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• Incoherent transport in metal close to a quantum spin glass instability

• Disordered SU(2) t-U-J model. No large-M limit.

￼3Overview

• SYK spin dynamics

• Linear resistivity at the quantum 
critical point 
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• T- linear resistivity in the strange metal
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multiplicity of the Fermi surface. By contrast, the Hall coefficient 
RH is not. In Fig. 2d, we compare RH(T) in Bi2212 and in Nd-LSCO 
(and PCCO). We see strong differences, brought about by the dif-
ferent anisotropies in either the inelastic scattering or the Fermi sur-
face, or both23. Nevertheless, ρ(T) is perfectly linear in both cases. 
Moreover, the coefficient A1

□ is the same despite the very different 
spectra of low-energy spin fluctuations, gapped in Bi2212 (ref. 24) 
and ungapped in Nd-LSCO (ref. 25). We conclude that a T-linear 
resistivity as T →  0 is a generic and robust property of cuprates.

Note that ρ(T) deviates from pure T-linearity above a certain 
temperature, and in this high-T regime a generic evolution has 
also been found in LSCO (ref. 26), with ρ(T) ~ A1T +  A2T2. Here we 
focus strictly on the low-T regime of pure T-linear resistivity (see 
Supplementary Section 12). In this regime, and close to the QCP 
of BaFe2(As1−xPx)2 (at x =  0.31), an empirical scaling relationship 
between applied magnetic field and temperature has been pro-
posed27, but this scaling does not work very well in Bi2212 (see 
Supplementary Section 11).

We now investigate the strength of the T-linear resistivity; that is, 
the magnitude of A1. In Fig. 3b, we plot A1

□ versus p for hole-doped 
cuprates. We see from the LSCO data8 that A1

□ increases with decreas-
ing p (Fig. 1b), from A1

□ ~ 8 Ω  K−1 at p =  0.26 to A1
□ ~ 15 Ω  K−1 at 

p =  0.21 (see Supplementary Table 2 in Supplementary Section 13 and 
Methods). In Nd-LSCO, we see a similar increase (Figs. 1c and 3b),  
when pressure12 is used to suppress the onset of the pseudogap at 
p =  0.22 and p =  0.23 (see Supplementary Section 4). In Fig. 1d, 
we present our data on PCCO at x =  0.17 (see also Supplementary 

Section 5), and compare with previous data on LCCO (ref. 14; 
Supplementary Section 6). In Fig. 4b, we plot A1

□ versus x for elec-
tron-doped cuprates, and see that A1

□ also increases with decreas-
ing x, from A1

□ ~ 1.5 Ω  K−1 at x =  0.17 to A1
□ ~ 3 Ω  K−1 at x =  0.15 (see 

Supplementary Table 4 in Supplementary Section 13 and Methods). 
Note that these values are five times smaller than in hole-doped 
cuprates.

To summarize: A1
□ increases as the doping is reduced in both 

hole-doped and electron-doped cuprates; A1
□ is much larger in 

hole-doped cuprates; T-linear resistivity as T →  0 is observed 
over a range of doping, not just at one doping; T-linear resistiv-
ity does not depend on the nature of the inelastic scattering pro-
cess (hole-doped versus electron-doped) or on the topology of 
the Fermi surface (LSCO versus NCCO, Bi2212 versus Nd-LSCO; 
Supplementary Section 1).

To explain these experimental facts, we consider the empirical 
observation that the strength of the T-linear resistivity for several 
metals is approximately given by a scattering rate that has a uni-
versal value, namely ħ/τ =  kBT (ref. 10), and test it in cuprates. This 
observation suggests that a T-linear regime will be observed when-
ever 1/τ reaches its Planckian limit, kBT/ħ, irrespective of the under-
lying mechanism for inelastic scattering9. In the following, we use 
a standard Fermi-liquid approach to extract effective masses and 
inelastic scattering rates, as in ref. 10. In the simple case of an iso-
tropic Fermi surface, the connection between ρ and τ is given by 
the Drude formula, ρ =  (m*/ne2) (1/τ), where n is the carrier den-
sity and m* is the effective mass. Thus, when ρ(T) =  ρ0 +  A1T, then 
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Fig. 1 | T-linear resistivity in five overdoped cuprates. In-plane electrical resistivity ρ of cuprates showing a T-linear resistivity at low temperature.  
a, Nd-LSCO at p!= !0.24 (blue, H!= !16!T; from ref.!11) and Bi2212 at p!= !0.23 (red squares, H!= !55!T; this work, Fig. 2a). b, Temperature-dependent part of the 
resistivity, ρ(T)!− !ρ0, for LSCO at p!= !0.21 (green, H!= !48!T; from ref.!8), p!= !0.23 (orange, H!= !48!T; from ref.!8), p!= !0.26 (blue, H!= !18!T; from ref.!42)  
(see Supplementary Section 7). c, ρ(T)!−!ρ0 for Nd-LSCO at H!= !33!T, at p!= !0.22 (green) and 0.23 (orange) (from ref.!12) and at p!= !0.24 (blue; from ref.!7). 
For p!= !0.22 and 0.23, a pressure of 2!GPa was applied to suppress the pseudogap phase (see Supplementary Section 4). d, ρ(T)!− !ρ0 for LCCO at x!= !0.15 
(green, H!= !8!T), x!= !0.16 (orange, H!= !6.5!T) and x!= !0.17 (blue, H!= !4!T) (from ref.!14), and PCCO at x!= !0.17 (red, H!= !16!T; this work, see Supplementary 
Section 5). All dashed lines are a linear fit.
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The perfectly linear temperature dependence of the electrical 
resistivity observed as T!→ !0 in a variety of metals close to a 
quantum critical point1–4 is a major puzzle of condensed-mat-
ter physics5. Here we show that T-linear resistivity as T!→ !0 
is a generic property of cuprates, associated with a universal 
scattering rate. We measured the low-temperature resistivity 
of the bilayer cuprate Bi2Sr2CaCu2O8+δ and found that it exhib-
its a T-linear dependence with the same slope as in the single-
layer cuprates Bi2Sr2CuO6+δ (ref.!6), La1.6−xNd0.4SrxCuO4 (ref.!7) 
and La2−xSrxCuO4 (ref.!8), despite their very different Fermi 
surfaces and structural, superconducting and magnetic prop-
erties. We then show that the T-linear coefficient (per CuO2 
plane), A1

□, is given by the universal relation A1
□TF!= !h/2e2, 

where e is the electron charge, h is the Planck constant and TF 
is the Fermi temperature. This relation, obtained by assum-
ing that the scattering rate 1/τ of charge carriers reaches the 
Planckian limit9,10, whereby ħ/τ!= !kBT, works not only for hole-
doped cuprates6–8,11,12 but also for electron-doped cuprates13,14, 
despite the different nature of their quantum critical point and 
strength of their electron correlations.

In conventional metals, the electrical resistivity ρ(T) normally 
varies as T2 in the limit T →  0, where electron–electron scattering 
dominates, in accordance with Fermi-liquid theory. However, close 
to a quantum critical point (QCP) where a phase of antiferromag-
netic order ends, ρ(T) ~ Tn, with n <  2.0. Most striking is the obser-
vation of a perfectly linear T dependence ρ(T) =  ρ0 +  A1T as T →  0 in 
several very different materials, when tuned to their magnetic QCP; 
for example, the quasi-one-dimensional (1D) organic conductor 
(TMTSF)2PF6 (ref. 4), the quasi-2D ruthenate Sr3Ru2O7 (ref. 3) and 
the 3D heavy-fermion metal CeCu6 (ref. 1). This T-linear resistiv-
ity as T →  0 has emerged as one of the major puzzles in the physics 
of metals5, and while several theoretical scenarios have been pro-
posed15, no compelling explanation has been found.

In cuprates, a perfect T-linear resistivity as T →  0 has been 
observed (once superconductivity is suppressed by a magnetic field) 
in two closely related electron-doped materials, Pr2−xCexCuO4±δ 
(PCCO)2,16,17 and La2−xCexCuO4 (LCCO)13,14, and in three hole-
doped materials: Bi2Sr2CuO6+δ (ref. 6), La2−xSrxCuO4 (LSCO)8 and 
La1.6−xNd0.4SrxCuO4 (Nd-LSCO)7,11,12. On the electron-doped side, 
T-linear resistivity is seen just above the QCP16 where antiferromag-
netic order ends18 as a function of x, and as such it may not come 
as a surprise. On the hole-doped side, however, the doping values 

where ρ(T) =  ρ0 +  A1T as T →  0 are very far from the QCP where 
long-range antiferromagnetic order ends (pN ~ 0.02); for example, 
at p =  0.24 in Nd-LSCO (Fig. 1a) and in the range p =  0.21–0.26 in 
LSCO (Fig. 1b). Instead, these values are close to the critical dop-
ing where the pseudogap phase ends (that is, at p* =  0.23 ±  0.01 in 
Nd-LSCO (ref. 11) and at p* ~ 0.18–0.19 in LSCO (ref. 8)), where the 
role of antiferromagnetic spin fluctuations is not clear. In Bi2201,  
p* is farther still (see Supplementary Section 10).

To make progress, several questions must be answered. Is T-linear 
resistivity as T →  0 in hole-doped cuprates limited to single-layer 
materials with low Tc, or is it generic? Why is ρ(T) =  ρ0 +  A1T as 
T →  0 seen in LSCO over an anomalously wide doping range8? Is 
there a common mechanism linking cuprates to the other metals 
where ρ ~ T as T →  0?

To establish the universal character of T-linear resistivity in 
cuprates, we have turned to Bi2Sr2CaCu2O8+δ (Bi2212). While 
Nd-LSCO and LSCO have essentially the same single electron-like 
diamond-shaped Fermi surface at p >  p* (refs 19,20), Bi2212 has a very 
different Fermi surface, consisting of two sheets, one of which is also 
diamond-like at p >  0.22, but the other is much more circular21 (see 
Supplementary Section 1). Moreover, the structural, magnetic and 
superconducting properties of Bi2212 are very different to those of 
Nd-LSCO and LSCO: a stronger 2D character, a larger gap to spin 
excitations, no spin-density-wave order above p ~ 0.1 and a much 
higher superconducting Tc.

We measured the resistivity of Bi2212 at p =  0.23 by sup-
pressing superconductivity with a magnetic field of up to 58 T. 
At p =  0.23, the system is just above its pseudogap critical point 
(p* =  0.22 (ref. 22); see Supplementary Section 2). Our data are 
shown in Fig. 2. The raw data at H = 55 T reveal a perfectly linear 
T dependence of ρ(T) down to the lowest accessible temperature 
(Fig. 1a). Correcting for the magnetoresistance (see Methods and 
Supplementary Section 3), as was done for LSCO (ref. 8), we find 
that the T-linear dependence of ρ(T) seen in Bi2212 at H = 0 from 
T ~ 120 K down to Tc simply continues to low temperature, with the 
same slope A1 =  0.62 ±  0.06 μ Ω  cm K−1 (Fig. 2b). Measured per CuO2 
plane, this gives A1

□ ≡  A1/d = 8.0 ±  0.9 Ω  K−1, where d is the (aver-
age) separation between CuO2 planes. Remarkably, this is the same 
value, within error bars, as measured in Nd-LSCO at p =  0.24, where 
A1

□ =  7.4 ±  0.8 Ω  K−1 (see Table 1).
The observation of T-linear resistivity in those two cuprates 

shows that it is robust against changes in the shape, topology and 
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In LSCO, γ increases from γ =  6.9 ±  1 mJ K−2 mol−1 at p =  0.33 
(ref. 34) to γ =  14 ±  2 mJ K−2 mol−1 at p = 0.26 (ref. 35), showing that m* 
increases with reduced doping also in hole-doped cuprates (solid 
line in Fig. 3a). Applying equation (1) to LSCO data at p = 0.26, 
using n(a2d) =  1 −  p =  0.74 and m* =  9.8 ±  1.7 m0 (equation (2); 
Supplementary Table 1 in Supplementary Section 13), the Planckian 
limit predicts A1

□ =  8.9 ±  1.8 Ω  K−1, while we see A1
□ =  8.2 ±  1.0 Ω  K−1 

(Fig. 1b and Supplementary Table 2 in Supplementary Section 13), 
so that α =  0.9 ±  0.3 (Table 1).

