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We measure the opScal conducSvity:   s(w) = j(w) / E(w)

                       :operatorCurrent ,,å +
+-

=
s

ss

ee

q
kq

t
q

kqq
k cc

k
ej
!

"

Kubo formula (1957)
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Lehman (spectral) representation:
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G. Thomas (1988) 
Z. Schlesinger (1990) 
A. El Azrak et al, PRB 49, 9846 (1994).
C. Baraduc, A. El Azrak, and N. Bontemps, J. 
Supercond. 9, 3 (1996).
and many other experiments
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DvdM, H. J. A. Molegraaf, J. Zaanen, Z. Nussinov, F. Carbone, A. Damascelli, 
H. Eisaki, M. Greven, P. H. Kes, & M. Li; Nature 425, 271 (2003)



C. M. Varma, 
Rev. Mod. Phys. 92, 031001 (2020) 
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Region 1: w < T

DvdM, H. J. A. Molegraaf, J. Zaanen, Z. Nussinov, F. Carbone, A. Damascelli, 
H. Eisaki, M. Greven, P. H. Kes, & M. Li; Nature 425, 271 (2003)

Expected: 

This requires that: 

n = 1
ft(x) =  A x
fm(x) = 1



Region 2: W > w > T corresponds to quantum criScal dynamics
This implies Sme-scale invariance

Together:   f=0

Time reversal : s(w)= s*(-w)

fs = arctan (s2/ s1) = p - p h / 2

d ln|s| / d lnw = h - 2

s(w) = |C| (-i w )h -2 

Originally proposed in the context of spin-charge separa5on
by P.W. Anderson, PRB55, 11785 (1997)

}
s(pw) =L s(w)
s(w) = |C| eif ( -i w )h-2
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Region 2: W > w > T

DvdM, H. J. A. Molegraaf, J. Zaanen, Z. Nussinov, F. Carbone, A. Damascelli, 
H. Eisaki, M. Greven, P. H. Kes, & M. Li; Nature 425, 271 (2003)



Region 2: W > w > T

DvdM, H. J. A. Molegraaf, J. Zaanen, Z. Nussinov, F. Carbone, A. Damascelli, 
H. Eisaki, M. Greven, P. H. Kes, & M. Li; Nature 425, 271 (2003)
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Example:
DvdM, PRB60, R768 (1999)

Region 3: w > W:               UV-regularization
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HTSC for op6mal doping:

1)Region 1

2) Region 2:
a:  s(w) is proporSonal to (iw)h-2
b:  Phase of s(w) is p(1-h/2),  independent of frequency
c:   h = 4/3 ± 0.02

3) Region 3: 
UV regularizaSon becomes noSceable for w > 0.7 eV 

Summary
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UV cutoff = L

Ansatz:

dc limit:                                                                                                                            

w/T scaling:                                                                                  (I)
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(I)

fihng => g=0.23   L=0.4 eV



(I)

(II)

(III)

Ansatz:

fihng => g=0.23   L=0.4 eV

=0.8





Conclusions

• Compelling evidence for the quantum critical behavior of electrons in cuprate superconductors

• Remarkable consistency between experimental observations based on optical spectroscopy, resistivity and specific heat, 
all being consistent with ν=1 Planckian behavior and ω/T scaling

• Explanation of the longstanding puzzle of an apparent power law of the optical spectrum over an intermediate frequency
range and related the non-universal apparent exponent to the inelastic coupling constant

Outlook

• Extend measurements and analysis to other cuprate compounds at doping levels close to the pseudogap quantum critical
point

• Explain the nature of the associated quantum critical point, and its relation to the enigmatic pseudogap phase



The slides on the following pages (pp 22-43) are not part of the talk, but turn out handy during the disscussion
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local Fermi liquid
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Dashed lines :
universal FL form
à Beautiful agreement
à At low T, low ω

Clear deviations from 
FL for ω above ~ 0.1 eV
Very well described 
by DMFT ! 

Dots: 
LDA+DMFT 
calculation for this 
material  

Plain Lines:
Experiments, Sr2RuO4

Re σ(ω) + i Im σ(ω)

PRL 113, 087404 (2014) 



W. Tabis et al., Nature Communications 5, 5875 (2014).



Zero-field Tc = 72 K, p ≈ 0.09
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Temperature  (K) 10

Hg1201 UD67
x=0.1

ρ T( ) = ρ0 + AT µ

μ = 2

N Barisic et al., PNAS 2013
S.I. Mirzaei, D. Stricker et al., PNAS 2013



PNAS 110, 5774 (2013)
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HgBa2CuO4: Energy dependend Relaxation rate
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Fermi-liquid 
Optical signature: scaling collapse
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PNAS 110, 5774 (2013)



p=1.5p=1.5 p=1.5

Data from: 
J. Hwang, T. Timusk et al., 
PRB 73, 014508 (2006)

Data from: 
E. van Heumen et al., 
NJP 11, 055067 (2009)
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Doping dependence of the scaling collapse

 ξ ≡ !ω( )2
+ pπkBT( )2  


























