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• What have they allowed to do?
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• Addressing the infinite lattice directly
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Strongly-correlated systems: The challenge

• Strongly-interacting quantum systems:

• Exciting physics, rich phase diagrams

• What can we actually solve?

• Let us take our favorite spherical cow model, 
the Hubbard model:

• Why is it so hard to solve?

• No analytical solutions

• It is a quantum problem

• It involves many particles
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Numerical approaches to strongly-correlated systems

• Can roughly be divided into two categories:

• Bottom to top (often Hamiltonian-based methods)

• Exact diagonalization, density-matrix 
renormalization group, tensor networks, …

• Exponential size of the Hilbert space: 
Quantum entanglement of ground state

• Approximation by some clever truncation

• Top to bottom (often action / path integral-based methods)

• Continuous-time quantum Monte Carlo, auxiliary-field quantum Monte Carlo, 
diagrammatic Monte Carlo, …

• They are usually based on a stochastic algorithm

• Suffer from the fermionic sign problem

• Limited by interaction strength, temperature, system size
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Dynamical mean-field theory equations

• The critical part of the dynamical mean-field theory equations is to find the solution 
of an Anderson impurity model

• Wishlist for the impurity solver:

• Sensitive to bath structure at all energy scales

• Generic Hamiltonians (multiband, clusters, …)

• Different temperature regimes

• Numerically exact

• Is this really easier than the original problem? Well yes, easier… But still not easy!

U
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Continuous-time quantum Monte Carlo algorithms

• The Anderson impurity is still a very difficult problem

• Infinite number of degrees of freedom

• But essentially one dimensional

• Hamiltonian approaches:

• Finite-temperature is not very easy

• But mainly: does not scale well with increasing  
number of orbitals

• The continuous-time quantum Monte Carlo algorithms

• They have been a bit of a revolution

• They come in three different flavors

• Can address multiorbital strongly-correlated materials or clusters (e.g. DCA)

• They are based on a stochastic Monte Carlo algorithm

• Their limitation is the fermionic sign problem
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Compute π by throwing stones

• Let us try to compute     by throwing stones

• N stones uniformly thrown in a 2x2 square

• We count the fraction that falls inside a radius 1  
circle

• Let us make this more formal and let us call        
the random variable associated to a single throw

• But if I throw many stones, the error bar decreases
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Using Monte Carlo to compute integrals

• More generally Monte Carlo methods allow to stochastically compute integrals

• The idea is to generate a Markov chain  
such that the       are distributed according to the probability law

• In practice this can be achieved in different ways, e.g. using the Metropolis-Hastings 
algorithm

• Stone example:

• A more general  
function

• Choosing a good  
Importance sampling
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Metropolis-Hastings (1953)

• The Metropolis-Hastings algorithms allows to sample a chosen distribution

• Achieve this through a Markov chain

• Start from random 

• Propose a new     with some chosen probability

• Accept or reject this proposal  
with probability

• Continue with

• This generates the desired

x1 ! x2 ! x3 ! x4 ! . . .
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x1
<latexit sha1_base64="6lwYFgLs80ZLKfHUunlnabbPH/c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbF6wHHC/YgOlAgFo2il+6ee1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcKSY2b</latexit>

P
x1,y

<latexit sha1_base64="OcAmaAiCKTLjdmAS9PaQ0qltYaA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCuqt4MVjBPuBbQib7aZdutmE3Y0YQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKW3b31ZpZXVtfaO8Wdna3tndq+4ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjG+mfueRSsVica+zhHoRHgoWMoK1kR5cP3/ynTOUTfxqza7bM6Bl4hSkBgVcv/rVH8QkjajQhGOleo6daC/HUjPC6aTSTxVNMBnjIe0ZKnBElZfPLp6gE6MMUBhLU0Kjmfp7IseRUlkUmM4I65Fa9Kbif14v1eGVlzORpJoKMl8UphzpGE3fRwMmKdE8MwQTycytiIywxESbkComBGfx5WXSbtSd83rj7qLWvC7iKMMRHMMpOHAJTbgFF1pAQMAzvMKbpawX6936mLeWrGLmEP7A+vwBxzmQTQ==</latexit>

y
<latexit sha1_base64="GG+Pm5uLlGCsh/rc6x+YJy9q43I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmpN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AOZWjPg=</latexit>

A

x1y = min
⇣
1,

⇢(y)P
y,x1

⇢(x1)Px1,y

⌘

<latexit sha1_base64="mhgGjm7H6Vvlw6RwOaWdAarg5+g="></latexit>

x2 =

(
y if proposal accepted

x1 otherwise

<latexit sha1_base64="P5ciZ5wFf/boP4i8uZH3KVFsa+4="></latexit>

x3, . . .
<latexit sha1_base64="0Rk6XIUny/hZsm6tNxibk+rK69s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQspMK6i7ghuXFewD2rFk0kwbmkmGJKOWof/hxoUibv0Xd/6NaTsLbT3cC4dz7iU3J4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpfunXvUMdW3xvjS6Vyy5ZXcGtEy8jJQgQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7OrJ+jEKn0USmVbGDRTf2+kONJ6HAV2MsJmqBe9qfif10lMeOmnTMSJoYLMHwoTjoxE0whQnylKDB9bgoli9lZEhlhhYmxQBRuCt/jlZdKslL1quXJ7XqpdZXHk4QiO4RQ8uIAa3EAdGkBAwTO8wpvz6Lw4787HfDTnZDuH8AfO5w/7/ZGB</latexit>

⇢(x)
<latexit sha1_base64="yakkQTdGLkSHeGcX9pIJKb5FZ+4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFdRbwYvHCvYD2qVk02wbmk2WJCuWpT/CiwdFvPp7vPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3c7zxSpZkUD2YaUz/CI8FCRrCxUqevxrL6dD4oV9yamwGtEi8nFcjRHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepQJHVPtpdu4MnVlliEKpbAmDMvX3RIojradRYDsjbMZ62ZuL/3m9xITXfspEnBgqyGJRmHBkJJr/joZMUWL41BJMFLO3IjLGChNjEyrZELzll1dJu17zLmr1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/w3OPKQ==</latexit>

⇢(x)
<latexit sha1_base64="aVohIW0Hf5owQHnOzzsVomUVmv4=">AAAB7nicdVDLSgMxFM3UV62vqks3wSLUzTAzrbbdFdy4rGAf0A4lk2ba0EwyJBmxDP0INy4Ucev3uPNvzLQVVPTAhcM593LvPUHMqNKO82Hl1tY3Nrfy24Wd3b39g+LhUUeJRGLSxoIJ2QuQIoxy0tZUM9KLJUFRwEg3mF5lfveOSEUFv9WzmPgRGnMaUoy0kboDORHl+/NhseTYNa9RdT3o2E7NuajXM1JpeO4ldG1ngRJYoTUsvg9GAicR4RozpFTfdWLtp0hqihmZFwaJIjHCUzQmfUM5iojy08W5c3hmlBEMhTTFNVyo3ydSFCk1iwLTGSE9Ub+9TPzL6yc6rPsp5XGiCcfLRWHCoBYw+x2OqCRYs5khCEtqboV4giTC2iRUMCF8fQr/Jx3Pdiu2d1MtNRurOPLgBJyCMnBBDTTBNWiBNsBgCh7AE3i2YuvRerFel605azVzDH7AevsELq+Pcw==</latexit>



Monte Carlo and classical systems

• Monte Carlo methods can be very powerful in classical statistical physics

• Let consider the Ising model

• The average magnetization

• The sum over all configurations is exponential!

• Monte Carlo: This can be written as

• There is a very natural choice for           which has the nice property

• With quantum systems: no such nice choice for 

• In particular it is hard to find a positive probability distribution

hmi = 1

Z

X

C
e��HIsing(C) m(C)

<latexit sha1_base64="voXCvSNN2vyPYryd/i6uQ/PUnzw="></latexit>

C = {�1, �2, �3, . . .}
<latexit sha1_base64="jHMVXDccJIPvR/PJ4DVE/LpU17o=">AAACKnicbVDLSsNAFJ34rPUVdelmsAguSklaQV0IlW5cVrAPaEKYTCbt0MmDmYlQQr7Hjb/ipguluPVDnLQRauuFgXPPuZc757gxo0Iaxkzb2Nza3tkt7ZX3Dw6PjvWT066IEo5JB0cs4n0XCcJoSDqSSkb6MScocBnpueNWrvdeCBc0Cp/lJCZ2gIYh9SlGUlGO/mAFSI4wYmkrg/fQSqEl6DBAjlmFVvW3qS83jUXDvEgKaGWOXjFqxrzgOjALUAFFtR19ankRTgISSsyQEAPTiKWdIi4pZiQrW4kgMcJjNCQDBUMUEGGnc6sZvFSMB/2IqxdKOGeXN1IUCDEJXDWZGxOrWk7+pw0S6d/aKQ3jRJIQLw75CYMygnlu0KOcYMkmCiDMqforxCPEEZYq3bIKwVy1vA669ZrZqNWfrivNuyKOEjgHF+AKmOAGNMEjaIMOwOAVvIMP8Km9aVNtpn0tRje0YucM/Cnt+wfTmKRm</latexit>

hmi =
P

C ⇢(C)m(C)P
C ⇢(C)

<latexit sha1_base64="E8Ca2zYJy6xsoHGoK3FnmQMzjoQ=">AAACXXicjVFNS8MwGE6r061OrXrw4CU4hAky2imoB2Gwi8cJ7gPWMdIs3cKStCSpMEr/pDe9+FfMPg778OALgYfng7x5EiaMKu15X5a9t184OCyWnKPy8cmpe3beUXEqMWnjmMWyFyJFGBWkralmpJdIgnjISDecNud694NIRWPxrmcJGXA0FjSiGGlDDV0dMCTGjEAOA7lELzCIJMJZoFI+DDjSE4xY1syNYRJX14hbGNxBvsHkzj9i+dCteDVvMXAX+CtQAatpDd3PYBTjlBOhMUNK9X0v0YMMSU0xI7kTpIokCE/RmPQNFIgTNcgW7eTwxjAjGMXSHKHhgl1PZIgrNeOhcc6XVNvanPxL66c6ehpkVCSpJgIvL4pSBnUM51XDEZUEazYzAGFJza4QT5CpVpsPcUwJ/vaTd0GnXvPva/W3h0rjeVVHEVyBa1AFPngEDfAKWqANMPi2gFWyHOvHLthl+2Rpta1V5gJsjH35C/KAtPw=</latexit>