In Nd-LSCO, an increase in m* has also been observed in recent 
specific heat measurements36, from γ =  5.4 ±  1 mJ K−2 mol−1 at 
p =  0.40 to γ =  11 ±  1 mJ K−2 mol−1 at p = 0.27 (Fig. 3a). At p =  0.24, 
the electronic specific heat Cel varies as Cel/T ~ log(1/T), which 
complicates the estimation of m*. Taking the mean value between 
Cel/T =  12 mJ K−2 mol−1 at 10 K and Cel/T =  22 mJ K−2 mol−1 at 0.5 K 
(ref. 36), we get m* =  12 ±  4 m0 and hence α =  0.7 ±  0.4, consistent 
with the Planckian limit for a third hole-doped material. See Table 1 
for a summary of the numbers.

Finally, a stringent test of whether the Planckian limit operates 
in cuprates is provided by Bi2201, since in this particular cuprate 

the pseudogap critical point that controls T-linear scattering occurs 
at a much higher doping than in other cuprates, namely p* ~ 0.4 
(see Supplementary Section 10). Despite this doubling of p* and 
the very different volume of the Fermi surface relative to Bi2212, 
LSCO and Nd-LSCO, we find that α =  1.0 ±  0.4 in Bi2201 (Table 1 
and Supplementary Section 10).

In summary, our estimations reveal that the scattering rate 
responsible for the T-linear resistivity in PCCO, LCCO, Bi2212, 
LSCO, Nd-LSCO and Bi2201 tends to the same universal value, 
namely ħ/τ =  αkBT, with α =  1.0 (Table 1). A constant value of α in 
equation (1) implies that A1

□ ~ 1/TF, so that, in essence, A1
□ ~ m*. 

This explains why the slope of the T-linear resistivity is much larger 
in hole-doped than in electron-doped cuprates, since the effec-
tive mass is much higher in the former (Fig. 3a versus Fig. 4a).  
It also explains why A1

□ increases in LSCO when going from p =  0.26 
to p =  0.21 (Fig. 1b) and in Nd-LSCO (under pressure) when going 
from p =  0.24 to p =  0.22 (Fig. 1c). Indeed, as shown in Fig. 3, A1

□ 
(Fig. 3b) and m* (Fig. 3a) in LSCO and Nd-LSCO are seen to rise in 
tandem with decreasing p (we make the natural assumption that m*  
continues to rise until p reaches p* and that the pressure does 

Table 1 | Slope of T-linear resistivity versus Planckian limit in seven materials

Material Dopinga n (1027 m−3) m* (m0) A1/d (Ω !K−1) h/(2e2TF) (Ω !K−1) α

Bi2212 p!= !0.23 6.8 8.4!± !1.6 8.0!± !0.9 7.4!± !1.4 1.1!± !0.3
Bi2201 p!~!0.4 3.5 7!± !1.5 8!± !2 8!± !2 1.0!± !0.4
LSCO p!= !0.26 7.8 9.8!± !1.7 8.2!± !1.0 8.9!± !1.8 0.9!± !0.3
Nd-LSCO p!= !0.24 7.9 12!± !4 7.4!± !0.8 10.6!± !3.7 0.7!± !0.4
PCCO x!= !0.17 8.8 2.4!± !0.1 1.7!± !0.3 2.1!± !0.1 0.8!± !0.2
LCCO x!= !0.15 9.0 3.0!± !0.3 3.0!± !0.45 2.6!± !0.3 1.2!± !0.3

TMTSF P!= !11!kbar 1.4 1.15!± !0.2 2.8!± !0.3 2.8!± !0.4 1.0!± !0.3
aPressure in the case of TMTSF (last row). Comparison of the measured slope of the T-linear resistivity in the T!=!0 limit, A1, with the value predicted by the Planckian limit (equation (1); penultimate 
column), for four hole-doped cuprates (Bi2212, Bi2201, LSCO and Nd-LSCO), two electron-doped cuprates (PCCO and LCCO) and the organic conductor (TMTSF)2PF6, as discussed in the text (and 
Supplementary Information). The ratio α of the experimental value, A1

□!= !A1/d, over the predicted value, is given in the last column. Although A1
□ varies by a factor of 5, the ratio m*/n, proportional to 1/TF, 

is seen to vary by the same amount, so that α!= !1.0 in all cases, within error bars.
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condition ωUSτc = 1 corresponds to an inflexion point in Δv/v(T) (see 
Extended Data Fig. 2). This is why Tmin is always slightly higher than 
Tf defined from NMR (and this is not an effect of frequency, which 
is very similar for the two techniques). For p = 0.148, the maximum 
in 1/T1 at B = 34 T is found at Tf = 7 ± 1 K, whereas Tmin = 10 ± 2 K 
(Fig. 2). Note that all ultrasound data presented here were obtained 
in the transverse acoustic mode (c11 − c12)/2. The spin-stripe pat-
tern of La2−xSrxCuO4 inferred from neutron scattering data16–18 is 
indeed prone to coupling with orthorhombic strains generated by 
this mode.

What we detect here is not a true phase transition as a function 
of temperature but an apparent freezing at the experimental (MHz) 
timescale: the moments continue to slow down (typically exponen-
tially) on cooling below Tf and become truly static at much lower tem-
peratures, if not only at T = 0. In principle, the temperature at which 
the staggered moments fluctuate more slowly than the 139La NMR 
linewidth of order 1 MHz can be detected as a line broadening22. 
However, this effect can be measured only for fields applied parallel 
to the ordered moments; that is, in the CuO2 planes. Therefore, it is 
impossible to measure the ordered moment here as freezing occurs 
only for perpendicular fields (Fig. 2b and Extended Data Fig. 3).

We next investigated whether glassy freezing can be detected at 
higher doping. For doping levels p = 0.155–0.188, data from both 
techniques are qualitatively similar to that for p = 0.148 (Fig. 3g). 
A softening is observed in ultrasound upon cooling at low tem-
peratures in high fields, although at lower temperatures than for 
p = 0.148. In Fig. 3, we plot 1/T1T instead of 1/T1 to better highlight 
the difference compared to the normal state at which 1/T1T is con-
stant just above Tc. Data for 1/T1 versus T are displayed in Extended 
Data Fig. 5. Although a peak in 1/T1 versus T is not observed for 
p = 0.171 at our highest field, 1/T1T values are much higher than 
expected from an extrapolation of the normal state values (Fig. 3c), 
thus showing that the effect of the field is not just to close the super-
conducting gap.

At base temperature (T ~ 1.5 K), both 1/T1 and (Δv/v)−1 grow 
with field strength (Fig. 4a,b) but the field scale required to observe 

this increase grows with doping (see also Extended Data Fig. 3). 
This is visualized in the doping dependence of the field scale Bslow 
that characterizes the onset of slow spin fluctuations (Fig. 4c and 
Methods). Typically, Bslow is the field above which an elastic response 
should appear in neutron scattering. At p ≈ 0.17, Bslow ≈ 30 T is 
already as high as roughly two-thirds of the upper critical field Bc2 
(as defined from transport measurements, Supplementary Fig. 2). 
The existence of a doping-dependent field scale Bslow (most clearly 
seen in the ultrasound data in Fig. 4b) suggests that the critical dop-
ing at which the antiferromagnetic glass appears at T = 0 is shifted 
towards lower doping levels by superconductivity26,27.

The above results are consistent with theories26,27 in which spin 
order competes with superconductivity: the competing order is 
enhanced in and around vortex cores and progressively takes over 
superconductivity as the field, and thus the vortex density, increases. 
The absence of spin freezing when B is parallel to the CuO2 planes 
(Fig. 2b and Extended Data Fig. 3g) is consistent with the idea that 
magnetism is primarily induced by the weakening of superconduc-
tivity, not by the field itself.

There is, however, a fundamental aspect of the data that could 
not be anticipated by phenomenological theories of competing 
orders26,27: the competition is found to be a property of the pseu-
dogap phase because field-dependent freezing ends at a doping 
p ≈ p*, as summarized in the phase diagram (Fig. 1). We draw this 
conclusion from the fact that the results for p ≈ 0.21 > p* (Fig. 3 
and Extended Data Figs. 3,8) are qualitatively different from those 
for p < 0.19, without any evidence of field-dependent magnetism: 
the saturation of 1/T1 above 40 T ≈ Bc2 at values close to those of 
the normal state shows that the modest field dependence is now 
entirely accounted for by the closure of the superconducting gap. 
Furthermore, extrapolation of Bslow data to higher doping levels sug-
gests that Bslow, if present, should be around 50 T for p = 0.215. As 
this is well below the maximum field (85 T) achieved during the 
ultrasound experiments, any field-dependent magnetism in this 
sample should have been detected. This shows that the field scale 
Bslow no longer exists at p = 0.215 and no field-dependant spin freez-
ing occurs at this doping level. Moreover, the absence of spin freez-
ing for p > p* is also observed by ultrasound attenuation as shown 
in Extended Data Fig. 8: the attenuation at p = 0.215 has a negligible 
field dependence, whereas an attenuation peak signalling magnetic 
freezing develops in high field for p = 0.168.

Therefore, it appears that once superconductivity is quenched 
in high fields, the boundary of the pseudogap phase at T = 0 is 
concomitant with a quantum phase transition from glassy antifer-
romagnetic order to a correlated metal with only short-lived anti-
ferromagnetism. This is our main finding and below we explore its 
implications and possible interpretations.

An antiferromagnetic quantum critical point (meaning a 
second-order quantum phase transition) hidden by superconduc-
tivity has been observed previously in a heavy-fermion metal28 and 
in an electron-doped cuprate29. Therefore, it would be tempting to 
infer that the cuprate pseudogap ends at such an antiferromagnetic 
quantum critical point. However, there are two reasons to not do 
so. First, we do not know whether the observed quantum phase 
transition at p* is first or second order: our experiments measure 
neither the spin-spin correlation length nor the ordered moment 
(see above), and they provide no evidence of a possible phase  
separation between magnetic and non-magnetic regions in each 
sample30. Second, the interpretations of refs. 28,29 (above) might 
also have been applied here if spin order appeared sharply at the 
pseudogap onset temperature T*. However, this is not the case: spin 
fluctuations progressively slow down on cooling and freeze at tem-
peratures that are one to two orders of magnitude lower than T*. 
In La-based cuprates, spin and charge orders are generally inter-
twined31, such that the freezing temperature of the spin glass, Tg, 
is enhanced by charge order around 1/8 doping32,33. Within this 
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Fig. 1 | Quasi-static magnetism in the pseudogap state of La2−xSrxCuO4. 
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Extensive studies of cuprate superconductors1,2 have shown that, 
after three-dimensional Néel order disappears upon hole dop-
ing (p), there are still remnants of spin order at low temperature 

(T) in the form of a glass-like freezing of incommensurate antifer-
romagnetic correlations3–9. However, the importance of the coex-
istence of incommensurate spin order with superconductivity has 
been unclear. The glass-like characteristics and material-dependent 
phase boundaries of this ‘antiferromagnetic glass’ suggests that it is 
favoured by disorder10,11, and that it is not unequivocally connected 
to either charge order, the pseudogap phase or superconductivity.

In La2−xSrxCuO4, the antiferromagnetic glass is favoured by 
charge-stripe (uniaxial charge-density wave) ordering at around 
p = x = 0.12 and is clearly observed up to a maximum dop-
ing psg ≈ 0.135 (Fig. 1)3,4,6. The persistence of spin freezing up to 
p* ≈ 0.19 in samples doped with planar impurities has led to the 
hypothesis that the ground state of the pseudogap regime is an anti-
ferromagnetic glass6 and that antiferromagnetic correlations exist 
only below p*; that is, within the pseudogap phase12. However, the 
results on which this hypothesis is based are controversial7 and their 
interpretation is debatable, as the introduction of impurities in the 
CuO2 planes, while weakening superconductivity, also favours the 
freezing of antiferromagnetic fluctuations in the normal state13,14. 
Furthermore, a model in which glassy freezing is connected with 
the pseudogap faces difficulties, among which are the persistence of 
antiferromagnetic correlations above p* (ref. 15) and the disappear-
ance of spin freezing well below p* in most cuprates (psg = 0.08 in 
YBa2Cu3Oy (refs. 8,9)).

