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Ultrafast pump-probe spectroscopy

® Time resolution: ~10 fs —» measures excitation and relaxation
processes on the intrinsic timescale of the electrons
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® Pump pulse drives system out of equilibrium

® Time evolution measured by subsequent probe pulses

® “Disentangles” competing or cooperative effects on the time-axis



® Ultra-fast insulator-metal transition (“photo-doping”)
Iwai et al. (2003)
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“Tuning” of material properties by external driving
® Create long-lived transient states with novel properties

e. g. light-induced high-temperature superconductivity
Fausti et al. (2010), Kaiser et al. (2013)
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THz pulse couples to phonons



Motivation

“Tuning” of material properties by external driving
® Create long-lived transient states with novel properties

e. g. light-induced high-temperature superconductivity

Mitrano et al. (2015) 800
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“Tuning” of material properties by external driving
e. g. Reversible switching of Ta$S; into / out of a metallic hidden state

® Switching into metastable, but long-lived “hidden states”
Stojchevska et al. (2015)
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® Challenge for theory/numerics

Relaxation (electron dynamics)

-

el-el scattering

i

rethermalization = nonthermal fixed point ~ dynamical phase transtion

Relaxation (electron + phonon)

“distance” from equilibrium

doublon decay
laser Nrmalization

Excitation , Franck-Condon
Fermi’ s golden rule el-ph scattering
Floquet state Y :
negative temperature lattice distortion %tastable
2 3
1 10 time [W_1] 10 10

® Strongly interacting many-particle system
® Strong perturbations

® Different relevant time scales



® Dynamical mean field theory
® Nonequilibrium extension

® Physical observables

® |llustrations:

® AC field quench - tuning of the interaction strength by external driving

® Nonequilibrium phase transition - nonthermal fixed points



Model and method

® Static mean field theory: mapping to a single-site problem
Weiss (1903)

lattice model single-site effective model

l T l l T Mlatt = Tleff
BT S R AR

bt

® Effective model: yields local observables (magnetization)

® Parameter of the effective model (“mean field”): optimized by
requesting consistency between the lattice and single-site model



Model and method

® Dynamical mean field theory DMFT: mapping to an impurity problem
Georges & Kotliar (1992)

lattice model impurity model
Ga = sz
e o0 00 att >p ..K..
Pty < e
] / \
® o .\/.v\/. Ela,tt = Ez"mp ® ® l ® ®

® |Impurity solver: computes the Green’s function of the correlated site

® Bath parameters = “mean field”: optimized in such a way that the
bath mimics the lattice environment



Model and method

® Dynamical mean field theory DMFT: mapping to an impurity problem
Georges & Kotliar (1992)
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® |Impurity solver: computes the Green’s function of the correlated site

® Bath parameters = “mean field”: optimized in such a way that the
bath mimics the lattice environment



Model and method

® Dynamical mean field theory DMFT: mapping to an impurity problem
Georges & Kotliar (1992)

lattice model impurity model
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DMFT self-consistency
G%ggt (iwn) | > Simp A (1w, )]
Glatt — Gimp

loc
momentum average ‘ i

ﬂ impurity solver
1 E}fatt = Eimp

W + [ — € — E}ftt < | Gimp (1wWn ) Zimp (iwn)
DMFT approximation
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Gy =




Model and method

® Dynamical mean field theory DMFT: mapping to an impurity problem
Georges & Kotliar (1992)

lattice model impurity model

Glatt = Gimp

o o0 0 o
o o (.mo/\b) | ¢ > O :

® 6 6 o o
xS

Ela,tt = Ez"mp

® Single-site DMFT can treat two-sublattice order (e.g. AFM)

BathB,a[GA,a]a BathA,U[GBaa]

® Pure Neel order: Bathp , = Bathq s = Batha 5[G 4]



Model and method

® Equilibrium DMFT phase diagram (half-filling)

® Paramagnetic calculation: Metal - Mott insulator transition at low T

® Smooth crossover at high T

TA

metal “Mott” insulator

N




Model and method

® Equilibrium DMFT phase diagram (half-filling)
® With 2-sublattice order: Antiferromagnetic insulator at low T