⇢(C) = e��HIsing(C)
<latexit sha1_base64="hQG5FobIan7EspbNOIDsn4/DCYM=">AAACJXicbVDLSgMxFM34rPVVdekmWIS6sMxUQQWFQjd1V8E+oFNLJr1tQzOZIckIZZifceOvuHFhEcGVv2L6WNjWA4HDOeeSe48Xcqa0bX9bK6tr6xubqa309s7u3n7m4LCmgkhSqNKAB7LhEQWcCahqpjk0QgnE9zjUvUFp7NefQSoWiEc9DKHlk55gXUaJNlI7c+vKfpBzfaL7lPC4lJzhOwxP8bnrgSa43J5Y0o/vFRO9ZC6ZtDNZO29PgJeJMyNZNEOlnRm5nYBGPghNOVGq6dihbsVEakY5JGk3UhASOiA9aBoqiA+qFU+uTPCpUTq4G0jzhMYT9e9ETHylhr5nkuMl1aI3Fv/zmpHuXrdiJsJIg6DTj7oRxzrA48pwh0mgmg8NIVQysyumfSIJ1abYtCnBWTx5mdQKeeciX3i4zBZvZnWk0DE6QTnkoCtURGVUQVVE0Qt6Qx9oZL1a79an9TWNrlizmSM0B+vnF0tTpSI=</latexit>

⇢(C)
<latexit sha1_base64="2lTJGZa6sji0jezH9anqMq5oibY=">AAAB+nicbVBNT8JAFHzFL8SvokcvG4kJXkiLJuqNhItHTARMaEO2ywIbtttmd6shlZ/ixYPGePWXePPfuIUeFJxkk8nMe3mzE8ScKe0431ZhbX1jc6u4XdrZ3ds/sMuHHRUlktA2iXgk7wOsKGeCtjXTnN7HkuIw4LQbTJqZ332gUrFI3OlpTP0QjwQbMoK1kfp22ZPjqOqFWI8J5mlzdta3K07NmQOtEjcnFcjR6ttf3iAiSUiFJhwr1XOdWPsplpoRTmclL1E0xmSCR7RnqMAhVX46jz5Dp0YZoGEkzRMazdXfGykOlZqGgZnMMqplLxP/83qJHl75KRNxoqkgi0PDhCMdoawHNGCSEs2nhmAimcmKyBhLTLRpq2RKcJe/vEo69Zp7XqvfXlQa13kdRTiGE6iCC5fQgBtoQRsIPMIzvMKb9WS9WO/Wx2K0YOU7R/AH1ucP3viTtw==</latexit>

⇢(C) > 0
<latexit sha1_base64="LUqmUJsEIVU2DQRExiscwyH+jYo=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkpSBXUjhW5cVrAPaEqZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fc6a043xbK6tr6xubha3i9s7u3r59cNhSUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj+uZ377kUrFIvGgJzHthXgoWMAI1kbq28eeHEVlL8R6RDBP69NzdIucvl1yKs4MaJm4OSlBjkbf/vIGEUlCKjThWKmu68S6l2KpGeF0WvQSRWNMxnhIu4YKHFLVS2fxp+jMKAMURNI8odFM/b2R4lCpSeibySynWvQy8T+vm+jgupcyESeaCjI/FCQc6QhlXaABk5RoPjEEE8lMVkRGWGKiTWNFU4K7+OVl0qpW3ItK9f6yVLvJ6yjACZxCGVy4ghrcQQOaQCCFZ3iFN+vJerHerY/56IqV7xzBH1ifP5X+lI0=</latexit>

⇢(C)
<latexit sha1_base64="2lTJGZa6sji0jezH9anqMq5oibY=">AAAB+nicbVBNT8JAFHzFL8SvokcvG4kJXkiLJuqNhItHTARMaEO2ywIbtttmd6shlZ/ixYPGePWXePPfuIUeFJxkk8nMe3mzE8ScKe0431ZhbX1jc6u4XdrZ3ds/sMuHHRUlktA2iXgk7wOsKGeCtjXTnN7HkuIw4LQbTJqZ332gUrFI3OlpTP0QjwQbMoK1kfp22ZPjqOqFWI8J5mlzdta3K07NmQOtEjcnFcjR6ttf3iAiSUiFJhwr1XOdWPsplpoRTmclL1E0xmSCR7RnqMAhVX46jz5Dp0YZoGEkzRMazdXfGykOlZqGgZnMMqplLxP/83qJHl75KRNxoqkgi0PDhCMdoawHNGCSEs2nhmAimcmKyBhLTLRpq2RKcJe/vEo69Zp7XqvfXlQa13kdRTiGE6iCC5fQgBtoQRsIPMIzvMKb9WS9WO/Wx2K0YOU7R/AH1ucP3viTtw==</latexit>

2N
<latexit sha1_base64="8oveMhdzaQwgKluZtYkR8lmce6s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHiSiOYBSQyzk95kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/up76zSdUmkfywYxj7IZ0IHnAGTVWuq883vaKJbfszkCWiZeREmSo9YpfnX7EkhClYYJq3fbc2HRTqgxnAieFTqIxpmxEB9i2VNIQdTednTohJ1bpkyBStqQhM/X3REpDrcehbztDaoZ60ZuK/3ntxASX3ZTLODEo2XxRkAhiIjL9m/S5QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsqVu/NS9SqLIw9HcAyn4MEFVOEGalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/ygWNcQ==</latexit>

g(C) = m(C)
<latexit sha1_base64="63owmWi2YrEB8EqON0vxnIE7vJk=">AAACCHicbVA9SwNBEJ3zM8avU0sLF4MQm3AXBbUQAmksI5gPSELY2+wlS3bvjt09IRwpbfwrNhaK2PoT7Pw37iVXmMQHA4/3ZpiZ50WcKe04P9bK6tr6xmZuK7+9s7u3bx8cNlQYS0LrJOShbHlYUc4CWtdMc9qKJMXC47Tpjaqp33ykUrEweNDjiHYFHgTMZwRrI/Xsk0GxI7AeEsyT6uQc3SIxJ/TsglNypkDLxM1IATLUevZ3px+SWNBAE46VartOpLsJlpoRTif5TqxohMkID2jb0AALqrrJ9JEJOjNKH/mhNBVoNFX/TiRYKDUWnulMb1SLXir+57Vj7V93ExZEsaYBmS3yY450iNJUUJ9JSjQfG4KJZOZWRIZYYqJNdnkTgrv48jJplEvuRal8f1mo3GRx5OAYTqEILlxBBe6gBnUg8AQv8Abv1rP1an1Yn7PWFSubOYI5WF+/DUeYsQ==</latexit>

HIsing = J
X

hi,ji

�i · �j � h
X

i

�i �i = ±1

<latexit sha1_base64="nAodu8B5a5z4Ha3iEG/yQTe1e24="></latexit>



The sign problem in Monte Carlo methods

• What if the function that we try to integrate is alternating in sign?

• What probability density should we take?

• Let us try

• Then the function to sample is

• But          has big oscillations around the result

• This leads to a larger variance

• This is known as the sign problem

• Algorithms that simulate fermionic systems 
generally have a sign problem where  
    grows exponentially with temperature, 
system size, etc.

I ' 1

N

MCX

x

g(x)
<latexit sha1_base64="MzbpgLMQOoMijb4Ye3kB5OAPyNM=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICWpgrordKMLpYJ9QFPLZDpph84kcWYiLSE/4cZfceNCEbeCO//GSduFth64cDjnXu69xw0Zlcqyvo3MwuLS8kp2Nbe2vrG5ZW7v1GUQCUxqOGCBaLpIEkZ9UlNUMdIMBUHcZaThDiqp33ggQtLAv1WjkLQ56vnUoxgpLXXMo0voSMrJPXQ8gXBsJ/F1oqWId4Z3DkeqL3h8VUlgrzA87Jh5q2iNAeeJPSV5MEW1Y3453QBHnPgKMyRly7ZC1Y6RUBQzkuScSJIQ4QHqkZamPuJEtuPxVwk80EoXeoHQ5Ss4Vn9PxIhLOeKu7kzvlLNeKv7ntSLlnbVj6oeRIj6eLPIiBlUA04hglwqCFRtpgrCg+laI+0ino3SQOR2CPfvyPKmXivZxsXRzki+fT+PIgj2wDwrABqegDC5AFdQABo/gGbyCN+PJeDHejY9Ja8aYzuyCPzA+fwDIhZ6M</latexit>

g(x)
<latexit sha1_base64="NwoTETR+GvMPPeVSIrJQBL89Gak=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFdRbwYvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+Sdr3mXdTq95eVxk0eRxFO4BSq4MEVNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/bH+NzQ==</latexit>

�p
N

<latexit sha1_base64="lvm77dXtr4oGkrFPhTMgE0qeDUo=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkCuqu4MaVVLAPaEKZTCft0JkkztwIJWTjr7hxoYhbP8Odf+O0zUJbD1zu4Zx7mbknSATX4Djf1tLyyuraemmjvLm1vbNr7+23dJwqypo0FrHqBEQzwSPWBA6CdRLFiAwEawej64nffmRK8zi6h3HCfEkGEQ85JWCknn3ohYrQzNN8IElu+oOC7DbPe3bFqTpT4EXiFqSCCjR69pfXj2kqWQRUEK27rpOAnxEFnAqWl71Us4TQERmwrqERkUz72fSAHJ8YpY/DWJmKAE/V3xsZkVqPZWAmJYGhnvcm4n9eN4Xw0s94lKTAIjp7KEwFhhhP0sB9rhgFMTaEUMXNXzEdEpMImMzKJgR3/uRF0qpV3bNq7e68Ur8q4iihI3SMTpGLLlAd3aAGaiKKcvSMXtGb9WS9WO/Wx2x0ySp2DtAfWJ8/B1mXTQ==</latexit>

�
<latexit sha1_base64="Wictn7Rlt3b+mV1w4vsBymh3XW0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTattdwY3LCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57woQzbRD6cHJr6xubW/ntws7u3v5B8fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOruZ+554qzaS4NdOEBjEeCRYxgo2V2n3NRjEeFEvIrfr1iudD5KIquqjV5qRc971L6LlogRJYoTkovveHkqQxFYZwrHXPQ4kJMqwMI5zOCv1U0wSTCR7RnqUCx1QH2eLaGTyzyhBGUtkSBi7U7xMZjrWexqHtjLEZ69/eXPzL66UmqgUZE0lqqCDLRVHKoZFw/jocMkWJ4VNLMFHM3grJGCtMjA2oYEP4+hT+T9q+65Vd/6ZSatRXceTBCTgF58ADVdAA16AJWoCAO/AAnsCzI51H58V5XbbmnNXMMfgB5+0TBjSPaA==</latexit>