Here, we follow a different approach, without planar-impurity 
doping, to shed light on these fundamental issues. When supercon-
ductivity is quenched with high magnetic fields, we find that the 

antiferromagnetic glass of La2−xSrxCuO4 extends from the weakly 
doped insulator up to the pseudogap boundary p*. Specifically, 
previous neutron scattering studies showed that a magnetic field 
B enhances static magnetism for p ≈ 0.10–0.12 and even induces it 
for p ≈ 0.145 (refs. 16–18), but not at higher doping at which only the 
finite-energy spectrum is affected19,20. Here, using much higher field 
strengths, we discover that static or quasi-static magnetism actually 
persists well above p ≈ 0.145 but not across the whole phase dia-
gram; in fact, only up to a doping value consistent with p* ≈ 0.19, the 
critical doping of the pseudogap phase.

To provide a benchmark for measurements near p*, we first 
report 139La nuclear magnetic resonance (NMR) and ultrasound 
results for the doping p = 0.148 at which magnetism should be 
field dependent16–18 (see Methods for experimental and sample 
details). Glassy freezing is typically seen in NMR as a broad peak 
in the nuclear spin-lattice relaxation rate 1/T1 versus T, when the 
inverse correlation time of spin fluctuations τc

−1 matches the NMR 
frequency ωNMR ∼ 101–102 MHz (refs. 5,9,21–24). Such a peak, defin-
ing a freezing temperature Tf at the NMR timescale, is seen in our 
high-field data and disappears at low fields (Fig. 2). The spatial het-
erogeneity that typifies spin glasses in La2−xSrxCuO4 with x < 0.135 
(refs. 21–24) is also present here, as shown by the large distribution of 
T1 values (see Methods and Extended Data Fig. 1).

Our high-field ultrasound data (Fig. 2) also indicate the presence 
of a spin-glass state: a softening (decrease) in the sound velocity 
Δv/v, followed by a hardening (increase), is observed upon cool-
ing, as in canonical spin glasses (see ref. 25 and Extended Data Fig. 2  
for more details). Unlike in NMR, the temperature Tmin at which 
the sound velocity is minimum is not simply defined as the tem-
perature at which τc

−1 matches the ultrasound frequency. In fact, the  
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• Glassy order up to the boundary of the pseudo gap p*

• Fermi surface reconstruction close to p* (sudden 
change of number of carriers).

• Relation to strange metal ? T linear resistivity ? 
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• Fully connected model (or hopping on a lattice and use DMFT …)

• J and t with gaussian distribution 

￼6t-U-J model

H = �
X

ij,�

(tij + µ�ij)c
†
i�cj� +

X

i<j

JijSi · Sj + U

X

i

ni"ni#,

<latexit sha1_base64="qrnonciOeOIbFiXHtlJaEo08HxM="></latexit>

• Spin 1/2 electrons, on a lattice with local Coulomb repulsion U and disordered J & t
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• Large M with SU(M) spin instead of SU(2), 
with fermionic representation  
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This model is one of the few cases in which a response
function having the marginal Fermi-liquid form could be de-
rived explicitly ~see also Ref. 19!. The generalization of Eq.
~1! to finite temperature will be given in Sec. III C @Eq. ~57!#
and displays v/T scaling. The physical mechanism for the
gaplessness and the high density of spin excitations in this
model is discussed in more detail at the beginning of Sec. III.
It has to do with the large number of transverse components
of the spins in the large-M limit. In this respect, it might be
a reasonable picture for the disordering of the two-
dimensional quantum Heisenberg spin glass due to quantum
fluctuations and low dimensionality.20

The main purpose of this paper is to determine whether
this marginal Fermi-liquid spectrum survives the introduc-
tion of charge carriers and the associated insulator-to-metal
transition. The physics of this problem is dominated by the
interplay between two competing effects: ~i! The formation
of coherent metallic quasiparticles, which can be viewed as a
binding of spin and charge degrees of freedom. In the sim-
plest description of a doped Mott insulator with U5` , co-
herent quasiparticles form below a scale of order TF0* ;eF0*
;dt ~where d is the doping and t the hopping amplitude!.
This is a ‘‘naive’’ estimate of the effective Fermi-energy
scale, since it ignores any effect coming from the magnetic
exchange ~which will tend to suppress it!. ~ii! The binding of
spin degrees of freedom on neighboring sites into singlet or
triplet states, and the corresponding slow dynamics of the
on-site local moment. This is the phenomenon leading to the
formation of the spin-liquid state in the undoped phase,
which involves a scale of order J ~the characteristic strength
of the exchange!.

It is clear from comparing the scales above that when J is
larger than the naive coherence scale eF0* , the magnetic ex-
change prevents the formation of coherent quasiparticles at
that scale: in other words, eF0* cannot possibly be the actual
quasiparticle coherence scale above which free local mo-
ments are recovered, since the exchange is still effective at
energy scales between eF0* and J. It is thus expected that the
actual coherence scale of the system, eF* will be much
smaller than eF0* , and that a new metallic regime in which
spin degrees of freedom form a spin-liquid-like state while
charge degrees of freedom are incoherent will be found in
the intermediate energy and temperature range eF*,v , T
,J . From the above estimates, this will be the case at small
doping: d,d*;J/t , while a direct crossover from a coher-
ent metal to an incoherent high-temperature state is expected
for d.d*. These expectations are entirely borne out from
our solution of the doped Sachdev-Ye model, as evidenced
by Fig. 1, which summarizes the main crossovers found in
our analysis.

It should be emphasized that this competition between
metallic coherence and magnetic exchange is also essential
to the physics of heavy fermion compounds.21 In this con-
text, the ‘‘naive’’ coherence scale eF0* stands for the single-
impurity Kondo scale @or rather, any estimate of the lattice
Kondo scale that ignores Ruderman-Kittel-Kasuya-Yosida

~RKKY! interactions#, while J stands for the typical strength
of the RKKY interaction. For this reason, the results of the
present paper may also have some relevance, with appropri-
ate changes, to the physics of the disordered rare-earth com-
pounds near the quantum-critical transition into a spin-glass
ground state.22

II. MODEL

A. Disordered SU„M… t-J model

The effect of charge carriers on the Sachdev-Ye spin-
liquid phase will be investigated by generalizing the model
of Ref. 16 to a t-J model, with randomness on the exchange
couplings Ji j between nearest-neighbor sites:

H52 (
^i j&a

t i jPcia
† c jaP1(̂

i j&
Ji jSW i•SW j . ~2!

In this expression, the SU(2) spin symmetry of the electrons
has been enlarged to SU(M ).2 SW i is the conduction electron
spin density on site i and the spin index a runs over
a51, . . . ,M . The projection operator P enforces the local
constraint:

(
a

cia
† cia<

M
2 . ~3!

In this manner the M52 case exactly coincides with the
standard t-J model with the constraint of no double occu-
pancy.

The exchange couplings are quenched random variables
with random sign and magnitude, distributed according to a
Gaussian distribution with

Ji j5
J

AzM
e i j , e i j50, e i j

2 51 ~4!

~throughout this paper the bar will denote an average over
the disorder!. In the following, we shall consider this model
on a lattice of connectivity z, with a nearest-neighbor hop-
ping amplitude normalized as

FIG. 1. Crossover diagram as a function of temperature and
doping. The coherence scale eF* is indicated by a dashed line and is
given by eF*.J(d/d*)2 for d,d*, eF*.dt for d.d*, with d*
5J/t . Below eF* , Fermi-liquid behavior holds. For d,d*, an in-
termediate quantum-critical regime is found in the range eF*,T
,J , in which charge transport is incoherent and spins have a mar-
ginal Fermi-liquid dynamics.
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• SU(M) t-J model
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gaplessness and the high density of spin excitations in this
model is discussed in more detail at the beginning of Sec. III.
It has to do with the large number of transverse components
of the spins in the large-M limit. In this respect, it might be
a reasonable picture for the disordering of the two-
dimensional quantum Heisenberg spin glass due to quantum
fluctuations and low dimensionality.20
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this marginal Fermi-liquid spectrum survives the introduc-
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transition. The physics of this problem is dominated by the
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of coherent metallic quasiparticles, which can be viewed as a
binding of spin and charge degrees of freedom. In the sim-
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herent quasiparticles form below a scale of order TF0* ;eF0*
;dt ~where d is the doping and t the hopping amplitude!.
This is a ‘‘naive’’ estimate of the effective Fermi-energy
scale, since it ignores any effect coming from the magnetic
exchange ~which will tend to suppress it!. ~ii! The binding of
spin degrees of freedom on neighboring sites into singlet or
triplet states, and the corresponding slow dynamics of the
on-site local moment. This is the phenomenon leading to the
formation of the spin-liquid state in the undoped phase,
which involves a scale of order J ~the characteristic strength
of the exchange!.

It is clear from comparing the scales above that when J is
larger than the naive coherence scale eF0* , the magnetic ex-
change prevents the formation of coherent quasiparticles at
that scale: in other words, eF0* cannot possibly be the actual
quasiparticle coherence scale above which free local mo-
ments are recovered, since the exchange is still effective at
energy scales between eF0* and J. It is thus expected that the
actual coherence scale of the system, eF* will be much
smaller than eF0* , and that a new metallic regime in which
spin degrees of freedom form a spin-liquid-like state while
charge degrees of freedom are incoherent will be found in
the intermediate energy and temperature range eF*,v , T
,J . From the above estimates, this will be the case at small
doping: d,d*;J/t , while a direct crossover from a coher-
ent metal to an incoherent high-temperature state is expected
for d.d*. These expectations are entirely borne out from
our solution of the doped Sachdev-Ye model, as evidenced
by Fig. 1, which summarizes the main crossovers found in
our analysis.

It should be emphasized that this competition between
metallic coherence and magnetic exchange is also essential
to the physics of heavy fermion compounds.21 In this con-
text, the ‘‘naive’’ coherence scale eF0* stands for the single-
impurity Kondo scale @or rather, any estimate of the lattice
Kondo scale that ignores Ruderman-Kittel-Kasuya-Yosida

~RKKY! interactions#, while J stands for the typical strength
of the RKKY interaction. For this reason, the results of the
present paper may also have some relevance, with appropri-
ate changes, to the physics of the disordered rare-earth com-
pounds near the quantum-critical transition into a spin-glass
ground state.22

II. MODEL

A. Disordered SU„M… t-J model
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liquid phase will be investigated by generalizing the model
of Ref. 16 to a t-J model, with randomness on the exchange
couplings Ji j between nearest-neighbor sites:
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FIG. 1. Crossover diagram as a function of temperature and
doping. The coherence scale eF* is indicated by a dashed line and is
given by eF*.J(d/d*)2 for d,d*, eF*.dt for d.d*, with d*
5J/t . Below eF* , Fermi-liquid behavior holds. For d,d*, an in-
termediate quantum-critical regime is found in the range eF*,T
,J , in which charge transport is incoherent and spins have a mar-
ginal Fermi-liquid dynamics.
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by Fig. 1, which summarizes the main crossovers found in
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• See also, doped SYK version,  
same large M equations

D. Local spin dynamics

In this section, we describe the behavior of the local spin
dynamics in the various temperature regimes. In the large-M
limit, the local spin correlation function is given by

x loc~t!52G f~t!G f~2t!,

x loc9 ~v!5pE
2`

1`

dnr f~n!r f~n2v!@nF~n2v!2nF~n!# .

~52!

In Fig. 8, we display x loc9 (v) for various temperatures and
the same choice of parameters as in Fig. 7. In the low-doping
regime, eF*!J ,t , d,d*, x loc9 obeys a scaling form that fol-
lows from the convolution of Eq. ~41!:

x loc9 ~v ,T !5
1
J FxS

v

eF*
,

T

eF*
D . ~53!

Let us discuss the limiting forms of this expression as T
!0 or T@eF* .

~i! At zero temperature, x loc9 (v) has a shape that re-
sembles the undoped spin-liquid case ~Fig. 2! for frequencies
v.eF* . At lower frequency, the Fermi-liquid behavior
x loc9 (v)}v is recovered. This results in a peak with a height
of order 1/J at T50. This crossover can be described by a
scaling function,

x loc9 ~v!J , T50 !5
1
J fxS

v

eF*
D , ~54!

where fx(x)5Fx(x ,y50) can be obtained by convoluting
f f with itself, resulting in the asymptotic behaviors

x loc9 ~v ,T50 !.

v

p~d t !2, v!eF*x loc9 ~v ,T50 !.

p3/2

2J ,

eF*!v!J . ~55!

