion .  E ve n  th e  c h a ra c te riz a tio n  o f in te g e r 
a rith m e tic  is  fa r fro m  comple te .  Th e re  doe s  n o t a p p e a r to  
b e  a n y g re a t d ifficu lty in  de a ling  with  the s e  po in ts ,  p ro - 
vid e d  th a t  th e  p ro g ra m m in g  la ngua ge  is  ke p t s imple . 
Are a s  wh ich  do  p re s e n t re a l d ifficu lty a re  la be ls  a n d  ju m p s ,  
po in te rs ,  a n d  n a m e  p a ra m e te rs .  P ro o fs  of p ro g ra m s  wh ich  
m a d e  us e  o f the s e  fe a tu re s  a re  like ly to  b e  e la b o ra te ,  a n d  
it  is  n o t s u rp ris ing  th a t  th is  s hou ld  b e  re fle c te d  in  th e  
c o m p le xity o f th e  u n d e rlyin g  a xioms . 

5 .  P ro o fs  o f P ro g ra m  C o rre c tn e s s  

Th e  m o s t im p o rta n t  p ro p e rty o f a  p ro g ra m  is  wh e th e r it  
a ccomplis he s  th e  in te n tio n s  o f its  us e r. If the s e  in te n tio n s  
c a n  be  d e s c rib e d  rigo rous ly b y m a kin g  a s s e rtions  a b o u t th e  
va lu e s  of va ria b le s  a t  th e  e n d  (or a t  in te rm e d ia te  p o in ts ) of 
th e  e xe c u tio n  of th e  p ro g ra m ,  th e n  th e  te c h n iq u e s  de s c ribe d  
in  th is  p a p e r m a y be  u s e d  to  p ro ve  th e  co rre c tne s s  o f th e  
p ro g ra m ,  p ro vid e d  th a t  th e  im p le m e n ta tio n  of th e  p ro - 
g ra m m in g  la n g u a g e  con fo rms  to  th e  a xioms  a n d  ru le s  wh ich  
h a ve  b e e n  u s e d  in  th e  p roo f.  Th is  fa c t its e lf m ig h t a ls o be  
e s ta b lis he d  b y d e d u c tive  re a s on ing , us ing  a n  a xio m  s e t 
wh ic h  de s cribe s  th e  logica l p ro p e rtie s  of th e  h a rd wa re  
c ircu its .  Wh e n  th e  co rre c tne s s  of a  p ro g ra m ,  its  compile r,  
a n d  th e  h a rd wa re  o f th e  c o m p u te r h a ve  a ll b e e n  e s ta b lis he d  
with  m a th e m a tic a l c e rta in ty,  it  will be  pos s ib le  to  p la ce  
g re a t re lia nce  o n  th e  re s u lts  o f th e  p ro g ra m , a n d  p re d ic t 
th e ir p ro p e rtie s  with  a  confide nce  limite d  o n ly b y th e  
re lia b ility o f th e  e le c tron ics . 

Th e  p ra c tic e  o f s u p p lyin g  p roofs  fo r n o n trivia l p ro g ra m s  
will n o t b e c o m e  wid e s p re a d  u n til cons ide ra b ly m o re  powe r- 
fu l p ro o f te c h n iq u e s  b e c o m e  a va ila b le ,  a n d  e ve n  th e n  will 
n o t b e  e a s y. Bu t  th e  p ra c tic a l a d va n ta g e s  o f p ro g ra m  p ro v- 
ing  will e ve n tu a lly o u twe ig h  th e  difficultie s , in  vie w of th e  
inc re a s ing  cos ts  o f p ro g ra m m in g  e rro r.  At p re s e n t,  th e  
m e th o d  wh ic h  a  p ro g ra m m e r us e s  to  c o n vin c e  h ims e lf o f 
th e  co rre c tne s s  of h is  p ro g ra m  is  to  t ry  it  o u t in  p a rtic u la r 
ca s e s  a n d  to  m o d ify it  if th e  re s u lts  p ro d u c e d  do  n o t cor- 
re s p o n d  to  his  in te n tio n s .  Afte r h e  ha s  fo u n d  a  re a s o n a b ly 
wide  va rie ty o f e xa m p le  ca s e s  on  wh ich  th e  p ro g ra m  s e e ms  
to  work, h e  be lie ve s  th a t  it  will a lwa ys  work. Th e  tim e  
s p e n t in  th is  p ro g ra m  te s tin g  is  o fte n  m o re  th a n  h a lf th e  
tim e  s p e n t on  th e  e n tire  p ro g ra m m in g  p ro je c t; a n d  with  a  
re a lis tic  cos ting  o f m a c h in e  time , two  th ird s  (or m o re ) of 
th e  cos t o f th e  p ro je c t is  in vo lve d  in  re m o vin g  e rro rs  d u rin g  
th is  pha s e .  

Th e  cos t o f re m o vin g  e rro rs  d is cove re d  a fte r a  p ro g ra m  
ha s  gone  in to  us e  is  o fte n  g re a te r,  p a rtic u la rly in  th e  ca s e  
o f ite m s  of c o m p u te r m a n u fa c tu re r 's  s o ftwa re  fo r wh ich  a  
la rge  p a rt  o f th e  e xpe ns e  is  b o rn e  b y th e  us e r. An d  fina lly, 
th e  cos t of e rro r in  c e rta in  typ e s  of p ro g ra m  m a y b e  a lm o s t 
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Le manifeste de la vérification déductive

Une discussion de tout ce qui reste à faire :

• Vérifier la terminaison et l’absence d’erreurs à l’exécution.
• Arithmétiques (virgule flottante), tableaux, enregistrements,

procédures, fonctions, récursion, goto, pointeurs.

Un argumentaire : pourquoi vérifier les programmes ?

• Coût élevé du test.
• Coût très élevé de l’erreur.
• Documentation ; portabilité.
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Quelques extraits

When the correctness of a program, its compiler, and the
hardware of the computer have all been established with
mathematical certainty, it will be possible to place great
reliance on the results of the program, and predict their
properties with a confidence limited only by the reliability
of electronics.
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Quelques extraits

The cost of error in certain types of program may be al-
most incalculable—a lost spacecraft, a collapsed buil-
ding, a crashed aeroplane, or a world war. Thus, the prac-
tice of program proving is not only a theoretical pursuit,
followed in the interest of academic responsibility, but a
serious recommendation for the reduction of the costs
associated with programming error.
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Quelques extraits

However, program proving, certainly at present, will be
di�cult even for programmers of high caliber ; and may
be applicable only to quite simple program designs. As in
other areas, reliability can be purchased only at the price
of simplicity.
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Point d’étape



Point d’étape

Dès 1969, les grandes lignes de la vérification déductive sont déjà
tracées dans les travaux de Floyd et de Hoare.

Beaucoup de travail reste à faire :

• Années 1970, 1980 : approfondissement des bases de la
�logique de Hoare� (→ cours no 2)

• À partir des années 1990 : mise en pratique sous forme
d’outils de vérification déductive

(→ séminaires no 1 et 2)

Le prochain grand tournant du domaine sera vers 2000. . .
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