�
<latexit sha1_base64="Wictn7Rlt3b+mV1w4vsBymh3XW0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTattdwY3LCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57woQzbRD6cHJr6xubW/ntws7u3v5B8fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOruZ+554qzaS4NdOEBjEeCRYxgo2V2n3NRjEeFEvIrfr1iudD5KIquqjV5qRc971L6LlogRJYoTkovveHkqQxFYZwrHXPQ4kJMqwMI5zOCv1U0wSTCR7RnqUCx1QH2eLaGTyzyhBGUtkSBi7U7xMZjrWexqHtjLEZ69/eXPzL66UmqgUZE0lqqCDLRVHKoZFw/jocMkWJ4VNLMFHM3grJGCtMjA2oYEP4+hT+T9q+65Vd/6ZSatRXceTBCTgF58ADVdAA16AJWoCAO/AAnsCzI51H58V5XbbmnNXMMfgB5+0TBjSPaA==</latexit>

⇢(x) = � |f(x)|
<latexit sha1_base64="Mi09RF+cwn05SXZNL66bRGHRLhE=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpSZKqgLoeDGZQX7gM5QMmmmDU0yQ5IRy7QbN/6KGxeKuPUf3Pk3ZtoutHrgwuGce7n3niBmVGnH+bJyC4tLyyv51cLa+sbmlr2901BRIjGp44hFshUgRRgVpK6pZqQVS4J4wEgzGFxlfvOOSEUjcauHMfE56gkaUoy0kTr2vif7Uen+CF5Cr4c4R9A7hiMYZtKoYxedsjMB/EvcGSmCGWod+9PrRjjhRGjMkFJt14m1nyKpKWZkXPASRWKEB6hH2oYKxIny08kXY3holC4MI2lKaDhRf06kiCs15IHp5Ej31byXif957USH535KRZxoIvB0UZgwqCOYRQK7VBKs2dAQhCU1t0LcRxJhbYIrmBDc+Zf/kkal7J6UKzenxerFLI482AMHoARccAaq4BrUQB1g8ACewAt4tR6tZ+vNep+25qzZzC74BevjG94xljc=</latexit>

g(x) =
f(x)

⇢(x)
=

1

�

signf(x)
<latexit sha1_base64="mWwjNDfSFbU+B1Xnn8AGqwfEpZw=">AAACKnicbVDLSgMxFM34rPU16tJNsAh1U2aqoC6EihuXFewDOqVk0sw0NMkMSUYsw3yPG3/FTRdKceuHmGmLaOuBwMk593LvPX7MqNKOM7FWVtfWNzYLW8Xtnd29ffvgsKmiRGLSwBGLZNtHijAqSENTzUg7lgRxn5GWP7zL/dYTkYpG4lGPYtLlKBQ0oBhpI/Xs27D8fAZvoBdIhNPAfLLUk4MoJz+ya7QQcY4y6HGkB5KnioYig3l9zy45FWcKuEzcOSmBOeo9e+z1I5xwIjRmSKmO68S6myKpKWYkK3qJIjHCQxSSjqECcaK66fTUDJ4apQ+DSJonNJyqvztSxJUacd9U5puqRS8X//M6iQ6uuikVcaKJwLNBQcKgjmCeG+xTSbBmI0MQltTsCvEAmXS0SbdoQnAXT14mzWrFPa9UHy5Ktet5HAVwDE5AGbjgEtTAPaiDBsDgBbyBd/BhvVpja2J9zkpXrHnPEfgD6+sb1XamVA==</latexit>



Outline

• Why are fermionic quantum systems difficult?

• Hamiltonian approaches and Hilbert space size explosion

• Action-based approaches and Monte Carlo methods

• A very quick introduction to Monte Carlo methods

• How to compute integrals stochastically

• The origin of the sign problem

• Continuous-time quantum Monte Carlo algorithms

• The three flavors of algorithms and the fermionic sign problem

• What have they allowed to do?

• Diagrammatic Monte Carlo algorithms

• Addressing the infinite lattice directly

• Applications to the two-dimensional Hubbard model



Continuous-time quantum Monte Carlo algorithms

• They allow to find the solution of an Anderson impurity model

• They come in three flavors:

• CT-INT: Interaction expansion

• CT-HYB: Hybridization expansion

• CT-AUX: Auxiliary-field formulation

• All are based on different perturbative expansions of the partition function

• The terms of the perturbation series are computed stochastically

Z =

Z
D[d†, d] e�S

<latexit sha1_base64="Z+1s9OZFS0+b3VDRo/oTCXu8FzM=">AAACFXicbVC7SgNBFJ2NrxhfUUubwSBYxLAbBbUQAlpYRjQPzG7C7OxNMmT2wcysEJb9CRt/xcZCEVvBzr9x8ig08cDA4Zx7mXOPG3EmlWl+G5mFxaXllexqbm19Y3Mrv71Tl2EsKNRoyEPRdIkEzgKoKaY4NCMBxHc5NNzB5chvPICQLAzu1DACxye9gHUZJUpLnXzxHl9gmwUK2z5RfUp4cpW2vLbtkV4PRBF7DraLGNrJ0W3ayRfMkjkGnifWlBTQFNVO/sv2Qhr7ECjKiZQty4yUkxChGOWQ5uxYQkTogPSgpWlAfJBOMr4qxQda8XA3FPrpfGP190ZCfCmHvqsnR9HlrDcS//NaseqeOQkLolhBQCcfdWOOVYhHFWGPCaCKDzUhVDCdFdM+EYQqXWROl2DNnjxP6uWSdVwq35wUKufTOrJoD+2jQ2ShU1RB16iKaoiiR/SMXtGb8WS8GO/Gx2Q0Y0x3dtEfGJ8/6ludYQ==</latexit>

G�1
0� (i!n) = i!n � ✏0 ���(i!n)

<latexit sha1_base64="Ylr0RvD8VGlfaSkhk2dNvnKigkU="></latexit>

hAi = 1

Z

Z
D[d†, d] e�S A

<latexit sha1_base64="cJiCAvAq7S91I/XnmNt5TZD1WoI="></latexit>

U
<latexit sha1_base64="PyRCFkKb45f5E/fipSHUKMVKiAE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGqhDWWznbRrN5uwuxFK6S/w4kERr/4kb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoSj25n/8IRK80Tem3GKQUwHkkecUWOlpt8rV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuiUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ16TPFTIjxpZQpri9lbAhVZQZm03JhuAtv7xKWrWqd1GtNS8r9Zs8jiKcwCmcgwdXUIc7aIAPDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AK/GjNQ=</latexit>

�(i!n)
<latexit sha1_base64="GP6WIGi7V+EolYVeTY1ls34vCP8=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQb0V9OCxgv2AJoTNdtIu3WzC7kYptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb2tldW19Y7OwVdze2d3bt0sHLZVkkkKTJjyRnZAo4ExAUzPNoZNKIHHIoR0Or6d++wGkYom416MU/Jj0BYsYJdpIgV3yboBrUmFeEkOfBOI0sMtO1ZkBLxM3J2WUoxHYX14voVkMQlNOlOq6Tqr9MZGaUQ6TopcpSAkdkj50DRUkBuWPZ6dP8IlRejhKpCmh8Uz9PTEmsVKjODSdMdEDtehNxf+8bqajS3/MRJppEHS+KMo41gme5oB7TALVfGQIoZKZWzEdEEmoNmkVTQju4svLpFWrumfV2t15uX6Vx1FAR+gYVZCLLlAd3aIGaiKKHtEzekVv1pP1Yr1bH/PWFSufOUR/YH3+AIyGk4I=</latexit>

d†�
<latexit sha1_base64="aSELclS6fxYTZWaJMAPD4cB8MLs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mqoN4KXjxWsLXQxDDZbNOlu0nY3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwowzpR3n26qsrW9sblW3azu7e/sH9uFRV6W5JLRDUp7KXgiKcpbQjmaa014mKYiQ08dwdDvzH8dUKpYmD3qSUV9AnLABI6CNFNh29ORFEMdUBp5isYDArjsNZw68StyS1FGJdmB/eVFKckETTTgo1XedTPsFSM0Ip9OalyuaARlBTPuGJiCo8ov55VN8ZpQID1JpKtF4rv6eKEAoNRGh6RSgh2rZm4n/ef1cD679giVZrmlCFosGOcc6xbMYcMQkJZpPDAEimbkVkyFIINqEVTMhuMsvr5Jus+FeNJr3l/XWTRlHFZ2gU3SOXHSFWugOtVEHETRGz+gVvVmF9WK9Wx+L1opVzhyjP7A+fwCXspOa</latexit>

S = �
X

�

Z �

0
d⌧d⌧ 0d†�(⌧)G

�1
0� (⌧ � ⌧ 0)d�(⌧

0)

+

Z �

0
d⌧ Und"(⌧)nd#(⌧)

<latexit sha1_base64="u+IsBlfvmDRKVNzb5AvEOHtX2+w="></latexit>

e�
<latexit sha1_base64="PTLVhUeL1nSapna8Y+NXKsLgKPs=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHbjQT0Z8OIxonlAsobZSW8yZHZ2mZkVQsgnePGgiFc/xG/w5t842eSgiQUNRVU33V1BIrg2rvvtLC2vrK6t5zbym1vbO7uFvf26jlPFsMZiEatmQDUKLrFmuBHYTBTSKBDYCAbXE7/xiErzWN6bYYJ+RHuSh5xRY6U7fDjtFIpuyc1AFok3I8WrT8hQ7RS+2t2YpRFKwwTVuuW5ifFHVBnOBI7z7VRjQtmA9rBlqaQRan+UnTomx1bpkjBWtqQhmfp7YkQjrYdRYDsjavp63puI/3mt1IQX/ojLJDUo2XRRmApiYjL5m3S5QmbE0BLKFLe3EtanijJj08nbELz5lxdJvVzyzkrlW7dYuZymATk4hCM4AQ/OoQI3UIUaMOjBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjBz51jn4=</latexit>

Describes the structure of 
the bath (self-consistently 
determined)

Rubtsov and Lichtenstein, 
JETP Lett. (2004)

Werner and Millis, PRB (2006)

Gull et al., EPL (2008)

� = 1/T
<latexit sha1_base64="TfIFbkw9YAfBFSEg+WJpILycvjE=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe5WQT0IBS8eK/QLtkvJptk2NJssyaxQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wEN+C6305hbX1jc6u4XdrZ3ds/KB8etY1KNWUtqoTS3ZAYJrhkLeAgWDfRjMShYJ1wfD/zO09MG65kEyYJC2IylDzilICV/F7IgOA77F00++WKW3XnwKvEy0kF5Wj0y1+9gaJpzCRQQYzxPTeBICMaOBVsWuqlhiWEjsmQ+ZZKEjMTZPOTp/jMKgMcKW1LAp6rvycyEhsziUPbGRMYmWVvJv7n+SlEN0HGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWSDcFbfnmVtGtV77Jae7yq1G/zOIroBJ2ic+Sha1RHD6iBWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz9825AM</latexit>



Interaction expansion algorithm

• We start from

• The partition function becomes

• Writing the Taylor series in the interaction for the exponential

• This is a large sum: Let us try to compute it by Monte Carlo!