This can be used to estimate the behavior of the static local
susceptibility at low doping x loc8 (v50)5*dvx loc9 (v)/v . In
this integral, the region eF*,v,J ~corresponding to spin-
liquid excitations! gives the dominant contribution, leading
to the logarithmic behavior for d!d*:

x loc8 ~v50 !.

1
J ln

d
d* . ~56!

In contrast, as detailed in Appendix E, the uniform static
susceptibility x5x8(q50, v50) is a constant of order 1/J ,
with no divergence at small doping.

~ii! In the spin-liquid regime T@eF* , x loc9 becomes a func-
tion of v/T . The corresponding scaling function is remark-
ably simple: from Eq. ~50! we have x loc(t)
}p/@bsin(pt/b)# which yields

x loc9 ~v ,T !5
Ap

2J tanh
v

2T . ~57!

This behaves exactly as the spin response function postulated
in the marginal Fermi-liquid phenomenology18 (v/T for v
!T , const for v@T).

We finally use these results to compute the temperature
dependence of the NMR relaxation rate:

1
T1T 5

x loc9 ~v ,T !

v U
v50

~58!

Expanding the scaling form ~53! to linear order in v @and
noting that Fx(0,y)50 because x9 is odd#, we get for T
!J

1
T1

5
1
J cS

T

eF*
D ~59!

@with c(y)5y]xFx(x50,y)]. In Fig. 9, we plot this univer-
sal scaling function. We have also checked the data collapse
of our numerical results on this function. Limiting forms are
easily obtained from Eqs. ~55! and ~57!:

FIG. 7. Spectral functions pr f(v) for d50.04 and J/t50.3
~corresponding to eF*/J.1.831022). The different curves corre-
spond from top to bottom to T/t51/200,1/50,1/25,1/10,1. Inset:
thermal scaling function Eq. ~49!.

FIG. 8. Local dynamical susceptibility x loc9 (v) for d50.04 and
J/t50.3. The different curves correspond from top to bottom to
T/t51/200,1/50,1/25,1/10,1/5,1. In the temperature range eF*,T
,J and for frequencies v,J , these curves scale on the universal
form x loc9 (v ,T)5(Ap/2J)tanh(v/2T).
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• SYK/ marginal Fermi liquid spin 
physics in the quantum critical regime



• SU(M) t-J model

￼9Doping the SY model : t-J model, large M
O.P. & A.Georges Phys. Rev. B 59, 5341 (1999)

x loc9 ~v ,T50 !5
p

2Jsgn~v!, x loc8 ~v ,T50 !5
Ap

2J lnS
J

uvu
D .

~1!

This model is one of the few cases in which a response
function having the marginal Fermi-liquid form could be de-
rived explicitly ~see also Ref. 19!. The generalization of Eq.
~1! to finite temperature will be given in Sec. III C @Eq. ~57!#
and displays v/T scaling. The physical mechanism for the
gaplessness and the high density of spin excitations in this
model is discussed in more detail at the beginning of Sec. III.
It has to do with the large number of transverse components
of the spins in the large-M limit. In this respect, it might be
a reasonable picture for the disordering of the two-
dimensional quantum Heisenberg spin glass due to quantum
fluctuations and low dimensionality.20

The main purpose of this paper is to determine whether
this marginal Fermi-liquid spectrum survives the introduc-
tion of charge carriers and the associated insulator-to-metal
transition. The physics of this problem is dominated by the
interplay between two competing effects: ~i! The formation
of coherent metallic quasiparticles, which can be viewed as a
binding of spin and charge degrees of freedom. In the sim-
plest description of a doped Mott insulator with U5` , co-
herent quasiparticles form below a scale of order TF0* ;eF0*
;dt ~where d is the doping and t the hopping amplitude!.
This is a ‘‘naive’’ estimate of the effective Fermi-energy
scale, since it ignores any effect coming from the magnetic
exchange ~which will tend to suppress it!. ~ii! The binding of
spin degrees of freedom on neighboring sites into singlet or
triplet states, and the corresponding slow dynamics of the
on-site local moment. This is the phenomenon leading to the
formation of the spin-liquid state in the undoped phase,
which involves a scale of order J ~the characteristic strength
of the exchange!.

It is clear from comparing the scales above that when J is
larger than the naive coherence scale eF0* , the magnetic ex-
change prevents the formation of coherent quasiparticles at
that scale: in other words, eF0* cannot possibly be the actual
quasiparticle coherence scale above which free local mo-
ments are recovered, since the exchange is still effective at
energy scales between eF0* and J. It is thus expected that the
actual coherence scale of the system, eF* will be much
smaller than eF0* , and that a new metallic regime in which
spin degrees of freedom form a spin-liquid-like state while
charge degrees of freedom are incoherent will be found in
the intermediate energy and temperature range eF*,v , T
,J . From the above estimates, this will be the case at small
doping: d,d*;J/t , while a direct crossover from a coher-
ent metal to an incoherent high-temperature state is expected
for d.d*. These expectations are entirely borne out from
our solution of the doped Sachdev-Ye model, as evidenced
by Fig. 1, which summarizes the main crossovers found in
our analysis.

It should be emphasized that this competition between
metallic coherence and magnetic exchange is also essential
to the physics of heavy fermion compounds.21 In this con-
text, the ‘‘naive’’ coherence scale eF0* stands for the single-
impurity Kondo scale @or rather, any estimate of the lattice
Kondo scale that ignores Ruderman-Kittel-Kasuya-Yosida

~RKKY! interactions#, while J stands for the typical strength
of the RKKY interaction. For this reason, the results of the
present paper may also have some relevance, with appropri-
ate changes, to the physics of the disordered rare-earth com-
pounds near the quantum-critical transition into a spin-glass
ground state.22

II. MODEL

A. Disordered SU„M… t-J model

The effect of charge carriers on the Sachdev-Ye spin-
liquid phase will be investigated by generalizing the model
of Ref. 16 to a t-J model, with randomness on the exchange
couplings Ji j between nearest-neighbor sites:

H52 (
^i j&a

t i jPcia
† c jaP1(̂

i j&
Ji jSW i•SW j . ~2!

In this expression, the SU(2) spin symmetry of the electrons
has been enlarged to SU(M ).2 SW i is the conduction electron
spin density on site i and the spin index a runs over
a51, . . . ,M . The projection operator P enforces the local
constraint:

(
a

cia
† cia<

M
2 . ~3!

In this manner the M52 case exactly coincides with the
standard t-J model with the constraint of no double occu-
pancy.

The exchange couplings are quenched random variables
with random sign and magnitude, distributed according to a
Gaussian distribution with

Ji j5
J

AzM
e i j , e i j50, e i j

2 51 ~4!

~throughout this paper the bar will denote an average over
the disorder!. In the following, we shall consider this model
on a lattice of connectivity z, with a nearest-neighbor hop-
ping amplitude normalized as

FIG. 1. Crossover diagram as a function of temperature and
doping. The coherence scale eF* is indicated by a dashed line and is
given by eF*.J(d/d*)2 for d,d*, eF*.dt for d.d*, with d*
5J/t . Below eF* , Fermi-liquid behavior holds. For d,d*, an in-
termediate quantum-critical regime is found in the range eF*,T
,J , in which charge transport is incoherent and spins have a mar-
ginal Fermi-liquid dynamics.

5342 PRB 59OLIVIER PARCOLLET AND ANTOINE GEORGES

SY
 m

od
el

x loc9 ~v ,T50 !5
p

2Jsgn~v!, x loc8 ~v ,T50 !5
Ap

2J lnS
J

uvu
D .

~1!

This model is one of the few cases in which a response
function having the marginal Fermi-liquid form could be de-
rived explicitly ~see also Ref. 19!. The generalization of Eq.
~1! to finite temperature will be given in Sec. III C @Eq. ~57!#
and displays v/T scaling. The physical mechanism for the
gaplessness and the high density of spin excitations in this
model is discussed in more detail at the beginning of Sec. III.
It has to do with the large number of transverse components
of the spins in the large-M limit. In this respect, it might be
a reasonable picture for the disordering of the two-
dimensional quantum Heisenberg spin glass due to quantum
fluctuations and low dimensionality.20

The main purpose of this paper is to determine whether
this marginal Fermi-liquid spectrum survives the introduc-
tion of charge carriers and the associated insulator-to-metal
transition. The physics of this problem is dominated by the
interplay between two competing effects: ~i! The formation
of coherent metallic quasiparticles, which can be viewed as a
binding of spin and charge degrees of freedom. In the sim-
plest description of a doped Mott insulator with U5` , co-
herent quasiparticles form below a scale of order TF0* ;eF0*
;dt ~where d is the doping and t the hopping amplitude!.
This is a ‘‘naive’’ estimate of the effective Fermi-energy
scale, since it ignores any effect coming from the magnetic
exchange ~which will tend to suppress it!. ~ii! The binding of
spin degrees of freedom on neighboring sites into singlet or
triplet states, and the corresponding slow dynamics of the
on-site local moment. This is the phenomenon leading to the
formation of the spin-liquid state in the undoped phase,
which involves a scale of order J ~the characteristic strength
of the exchange!.

It is clear from comparing the scales above that when J is
larger than the naive coherence scale eF0* , the magnetic ex-
change prevents the formation of coherent quasiparticles at
that scale: in other words, eF0* cannot possibly be the actual
quasiparticle coherence scale above which free local mo-
ments are recovered, since the exchange is still effective at
energy scales between eF0* and J. It is thus expected that the
actual coherence scale of the system, eF* will be much
smaller than eF0* , and that a new metallic regime in which
spin degrees of freedom form a spin-liquid-like state while
charge degrees of freedom are incoherent will be found in
the intermediate energy and temperature range eF*,v , T
,J . From the above estimates, this will be the case at small
doping: d,d*;J/t , while a direct crossover from a coher-
ent metal to an incoherent high-temperature state is expected
for d.d*. These expectations are entirely borne out from
our solution of the doped Sachdev-Ye model, as evidenced
by Fig. 1, which summarizes the main crossovers found in
our analysis.

It should be emphasized that this competition between
metallic coherence and magnetic exchange is also essential
to the physics of heavy fermion compounds.21 In this con-
text, the ‘‘naive’’ coherence scale eF0* stands for the single-
impurity Kondo scale @or rather, any estimate of the lattice
Kondo scale that ignores Ruderman-Kittel-Kasuya-Yosida

~RKKY! interactions#, while J stands for the typical strength
of the RKKY interaction. For this reason, the results of the
present paper may also have some relevance, with appropri-
ate changes, to the physics of the disordered rare-earth com-
pounds near the quantum-critical transition into a spin-glass
ground state.22

II. MODEL

A. Disordered SU„M… t-J model

The effect of charge carriers on the Sachdev-Ye spin-
liquid phase will be investigated by generalizing the model
of Ref. 16 to a t-J model, with randomness on the exchange
couplings Ji j between nearest-neighbor sites:

H52 (
^i j&a

t i jPcia
† c jaP1(̂

i j&
Ji jSW i•SW j . ~2!

In this expression, the SU(2) spin symmetry of the electrons
has been enlarged to SU(M ).2 SW i is the conduction electron
spin density on site i and the spin index a runs over
a51, . . . ,M . The projection operator P enforces the local
constraint:

(
a

cia
† cia<

M
2 . ~3!

In this manner the M52 case exactly coincides with the
standard t-J model with the constraint of no double occu-
pancy.

The exchange couplings are quenched random variables
with random sign and magnitude, distributed according to a
Gaussian distribution with

Ji j5
J

AzM
e i j , e i j50, e i j

2 51 ~4!

~throughout this paper the bar will denote an average over
the disorder!. In the following, we shall consider this model
on a lattice of connectivity z, with a nearest-neighbor hop-
ping amplitude normalized as

FIG. 1. Crossover diagram as a function of temperature and
doping. The coherence scale eF* is indicated by a dashed line and is
given by eF*.J(d/d*)2 for d,d*, eF*.dt for d.d*, with d*
5J/t . Below eF* , Fermi-liquid behavior holds. For d,d*, an in-
termediate quantum-critical regime is found in the range eF*,T
,J , in which charge transport is incoherent and spins have a mar-
ginal Fermi-liquid dynamics.
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QCP

ρdc(T ) ∝
T
ϵ*F

ρdc(T ) ∝ ( T
ϵ*F )

2where D is the weight of the Drude peak and s reg(v)
!const as v!0. The Drude peak is easier to capture by a
finite temperature analysis: the d function is regularized by T
in the form T2/(v21T4). Performing a low-temperature,
low-frequency analysis of Eq. ~60! leads to the estimation
D}t2D(m0)Z fd}d2 at small doping. A closed formula can
be given for Re sreg(v) as a ~truncated! convolution of the
scaling function f f . A low-frequency analysis then shows
that Re s(v!eF*)5const, while Re s(v@eF*);eF*/v .