® Smooth crossover at high T

“Mott’ insulator




Model and method

® Equilibrium DMFT phase diagram (half-filling)
® Transformation c;; — c,l.LT (1€ A), cip— —c,:.fT (1 € B)

maps repulsive model onto attractive model

TA

superconductor AFM insulator

attractive repulsive U



Model and method

® Equilibrium DMFT phase diagram
® Half-filling: transformation c¢;; — c;.fT (1€ A), cip — —CIT (2 € B)

maps repulsive model onto attractive model

TA

AFM insulator

\

“Slater” *._ “Mott”

superconductor
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((BEC’) ,/,, ((BCS))

attractive repulsive U



Nonequilibrium extension

® Kadanoff-Baym contour

1
® |nitial state described by the density matrix p(0) = 26_51{(0)

® State at time t described by p(t) = U(t,0) p(0) U (0, t)

/

t
T exp (—z/ dtH(ﬂ) t <t
t

/

Ut,t') = e (_i/ttdtH@> t >t

® Time dependent expectation value of observable O

(O(t)) = Tr[p(t)0] = Tr [U(t,0)p(0)U(0, %) O]



Nonequilibrium extension

® Kadanoff-Baym contour

® Express p(0) as time-propagation along an imaginary time branch

(O)(t) = Tr [%e‘BH(O)U(O, HOU(t,0)]

— Ty {% (776— fie dTH(T)) (7'“—67; S dsH(s))O(Te—if(f dsH(s))}

0 t

S —T

—1 ﬂ V' inverse temperature



Nonequilibrium extension

® Kadanoff-Baym contour

® Define contour ordering 7 on the contour C: 0 — ¢t — 0 — —i03

(O(t)) = %Tr [TC et e ds H(S)(’)(t)}




Nonequilibrium extension

® Kadanoff-Baym contour

® Define contour ordering 7 on the contour C: 0 — ¢t — 0 — —i03

(O(t)) = =Tr [’Z}; et e ds H(S)(’)(t)}

® Contour-ordered formalism can also be applied to 2-point functions

1

(Ic A(t)B(t")) -

T [Tc e~ Je ds H<8>A(t)8(t')}

® Particularly relevant: Green’s function

G(t,t")

—i(Te d(t) d'(t'))



Nonequilibrium extension

® Kadanoff-Baym contour

® Due to the 3 branches, the Green’s function has 9 components

G(t,t") =Gy (t,t), tel,t €l i,57=1,2,3

~+ O

Gia(t,t)




Nonequilibrium extension

® Kadanoff-Baym contour

® Due to the 3 branches, the Green’s function has 9 components

G(t,t") =Gy (t,t), tel,t €l i,57=1,2,3




Nonequilibrium extension

® Kadanoff-Baym contour

® Boundary conditions (cyclic invariance of the trace)

G(04,t") = —G(—ip,t")

O

t,
0 @ O )




Nonequilibrium extension

® Kadanoff-Baym contour

® Boundary conditions (cyclic invariance of the trace)

G(04,t") = —G(—ip,t")

G(t,04) = —G(t, —iP)




Nonequilibrium extension

® Nonequilibrium DMFT: Solve DMFT equations on the Kadanoff-
Baym contour C Freericks et al. (2006)

lattice model impurity model

v —> ()
( ) < °

o &6 6 0 o
xS

DMFT self-consistency
Ghoe (t,1') D SimplA(t )]
Glatt — Gimp

loc
momentum average ‘ | ‘ ‘ impurity solver
latt —

G = - — <  Gimp(t, 1), Simp (1)
DMFT approximation




Nonequilibrium extension

® Nonequilibrium DMFT: Solve DMFT equations on the Kadanoff-
Baym contour C

® Nonequilibrium Anderson impurity model

Simp = —i / dt Hioc(t) —i ) / dt dt’ di (£)A(t, t)d, ()
R h
interaction and chemical potential terms contour hybridization function

® Impurity Green’s function

Gimp(t,t") = —i(Tec d(t)d" (")) s,

(g = TrlTe exp(Simp) -]
imp Tr|7c eXP(Simp)]




Nonequilibrium extension

® Calculation of the lattice Green’s function

® Noninteracting lattice:
Ho(t) = 3oy en(t) — pu(t)]d].di
Gox(t,t') = —i(Tedi(t)d},(t'))o
® Green’s function satisfies:
10+ p(t) — e (t)|Gop(t,t") = de(t,t)
/ -% / / /
Goi(t,t')| — 0y + p(t'") — ex(t')) bc(t,t')