Z =

Z
D[d†, d] e�S

<latexit sha1_base64="Z+1s9OZFS0+b3VDRo/oTCXu8FzM=">AAACFXicbVC7SgNBFJ2NrxhfUUubwSBYxLAbBbUQAlpYRjQPzG7C7OxNMmT2wcysEJb9CRt/xcZCEVvBzr9x8ig08cDA4Zx7mXOPG3EmlWl+G5mFxaXllexqbm19Y3Mrv71Tl2EsKNRoyEPRdIkEzgKoKaY4NCMBxHc5NNzB5chvPICQLAzu1DACxye9gHUZJUpLnXzxHl9gmwUK2z5RfUp4cpW2vLbtkV4PRBF7DraLGNrJ0W3ayRfMkjkGnifWlBTQFNVO/sv2Qhr7ECjKiZQty4yUkxChGOWQ5uxYQkTogPSgpWlAfJBOMr4qxQda8XA3FPrpfGP190ZCfCmHvqsnR9HlrDcS//NaseqeOQkLolhBQCcfdWOOVYhHFWGPCaCKDzUhVDCdFdM+EYQqXWROl2DNnjxP6uWSdVwq35wUKufTOrJoD+2jQ2ShU1RB16iKaoiiR/SMXtGb8WS8GO/Gx2Q0Y0x3dtEfGJ8/6ludYQ==</latexit>

Treat this term 
perturbatively

S = S0+SU = �
X

�

Z �

0
d⌧d⌧ 0 d†�(⌧)G

�1
0� (⌧�⌧ 0)d�(⌧

0)+

Z �

0
d⌧ Und"(⌧)nd#(⌧)

<latexit sha1_base64="UesTBnvIygH0uhkP2P7HhRFVB4g="></latexit>

Z =

Z
D[d†, d] e�S0e�SU = Z0

⌦
T⌧e

�SU
↵
0

<latexit sha1_base64="3yrJVRsWoW7wVkBsV8cQ/HjAWwM="></latexit>

hAi = 1

Z

Z
D[d†, d] e�S A

<latexit sha1_base64="cJiCAvAq7S91I/XnmNt5TZD1WoI="></latexit>

Z = Z0

1X

n=0

(�U)n

n!

Z �

0
d⌧1 . . . d⌧n

⌦
T⌧nd"(⌧1) . . . nd"(⌧n)nd#(⌧1) . . . nd#(⌧n)

↵
0

<latexit sha1_base64="KyWB88UJtcSUlkapf4O0yoV3hG0="></latexit>

Z = Z0

1X

n=0

Z �

0
d⌧1 . . . d⌧n

(�U)n

n!
detD(⌧1, . . . , ⌧n)

<latexit sha1_base64="5CdOvgYaAC/nfD36540In9qPfc8="></latexit>

D(⌧1, . . . , ⌧n)
<latexit sha1_base64="IokAoiN6yxw0w/f/KXZFRF41EGA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmqqDuCrpwWcE+oC1DJpNpQzOZIbkjlKG48VfcuFDErV/hzr8xfSy09UDIyTn3cnOPnwiuwXG+rdzS8srqWn69sLG5tb1j7+41dJwqyuo0FrFq+UQzwSWrAwfBWoliJPIFa/qD67HffGBK81jewzBh3Yj0JA85JWAkzz64KXWApJ57ijsiiEGbe/yWJ55ddMrOBHiRuDNSRDPUPPurE8Q0jZgEKojWbddJoJsRBZwKNip0Us0SQgekx9qGShIx3c0mK4zwsVECHMbKHAl4ov7uyEik9TDyTWVEoK/nvbH4n9dOIbzsZlwmKTBJp4PCVGCI8TgPHHDFKIihIYQqbv6KaZ8oQsGkVjAhuPMrL5JGpeyelSt358Xq1SyOPDpER6iEXHSBqugW1VAdUfSIntErerOerBfr3fqYluasWc8++gPr8wcnQZX4</latexit>

is an n x n 
matrix



Monte Carlo sampling

• Monte Carlo sampling of the partition function

• Monte Carlo configurations:

• Some observable:

• We could use            as a Monte Carlo weight. Warning: it can be negative! So we 
must use the absolute value

• The variance of          leads to an exponential sign problem

C = {n, ⌧1, . . . , ⌧n}
<latexit sha1_base64="1JYKD5484nK6UyvyBtr4OW4L/3E=">AAACFXicbVDLSgMxFM34rPU16tJNsAguSpmpgroQCt24rGAf0BlKJs20oZnMkNwRytCfcOOvuHGhiFvBnX9j2s5CWy+EnJxzLzfnBIngGhzn21pZXVvf2CxsFbd3dvf27YPDlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gVJ/q7QemNI/lPYwT5kdkIHnIKQFD9eyyFxEYUiKy+gTfYC+TZewBSXuuuUU/Bp2/JfYmPbvkVJxZ4WXg5qCE8mr07C+vH9M0YhKoIFp3XScBPyMKOBVsUvRSzRJCR2TAugZKEjHtZzNXE3xqmD4OY2WOBDxjf09kJNJ6HAWmc+pBL2pT8j+tm0J45WdcJikwSeeLwlRgiPE0ItznilEQYwMIVdz8FdMhUYSCCbJoQnAXLS+DVrXinleqdxel2nUeRwEdoxN0hlx0iWroFjVQE1H0iJ7RK3qznqwX6936mLeuWPnMEfpT1ucPRS+dmQ==</latexit>

Induces a very 
large variance

n = 5
<latexit sha1_base64="6DxeLqNPdyAmGsSK0H5EvCeGn90=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRT0IAS8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JRzOO0Q/pQPI+Z9RY6UHeXHSLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsqV+/NS9TqLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/zWSNcw==</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

⌧5
<latexit sha1_base64="QwGnyEso8eIcBBNfLVS/nxAVwlM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV1FvBi8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZhdp2rvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD02mjus=</latexit>

!(C)
<latexit sha1_base64="oQGHtLrxT06kS3lC00TOargFXI4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5JUQd0VunFZwT6gCWUynbRD5xFmJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1zwpgSpV332yptbG5t75R3K3v7B4dH9vFJT4lEItxFggo5CKHClHDc1URTPIglhiykuB/O2rnff8RSEcEfdBrjgMEJJxFBUBtpZFd9wfAE1n0G9RRBmrXnFyO75jbcBZx14hWkBgp0RvaXPxYoYZhrRKFSQ8+NdZBBqQmieF7xE4VjiGZwgoeGcsiwCrJF+LlzbpSxEwlpHtfOQv29kUGmVMpCM5lnVKteLv7nDRMd3QQZ4XGiMUfLQ1FCHS2cvAlnTCRGmqaGQCSJyeqgKZQQadNXxZTgrX55nfSaDe+y0by/qrVuizrK4BScgTrwwDVogTvQAV2AQAqewSt4s56sF+vd+liOlqxipwr+wPr8AVm+lIs=</latexit>

Z = Z0

1X

n=0

Z �

0
d⌧1 . . . d⌧n

| {z }P
C

(�U)n

n!
detD(⌧1, . . . , ⌧n)

| {z }
!(C)

= Z0

X

C
!(C)

<latexit sha1_base64="Kw4v/dYWdCjMwirFxzpEG8Pyhqs="></latexit>

hn"i =
P

C !(C)
det D̃(C)
detD(C)P

C !(C)
<latexit sha1_base64="MVfhFfynKKKPy4tv+SvuZyiInYE="></latexit>

hn"i =
P

C
��!(C)

�� det D̃(C)
detD(C) · sign(!)P

C
��!(C)

�� · sign(!)
'

PMC
C

det D̃(C)
detD(C) · sign(!)

PMC
C sign(!)

<latexit sha1_base64="2E5njfh82huxKx4iTgjMRvKWrOM="></latexit>

� / exp(n)
<latexit sha1_base64="LTgrIKjiYrYe1SxO686/moO3jEY=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRahboaZvrsruHFZwT6gU0omTdvQTCYkGbGMXfgrblwo4tbfcOffmGkrqOiBC4dz7uXee3zBqNKO82GtrK6tb2ymttLbO7t7+5mDw5YKI4lJE4cslB0fKcIoJ01NNSMdIQkKfEba/uQi8ds3RCoa8ms9FaQXoBGnQ4qRNlI/c+wpOgoQ9IQMhQ6hR25Fjp/3M1nHrlSr+UIJOna+WHFKtYS4pXK1DF3bmSMLlmj0M+/eIMRRQLjGDCnVdR2hezGSmmJGZmkvUkQgPEEj0jWUo4CoXjy/fwbPjDKAw1Ca4hrO1e8TMQqUmga+6QyQHqvfXiL+5XUjPaz2YspFpAnHi0XDiEHzaBIGHFBJsGZTQxCW1NwK8RhJhLWJLG1C+PoU/k9aedst2PmrYrZeW8aRAifgFOSACyqgDi5BAzQBBnfgATyBZ+veerRerNdF64q1nDkCP2C9fQLIfpXv</latexit>

!(C)
<latexit sha1_base64="oQGHtLrxT06kS3lC00TOargFXI4=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5JUQd0VunFZwT6gCWUynbRD5xFmJkII9VfcuFDErR/izr9x0mahrQcGDufcyz1zwpgSpV332yptbG5t75R3K3v7B4dH9vFJT4lEItxFggo5CKHClHDc1URTPIglhiykuB/O2rnff8RSEcEfdBrjgMEJJxFBUBtpZFd9wfAE1n0G9RRBmrXnFyO75jbcBZx14hWkBgp0RvaXPxYoYZhrRKFSQ8+NdZBBqQmieF7xE4VjiGZwgoeGcsiwCrJF+LlzbpSxEwlpHtfOQv29kUGmVMpCM5lnVKteLv7nDRMd3QQZ4XGiMUfLQ1FCHS2cvAlnTCRGmqaGQCSJyeqgKZQQadNXxZTgrX55nfSaDe+y0by/qrVuizrK4BScgTrwwDVogTvQAV2AQAqewSt4s56sF+vd+liOlqxipwr+wPr8AVm+lIs=</latexit>



The fermionic sign problem

• What is the typical amplitude of a sampled contribution?