~ii! In the regime eF*,T,J , we have from Eqs. ~60! and
~49! the scaling form

Re s~v!5
eF*
v

wsS
v

T D ,

ws~y ![E
2`

1` dx
Aux~11x !u

w f~xy !w f„~11x !y…

3$ f ~xy !2 f @~11x !y #%, ~67!

where f (x)51/(ex11). From Eq. ~67!, ws(1`)5const and
thus we have in this spin-liquid regime:

Re s~v!}
eF*
v

, T!v!J ,

Re s~v!}
eF*
T , v!T . ~68!

Moreover, using the Kramers Kronig relation Im s(v)
5*dv8Re s(v8)/(v2v8) we find, in the same regime for
v.T ,

Im s~v!}
eF*
v

lnS
v

eF*
D . ~69!

Hence defining an optical scattering rate from an effective
Drude formula topt

21(v)5v Re s(v)/Im s(v), we find
topt

21(v);v/ln(v/eF*).

We have also calculated Re s(v) numerically, following
the method explained in Appendix C. Numerical results are
displayed for various temperatures in Fig. 11 and are in
agreement with the previous analysis.

IV. CONCLUSION AND DISCUSSION

A. Summary

In this paper, we have solved a model of a doped spin
fluid with strong frustration on the exchange constants Ji j .
The undoped model is an SU(M ) quantum Heisenberg
model with random exchange, previously studied by Sach-
dev and Ye ~Ref. 16! in the limit of large-M and infinite
connectivity. These authors found that, in this limit, quantum
fluctuations are so strong that no spin-glass phase forms.17

Instead, a gapless spin liquid is found with local spin dynam-
ics identical to the marginal Fermi-liquid phenomenology.18

We generalized this result to finite temperature and found
that the local spin response function displays v/T scaling:
Jx9(v ,T) loc}tanh v/2T ~for v ,T,J). Doping this Mott in-
sulating phase with holes, we found that a characteristic dop-
ing d*.J/t appears separating two quite different doping
regimes. In the high-doping regime d.d*, magnetic effects
are weak and a Brinkman-Rice Fermi-liquid description is
valid, with a rather large coherence scale of order dt . In the
low-doping regime, however, the interplay between local co-
herence and magnetic effects gives rise to a coherence scale
eF*5J(d/d*)2, which can be very low. At low temperature
T,eF* , Fermi-liquid behavior is recovered, but an incoher-
ent regime is found in a rather wide regime of temperature
eF*,T,J in which physical properties strongly deviate from
Fermi-liquid theory. This regime corresponds to the
quantum-critical regime associated with the metal-insulator
transition, which in this model happens at dc5T50. We
found that both transport properties and response functions
in this incoherent regime behave as in the marginal Fermi-

FIG. 10. Scaling function for the resistivity. Inset: low-
temperature Fermi-liquid regime.

FIG. 11. Real part of the optical conductivity Re s(v) vs v , for
d50.04 and J/t50.3. The different curves correspond to T/t
51/200,1/100,1/50,1/25,1/10. Here eF*/t51.831022. Inset: the
curve corresponding to T/t51/100, plotted in log-log coordinates,
in the frequency range T;eF*,v,J . The 1/v behavior described
in the text is clearly visible.
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Fermi liquid Hot/bad metal

T ≪ ϵ*F
ϵF * ≪ T ≪ J

• Not a Planckian metal. QCP at δ=0 is an insulator !



• At low T, zero doping : spin glass, not a spin liquid   Grempel Rozenberg (1998), Arrachea-Rozenberg (2002)

• QCP is now at finite doping.

￼10The SU(2) model has richer physics

H = �
X

ij,�

(tij + µ�ij)c
†
i�cj� +

X

i<j

JijSi · Sj + U

X

i

ni"ni#,
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￼11

How to solve the SU(2) case ? 

• Thermodynamic limit, disordered averaged.  
 Ph. Dumitrescu, N. Wentzell,  A. Georges, OP Phys. Rev. B 105, L180404 (2022). (See also Otzuki, Vollhardt(2013))

• Exact diagonalization on finite systems,   
H. Shackleton, A. Wietek, A. Georges, S. Sachdev Phys. Rev. Lett. 126, 136602 (2021) 

• Analytical insights (RG, …)  
A. Sengupta PRB (2000),  
Joshi et al PRX 10, 021033 (2020). 
D. Chowdhury, A. Georges, OP, S. Sachdev arxiv:2109.05037, To appear in Rev. Mod. Phys.



￼12Disordered averaged action

• Thermodynamics limit, with replica trick (replica diagonal solution). Exact action. 
Paramagnetic phase.

Se↵ =

Z
d⌧

"
X

�

c†⌧,� [@⌧ � µ] c⌧,� + Un"(⌧)n#(⌧)

#
+

Z
d⌧d⌧ 0


�(⌧ � ⌧ 0)c†⌧,�c⌧ 0,� � J2

2
Q(⌧ � ⌧ 0)S(⌧) · S(⌧ 0)

�
,

<latexit sha1_base64="ZI3KvsfJjegM/zb7n2LyKraV/SA="></latexit>

• For SU(M),                : “slave” boson + saddle point method gives a nonlinear equation for GM → ∞

Q(⌧ � ⌧ 0) = 1
3 hS(⌧) · S(⌧

0)i
<latexit sha1_base64="lbxwBcZah85zojBl1gzBf6tLQd0="></latexit>

�(⌧) = t2G(⌧)
<latexit sha1_base64="mzW4e1hJXLMVdrs51djmgSSGBHI="></latexit>

Electronic bath Retarded spin spin 

G(⌧) = �hT⌧ c(⌧)c
†(0)i

<latexit sha1_base64="87gAEGCRz/+OExONpmp1czu64dg="></latexit>

Electronic Green function

Gf (i!n)
�1 = i!n + µ̃� (t�)2Gf (i!n)� ⌃(i!n)

<latexit sha1_base64="aggpBaKfRN46G2+gUrukr5WT3Sg="></latexit>

⌃f (⌧) = J2Gf (⌧)Gf (� � ⌧)
<latexit sha1_base64="81G+DPSz6Bw50OOSgCF48yxHxD4="></latexit>

c† ⇠ f†b
<latexit sha1_base64="dyQTfZo/4i90lEcschmtlmEHi0Y="></latexit>

• In the SU(2) case, we want an exact solution of the action 



• G(τ) can be expressed, at precision ε,  as a finite sum of N universal exponentials …

Digression : Parsimonious representation of G(τ)

Jason Kaye Kun Chen

• SYK large-M or similar (e.g. NCA) equations = non-linear equation for gi

• Similar orthogonal basis (IR) H. Shinaoka (2016)

• Advantages over usual (e.g. Matsubara, orthogonal polynomials) representation:  
maximally compact, adjustable a priori with ε, no truncation needed.

G(τ) ≈
N

∑
i=1

gie−ωiτ N ∼ O(log(βωmax) log(1/ϵ))

High energy cutoff



• The central building block of quantum embeddings methods, e.g.

• Dynamical Mean Field Theory and extensions 
A.Georges Rev. Mod. Phys. 68, 13 (1996),G. Kotliar, Rev. Mod. Phys. 78, 865 (2006)

• Vertex based methods (Trilex, Quadrilex, DGA)

• Quantum chemistry, SEET, …

• A large toolbox of algorithms:

• Continuous Time QMC, diagrammatic QMC, DMRG, Tensor networks, METTS, NRG ….

￼14Solve quantum impurity models

Se↵ =

Z
d⌧

"
X

�

c†⌧,� [@⌧ � µ] c⌧,� + Un"(⌧)n#(⌧)

#
+

Z
d⌧d⌧ 0


�(⌧ � ⌧ 0)c†⌧,�c⌧ 0,� � J2

2
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,
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• Principle (CT-INT):  expand the partition function in interactions U and Q

• Imaginary time.  
Samples all integrals with a Monte Carlo. Compute G(τ) and <S(τ)S(0)> 
Typical 

• Q induces a sign problem, but strongly reduced by optimizing the quadratic starting point

• Main limitations : very low temperatures/energy scales, close to QCP. 

￼15One “Continuous Time” Quantum Monte Carlo
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(Rubtsov 2004)

n"n# ! (n" � ↵")(n# � ↵#)
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￼16Sketch of the phase diagram
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• J = 0.5t, U = 4t

￼17Phase diagram (doping driven QCP)
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• Low T, low frequency Fermi liquid expansion

￼18Fermi liquid collapse

• Characteristic energy scale EFL vanishes at the QCP.
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• Here, we solve only in the paramagnetic phase.

• For p< pc, emerging local moment m …

• Characterized by a plateau at large  
imaginary time Grempel & Rozenberg (98)

￼19Metallic spin glass
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• For p< pc, emerging local moment m …

• … which orders into a quantum spin glass

￼20Metallic spin glass
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Spin glass susceptibility 

where P is the projection on nondoubly occupied sites and
Si ¼ ð1=2Þc†iασαβciβ is the spin operator on site i. The
hoppings tij ¼ t$ji and real exchange interactions Jij are
independent random numbers with zero mean and variance
t2, J2. Henceforth, we set t ¼ J ¼ 1. We work in the
canonical ensemble, where our system has a fixed particle
(hole) density, n (p ¼ 1 − n). At p ¼ 0, hopping is
prevented due to the double occupancy constraint, and
the model reduces to an infinite-range Heisenberg model
with random couplings. The p ¼ 0 model has been studied
analytically by generalizing the SUð2Þ symmetry to
SUðMÞ and taking a large-M limit [13,22,23], and numeri-
cally for the case ofM ¼ 2 [12,24]. For SUð2Þ, a spin glass
phase is found below a critical temperature Tc ≈ 0.10J.
When doping is present, Ref. [25] predicts a disordered
Fermi liquid phase for all nonzero values of p in the large-
M limit. However, it was recently argued [26,27] that for
the case of SUð2Þ, the spin glass phase should persist up to
a critical finite value of doping pc corresponding to a
quantum critical point separating the spin glass phase from
a disordered Fermi liquid. Near criticality, the model is
predicted to exhibit SYK-like criticality with a nonzero
extensive entropy and a linear-in-temperature resistivity
[28]. In a weak-coupling renormalization group, this
critical point emerges when the three fractionalized exci-
tations in the t-J model become degenerate in energy,
leading to a zeroth order prediction of pc ¼ 1=3.