® |nverse lattice Green’s function:

Gor(t,t') = [0 + p(t) — ex(t)]dc(t, 1)



Nonequilibrium extension

® Calculation of the lattice Green’s function

® Interacting lattice Green’s function satisfies Dyson equation:

Gk — Go,k ——Go,k*E*Gk
= GO,k __Gk*E*G()’k

{

impurity self-energy (DMFT)

[Ga;; — Z] * G = G % [Ga}; — Z] — 0C differential form

integral form

® |maginary-time branch: boundary-value problem —» solve by FT

Glien) = G~ Siom) o+ 0) ~ x(0) — S(iwn)

® Usual equilibrium DMFT calculation for the initial equilibrium state



Nonequilibrium extension

® Calculation of the lattice Green’s function

0 t

0o —+—4— )
ottt
: pbropagate and converge the DMFT
solution step by step along the
vertical branch: real-time axis
: initial equilibrium
state

—igiY

® Real-time branches: initial-value problem

10 + p(t) — e (V)]Gr(t, ') — /CdtZ(t, )Gr(t,t") = de(t, 1)

® Defines time-propagation scheme for G in which the self-energy
plays the role of a memory-kernel



Nonequilibrium extension

® Electric fields
® Vector potential A(r,t), scalar potential ®(r,t): E = —-V® — 9, A

;i (t) = vy exp(—ie féjdr A(r, t))

pi(t) = p+ e®(t)(R;, 1)

® Convenient choice: gauge with pure vector potential:
O = O, E = —87514



Nonequilibrium extension

® Electric fields

® Neglecting the r-dependence of A (assumption: field varies slowly on
the atomic scale):

R; t
v (t) = v;; €xp (ie/ dr A(t)) At) = _/0 dsE(s)

R;

@ Fourier transformation

€x(l) = €—ca)

® Electric field enters in the lattice Dyson equation in the form of a
time-dependent dispersion:

10, + () — er ()]Gt 1) — /C AES(t, DGy (L ) = be(t, 1)



® “Physical” Green’s functions

® The 9 elements of the 3x3 Green’s function matrix

) Gi1 Gi2 Gis
G =|Gar Ga Goas
Gs1 Gsz2 Gss
are not independent:
t/
0 3 )
@
t
Go (t,t)




® “Physical” Green’s functions

® The 9 elements of the 3x3 Green’s function matrix

A G111 Giz2 Gis
G = |G G Goas
G331 Gsa2 Gss

are not independent:

0 . )

)
O
/

L

Goi(t,t') = Gaa(t,t') (for t < t')




® “Physical” Green’s functions

® We have the following redundancies

Gi1(t, ") = Gia(t,t) (fort <t')
Gi1(t,t') = Gor(t,t") (fort >t')
Goo(t,t') = Goi(t,t') (fort < t')
Gaoo(t, ') = Gia(t,t) (fort >t')
Gi3(t, ") = Gas(t, ")
Gz (1,t") = Gsa(7,t)

which allow to eliminate 3 of the 9 components
—> define 6 “physica

I”

Green’s functions

Gt G4 . GE ...



® “Physical” Green’s functions

® Relevant for the following discussion: Retarded Green’s function

G (t,t') = 2(G11 — Giz + Ga1 — Gaz) = —if(t — t'){{d(t),d' (t')})
~ and lesser Green’s functions

G<(t,t') = Gia = i{d' (¢ )d(t))
® |n equilibrium:

® Spectral function: A(w) = —=Im G*(w)

® Occupation: N(w) = 5=Im G<(w)

® Distribution function: N(w)/A(w) = f(w)  Fermi function



® “Physical” Green’s functions

® Relevant for the following discussion: Retarded Green’s function
GE(t,t") = 5(Gi1 — Gi2 + Ga1 — Goz) = —ib(t — ') {{d(t),d" (t')})
~ and lesser Green’s functions

G<(t,t') = Gia = i{d' (¢ )d(t))
® Out of equilibrium: tay = (t+1')/2, e =t —t'

® Spectral function: A(w,tay) = —%Im [ dtrere™t==1 G (¢, ')
® Occupation: N(w,tay) = %Imfdtrelei“trelGﬂt,t’)

® “Distribution function”: N (w,tay)/A(w,tay)



® Time-resolved photoemission spectrum

cos(QU(t —tp, + @) S(t —tp) W\/\/\/VVW
probe envelope
bl

A
!
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\

I (w;ty) = —i /dtdt’ S()S(t)e NGt + by, t +t,)
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probe time



® Time-resolved photoemission spectrum

cos(QU(t —tp, + @) S(t —tp) WV\/\/VVW
probe envelope
bl

A
!