• The contributions go as

• Therefore the orders that contribute most are  
found around

• The main contributions have alternating signs 
with a typical variance

• This is the exponential fermionic sign problem

n
max

' �U
<latexit sha1_base64="I0C8AYy1aacYcPNLmTHzkPm5++o=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyCVbiLgtoFbCwjmA/IHWFvM0mW7O6du3tiOFLZ+FdsLBSx9TfY+W/cJFdo4oOBx3szzMwLY860cd1vJ7e0vLK6ll8vbGxube8Ud/caOkoUhTqNeKRaIdHAmYS6YYZDK1ZARMihGQ6vJn7zHpRmkbw1oxgCQfqS9Rglxkqd4qHs+IKYgRKpIA9j7Gsm4A77IRiC651iyS27U+BF4mWkhDLUOsUvvxvRRIA0lBOt254bmyAlyjDKYVzwEw0xoUPSh7alkgjQQTp9Y4yPrdLFvUjZkgZP1d8TKRFaj0RoOycn63lvIv7ntRPTuwhSJuPEgKSzRb2EYxPhSSa4yxRQw0eWEKqYvRXTAVGEGptcwYbgzb+8SBqVsndartyclaqXWRx5dICO0Any0DmqomtUQ3VE0SN6Rq/ozXlyXpx352PWmnOymX30B87nDyjAmOA=</latexit>

� ⇠ (�U)

�U

(�U)!

⇠ exp(�U)

<latexit sha1_base64="tCf1ahEVuHPACeWhrq9FZDk5y7I=">AAACLnicbVBbS8MwGE29O29VH32JDmG+jHYK6psggo8T7BTWOtLs6wwmbUlScZT+Il/8K/ogqIiv/gyzWbxMD4QczjkfyXfClDOlHefJGhufmJyanpmtzM0vLC7ZyystlWSSgkcTnsjzkCjgLAZPM83hPJVARMjhLLw6HPhn1yAVS+JT3U8hEKQXs4hRoo3UsY98xXqCYHMJ7EeS0Lzmh6AJ9rYu8pIVxbe4XpRZuEm/xI5dderOEPgvcUtSRSWaHfvB7yY0ExBryolSbddJdZATqRnlUFT8TEFK6BXpQdvQmAhQQT5ct8CbRuniKJHmxBoP1Z8TORFK9UVokoLoSzXqDcT/vHamo70gZ3GaaYjp50NRxrFO8KA73GUSqOZ9QwiVzPwV00tiOtOm4YopwR1d+S9pNerudr1xslM92C/rmEFraAPVkIt20QE6Rk3kIYpu0T16Ri/WnfVovVpvn9Exq5xZRb9gvX8ACqWnPg==</latexit>

Z = Z0

1X

n=0

Z �

0
d⌧1 . . . d⌧n

(�U)n

n!
detD(⌧1, . . . , ⌧n)

| {z }
!(C)

<latexit sha1_base64="i3ueic+vhYHIsPkXvKE48XZ1k34="></latexit>

!(C) ⇠ (U�)n

n!
<latexit sha1_base64="tkwf8D2bN1N2rY2xD9l+nyVpdpQ=">AAACGHicbVA9SwNBEN3z2/gVtbRZDUJs4p0KaifYWCqYRMjFMLeZi4u7e8funhCO+xk2/hUbC0Vs7fw3bj4KjT4YeLw3w8y8KBXcWN//8qamZ2bn5hcWS0vLK6tr5fWNhkkyzbDOEpHomwgMCq6wbrkVeJNqBBkJbEb35wO/+YDa8ERd236KbQk9xWPOwDqpU94PE4k9qIYS7B0DkZ8XezQ0XNIw1sDyap2GEVrYu1VFrraLTrni1/wh6F8SjEmFjHHZKX+G3YRlEpVlAoxpBX5q2zloy5nAohRmBlNg99DDlqMKJJp2PnysoLtO6dI40a6UpUP150QO0pi+jFzn4H4z6Q3E/7xWZuOTds5VmllUbLQozgS1CR2kRLtcI7Oi7wgwzd2tlN2BC8S6LEsuhGDy5b+kcVALDmsHV0eVs9NxHAtki+yQKgnIMTkjF+SS1Akjj+SZvJI378l78d69j1HrlDee2SS/4H1+A7hwn4k=</latexit>

n
max

' �U
<latexit sha1_base64="I0C8AYy1aacYcPNLmTHzkPm5++o=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyCVbiLgtoFbCwjmA/IHWFvM0mW7O6du3tiOFLZ+FdsLBSx9TfY+W/cJFdo4oOBx3szzMwLY860cd1vJ7e0vLK6ll8vbGxube8Ud/caOkoUhTqNeKRaIdHAmYS6YYZDK1ZARMihGQ6vJn7zHpRmkbw1oxgCQfqS9Rglxkqd4qHs+IKYgRKpIA9j7Gsm4A77IRiC651iyS27U+BF4mWkhDLUOsUvvxvRRIA0lBOt254bmyAlyjDKYVzwEw0xoUPSh7alkgjQQTp9Y4yPrdLFvUjZkgZP1d8TKRFaj0RoOycn63lvIv7ntRPTuwhSJuPEgKSzRb2EYxPhSSa4yxRQw0eWEKqYvRXTAVGEGptcwYbgzb+8SBqVsndartyclaqXWRx5dICO0Any0DmqomtUQ3VE0SN6Rq/ozXlyXpx352PWmnOymX30B87nDyjAmOA=</latexit>



The algorithm in practice

• We use a Metropolis-Hastings scheme

• Start from some configuration

• Propose new configurations

• Add a vertex:

• Remove a vertex:

• Accept or reject the proposed configurations with relevant probability

n = 5
<latexit sha1_base64="6DxeLqNPdyAmGsSK0H5EvCeGn90=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRT0IAS8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JRzOO0Q/pQPI+Z9RY6UHeXHSLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsqV+/NS9TqLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/zWSNcw==</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

⌧5
<latexit sha1_base64="QwGnyEso8eIcBBNfLVS/nxAVwlM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV1FvBi8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZhdp2rvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD02mjus=</latexit>

n = 5
<latexit sha1_base64="6DxeLqNPdyAmGsSK0H5EvCeGn90=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRT0IAS8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JRzOO0Q/pQPI+Z9RY6UHeXHSLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsqV+/NS9TqLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/zWSNcw==</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

⌧5
<latexit sha1_base64="QwGnyEso8eIcBBNfLVS/nxAVwlM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV1FvBi8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZhdp2rvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD02mjus=</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

⌧5
<latexit sha1_base64="QwGnyEso8eIcBBNfLVS/nxAVwlM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV1FvBi8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZhdp2rvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD02mjus=</latexit>

n = 6
<latexit sha1_base64="sRD1TLlQu20HklS/aTiDk7KxR0w=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkVPw5CwYvHCqYttKFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjsrq2vrG5uFreL2zu7efungsKGTTDH0WSIS1QqpRsEl+oYbga1UIY1Dgc1weDf1m0+oNE/koxmlGMS0L3nEGTVW8iW5JZfdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpFGteOeV6sNFuXaTx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB3tijcg=</latexit>

⌧6
<latexit sha1_base64="Woc82Y72i/hgP0STtsuer5QcLfg=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLT967gxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6czMbm1vZOdje3t39weJQ/PmlrmShCW0Ryqboh1pQzQVuGGU67saI4CjnthNOrhd+5p0ozKW7NLKZBhMeCjRjBxkrtvsHJoDLIF5DrVVC1VoLILRerfrlsiY+Kdd+HnouWKIA1moP8e38oSRJRYQjHWvc8FJsgxcowwuk81080jTGZ4jHtWSpwRHWQLq+dwwurDOFIKlvCwKX6fSLFkdazKLSdETYT/dtbiH95vcSMakHKRJwYKshq0Sjh0Ei4eB0OmaLE8JklmChmb4VkghUmxgaUsyF8fQr/J23f9Yquf1MqNOrrOLLgDJyDS+CBKmiAa9AELUDAHXgAT+DZkc6j8+K8rlozznrmFPyA8/YJth+PMw==</latexit>

n = 5
<latexit sha1_base64="6DxeLqNPdyAmGsSK0H5EvCeGn90=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRT0IAS8eI5oHJEuYnXSSIbOzy8ysEJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JRzOO0Q/pQPI+Z9RY6UHeXHSLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsqV+/NS9TqLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/zWSNcw==</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

⌧5
<latexit sha1_base64="QwGnyEso8eIcBBNfLVS/nxAVwlM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV1FvBi8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wHHC/YgOlAgFo2ilZhdp2rvslcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt2Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMHiEZ3iFNyd2Xpx352PeuuLkM0fwB87nD02mjus=</latexit>

0
<latexit sha1_base64="Nyq49i3ufeqP5FbL2xzNN1tDR5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/SaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/d7KMrw==</latexit>

�
<latexit sha1_base64="wc/q3c6c3QCpAPoVNbiaPTZrNzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcMkmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbSS3ws50n6l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wfCb46f</latexit>

⌧1
<latexit sha1_base64="apu4i6UPBQByMRYqDARnb4VCRbo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWrWqd1Gt3V9W6jd5HEU4gVM4Bw+uoA530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0eWjuc=</latexit>

⌧2
<latexit sha1_base64="5yKy/8Q0fwIsCYwpcyA7HvMrxdM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtGpV76Jau7+s1G/yOIpwAqdwDh5cQR3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD0kajug=</latexit>

⌧3
<latexit sha1_base64="xvAc5iPoa7k3eGswX6TG+jIEXbE=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkrqLeCF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/1S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1ap3l+W6zd5HAU4hTO4AA+uoA530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB0qejuk=</latexit>

⌧4
<latexit sha1_base64="DC2P/tLhJpWKJa4zcLFBxXQIm7A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQb0VvHisYGuhDWWz3bRrN5uwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfDPzH564NiJW9zhJuB/RoRKhYBSt1O4hTfv1frniVt05yCrxclKBHM1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvmZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpF2rehfV2l290rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP0wijuo=</latexit>

n = 4
<latexit sha1_base64="qXIdFCHPC7Sy8rQusi/3ign/Zf8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkktqAeh4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6387a+sbm1nZhp7i7t39wWDo6bpok04z7LJGJbofUcCkU91Gg5O1UcxqHkrfC0d3Mbz1xbUSiHnGc8iCmAyUiwShayVfkltR6pbJbcecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj62AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaVYr3mWl+lAr12/yOApwCmdwAR5cQR3uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AHhajcY=</latexit>

interaction vertices



Is all hope lost?