Dynamical spin response at T ¼ 0.—We first present
results on the nature of the spin correlations at T ¼ 0,
providing evidence that the spin glass phase shown to exist
at p ¼ 0 is stable for small values of doping, up to a critical
value of doping near p ¼ 1=3. Using the Lanczos algo-
rithm, we calculate the spectral function at T ¼ 0,

χ00ðωÞ ¼ 1

3

X
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i

X

n

jhψnjSαi jψ0ij2

× ½δðω − ðEn − E0ÞÞ − δðωþ ðEn − E0ÞÞ'; ð2Þ

where numerically the δ functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt→∞ð1=NÞ

P
ihSið0ÞSiðtÞi ¼ q ≠ 0, is

reflected by a qδðωÞ contribution to the dynamical structure
factor SðωÞ, which is related to the spectral function at
T ¼ 0 by χ00ðωÞ ¼ SðωÞ − Sð−ωÞ. For a finite system size,
the exact δ function in SðωÞ is replaced by a peak at low
frequency, whose width approaches 0 in the thermody-
namic limit and whose total spectral weight gives q.
Therefore, the spin glass contribution to χ00ðωÞ for finite
systems is given by a low-frequency peak, and was
analyzed for this model at p ¼ 0 in Ref. [12]. Above
pc, a disordered Fermi liquid is expected to have a low-
frequency behavior of χ00ðωÞ ∼ ω.
The spectral function for the random t-J model, calcu-

lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low frequency for dopings p≲ 0.4 suggests the
presence of spin glass order in this range of doping.
However, a large-N analysis of this hump must be
performed in order to verify that the hump asymptotes
to a δ function in the thermodynamic limit. To do this, we
first subtract off a background contribution to account for
the rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p ¼ 0 model in the
large-M limit [13,18,19] (we rescale J, while preserving
total spectral weight). This SYK spectral weight has a
leading term χ00ðωÞ ∼ sgnðωÞ as jωj → 0 at T ¼ 0 [which
generalizes to tanh ðω=2TÞ at low T]. The next-to-leading
SYK term depends linearly in ω, and arises from the
boundary graviton in the holographic dual [18,19]. It is
important to note that the exponents of these two leading
SYK contributions are universal and independent of M.
Away from the critical point and in the spin glass phase, we
find that the spectral function is described well by a
combination of the SYK result and a low-frequency hump.
A large-N analysis of this low-frequency hump, described
in more detail in the Supplemental Material [4], confirms
that the variance of the hump vanishes in the thermo-
dynamic limit, whereas the spectral weight, shown in
Fig. 1, remains nonzero. Our analysis gives a large-N
estimate of q ∼ 0.02 at p ¼ 0. For larger values of doping,

FIG. 1. The spectral function χ00ðωÞ of the random t-J model,
averaged over 100 disorder realizations on an 18-site cluster. At
low dopings, a sharp peak at low frequency at low doping is
indicative of spin glass order. With increasing doping, the
magnitude of this peak is reduced, and the low-frequency
behavior closely resembles the rescaled spectral function of
the large-M SYK theory [13,18,19]. Inset: After an extrapolation
to the thermodynamic limit, the integrated weight of the low-
frequency peak is nonzero, indicating spin glass order. This
weight vanishes near p ≈ 0.4. Plotted is the integrated weight for
8 ≤ N ≤ 18 (as a gradient from red to blue) and the large-N
extrapolation with error bars.
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where P is the projection on nondoubly occupied sites and
Si ¼ ð1=2Þc†iασαβciβ is the spin operator on site i. The
hoppings tij ¼ t$ji and real exchange interactions Jij are
independent random numbers with zero mean and variance
t2, J2. Henceforth, we set t ¼ J ¼ 1. We work in the
canonical ensemble, where our system has a fixed particle
(hole) density, n (p ¼ 1 − n). At p ¼ 0, hopping is
prevented due to the double occupancy constraint, and
the model reduces to an infinite-range Heisenberg model
with random couplings. The p ¼ 0 model has been studied
analytically by generalizing the SUð2Þ symmetry to
SUðMÞ and taking a large-M limit [13,22,23], and numeri-
cally for the case ofM ¼ 2 [12,24]. For SUð2Þ, a spin glass
phase is found below a critical temperature Tc ≈ 0.10J.
When doping is present, Ref. [25] predicts a disordered
Fermi liquid phase for all nonzero values of p in the large-
M limit. However, it was recently argued [26,27] that for
the case of SUð2Þ, the spin glass phase should persist up to
a critical finite value of doping pc corresponding to a
quantum critical point separating the spin glass phase from
a disordered Fermi liquid. Near criticality, the model is
predicted to exhibit SYK-like criticality with a nonzero
extensive entropy and a linear-in-temperature resistivity
[28]. In a weak-coupling renormalization group, this
critical point emerges when the three fractionalized exci-
tations in the t-J model become degenerate in energy,
leading to a zeroth order prediction of pc ¼ 1=3.

Dynamical spin response at T ¼ 0.—We first present
results on the nature of the spin correlations at T ¼ 0,
providing evidence that the spin glass phase shown to exist
at p ¼ 0 is stable for small values of doping, up to a critical
value of doping near p ¼ 1=3. Using the Lanczos algo-
rithm, we calculate the spectral function at T ¼ 0,
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where numerically the δ functions are replaced by
Gaussians with a small variance. The signature of spin
glass order, limt→∞ð1=NÞ

P
ihSið0ÞSiðtÞi ¼ q ≠ 0, is

reflected by a qδðωÞ contribution to the dynamical structure
factor SðωÞ, which is related to the spectral function at
T ¼ 0 by χ00ðωÞ ¼ SðωÞ − Sð−ωÞ. For a finite system size,
the exact δ function in SðωÞ is replaced by a peak at low
frequency, whose width approaches 0 in the thermody-
namic limit and whose total spectral weight gives q.
Therefore, the spin glass contribution to χ00ðωÞ for finite
systems is given by a low-frequency peak, and was
analyzed for this model at p ¼ 0 in Ref. [12]. Above
pc, a disordered Fermi liquid is expected to have a low-
frequency behavior of χ00ðωÞ ∼ ω.
The spectral function for the random t-J model, calcu-

lated using the Lanczos algorithm on an 18-site cluster, is
shown for several values of doping in Fig. 1. A prominent
hump at low frequency for dopings p≲ 0.4 suggests the
presence of spin glass order in this range of doping.
However, a large-N analysis of this hump must be
performed in order to verify that the hump asymptotes
to a δ function in the thermodynamic limit. To do this, we
first subtract off a background contribution to account for
the rest of the spectral weight. Anticipating SYK behavior
near the critical point at low frequencies, we subtract a
spectral weight obtained by rescaling the solution of the
Schwinger-Dyson equations of the p ¼ 0 model in the
large-M limit [13,18,19] (we rescale J, while preserving
total spectral weight). This SYK spectral weight has a
leading term χ00ðωÞ ∼ sgnðωÞ as jωj → 0 at T ¼ 0 [which
generalizes to tanh ðω=2TÞ at low T]. The next-to-leading
SYK term depends linearly in ω, and arises from the
boundary graviton in the holographic dual [18,19]. It is
important to note that the exponents of these two leading
SYK contributions are universal and independent of M.
Away from the critical point and in the spin glass phase, we
find that the spectral function is described well by a
combination of the SYK result and a low-frequency hump.
A large-N analysis of this low-frequency hump, described
in more detail in the Supplemental Material [4], confirms
that the variance of the hump vanishes in the thermo-
dynamic limit, whereas the spectral weight, shown in
Fig. 1, remains nonzero. Our analysis gives a large-N
estimate of q ∼ 0.02 at p ¼ 0. For larger values of doping,

FIG. 1. The spectral function χ00ðωÞ of the random t-J model,
averaged over 100 disorder realizations on an 18-site cluster. At
low dopings, a sharp peak at low frequency at low doping is
indicative of spin glass order. With increasing doping, the
magnitude of this peak is reduced, and the low-frequency
behavior closely resembles the rescaled spectral function of
the large-M SYK theory [13,18,19]. Inset: After an extrapolation
to the thermodynamic limit, the integrated weight of the low-
frequency peak is nonzero, indicating spin glass order. This
weight vanishes near p ≈ 0.4. Plotted is the integrated weight for
8 ≤ N ≤ 18 (as a gradient from red to blue) and the large-N
extrapolation with error bars.
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• Direct solution in the metallic spin glass phase  
with Parisi replica symmetry breaking ansatz ?



• Luttinger theorem : volume of Fermi surface independent of interaction

• Takes a simple form here, as Σ is local

￼21Fermi surface reconstruction at the QCP
See also Otzuki, Vollhardt(2013)
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￼22Critical scaling : spin dynamics

• Conformal invariant form
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￼23

Planckian behavior
Linear resistivity 



• Quasiparticle lifetime in the Fermi liquid

￼24Single particle lifetime
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Figure 2. (a) Imaginary component of the self-energy at the first Matsubara frequency Im[⌃(i⇡T )], for various doping levels p
from 0.1 to 0.895. The dashed lines emphasize the low T -linear regime which characterizes the Fermi liquid. (b) Violation of the
Luttinger theorem at the QCP. The quantity Re⌃extrap(0) � [µ � µ0(p)] vs p for various temperatures 15  �  60 – it vanishes
at low T in the high doping Fermi liquid phase. The doping pc where it deviates from zero defines the QCP (vertical dashed line).
Inset: Electronic compressibility �e = @n/@µ. (c) Inverse lifetime 1/⌧? = �ZIm[⌃extrap(0)] (see App. D). It has a Fermi liquid
T 2 behavior at high doping. Close to the QCP, pc ⇡ 0.16 � 0.19, it becomes linear in T at low temperatures (dashed lines).

Planckian behavior. – We now discuss the QCP, ap-
proaching it from the high-doping side. Figure 2c shows
1/⌧? = �ZIm⌃extrap(0), which is the width of the spec-
tral function A(", !) = �ImG(", ! + i0+)/⇡. In the FL
regime 1/⌧? / T 2 and can be interpreted as the inverse
of the quasiparticle lifetime. Close to the QCP, FL be-
havior breaks down and we find a clear ‘Planckian’ be-
havior [7, 36–41] down to low-T

1

⌧?
' c

kBT

~ , (4)

restoring fundamental constants. Here c is a coe�cient
of order unity; c = 1.0 ± 0.1 for p = 0.19. Furthermore,
the transport scattering rate 1/⌧tr = �2Im⌃extrap(0) is
also approximately T -linear in this regime (see App. G).
Since the self-energy ⌃(!) is strictly local, the elec-
trical resistivity ⇢ defined via the Kubo formula (see
App. E) is determined by 1/⌧tr. This implies that ⇢
has an approximately T -linear dependence. We empha-
size that the resistivity is smaller than the Mott-Io↵e-
Regel value at low-T , in contrast to ‘bad metal’ behavior.
When viewed in terms of Einstein-Sutherland relation
1/⇢ = D �e [20, 23, 52, 53], the T -linearity of ⇢ stems from
the di↵usion constant D / 1/T , rather than from the com-
pressibility �e = @n/@µ, which has little T -dependence
at the QCP (Fig. 2b inset).

Quantum criticality: skewed non-Fermi liquid
and !/T scaling. – We now show that our data sup-
port !/T scaling of the self-energy near the QCP. In real-
frequencies, we expect a scaling form �Im⌃(! + i0+) /
T ⌫�(!/T ) with ⌫ an exponent (⌫ = 2 for a Fermi liquid).
This translates in imaginary time to ⌃(⌧)/⌃(�/2) = ⌃(⌧)
with ⌧ = ⌧/�. In order to test this scaling form

and identify the scaling function ⌃, we plot in Fig. 3ap
|⌃(⌧)⌃(� � ⌧)|/⌃(�/2) and log |⌃(⌧)/⌃(��⌧)| for sev-

eral � and a fixed p = 0.19 close to pc. This allows to
address separately the symmetric (even) and antisymmet-
ric (odd) components of ⌃ under particle-hole symmetry
⌧ ! ��⌧ (! ! �!). Within the range of temperature ac-
cessible to our algorithm we obtain a good scaling collapse
of the data in the long-time limit around ⌧ = 1/2 (see
App. G). The scaling function agrees well with the con-
formally invariant ansatz:

⌃(⌧) = e↵(⌧�1/2)


1

sin ⇡⌧

�⌫+1

, ⌧ =
⌧

�
. (5)

Figure 3b displays the values of ⌫ and ↵ obtained from a fit
of the data in Fig. 3a. We note that ⌫ varies substantially
close to the QCP. The marginal Fermi liquid value ⌫ =
1 [7, 12, 13] and the SU(M ! 1) model value ⌫ =
1/2 [11, 14] are both consistent with our data in the low-
T limit, but lie at opposite ends of our extrapolated range.
We also note that our observed T -linear behavior of 1/⌧tr

has to arise out of a combination of the finite temperature
dependence of the e↵ective ⌫, ↵ and prefactor of ⌃(⌧) (see
App. C).

