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Nonequilibrium dynamical mean field theory                 



Motivation 

Ultrafast pump-probe spectroscopy
Time resolution: ~10 fs        measures excitation and relaxation 
processes on the intrinsic timescale of the electrons

Pump pulse drives system out of equilibrium
Time evolution measured by subsequent probe pulses

“Disentangles” competing or cooperative effects on the time-axis
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Motivation 

“Tuning” of material properties by external driving
Ultra-fast insulator-metal transition (“photo-doping”)  
Iwai et al. (2003)
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Motivation 

“Tuning” of material properties by external driving
Create long-lived transient states with novel properties
e. g. light-induced high-temperature superconductivity   
Fausti et al. (2010), Kaiser et al. (2013)

THz pulse couples to phonons 
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“Tuning” of material properties by external driving
Create long-lived transient states with novel properties
e. g. light-induced high-temperature superconductivity   

Motivation 

Mitrano et al. (2015)
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Fig. 1. Structure and equilibrium optical properties of K3C60. (A) Face 

centered cubic (fcc) unit cell of K3C60
xxxviii. Blue bonds link the C atoms on each 

C60 molecule. K atoms are represented as red spheres. (B) C60 molecular 

distortion (red) along the T1u(4) vibrational mode coordinates. Equilibrium 

structure is displayed in blue. The displacement shown here corresponds to 

~12% of the C-C bond length. (C-E) Equilibrium reflectivity and complex optical 

conductivity of K3C60 measured at T = 25 K (red) and T = 10 K (blue).  
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Fig. 2. Transient optical response of photo-excited K3C60 at T = 25 K and T = 
100 K. Reflectivity and complex optical conductivity of K3C60 at equilibrium 
(red) and 1 ps after photo-excitation (blue) with a pump fluence of 1.1 mJ/cm2, 
measured at base temperatures T = 25 K (A.1-3) and T = 100 K (B.1-3). Fits to 
the data are displayed as dashed lines. Those at equilibrium were performed 
with a Drude-Lorentz model, while those for the excited state using a model 
describing the optical response of a superconductor with a gap of 11 meV. The 
band at 55 meV was assumed to stay unaffected.  
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“Tuning” of material properties by external driving
Switching into metastable, but long-lived “hidden states”
e. g. Reversible switching of TaS2 into / out of a metallic hidden state   

Motivation 

Stojchevska et al. (2015)

equilibrium state (insulating)

hidden state (conducting)



Challenge for theory/numerics

Strongly interacting many-particle system
Strong perturbations
Different relevant time scales

Motivation 
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Dynamical mean field theory

Nonequilibrium extension

Physical observables

Illustrations:

AC field quench - tuning of the interaction strength by external driving

Nonequilibrium phase transition - nonthermal fixed points

Overview 



Model and method 

Static mean field theory: mapping to a single-site problem

Effective model: yields local observables (magnetization)

Parameter of the effective model (“mean field”): optimized by 
requesting consistency between the lattice and single-site model 

Weiss (1903)

lattice model single-site effective model 

J
effh

mlatt ⌘ me↵



Model and method 

Dynamical mean field theory DMFT: mapping to an impurity problem

Impurity solver: computes the Green’s function of the correlated site

Bath parameters = “mean field”: optimized in such a way that the 
bath mimics the lattice environment

t

�latt � �imp

Glatt � Gimp

Georges & Kotliar (1992)
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lattice model impurity model 



Model and method 

Dynamical mean field theory DMFT: mapping to an impurity problem

Impurity solver: computes the Green’s function of the correlated site

Bath parameters = “mean field”: optimized in such a way that the 
bath mimics the lattice environment

t

�latt � �imp

Glatt � Gimp

Georges & Kotliar (1992)

lattice model impurity model 
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Model and method 

Dynamical mean field theory DMFT: mapping to an impurity problem

t

Georges & Kotliar (1992)

lattice model impurity model 

impurity solver  momentum average 

⌃latt
k ⌘ ⌃imp

Glatt

loc

⌘ G
imp

∆

DMFT approximation 

DMFT self-consistency 

Simp[�(i!n)]Glatt

loc

(i!n)

Glatt
k =

1
i!n + µ� ✏k � ⌃latt

k
Gimp(i!n),⌃imp(i!n)



Model and method 

Dynamical mean field theory DMFT: mapping to an impurity problem

Single-site DMFT can treat two-sublattice order (e. g.  AFM)