• Extra freedom in the theory:

• This additional     changes the non-interacting starting point (different chemical 
potential)

• A clever choice for     can completely suppress the sign problem in the single-orbital 
Anderson impurity model!

• For multiorbital models there is a sign problem 
that gets worse and low temperatures or 
high interaction

• Complexity:

• Average perturbation order

• Sign problem

↵
<latexit sha1_base64="Y8G3tpZpftXPfjC6KYkLBIQGGWI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zDH8gfP5A4oajxM=</latexit>

↵
<latexit sha1_base64="Y8G3tpZpftXPfjC6KYkLBIQGGWI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zDH8gfP5A4oajxM=</latexit>

Hint = Un"n# = U(n" � ↵)(n# � ↵) + U↵(n" + n#) + const

<latexit sha1_base64="PXro7M1LErCbHbByzoexnslRGWg="></latexit>

O(n3)
<latexit sha1_base64="4ThAsgxP1fGxRZv7CxJQTu3s/Ug=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiStoO4KbtxZwT6gjWUynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb2ttfWNza7uwU9zd2z84tI+OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x7eZ355QqVgkHvU0pl6Ih4IFjGBtpL5t90KsRwTz9H5WFk+1i75dcirOHGiVuDkpQY5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFbsJYrGmIzxkHYNFTikykvnyWfo3CgDFETSPKHRXP29keJQqWnom8ksp1r2MvE/r5vo4NpLmYgTTQVZHAoSjnSEshrQgElKNJ8agolkJisiIywx0aasoinBXf7yKmlVK26tUn24LNVv8joKcApnUAYXrqAOd9CAJhCYwDO8wpuVWi/Wu/WxGF2z8p0T+APr8wfLpJMT</latexit>

⇠ �U
<latexit sha1_base64="YXi4Lz0sH+ZtYV9IDiK0GgBBpCc=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KkkV1FvBi8cKpi00oWy2k3bpbhJ2J0Ip/RtePCji1T/jzX/jts1BWx8MPN6bYWZelElh0HW/nbX1jc2t7dJOeXdv/+CwcnTcMmmuOfg8lanuRMyAFAn4KFBCJ9PAVCShHY3uZn77CbQRafKI4wxCxQaJiAVnaKUgMELRIAJk1O9Vqm7NnYOuEq8gVVKg2at8Bf2U5woS5JIZ0/XcDMMJ0yi4hGk5yA1kjI/YALqWJkyBCSfzm6f03Cp9GqfaVoJ0rv6emDBlzFhFtlMxHJplbyb+53VzjG/CiUiyHCHhi0VxLimmdBYA7QsNHOXYEsa1sLdSPmSacbQxlW0I3vLLq6RVr3mXtfrDVbVxW8RRIqfkjFwQj1yTBrknTeITTjLyTF7Jm5M7L86787FoXXOKmRPyB87nDzm7kR8=</latexit>

n ⇠ �U
<latexit sha1_base64="FbFNgnsU4jeaGAOcyVoiXgGgc9c=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkV1FvBi8cKpi00sWy2k3bp7ibsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8KOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhSyeZouDThCeqExENnEnwDTMcOqkCIiIO7Wh0M/Xbj6A0S+S9GacQCjKQLGaUGCs9SBxoJnAQgSHY71Wqbs2dAS8TryBVVKDZq3wF/YRmAqShnGjd9dzUhDlRhlEOk3KQaUgJHZEBdC2VRIAO89nVE3xqlT6OE2VLGjxTf0/kRGg9FpHtFMQM9aI3Ff/zupmJr8KcyTQzIOl8UZxxbBI8jQD3mQJq+NgSQhWzt2I6JIpQY4Mq2xC8xZeXSate885r9buLauO6iKOEjtEJOkMeukQNdIuayEcUKfSMXtGb8+S8OO/Ox7x1xSlmjtAfOJ8/Yg6RwQ==</latexit>

� ⇠ exp(�U)

<latexit sha1_base64="DVf7E+W1WdST5tRLs6LAmUlgeCs=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZSkCuqt4MVjBdMWmlA222m7dDcJuxuxhOLFv+LFgyJe/RXe/Ddu2xy09cEwj/dm2J0XJpwp7Tjf1tLyyuraemGjuLm1vbNr7+03VJxKCh6NeSxbIVHAWQSeZppDK5FARMihGQ6vJ37zHqRicXSnRwkEgvQj1mOUaCN17ENfsb4g2DSBfXhIyn4ImmDvtGOXnIozBV4kbk5KKEe9Y3/53ZimAiJNOVGq7TqJDjIiNaMcxkU/VZAQOiR9aBsaEQEqyKYnjPGJUbq4F0tTkcZT9fdGRoRSIxGaSUH0QM17E/E/r53q3mWQsShJNUR09lAv5VjHeJIH7jIJVPORIYRKZv6K6YBIQrVJrWhCcOdPXiSNasU9q1Rvz0u1qzyOAjpCx6iMXHSBaugG1ZGHKHpEz+gVvVlP1ov1bn3MRpesfOcA/YH1+QPHDpZZ</latexit>



Hybridization-expansion algorithm

• Very similar in spirit

• We treat the hybridization to the bath as a perturbation

• Writing the Taylor expansion for

perturbation

S = �
X

�

Z �

0
d⌧d⌧ 0 d†�(⌧)G

�1
0� (⌧ � ⌧ 0)d�(⌧

0) +

Z �

0
d⌧ Und"(⌧)nd#(⌧)

<latexit sha1_base64="LeM0X+P6O3L1xQiaIuDUF0IwJwY="></latexit>

atomic limit

e�S�
<latexit sha1_base64="zbTNEeppgS3TgIhy/ifAFRsHQMM=">AAAB9HicbVBNS8NAEN34WetX1aOXYBG8WJIqqLeCHjxWtB/QxrLZTtqlm03cnRRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/FhwjY7zbS0tr6yurec28ptb2zu7hb39uo4SxaDGIhGppk81CC6hhhwFNGMFNPQFNPzB9cRvDEFpHskHHMXghbQnecAZRSN58Jie3nfaNyCQjjuFolNyprAXiZuRIslQ7RS+2t2IJSFIZIJq3XKdGL2UKuRMwDjfTjTElA1oD1qGShqC9tLp0WP72ChdO4iUKYn2VP09kdJQ61Hom86QYl/PexPxP6+VYHDppVzGCYJks0VBImyM7EkCdpcrYChGhlCmuLnVZn2qKEOTU96E4M6/vEjq5ZJ7VirfnRcrV1kcOXJIjsgJcckFqZBbUiU1wsgTeSav5M0aWi/Wu/Uxa12yspkD8gfW5w9qJJHX</latexit>

average value to be computed 
in the isolated impurity

S = S
loc

+
X

�

S�
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=

Z �

0
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Z �
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<latexit sha1_base64="LoXa/oTTt+PNRDMhplNRZHCRjjc="></latexit>

Z =

Z
D[d†, d]e�S

loc
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h 1X
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<latexit sha1_base64="x4nxK/gP71UfbSCQoHV/+1/37F4="></latexit>



Monte Carlo sampling

• Now configuration are given by a set of pairs of times

• The contributions to the partition function do not need to be positive

• But: in single-orbital models there is no sign problem

• For multiorbital models there is a sign problem 
that gets worse at low temperatures

• Complexity: 

• Average perturbation order

• For multiorbital systems, the local impurity 
Hilbert space grows exponentially

• The trace calculation becomes the bottleneck

C = {n, ⌧�i , ⌧
0�
i }

<latexit sha1_base64="iTlER93RZ8NHWmiPwXx5wdFAk48=">AAACIHicbVDLSgMxFM34rPVVdekmWEQXUmaqUF0IhW5cVrAP6NThTpq2oZnMkGSEMsynuPFX3LhQRHf6NabtLLT1QODknHtJzvEjzpS27S9raXlldW09t5Hf3Nre2S3s7TdVGEtCGyTkoWz7oChngjY005y2I0kh8Dlt+aPaxG89UKlYKO70OKLdAAaC9RkBbSSvUHED0EMCPKml+Bq7CRZn2NUQ37uKDQLwWHZNTvBMST2G3dQrFO2SPQVeJE5GiihD3St8ur2QxAEVmnBQquPYke4mIDUjnKZ5N1Y0AjKCAe0YKiCgqptMA6b42Cg93A+lOULjqfp7I4FAqXHgm8lJHDXvTcT/vE6s+5fdhIko1lSQ2UP9mGMd4klbuMckJZqPDQEimfkrJkOQQLTpNG9KcOYjL5JmueScl8q3F8XqVVZHDh2iI3SKHFRBVXSD6qiBCHpEz+gVvVlP1ov1bn3MRpesbOcA/YH1/QM8c6Jh</latexit>

O(n3)
<latexit sha1_base64="4ThAsgxP1fGxRZv7CxJQTu3s/Ug=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiStoO4KbtxZwT6gjWUynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb2ttfWNza7uwU9zd2z84tI+OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x7eZ355QqVgkHvU0pl6Ih4IFjGBtpL5t90KsRwTz9H5WFk+1i75dcirOHGiVuDkpQY5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFbsJYrGmIzxkHYNFTikykvnyWfo3CgDFETSPKHRXP29keJQqWnom8ksp1r2MvE/r5vo4NpLmYgTTQVZHAoSjnSEshrQgElKNJ8agolkJisiIywx0aasoinBXf7yKmlVK26tUn24LNVv8joKcApnUAYXrqAOd9CAJhCYwDO8wpuVWi/Wu/WxGF2z8p0T+APr8wfLpJMT</latexit>