Remarkably, Fig. 3b shows that at finite-T in the quan-
tum critical region, our model behaves as a ‘skewed’ non-
Fermi liquid, with an !/T scaling function � displaying an
intrinsic particle-hole asymmetry. The latter is encoded
in the spectral asymmetry parameter (skew) ↵ of Eq. (5)
(see App. C), which takes rather large values at finite T .
Whether this asymmetry persists down to zero temper-
ature at the QCP (i.e. ↵ remains finite at T = 0) is an
interesting open question. Recently, such a particle-hole
asymmetry in skewed Planckian metals attracted strong

p ⇡ pc
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• Kubo formula : no vertex corrections in this model (DMFT)

• τ*  and τtransport are different

￼25Transport. Resistivity

⇥��⇥(i ,i ⇥;i⌥) depending on frequencies only (Zlatić
and Horvatić, 1990). This results from the power-
counting rules stated in Sec. III.B, since any two sites
belonging to ⇥ in the real-space representation of the
ladder series are certainly connected by more than two
independent paths. If it were not so, the diagram could
be disconnected by cutting two internal propagators in
contradiction with the assumption that ⇥ is irreducible.
Note that this assumes that all vertices in ⇥ can be con-
sidered internal (i.e., summed over) and thus ⇥ can be
collapsed to a fully local form only when inserted in the
ladder sum above. (When considered by itself, ⇥ does
have some momentum dependence, but only its local
component contributes to the ladder sum.) As a result of
this simplification, the summation over momenta can be
performed in each particle-hole bubble independently,
ignoring momentum conservation at the vertex ⇥. In
contrast, note that frequency conservation must be fully
taken into account.

For the sake of simplicity, we shall proceed with the
example of the spin susceptibility ⇣zz. All the other re-
sponse functions can be obtained in an analogous man-
ner. The special case of the frequency-dependent con-
ductivity will also be dealt with in detail below. Only the
spin-antisymmetric component ⇥A contributes to ⇣zz

(the superscript A will be omitted everywhere below).
We denote by ⇣̃q(i ,i ⇥;i⌥) the result of the above lad-
der sum in which the summation over the first and last
frequencies  , ⇥ have been omitted [so that the dynami-
cal susceptibility is obtained by summing over frequen-
cies, ⇣(q,i⌥)=�  ⇥⇣̃q(i ,i ⇥;i⌥)]. ⇣̃ satisfies an integral
equation:

⇣̃q⇤ i ,i ⇥;i⌥✏⇥⇣̃q
0⇤ i ;i⌥✏⇧ , ⇥

⌅⇣̃q
0⇤ i ;i⌥✏

1
� ⌦ �

⇥⇤ i ,i �;i⌥✏

�⇣̃q⇤ i �,i ⇥;i⌥✏ (62)

in which ⇣̃q
0(i ;i⌥) is obtained by performing the sum-

mation over the internal momentum k in the elementary
particle-hole bubble,

⇣̃q
0⇤ i ;i⌥✏⇥⇧⌦

k
G⇤k,i ✏G⇤k⌅q,i ⌅i⌥✏. (63)

It is clear from Eq. (62) that the q dependence of
⇣(q,i⌥n) stems entirely from that of ⇣̃q

0. We shall now
characterize more precisely this momentum depen-
dence, concentrating on the case where one really stud-
ies a d=⌃ lattice model (we choose for simplicity the
hypercubic lattice). Later in this section, we shall de-
scribe how dynamical mean-field approximations for
q-dependent response functions of a finite-dimensional
model can be generated in the general spirit of the LISA
approach.

For the d=⌃ hypercubic lattice, the momentum de-
pendence of the response functions simplifies drastically:
as shown in Appendix A, ⇣̃q

0 depends on q (for the hy-
percubic lattice) only through the following quantity
(Brandt and Mielsch, 1989; Müller-Hartmann, 1989a):

X⇤q✏⇥
1
d ⌦i⇥1

d

cosqi (64)

Let us discuss in more detail the quite peculiar q depen-
dence of this quantity [and hence of ⇣(q,i⌥n) in the
d�⌃ limit]. For a ‘‘generic’’ q vector (i.e., for all q’s
except a set of measure zero), the summation in Eq. (64)
is over arguments that are random in sign, and hence is
of order �d , so that, as d�⌃,

X⇤q✏⇥0 ⇤ ‘‘generic’’ q✏. (65)

This implies that, for any generic q, ⇣(q,i⌥n) coincides
with its local (on-site) component:

⇣⇤q,i⌥n✏⇥⌦
q

⇣⇤q,i⌥n✏�⇣ loc⇤ i⌥n✏ ⇤ ‘‘generic’’ q✏.

(66)

X(q) may take arbitrary values ⇥1⌅X⌅1 for specific
values of q, however. Important examples are the
uniform wave vector q=0 (appropriate for ferromagnetic
ordering) and the zone-corner wave vectors
q=(�↵ , . . . ,�↵) (appropriate for two-sublattice com-
mensurate antiferromagnetic ordering):

X⇤0✏⇥⌅1, X⇤⇤↵ , . . . ,⇤↵✏⇥⇧1. (67)

Intermediate values ⇥1<X<1 correspond to incommen-
surate orderings. It is important to realize that even
though these types of ordering are not very easy to vi-
sualize in real space in the d�⌃ limit, they can be stud-
ied through the X(q) dependence of ⇣ and indeed are

FIG. 8. (a) Two-particle irreducible vertex function. (b) Lad-
der decomposition of the response function ⇣(q,i⌥n); the mo-
mentum dependence of ⇥ can be ignored inside the ladder sum
in d=⌃.
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σ ∼ GG

�DC =
2⇡e2

~

Z
d!

�

4 cosh2(�!/2)

Z
d✏ �(✏)A(✏,!)2
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(! + µ� ✏� ⌃0(!))2 + ⌃00(!)2
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Kubo formula
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Figure S3. Quasiparticle residue Z and Fermi liquid coherence scale EFL obtained by fitting Im⌃(i!n) to the Fermi liquid form
Eq. (3). For doping values close to the critical point, Fermi liquid theory does not apply, but we can extract Z, EFL as e↵ective
coe�cients of the linear and quadratic frequency terms. For p < pc the self-energy has a finite zero-temperature intercept so the
form Eq. (3) does not apply.
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Figure S4. Extrapolated value of the imaginary part of the self-energy. The quantity �2Im⌃extrap(0) is the transport scattering
rate. It is interesting to note that it itself is approximately linear in temperature T for doping near pc and low temperatures,
which arises from the combination of e↵ective finite temperature dependance of ↵, ⌫, � of Eq. (S11). It is also used in determining
the e↵ective single-particle lifetime presented in Fig. 2(c). For p < pc, the data extrapolates to a finite value at zero temperature.

1/τtransport = − 2ImΣextrap(0)
• Transport time τtr

σDC ∼ Cϕ(ϵF)τtransport

Linear close to pc

Fermi liquid 
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• Conformal form fit for the self-energy
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• Asymmetry      (skewness) in the scaling formα
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Figure 3. (a) Symmetric (top) and anti-symmetric (bottom) scaling forms of the electronic self-energy in imaginary time
⌃(⌧) vs ⌧/�. Doping is fixed p = 0.19 to be near the QCP and we show various �. (b) Non-Fermi liquid exponent ⌫ (top) and
asymmetry parameter ↵ (bottom), extracted by fitting the scaling form in (a) to Eq. (5), for various doping levels p close to the
QCP [50]. (c) Normalized spin-spin correlation Q(⌧)/Q(�/2) at a fixed � = 40 and varying p. The long imaginary times scaling
form Q(⌧) ⇠ 1/[sin(⇡⌧/�)]✓ is shown with ✓ = 2 (Fermi liquid, dotted line) and ✓ = 1 (SYK, dashed line).

interest, from both theory [42] and experiments [54], as a
possible explanation of a puzzle regarding the sign and
T -dependence of the Seebeck coe�cient in cuprate super-
conductors. Measurements of the thermopower of twisted
bilayer graphene [55] indicate possible relevance to other
materials as well. We also note that the skew is itself of
basic theoretical interest; in the large-M limit, there is
a fundamental relationship between it and finite entropy
density at the QCP [56].

Quantum criticality: SYK spin dynamics – Fig-
ure 3c shows the local spin-spin correlation function Q(⌧)
at � = 1/40, for several doping levels. In imaginary
time, the universal long time scaling is around ⌧ = �/2.
By comparison to the conformal scaling function [14, 49]

Q(⌧)/Q(�/2) ⇠ 1/ [sin(⇡⌧/�)]✓, we see that at the QCP
the spin dynamics slows down from the long-time be-
haviour ⇠ 1/⌧2 characteristic of a Fermi liquid (✓ = 2)
to the SYK dynamics [11] ⇠ 1/⌧ (✓ = 1). We fit the
critical exponent ✓ for all T and p, and display it as the
background color in Fig. 1. This allows us to locate the
temperature scale T✓=1 at which ✓ = 1 (Fig. 1, dark grey
data), which extrapolates to the quantum critical point
pc at low-temperatures within error bars. This critical
SYK scaling was also found in a renormalization group
analysis [28, 57, 58] and for the undoped model [27].

Low doping metal and spin-glass – The critical dop-
ing pc separates a FL at p > pc from a phase of a di↵erent
nature for p < pc. This phase is also metallic – as seen nu-
merically from G(i!n) at low frequency (see App. G) – but
it has emerging local moments [35]. This is demonstrated
by Fig. 4a, which shows �Q(0) = �loc �Qextrap(0), where
�loc = Q(i⌫0) is the static local spin susceptibility at the

bosonic Matsubara frequency ⌫0 = 0 and Qextrap(0) is the
extrapolated value of Q(i⌫n) for ⌫n ! 0. A local moment
m = hSzi is associated with a plateau in the spin-spin
correlation Q(⌧) ⇠ m2 at long time. Hence, its Fourier
transform is Q(i⌫n) = �m2�n,0 + Qreg(i⌫n), where Qreg

is a regular (decaying) function, so that �Q(0) / �m2.
For p > pc, �Q(0) decreases to zero upon cooling, while
it grows for p < pc, a clear signature of local moments
at low T . The presence of local moments for p < pc also
explains the distinctive change of behavior of the com-
pressibility �e through the critical point (Fig. 2b). The
T -dependence of �e is related to the entropy per site s
by the Maxwell relation @2s/@n2|T = ��2

e @�e/@T |n. In
a local moment phase, we expect s to be finite at T = 0
(and @2s/@n2 < 0; see App. F), while in the FL phase
the entropy vanishes as s / �T . Hence, at fixed T , s(n)
must have an inflection point @2s/@n2 = 0, implying that
at this density the compressibility must be independent of
T . This is indeed observed for p ' pc on Fig. 2b (inset).

This local moment metallic solution of the paramagnetic
EDMFT equations is unstable to spin glass ordering below
the critical temperature depicted on Fig 1. The spin-
glass susceptibility is given by [59, 60] �SG / �2

loc/(1 �
J2�2

loc). Its T -dependence is displayed on Figure 4b,

where we plot ��1
SG as a function of

�
J/ log(J/T )

�2
. In this

representation, we expect a linear dependence close to the
QCP, since we expect from theory that J�loc ⇠ log(J/T )
at p = pc (T ⌧ J here) [59]. It is seen that �SG diverges
at a finite spin-glass ordering temperature for p < pc

(black dots in Fig. 4b). If the logarithmic form of �loc

holds to T = 0 at the QCP, then �SG will diverge at
a finite T . Therefore, the spin-glass phase extends to
p & pc at very low T , although this e↵ect is below the
temperature resolution of the numerical data. Finally,
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• Fit of asymmetry α, ν
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Figure 3. (a) Symmetric (top) and anti-symmetric (bottom) scaling forms of the electronic self-energy in imaginary time
⌃(⌧) vs ⌧/�. Doping is fixed p = 0.19 to be near the QCP and we show various �. (b) Non-Fermi liquid exponent ⌫ (top) and
asymmetry parameter ↵ (bottom), extracted by fitting the scaling form in (a) to Eq. (5), for various doping levels p close to the
QCP [50]. (c) Normalized spin-spin correlation Q(⌧)/Q(�/2) at a fixed � = 40 and varying p. The long imaginary times scaling
form Q(⌧) ⇠ 1/[sin(⇡⌧/�)]✓ is shown with ✓ = 2 (Fermi liquid, dotted line) and ✓ = 1 (SYK, dashed line).

interest, from both theory [42] and experiments [54], as a
possible explanation of a puzzle regarding the sign and
T -dependence of the Seebeck coe�cient in cuprate super-
conductors. Measurements of the thermopower of twisted
bilayer graphene [55] indicate possible relevance to other
materials as well. We also note that the skew is itself of
basic theoretical interest; in the large-M limit, there is
a fundamental relationship between it and finite entropy
density at the QCP [56].