Pure Neel order: 

t

�latt � �imp

Glatt � Gimp

Georges & Kotliar (1992)

lattice model impurity model 

BathB,�[GA,�], BathA,�[GB,�]

BathB,� = BathA,�̄ BathA,�̄[GA,�]

∆



Equilibrium DMFT phase diagram (half-filling) 

Paramagnetic calculation: Metal - Mott insulator transition at low T

Smooth crossover at high T

Model and method 

“Mott” insulatormetal

U

T



Equilibrium DMFT phase diagram (half-filling)

With 2-sublattice order: Antiferromagnetic insulator at low T

Smooth crossover at high T

Model and method 

“Mott” insulatormetal

U

T

AFM insulator



Equilibrium DMFT phase diagram (half-filling) 

Transformation 

maps repulsive model onto attractive model

U

Model and method 

metal

ci" ! c†i" (i 2 A), ci" ! �c†i" (i 2 B)

AFM insulatorsuperconductor
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Equilibrium DMFT phase diagram 

Half-filling: transformation 

maps repulsive model onto attractive model

U

Model and method 

metal

ci" ! c†i" (i 2 A), ci" ! �c†i" (i 2 B)

AFM insulatorsuperconductor

T

“BCS”“BEC” “Slater” “Mott”

repulsiveattractive



Kadanoff-Baym contour 
Initial state described by the density matrix

State at time t described by  

Time dependent expectation value of observable 

Nonequilibrium extension

O

U(t, t0) =

8
>>><

>>>:

T exp

✓
�i

Z t

t0
d¯t H(

¯t)

◆
t > t0

˜T exp

✓
�i

Z t

t0
d¯t H(

¯t)

◆
t < t0

⇢(t) = U(t, 0) ⇢(0) U(0, t)

⇢(0) =
1
Z

e��H(0)

hO(t)i = Tr [⇢(t)O] = Tr [U(t, 0)⇢(0)U(0, t)O]



Kadanoff-Baym contour 
Express        as time-propagation along an imaginary time branch

Nonequilibrium extension

⇢(0)

O
0

�i�

0 t

hOi(t) = Tr
h 1
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e��H(0)U(0, t)OU(t, 0)
i
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Kadanoff-Baym contour 
Define contour ordering      on the contour 

Nonequilibrium extension

O
0

�i�

t

TC C : 0! t! 0! �i�

0

hO(t)i =
1
Z

Tr
h
TC e�i

R
C ds H(s)O(t)

i



Kadanoff-Baym contour 
Define contour ordering      on the contour 

Contour-ordered formalism can also be applied to 2-point functions

Particularly relevant: Green’s function

Nonequilibrium extension

TC C : 0! t! 0! �i�

hO(t)i =
1
Z

Tr
h
TC e�i

R
C ds H(s)O(t)

i

hTC A(t)B(t0)i ⌘ 1
Z

Tr
h
TC e�i

R
C ds H(s)A(t)B(t0)

i

G(t, t0) ⌘ �ihTC d(t) d†(t0)i



Kadanoff-Baym contour 
Due to the 3 branches, the Green’s function has 9 components 

Nonequilibrium extension

0

�i�

G(t, t0) ⌘ Gij(t, t0), t 2 Ci, t
0 2 Cj , i, j = 1, 2, 3

t

t0

G12(t, t0)



Kadanoff-Baym contour 
Due to the 3 branches, the Green’s function has 9 components 

Nonequilibrium extension

0

�i�

G(t, t0) ⌘ Gij(t, t0), t 2 Ci, t
0 2 Cj , i, j = 1, 2, 3

t

t0

G21(t, t0)



Kadanoff-Baym contour 
Boundary conditions (cyclic invariance of the trace) 

Nonequilibrium extension

0

�i�

t0

G(0+, t
0) = �G(�i�, t0)

= (�1)⇥



Kadanoff-Baym contour 
Boundary conditions (cyclic invariance of the trace) 

Nonequilibrium extension

0

�i�

G(0+, t
0) = �G(�i�, t0)

= (�1)⇥

G(t, 0+) = �G(t,�i�)

t



Nonequilibrium extension 

Nonequilibrium DMFT: Solve DMFT equations on the Kadanoff-
Baym contour

t

Freericks et al. (2006)

lattice model impurity model 

Glatt

loc
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impurity solver  momentum average 
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DMFT approximation 
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C