Z =
X

C
(�1)n det�(C) · Tr C| {z }

!(C)
<latexit sha1_base64="eA9OkV3BpnuR2sRQW4UsjzTtxDo="></latexit>

⇠ K
<latexit sha1_base64="InLONGp/sov4wrfaQ4ZjX60mfko=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNVUHcFN4KbCvYBnaFk0kwbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nogcDjnXu7JiVLOtPG8b2dtfWNza7u0U97d2z84dI+OWzrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1Ho7uZ3x5TpVkin8wkpaHAA8liRrCxUs91A80ECgQ2Q4J5/jDtuRWv6s2BVolfkAoUaPTcr6CfkExQaQjHWnd9LzVhjpVhhNNpOcg0TTEZ4QHtWiqxoDrM58mn6NwqfRQnyj5p0Fz9vZFjofVERHZyFlEvezPxP6+bmfgmzJlMM0MlWRyKM45MgmY1oD5TlBg+sQQTxWxWRIZYYWJsWWVbgr/85VXSqlX9y2rt8apSvy3qKMEpnMEF+HANdbiHBjSBwBie4RXenNx5cd6dj8XomlPsnMAfOJ8/dSiThA==</latexit>

⇠ K
<latexit sha1_base64="InLONGp/sov4wrfaQ4ZjX60mfko=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNVUHcFN4KbCvYBnaFk0kwbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nogcDjnXu7JiVLOtPG8b2dtfWNza7u0U97d2z84dI+OWzrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1Ho7uZ3x5TpVkin8wkpaHAA8liRrCxUs91A80ECgQ2Q4J5/jDtuRWv6s2BVolfkAoUaPTcr6CfkExQaQjHWnd9LzVhjpVhhNNpOcg0TTEZ4QHtWiqxoDrM58mn6NwqfRQnyj5p0Fz9vZFjofVERHZyFlEvezPxP6+bmfgmzJlMM0MlWRyKM45MgmY1oD5TlBg+sQQTxWxWRIZYYWJsWWVbgr/85VXSqlX9y2rt8apSvy3qKMEpnMEF+HANdbiHBjSBwBie4RXenNx5cd6dj8XomlPsnMAfOJ8/dSiThA==</latexit>
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Summary: continuous-time QMC algorithms

• Their development has been very important within DMFT

• CT-INT & CT-AUX: series in the interaction

• Many orbitals, weak coupling, high temperatures

• Low temperatures, generic Hamiltonians 
are difficult

• CT-HYB: series in the hybridization

• Generic Hamiltonians, low temperatures

• Bad scaling with number of orbitals

• Many models have been investigated

• Hubbard model, Holstein-Hubbard, Kondo lattice

• Extensions of DMFT: DCA, CDMFT, dual-fermions, DΓA

• Within DFT + DMFT realistic structure calculations

• Out-of-equilibrium generalization

LaFeAsO

M. Aichhorn et al., PRB (2009)



Two applications of CT-QMC solvers

• CT-QMC (with Padé) and numerical  
renormalization group comparison

• Dynamical cluster extension of DMFT

• The approach to the Mott insulator is characterized by successive Mott transition 
in reciprocal space

• Region close to the antinode get insulating first while regions close to the node 
remain metallic down to the Mott insulating state

Im⌃(!)
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Bethe lattice DMFT

Anderson impurity
model

E. Gull et al., PRB (2010)

NRG: Rok Zitko
CTQMC: Jernej Mravlje

!
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Continuous-time algorithms for the lattice?

• CT-QMC are very efficient for impurity models. Can they be extended to the lattice?

• The hybridization algorithm suffers from exponential increase of local Hilbert space

• The interaction expansion algorithm

• The perturbation order increases rapidly with the number of sites and the sign 
problem becomes very severe

• The reason is that we sample the partition function which is extensive

• From a diagrammatic point of view:

• At large orders the contribution from connected diagrams is only a small fraction 
of the total sum of diagrams. A relatively small error bar on the total sum can be 
large for the connected diagrams contribution!

+ + + + +Z =
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Disconnected diagrams bring 
an extensive contribution

Connected diagrams are 
those that contribute to 

physical intensive quantities



Outline

• Why are fermionic quantum systems difficult?

• Hamiltonian approaches and Hilbert space size explosion

• Action-based approaches and Monte Carlo methods

• A very quick introduction to Monte Carlo methods

• How to compute integrals stochastically

• The origin of the sign problem

• Continuous-time quantum Monte Carlo algorithms

• The three flavors of algorithms and the fermionic sign problem

• What have they allowed to do?

• Diagrammatic Monte Carlo algorithms

• Addressing the infinite lattice directly

• Applications to the two-dimensional Hubbard model



Diagrammatic Monte Carlo

• We consider a model on an infinite lattice (thermodynamic limit)

• The idea is to write a perturbation series in      for the physical quantity of interest

• From a diagrammatic point of view, e.g.

• The two challenges:

1. Fermionic sign problem → difficult to get many coefficients

2. Resum the series → analytical structure in complex     plane?

• The partition function            is an entire function in the complex     plane

• Physical observables           usually have poles in the complex plane

• Therefore the series for      generally has a finite convergence radius! 

+ + +
Only connected diagrams 
contribute to physical 
intensive quantities

U
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e.g. density, double occupation, 
Green function, …

. . .
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Challenge 1: Compute series coefficents

• No simple formula for the coefficients of physical observables (unlike     )

• They are best represented diagrammatically (e.g. connected diagrams)

• Original algorithm (DiagMC): stochastically 
sample all topologies (⩬ 6-7 orders)

• Sign problem has two origins:

• Integration over internal variables

• Alternating sign between different topologies

• Reduce sign problem: Sum topologies with the same set of internal vertices V

• Huge computational effort: there is a factorial number of diagrams!

• CDet: Can be done in exponential time  
using determinants (disconnected diagrams 
removed recursively)

• Up to ⩬ 10-12 orders for Hubbard model
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two-dimensional Hubbard model in Sec. V. We finally con-
clude in Sec. VI.

II. CONNECTED DETERMINANT APPROACH

First, we briefly summarize the CDet approach introduced
in Ref. [27] as it is one of the building blocks of our proposed al-
gorithms. This approach provides a general scheme to compute
connected correlators. For concreteness, we consider in this
article models described by a noninteracting Green’s function
G0 and a local interaction vertex Un↑n↓. This is the case, for
example, in the Hubbard model, in some quantum impurity
problems, or in the simple case of an isolated Hubbard atom
(that we will later use for benchmark purposes).

In a diagrammatic approach, a perturbation series in the
interaction U is constructed. Correlation functions C of two
operators A and B, defined as

C(xout,xin) ≡ −⟨TτB(xout)A(xin)⟩, (1)

where Tτ is the time-ordering operator and x denotes a vertex,
are then expressed as a sum of connected diagrams. In real
space and imaginary time, x writes (i,τ ) for the Hubbard
model, where i describes the lattice position and τ ∈ [0,β] the
imaginary time (β = 1/T being the inverse temperature). At a
given order n in the perturbation series, a diagram contributing
to C(xout,xin) is characterized by the set of its internal vertices
V = {x1,...,xn}, where xl is associated with the lth interaction
vertex. The topology of such a diagram is given by two
adjacency matrices describing the way the interaction vertices
and the external vertices xin and xout are connected.

In the standard DiagMC [15–19] technique, individual
connected diagrams are stochastically sampled in a way that
preserves their connectivity, with a probability given by the
absolute value of their contribution to C(xout,xin). Note that
even if some diagrams share the same vertices, they may have
alternating signs from one topology to another, which is one
of the ingredients leading to a significant sign problem in this
approach. The idea of the CDet algorithm is to regroup all
diagrams sharing the same internal vertices V in a contribution
CV (xout,xin) and then stochastically sample the sets V . The
stochastic weight of this group of diagrams in the Monte Carlo
sampling of C(xout,xin) is the absolute value of their sum, which
is only a function of V .

One could naturally expect that summing this factorial
number of diagrams would come with a factorial cost, but it was
shown [27] that it can actually be achieved exponentially. The
sum of connected diagrams entering CV (xout,xin) is expressed
as the sum of all diagrams (connected and disconnected
ones) from which the disconnected components are recursively
subtracted. This can be formalized as follows:

CV (xout,xin) = DV (xout,xin) −
∑

S!V

CS(xout,xin)DV \S(∅),

C

V

xin

xout

=
All vert. in V
(incl. disc.)

xin

xout

−
∑

S!V

C

S

xin

xout

× All vert. in V \S
(incl. disc.) , (2)

where DV (xout,xin) denotes the sum of all diagrams (including
disconnected ones) with internal vertices V , external vertices
xin and xout. DV (∅) is the sum of all diagrams with vertices
V and no external vertices. The cancellation of disconnected
diagrams is illustrated in the second line of Eq. (2). A key
feature of this recursive sum is that DV terms can be expressed
as determinants (and hence with a polynomial computational
cost) [29].

Algorithmically, the evaluation of CV (xout,xin) at order n is
done in two steps. First, determinants DS are computed for all
subsets S of V , with a total effort 2nn3. The leading complexity,
however, comes from the progressive computation, from low
to high orders, of CS . More precisely, if all CS ′ are known for
subsets S ′ with less than p ! n vertices, one can compute a
given p-order CS using Eq. (2) with V = S, in 2p operations
[see right-hand side (rhs) of Eq. (2)]. This has to be done for all
the (n

p) subsets S at order p before computing contributions at
the next order p + 1. The final result is obtained when this has
been done for all p ! n and the leading complexity of the al-
gorithm to compute CV (xout,xin) is therefore

∑n
p=0(n

p)2p = 3n.
Note that a similar cancellation of disconnected diagrams

had been introduced in a quantum Monte Carlo algorithm for
correlated out-of-equilibrium systems [28] where connected
correlators are expressed as a sum of 2n determinants thanks
to Keldysh diagrammatic techniques.

The CDet approach leads to an important reduction of
statistical error with respect to the DiagMC and has allowed
for great progress in the computation of static properties, such
as pressure in the Hubbard model [27]. This method, however,
has not yet been used to compute dynamical quantities.