Quantum criticality: SYK spin dynamics – Fig-
ure 3c shows the local spin-spin correlation function Q(⌧)
at � = 1/40, for several doping levels. In imaginary
time, the universal long time scaling is around ⌧ = �/2.
By comparison to the conformal scaling function [14, 49]

Q(⌧)/Q(�/2) ⇠ 1/ [sin(⇡⌧/�)]✓, we see that at the QCP
the spin dynamics slows down from the long-time be-
haviour ⇠ 1/⌧2 characteristic of a Fermi liquid (✓ = 2)
to the SYK dynamics [11] ⇠ 1/⌧ (✓ = 1). We fit the
critical exponent ✓ for all T and p, and display it as the
background color in Fig. 1. This allows us to locate the
temperature scale T✓=1 at which ✓ = 1 (Fig. 1, dark grey
data), which extrapolates to the quantum critical point
pc at low-temperatures within error bars. This critical
SYK scaling was also found in a renormalization group
analysis [28, 57, 58] and for the undoped model [27].

Low doping metal and spin-glass – The critical dop-
ing pc separates a FL at p > pc from a phase of a di↵erent
nature for p < pc. This phase is also metallic – as seen nu-
merically from G(i!n) at low frequency (see App. G) – but
it has emerging local moments [35]. This is demonstrated
by Fig. 4a, which shows �Q(0) = �loc �Qextrap(0), where
�loc = Q(i⌫0) is the static local spin susceptibility at the

bosonic Matsubara frequency ⌫0 = 0 and Qextrap(0) is the
extrapolated value of Q(i⌫n) for ⌫n ! 0. A local moment
m = hSzi is associated with a plateau in the spin-spin
correlation Q(⌧) ⇠ m2 at long time. Hence, its Fourier
transform is Q(i⌫n) = �m2�n,0 + Qreg(i⌫n), where Qreg

is a regular (decaying) function, so that �Q(0) / �m2.
For p > pc, �Q(0) decreases to zero upon cooling, while
it grows for p < pc, a clear signature of local moments
at low T . The presence of local moments for p < pc also
explains the distinctive change of behavior of the com-
pressibility �e through the critical point (Fig. 2b). The
T -dependence of �e is related to the entropy per site s
by the Maxwell relation @2s/@n2|T = ��2

e @�e/@T |n. In
a local moment phase, we expect s to be finite at T = 0
(and @2s/@n2 < 0; see App. F), while in the FL phase
the entropy vanishes as s / �T . Hence, at fixed T , s(n)
must have an inflection point @2s/@n2 = 0, implying that
at this density the compressibility must be independent of
T . This is indeed observed for p ' pc on Fig. 2b (inset).

This local moment metallic solution of the paramagnetic
EDMFT equations is unstable to spin glass ordering below
the critical temperature depicted on Fig 1. The spin-
glass susceptibility is given by [59, 60] �SG / �2

loc/(1 �
J2�2

loc). Its T -dependence is displayed on Figure 4b,

where we plot ��1
SG as a function of

�
J/ log(J/T )

�2
. In this

representation, we expect a linear dependence close to the
QCP, since we expect from theory that J�loc ⇠ log(J/T )
at p = pc (T ⌧ J here) [59]. It is seen that �SG diverges
at a finite spin-glass ordering temperature for p < pc

(black dots in Fig. 4b). If the logarithmic form of �loc

holds to T = 0 at the QCP, then �SG will diverge at
a finite T . Therefore, the spin-glass phase extends to
p & pc at very low T , although this e↵ect is below the
temperature resolution of the numerical data. Finally,
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Figure 3. (a) Symmetric (top) and anti-symmetric (bottom) scaling forms of the electronic self-energy in imaginary time
⌃(⌧) vs ⌧/�. Doping is fixed p = 0.19 to be near the QCP and we show various �. (b) Non-Fermi liquid exponent ⌫ (top) and
asymmetry parameter ↵ (bottom), extracted by fitting the scaling form in (a) to Eq. (5), for various doping levels p close to the
QCP [50]. (c) Normalized spin-spin correlation Q(⌧)/Q(�/2) at a fixed � = 40 and varying p. The long imaginary times scaling
form Q(⌧) ⇠ 1/[sin(⇡⌧/�)]✓ is shown with ✓ = 2 (Fermi liquid, dotted line) and ✓ = 1 (SYK, dashed line).

interest, from both theory [42] and experiments [54], as a
possible explanation of a puzzle regarding the sign and
T -dependence of the Seebeck coe�cient in cuprate super-
conductors. Measurements of the thermopower of twisted
bilayer graphene [55] indicate possible relevance to other
materials as well. We also note that the skew is itself of
basic theoretical interest; in the large-M limit, there is
a fundamental relationship between it and finite entropy
density at the QCP [56].

Quantum criticality: SYK spin dynamics – Fig-
ure 3c shows the local spin-spin correlation function Q(⌧)
at � = 1/40, for several doping levels. In imaginary
time, the universal long time scaling is around ⌧ = �/2.
By comparison to the conformal scaling function [14, 49]

Q(⌧)/Q(�/2) ⇠ 1/ [sin(⇡⌧/�)]✓, we see that at the QCP
the spin dynamics slows down from the long-time be-
haviour ⇠ 1/⌧2 characteristic of a Fermi liquid (✓ = 2)
to the SYK dynamics [11] ⇠ 1/⌧ (✓ = 1). We fit the
critical exponent ✓ for all T and p, and display it as the
background color in Fig. 1. This allows us to locate the
temperature scale T✓=1 at which ✓ = 1 (Fig. 1, dark grey
data), which extrapolates to the quantum critical point
pc at low-temperatures within error bars. This critical
SYK scaling was also found in a renormalization group
analysis [28, 57, 58] and for the undoped model [27].

Low doping metal and spin-glass – The critical dop-
ing pc separates a FL at p > pc from a phase of a di↵erent
nature for p < pc. This phase is also metallic – as seen nu-
merically from G(i!n) at low frequency (see App. G) – but
it has emerging local moments [35]. This is demonstrated
by Fig. 4a, which shows �Q(0) = �loc �Qextrap(0), where
�loc = Q(i⌫0) is the static local spin susceptibility at the

bosonic Matsubara frequency ⌫0 = 0 and Qextrap(0) is the
extrapolated value of Q(i⌫n) for ⌫n ! 0. A local moment
m = hSzi is associated with a plateau in the spin-spin
correlation Q(⌧) ⇠ m2 at long time. Hence, its Fourier
transform is Q(i⌫n) = �m2�n,0 + Qreg(i⌫n), where Qreg

is a regular (decaying) function, so that �Q(0) / �m2.
For p > pc, �Q(0) decreases to zero upon cooling, while
it grows for p < pc, a clear signature of local moments
at low T . The presence of local moments for p < pc also
explains the distinctive change of behavior of the com-
pressibility �e through the critical point (Fig. 2b). The
T -dependence of �e is related to the entropy per site s
by the Maxwell relation @2s/@n2|T = ��2

e @�e/@T |n. In
a local moment phase, we expect s to be finite at T = 0
(and @2s/@n2 < 0; see App. F), while in the FL phase
the entropy vanishes as s / �T . Hence, at fixed T , s(n)
must have an inflection point @2s/@n2 = 0, implying that
at this density the compressibility must be independent of
T . This is indeed observed for p ' pc on Fig. 2b (inset).

This local moment metallic solution of the paramagnetic
EDMFT equations is unstable to spin glass ordering below
the critical temperature depicted on Fig 1. The spin-
glass susceptibility is given by [59, 60] �SG / �2

loc/(1 �
J2�2

loc). Its T -dependence is displayed on Figure 4b,

where we plot ��1
SG as a function of

�
J/ log(J/T )

�2
. In this

representation, we expect a linear dependence close to the
QCP, since we expect from theory that J�loc ⇠ log(J/T )
at p = pc (T ⌧ J here) [59]. It is seen that �SG diverges
at a finite spin-glass ordering temperature for p < pc

(black dots in Fig. 4b). If the logarithmic form of �loc

holds to T = 0 at the QCP, then �SG will diverge at
a finite T . Therefore, the spin-glass phase extends to
p & pc at very low T , although this e↵ect is below the
temperature resolution of the numerical data. Finally,

• Open questions :

• Does the asymmetry α stay finite at T = 0 at the QCP ?

• Relationship between α and the entropy at T=0 (like in the large-M models) ? 

ν ≈ 0.6 − 0.8

At QCP
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• ω/Τ scaling in real frequencies

• Compute the real part the self energy, Z, for ν < 1

9

The scaling form corresponding to Eq. (S6) is

Im⌃(!) = �T ⌫�(!/T ) = � �⇡1+⌫

cosh(↵/2)
T ⌫e�↵,⌫(!/T ) (S11)

where � is a non-universal prefactor and the normalization conventions are chosen to match [56].
The real part of the self-energy also obeys scaling properties. Defining:

1 � 1

Z(T, !)
⌘ 1

!
[Re⌃(!, T ) � Re⌃(0, T )] , (S12)

we obtain

1 � 1

Z
=

1

⇡
P

Z
d"

�Im⌃(")

"(! � ")
(S13)

For ⌫ < 1, we can substitute the scaling form �Im⌃(") = T ⌫�("/T ) in the integral without encountering divergences
and obtain a universal contribution:

1

Z(T, ! = xT )
= 1 � 1

⇡T 1�⌫
P

Z
dy

�(y)

y(x � y)
(S14)

For ! = 0, at low-T :

Z(T, ! = 0) ' ⇡T 1�⌫

Z
dy

�0(y)

y

��1

. (S15)

For ⌫ � 1, the integral above diverges and Z has no universal contribution.
We can contrast the behavior of the skewed scaling functions, with the case of a Fermi liquid. At low energy, the

real-frequency self-energy has the form

Im⌃FL(!) = �!2 + (⇡T )2

EFL
� b!3 � c!T 2 + · · · = �T 2�FL(!/T ). (S16)

In the scaling regime, the higher subdominant corrections vanish and �FL(x) = ⇡2 + x2 is particle-hole symmetric.

D. Extrapolating Im⌃

Here, we will describe a procedure to extract Im⌃extrap(! = 0), which is using in the lifetime (Fig. 2) and the
transport scattering rate (Figs. S4 and S5). Since our calculations are at finite temperature T , the self energy ⌃(!, T )
is analytic even at the critical doping pc. One can directly extrapolate ⌃(i! = 0, T ) from finite Matsubara frequencies,
although such a procedure always have ambiguities from the choice of fitting function.

The analytic form of the self-energy e�(x) can guide our choice of fitting function and improve our extrapolation
estimate. In particular, we can use the spectral representation

⌃(i!n) =
T ⌫

⇡

Z 1

�1
d"

�("/T )

i!n � "
(S17)

to can accurately fit the data at Matsubara frequencies. Then, we can then obtain the zero frequency extrapolations
by analytically continuing the known expressions:

Im⌃(! = 0+) =
T ⌫

⇡
Im lim

�!0+

Z 1

�1
d"

�("/T )

0 + i� � "
= �T ⌫�(0) (S18)

The scaling ansatz of Eqs. (S11) and (S8) encompasses a variety of di↵erent behaviors, including the marginal Fermi
liquid case (⌫ = 1) and the Fermi Liquid phase (⌫ = 2). The procedure outline above, while an improvement over
simple extrapolation, is still approximate as it neglects sub-leading corrections to scaling as well as non-universal UV
corrections, present in the numerical data.

Z(T, ω = 0) ∼ T1−ν

ImΣ(ω = 0) ∼ Tν

1
τ*

= − ZImΣ(ω = 0) ∼ T

• Τ linearity of single particle lifetime is independent of ν
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• Here, χe has little dependence on T at the QCP
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• The mechanism for T linearity is quite different from a bad/hot metal

• Einstein relation

• Generically at very high T (e.g. cold atoms) 

D ∼ const, χe(T) ∼ 1/T

χe(T) ∼ const, D ∼ 1/T

Compressibility Diffusion  
constant

Doping p



• SU(2) model has a richer physics than the simple large M limit.

• Modern algorithms are essential to solve SU(2) models. 

• Open questions :

• Solution in the spin glass phase. Real time, aging, spin glass dynamics ?

• Residual entropy at the QCP at T = 0. Relation with the spectral asymmetry ?

• Precise scaling Σ(ω) at low ω 
A challenge for a new generation of high precision algorithms,  
very low T, in real time (e.g. real time Quantum Quasi Monte Carlo).

• SU(2) exact solution for models beyond SYK.

￼30Conclusion
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Thank you for your attention!