Nonequilibrium extension 

Nonequilibrium DMFT: Solve DMFT equations on the Kadanoff-
Baym contour

Nonequilibrium Anderson impurity model

Impurity Green’s function

C

S
imp

= �i

Z

C
dt H

loc

(t)� i
X

�

Z

C
dt dt0 d†�(t)�(t, t0)d�(t0)

contour hybridization functioninteraction and chemical potential terms

Gimp(t, t0) = �ihTC d(t)d†(t0)iSimp

h· · · iSimp =

Tr[TC exp(Simp) · · · ]
Tr[TC exp(Simp)]



Calculation of the lattice Green’s function
Noninteracting lattice: 

Green’s function satisfies:  

Inverse lattice Green’s function:  

Nonequilibrium extension

H0(t) =
P

k[✏k(t)� µ(t)]d†kdk

⇥
i@t + µ(t)� ✏k(t)

⇤
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� i
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⇤
= �C(t, t0)

G�1
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⇤
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G�1
0,k ? G0,k = G0,k ? G�1
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Calculation of the lattice Green’s function
Interacting lattice Green’s function satisfies Dyson equation: 

Imaginary-time branch: boundary-value problem       solve by FT

Usual equilibrium DMFT calculation for the initial equilibrium state

Nonequilibrium extension

Gk = G0,k + G0,k ? ⌃ ? Gk

= G0,k + Gk ? ⌃ ? G0,k

impurity self-energy (DMFT)

[G�1
0,k � ⌃] ? Gk = Gk ? [G�1

0,k � ⌃] = �C

Gk(i!n) =
1

G�1
0,k(i!n)� ⌃(i!n)

=
1

i!n + µ(0)� ✏k(0)� ⌃(i!n)

integral form

differential form



Calculation of the lattice Green’s function

Real-time branches: initial-value problem 

Defines time-propagation scheme for G in which the self-energy 
plays the role of a memory-kernel

Nonequilibrium extension

[i@t + µ(t)� ✏k(t)]Gk(t, t0)�
Z

C
dt̄ ⌃(t, t̄)Gk(t̄, t0) = �C(t, t0)

0

�i�

t0

vertical branch:
initial equilibrium
state

propagate and converge the DMFT 
solution step by step along the 
real-time axis 



Electric fields
Vector potential           , scalar potential           :

Convenient choice: gauge with pure vector potential: 

Nonequilibrium extension

A(r, t) �(r, t) E = �r�� @tA

� ⌘ 0, E = �@tA

vij(t) = vij exp

⇣
�ie

R Rj

Ri
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⌘

H(t) =�
X

hiji�

vij(t)(d
†
i�dj� + d†j�di�)

+ U(t)
X

i

ni"ni# �
X

i�

µi(t)ni�

µi(t) = µ+ e�(t)(Ri, t)



Electric fields
Neglecting the r-dependence of A (assumption: field varies slowly on 
the atomic scale):         

Electric field enters in the lattice Dyson equation in the form of a 
time-dependent dispersion: 

Nonequilibrium extension

vij(t) = vij exp

 
�ie

Z Rj

Ri

dr A(t)

!

Fourier transformation

✏k(t) = ✏k�eA(t)

[i@t + µ(t)� ✏k(t)]Gk(t, t0)�
Z

C
dt̄ ⌃(t, t̄)Gk(t̄, t0) = �C(t, t0)

A(t) = �
Z t

0
dsE(s)



“Physical” Green’s functions
The 9 elements of the 3x3 Green’s function matrix  

are not independent: 

Spectroscopy

Ĝ =

0

@
G11 G12 G13

G21 G22 G23

G31 G32 G33

1

A

0

�i�

t

t0

G21(t, t0)



“Physical” Green’s functions
The 9 elements of the 3x3 Green’s function matrix  

are not independent: 

Spectroscopy

Ĝ =

0

@
G11 G12 G13

G21 G22 G23

G31 G32 G33

1

A

0

�i�

t t0

G21(t, t0) = G22(t, t0) (for t < t0)



“Physical” Green’s functions
We have the following redundancies  

which allow to eliminate 3 of the 9 components  
      define 6 “physical” Green’s functions 

Spectroscopy

G11(t, t
0
) = G12(t, t

0
) (for t  t0)

G11(t, t
0
) = G21(t, t

0
) (for t > t0)

G22(t, t
0
) = G21(t, t

0
) (for t < t0)

G22(t, t
0
) = G12(t, t

0
) (for t � t0)

G13(t, ⌧
0
) = G23(t, ⌧

0
)

G31(⌧, t
0
) = G32(⌧, t

0
)

GR, GA, GK , . . .