In the following, we will investigate how this can be done.
We could examine, e.g., the Green’s function but choose
instead to focus on the self-energy # that is a more irreducible
object where signatures of numerical noise are clearer. Other
single-particle quantities can then be computed from #. A
straightforward way to obtain # is to compute the Green’s
function G with the CDet approach and derive the self-energy
through Dyson’s equation. However, even if one can compute
G with great accuracy, its inversion in Dyson’s equation leads
to an amplification of the statistical noise and, as we will show
below, the resulting # can only be accurately obtained for low
orders. It is therefore desirable to look for other techniques to
compute the self-energy. This is the purpose of the following
section.

III. SELF-ENERGY COMPUTATION

We introduce three different techniques to compute dy-
namical quantities. In order to compare their efficiencies, we
focus on the self-energy #σ (here σ denotes the spin) that
they yield, because numerical noise is particularly visible in
this quantity. First, we use Dyson’s equation to obtain the
self-energy from a computation of the Green’s function using
the CDet technique. We then present a diagrammatic method
that allows us to compute the self-energy recursively from
the knowledge of a different correlator F̄ that can still be
computed using the CDet. We finally introduce an extension
of the CDet algorithm that efficiently computes the sum of
all one-particle-irreducible diagrams of a perturbation series
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Challenge 2: Resummation of the series

• Series convergence controlled by structure  
in complex plane

• How do we evaluate the series beyond its 
convergence radius?

• Conformal maps, integral approximants, 
Padé approximants, …

• Generate new series with freedom in the starting point of the perturbation theory

• A proper choice of      can increase radius and accelerate convergence

in the Hubbard atomn(U)
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evaluate the 
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Summary: diagrammatic Monte Carlo

• Stochastically sample contributions to intensive physical observable

• Can directly address infinite lattice size

• Exponential complexity with orders

• In practice: 10-12 orders for Hubbard model

• The series generally have finite convergence radius

• Ongoing efforts

• Generalize to different models, different perturbation series

• Find better starting points 
(why not DMFT!)

• In particular can we generalize  
the formalism to start from a  
propagator that would be a  
well-defined function of 

⇠ 3n
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two-dimensional Hubbard model in Sec. V. We finally con-
clude in Sec. VI.

II. CONNECTED DETERMINANT APPROACH

First, we briefly summarize the CDet approach introduced
in Ref. [27] as it is one of the building blocks of our proposed al-
gorithms. This approach provides a general scheme to compute
connected correlators. For concreteness, we consider in this
article models described by a noninteracting Green’s function
G0 and a local interaction vertex Un↑n↓. This is the case, for
example, in the Hubbard model, in some quantum impurity
problems, or in the simple case of an isolated Hubbard atom
(that we will later use for benchmark purposes).

In a diagrammatic approach, a perturbation series in the
interaction U is constructed. Correlation functions C of two
operators A and B, defined as

C(xout,xin) ≡ −⟨TτB(xout)A(xin)⟩, (1)

where Tτ is the time-ordering operator and x denotes a vertex,
are then expressed as a sum of connected diagrams. In real
space and imaginary time, x writes (i,τ ) for the Hubbard
model, where i describes the lattice position and τ ∈ [0,β] the
imaginary time (β = 1/T being the inverse temperature). At a
given order n in the perturbation series, a diagram contributing
to C(xout,xin) is characterized by the set of its internal vertices
V = {x1,...,xn}, where xl is associated with the lth interaction
vertex. The topology of such a diagram is given by two
adjacency matrices describing the way the interaction vertices
and the external vertices xin and xout are connected.

In the standard DiagMC [15–19] technique, individual
connected diagrams are stochastically sampled in a way that
preserves their connectivity, with a probability given by the
absolute value of their contribution to C(xout,xin). Note that
even if some diagrams share the same vertices, they may have
alternating signs from one topology to another, which is one
of the ingredients leading to a significant sign problem in this
approach. The idea of the CDet algorithm is to regroup all
diagrams sharing the same internal vertices V in a contribution
CV (xout,xin) and then stochastically sample the sets V . The
stochastic weight of this group of diagrams in the Monte Carlo
sampling of C(xout,xin) is the absolute value of their sum, which
is only a function of V .

One could naturally expect that summing this factorial
number of diagrams would come with a factorial cost, but it was
shown [27] that it can actually be achieved exponentially. The
sum of connected diagrams entering CV (xout,xin) is expressed
as the sum of all diagrams (connected and disconnected
ones) from which the disconnected components are recursively
subtracted. This can be formalized as follows:

CV (xout,xin) = DV (xout,xin) −
∑

S!V

CS(xout,xin)DV \S(∅),

C

V

xin

xout

=
All vert. in V
(incl. disc.)

xin

xout

−
∑

S!V

C

S

xin

xout

× All vert. in V \S
(incl. disc.) , (2)

where DV (xout,xin) denotes the sum of all diagrams (including
disconnected ones) with internal vertices V , external vertices
xin and xout. DV (∅) is the sum of all diagrams with vertices
V and no external vertices. The cancellation of disconnected
diagrams is illustrated in the second line of Eq. (2). A key
feature of this recursive sum is that DV terms can be expressed
as determinants (and hence with a polynomial computational
cost) [29].

Algorithmically, the evaluation of CV (xout,xin) at order n is
done in two steps. First, determinants DS are computed for all
subsets S of V , with a total effort 2nn3. The leading complexity,
however, comes from the progressive computation, from low
to high orders, of CS . More precisely, if all CS ′ are known for
subsets S ′ with less than p ! n vertices, one can compute a
given p-order CS using Eq. (2) with V = S, in 2p operations
[see right-hand side (rhs) of Eq. (2)]. This has to be done for all
the (n

p) subsets S at order p before computing contributions at
the next order p + 1. The final result is obtained when this has
been done for all p ! n and the leading complexity of the al-
gorithm to compute CV (xout,xin) is therefore

∑n
p=0(n

p)2p = 3n.
Note that a similar cancellation of disconnected diagrams

had been introduced in a quantum Monte Carlo algorithm for
correlated out-of-equilibrium systems [28] where connected
correlators are expressed as a sum of 2n determinants thanks
to Keldysh diagrammatic techniques.

The CDet approach leads to an important reduction of
statistical error with respect to the DiagMC and has allowed
for great progress in the computation of static properties, such
as pressure in the Hubbard model [27]. This method, however,
has not yet been used to compute dynamical quantities.

In the following, we will investigate how this can be done.
We could examine, e.g., the Green’s function but choose
instead to focus on the self-energy # that is a more irreducible
object where signatures of numerical noise are clearer. Other
single-particle quantities can then be computed from #. A
straightforward way to obtain # is to compute the Green’s
function G with the CDet approach and derive the self-energy
through Dyson’s equation. However, even if one can compute
G with great accuracy, its inversion in Dyson’s equation leads
to an amplification of the statistical noise and, as we will show
below, the resulting # can only be accurately obtained for low
orders. It is therefore desirable to look for other techniques to
compute the self-energy. This is the purpose of the following
section.

III. SELF-ENERGY COMPUTATION

We introduce three different techniques to compute dy-
namical quantities. In order to compare their efficiencies, we
focus on the self-energy #σ (here σ denotes the spin) that
they yield, because numerical noise is particularly visible in
this quantity. First, we use Dyson’s equation to obtain the
self-energy from a computation of the Green’s function using
the CDet technique. We then present a diagrammatic method
that allows us to compute the self-energy recursively from
the knowledge of a different correlator F̄ that can still be
computed using the CDet. We finally introduce an extension
of the CDet algorithm that efficiently computes the sum of
all one-particle-irreducible diagrams of a perturbation series
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Application: Half-filled Hubbard model

• The half-filled Hubbard model is a good testbed for diagrammatic Monte Carlo, 
where it is expected to work best

• Exact solutions in the weak- to  
intermediate-coupling regime

F. Simkovic et al., arXiv (2018)
T. Schäfer et al. (in preparation)
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Application: Pseudogap physics in Hubbard model

• Investigate doped 2D Hubbard model

• Relevant to cuprate superconductors

• The pseudogap region:

• Nodal / antinodal  
differentiation

• Loss of spectral weight 
at the antinode

• Open questions:

• Mechanism of the pseudogap?

• Role of Mott insulator?

• Ordered phase?

• Good or bad for superconductivity?

hot spot
antinode

node
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Both nearest-neighbor 
and next-nearest neighbor
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Complementary numerical approaches

• Cluster extensions of DMFT such as the dynamical cluster calculations (DCA)

• Diagrammatic Monte Carlo

• There is a non-trivial regime where both methods 
agree at a quantitative level

• Confirm there is a pseudogap in Hubbard model

• An important addition of diagrammatic Monte Carlo  
is its infinite momentum resolution

• Allows to address question that are difficult with other approaches

antinode
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W.Wu, MF, A. Georges, E. 
Kozik, PRB (2017)



Entering the pseudogap region

• Converged results for

• Top of pseudogap region

• Clear nodal / antinodal differentiation

• Antinode hotter than hotspot ≠ weak-coupling

Ak(! = 0)
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obtained from diagrammatic Monte Carlo
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Note: also recent results at( )



Origin of the pseudogap: fluctuation diagnostics

• Fluctuation analysis

• Gives info about nature of scattering

• Spin, charge and pairing representations

• Spin: Fermi surface scattering at node, commensurate at antinode

• From spin susceptibility 

• Pseudogap due to  
short-range, 
antiferromagnetic 
correlations

spin charge pairing
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anti-
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O. Gunnarson, T. Schäfer, et al., PRL (2015)

W.Wu, MF, A. Georges, 
E. Kozik, PRB (2017)
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Hard luck and trouble is my only friend…
If it wasn't for bad luck, I wouldn't have no luck at all…

Conclusion ?



Conclusion: on a more positive note

• Fermionic problems are very challenging!

• There has nevertheless been great progress in the development of modern 
numerical algorithms

• Among those Monte Carlo approaches play an important role

• They are always limited by the sign problem but their boundaries are always 
pushed further

• Within dynamical-mean field theory:

• Continuous-time algorithms opened new avenues for the method

• Different models, extensions of DMFT, realistic structure calculations

• Addressing the infinite lattice is possible within diagrammatic Monte Carlo

• Non-trivial regimes can be addressed (e.g. pseudogap)

• Many ideas remain to be explored



Acknowledgements

Thank you for your attention!