S(t) ~ d(t —t,) : measure occupation ng(t,)

\

S(t) ~ const : measure spectral function Ay (w,t,)

I (w;ty) = —i /dtdt’ S()S(t)e NGt + by, t +t,)

® Formula contains time-energy uncertainty



® AC-field quench in the Hubbard model (metal phase)
Tsuji, Oka, Werner & Aoki, PRL 106, 236401 (201 1)

Electric field (amplitude E, frequency )
applied at t=0

O—0—-0—-0—©0

S S S
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® AC-field quench in the Hubbard model (metal phase)
Tsuji, Oka, Werner & Aoki, PRL 106, 236401 (201 1)

0.35 | | | | | | |
E/Q=4
0.3 T ¥ N ] attractive (>0.25)
Py Yy o E/Q=3 )
- o p = 1-; "‘,-;7;“ ':::”';:»___;,_:‘47;;:"“’
2 025 F - I’A‘ _______ SR e
© ‘ F N
S A7
S iy E/Q=2.5
S 02| pf
o
Q 3
g 0I5y £/0-1 ‘ repulsive (<0.25)
0.1 r
E/Q=1.5
005 ' ' . I ! | |

0 1 2 3 4 5 6 7
time [inverse hopping]



| . Periodic electric fields

® AC-field quench in the Hubbard model (metal phase)

® Sign inversion of the interaction: repulsive «<> attractive

® Dynamically generated high-Tc superconductivity?

temperature superconductor
metal (attractive interaction)
/

~—_

-==~{ superconductor
N . . .
. +. (repulsive interaction)

f »5
/ \

4 \

hole doping



® Periodic E-field leads to a population inversion

— E(t)
—(O0—0O0——C0O0——C0——0——0—

® Gauge with pure vector potential

E(t) = Ecos(Qt) = —0;A(t)

— A(t) = —(BJQ)sin(Q1)

® Peierls substitution € — €x_ 4(1)

® Renormalized dispersion

0 27 /2

€ = % ; dtek_A(t) — jO(E/Q)Gk




® Periodic E-field leads to a population inversion

Jo(E/S2) =1

® Renormalized dispersion

0 27 /2

€k = 5 dtep_awy = Jo(E/Q)ep
T Jo



® Periodic E-field leads to a population inversion

To(E/Q) = 0.8

v,

® Renormalized dispersion

0 27 /2

€k = 5 dtep_awy = Jo(E/Q)ep
T Jo



® Periodic E-field leads to a population inversion

To(E/Q) = 0.3

P TN

, ~ ’ ~

’ A Y / A Y
, \ / \
\
4 A K \

7
\
| \ ‘ ‘

® Renormalized dispersion

0O 27 /2

€k = 5 dtep_awy = Jo(E/Q)ep
T Jo




® Periodic E-field leads to a population inversion

To(E/Q) = —0.2

® Renormalized dispersion

0O 27 /2

€k = 5 dtep_awy = Jo(E/Q)ep
T Jo



® |nverted population = negative temperature

® State with U > 0,1 < O is equivalent to state with U < 0,1" > 0

N 1| )
1'<0,J0 <0 P X exXp (_T ;jo%nka -+ U;n”nu )
T 1| U '
Twg=— >0 — ex €ELNLy + — N1
7 I RS Yo

® Effective interaction of the 1.4 > 0 state

U
Vet = 7 (B/9Q)




® AC-field quench from U =1 to Ueg = —2.5

double occupation
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35 40

pair susceptibility

0.8
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0
-0.2
-0.4
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(NCA solver)

reduced pair susceptibility
due to “heating”

O 5 10 15 20 25 30 35 40
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.Nonthermal symmetry-broken states

® Equilibrium DMFT phase diagram (half-filling)
® Half-filling: transformation c¢;; — c;.fT (1€ A), cip — —CIT (2 € B)

maps repulsive model onto attractive model

TA

AFM insulator

\

“Slater” *._ “Mott”

superconductor

4

((BEC’) ,/,, ((BCS))

attractive repulsive U



Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Slow ramp from (Slater-)Antiferromagnet to Paramagnet

0.2

0.18 + QMC —e—
0.16 | 3rd order —e—

0.14 -
0.12 -
- 0.1
0.08
0.06 |
0.04 -
0.02 r

PM
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mmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Time-evolution of the magnetization for different final U

0.45 . . . 0.2
0.4 4 0.18

0.35
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| . Teff ——
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Vb
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c CCC
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O l T
0 50 100 150 200 0O 0.5 1 1.5 2 25 3 35 4

——— — O ] 1 1 1 1 1 1
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® Weak-coupling regime

mmetr

Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

broken states

® Time-evolution of the magnetization for different final U (Hartree)

0.45

0.4
0.35 |

0.3 |
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0.1 |
0.05

ccCccCCC
LR U LR L L
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by b
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Hartree approx.
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mmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Time-evolution of the magnetization for different final U

0.45 . . . 0.2
0.4 4 0.18

0.35
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016 | 3rd order —e—
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Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Evidence for a nonthermal critical point

0.45 . . . 0.3
0.4
0.35

- T (inv. dephasing time) —&—

0.25 w (amplitude mode _./

I Uc,thermal
4 15 1.6

ISTISTNEN
Vb
—t b —h —h
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O 1 T 1 1
0 50 100 150 200 0.9 1 1.1 12 13 1
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1.7
t Ufinal



Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Evidence for a nonthermal critical point

0.45 . . . 0.3
0.4
0.35

- T (inv. dephasing time

_._
0.25 ¢ o (amplitude mode) —eo—
) nonthermal ]
critical point

I Uc,thermal
4 15 1.6

ISTISTNEN
Vb
—t b —h —h
DAWN

c CCC

O : : !
0) 50 100 150 200 0.9 1 1.1 1.2 13 1

— — O ] ] [

1.7
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Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Evidence for a nonthermal critical point

1 [ T T L 03 T T T
- u=2.5—+-1.8 —8 | ,
: - T (inv. dephasing time) —®—
0.1 ¢ 1 0.25 t o (amplitude mode) —e—
' dephasing '
0.01 | 1 02t .
= 0.001 L 0.15 ® nonthermal ]
] critical point
0.0001 | 1 01} :
thermalization
19'05 [ 005 I UC,therma|
1e_06 - L L L | O L L A ™ L L L L
0 50 100 150 0.9 1 1.1 12 13 14 15 16 1.7

t Ufinal



Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Evidence for a nonthermal critical point

0.3

T (inv. dephasing time

_._
0.25 o (amplitude mode) —eo—
0.2 _
“RG flow” 0.15 ® nonthermal ]
after quench ® critical point
0.1 _

AFM fixed point
I Uc,thermal
4 15 1.6

0.05 r

®
O ] ] L&

PM fixed point 09 1 11 12 13 1

1.7
Ufinal



Nonthermal symmetry-broken states

® Weak-coupling regime
Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)

® Evidence for a nonthermal critical point

0.3
-1 . . .
Berges et GI. (2004) T (|nV. dephaSIng time

_._
0.25 r o (amplitude mode) —eo—
nonthermal fixed point
0.2 ]
@
“RG flow” 0.15 ® nonthermal ]
after quench ® critical point
0.1 ]

AFM fixed point
I Uc,thermal
4 15 1.6

0.05 r

®
O ] ] L&

PM fixed point 09 1 11 12 13 1

1.7
Ufinal



® Two examples

Relaxation (electron dynamics)

-

el-el scattering . : : :
rethermalization = nonthermal fixed point ~ dynamical phase transtion

.

doublon decay
laser Nrmalization

Relaxation (electron + phonon)

“distance” from equilibrium

Excitation , Franck-Condon

Fermi’ s golden rule el-ph scattering

Landau-Zener tunneling coherent phonon ~n T\E/

Floquet state T :

negcalttive temperature lattice distortion N metastable
| C lweer T ] | .
1 10 time [ 102 10° 10%

|. Floquet state |I. Dynamical phase transition

Dynamical band flipping ~ Trapped antiferromagnetic
and repulsion-to- order and nonthermal
attraction conversion “Hartree” fixed point
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