“Physical” Green’s functions
Relevant for the following discussion: Retarded Green’s function

and lesser Green’s functions 

In equilibrium:

Spectral function:

Occupation:

Distribution function: 

Spectroscopy

GR(t, t0) = 1
2 (G11 � G12 + G21 � G22) = �i✓(t � t0)h{d(t), d†(t0)}i

A(!) = � 1
⇡ Im GR(!)

G<(t, t0) = G12 = ihd†(t0)d(t)i

N(!) = 1
2⇡ Im G<(!)

N(!)/A(!) = f(!) Fermi function



“Physical” Green’s functions
Relevant for the following discussion: Retarded Green’s function

and lesser Green’s functions 

Out of equilibrium:

Spectral function:

Occupation:

“Distribution function”:   

Spectroscopy

GR(t, t0) = 1
2 (G11 � G12 + G21 � G22) = �i✓(t � t0)h{d(t), d†(t0)}i

G<(t, t0) = G12 = ihd†(t0)d(t)i

tav = (t + t0)/2, trel = t� t0

A(!, tav) = � 1
⇡ Im

R
dtrelei!trelGR(t, t0)

N(!, tav) = 1
2⇡ Im

R
dtrelei!trelG<(t, t0)

N(!, tav)/A(!, tav)



Time-resolved photoemission spectrum

Spectroscopy

sample
probe

pump

delay
cos[⌦(t� tp + �)]S(t� tp)

probe time

probe envelope

I(kf , E; tp) /
X

k

�kk+qk,kfkIk(E � ~⌦q �W ; tp),

Ik(!; tp) = �i

Z
dtdt0 S(t)S(t0)ei!(t0�t)G<

k (t + tp, t
0 + tp)



Time-resolved photoemission spectrum

Formula contains time-energy uncertainty 

Spectroscopy

sample
probe

pump

delay
cos[⌦(t� tp + �)]S(t� tp)

probe envelope

I(kf , E; tp) /
X

k

�kk+qk,kfkIk(E � ~⌦q �W ; tp),

Ik(!; tp) = �i

Z
dtdt0 S(t)S(t0)ei!(t0�t)G<

k (t + tp, t
0 + tp)

S(t) ⇠ �(t� tp) : measure occupation nk(tp)

S(t) ⇠ const : measure spectral function Ak(!, tp)



AC-field quench in the Hubbard model (metal phase) 

1. Periodic electric fields 

U
t

Electric field (amplitude E, frequency    ) 
applied at t=0

�

Tsuji, Oka, Werner & Aoki, PRL 106, 236401 (2011)



AC-field quench in the Hubbard model (metal phase)  

1. Periodic electric fields 

attractive (>0.25)

repulsive (<0.25)
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AC-field quench in the Hubbard model (metal phase)
Sign inversion of the interaction: repulsive      attractive
Dynamically generated high-Tc superconductivity?   

1. Periodic electric fields 

temperature

hole doping

superconductor
(repulsive interaction)

superconductor
(attractive interaction)metal



Periodic E-field leads to a population inversion

Gauge with pure vector potential

Peierls substitution

Renormalized dispersion

1. Origin of the attractive interaction 

�k � �k�A(t)

�k =
�
2⇥

� 2�/�

0
dt�k�A(t) = J0(E/�)�k

E(t) = E cos(�t) = �⇥tA(t)
⇥ A(t) = �(E/�) sin(�t)

E(t)

J 0
(E

/⌦
)

E/⌦



Periodic E-field leads to a population inversion

Renormalized dispersion

1. Origin of the attractive interaction 

�k =
�
2⇥

� 2�/�

0
dt�k�A(t) = J0(E/�)�k

J0(E/�) = 1



Periodic E-field leads to a population inversion

Renormalized dispersion

1. Origin of the attractive interaction 

�k =
�
2⇥

� 2�/�

0
dt�k�A(t) = J0(E/�)�k

J0(E/�) = 0.8



Periodic E-field leads to a population inversion

Renormalized dispersion

1. Origin of the attractive interaction 

�k =
�
2⇥

� 2�/�

0
dt�k�A(t) = J0(E/�)�k

J0(E/�) = 0.3



Periodic E-field leads to a population inversion

Renormalized dispersion

1. Origin of the attractive interaction 

�k =
�
2⇥

� 2�/�

0
dt�k�A(t) = J0(E/�)�k

J0(E/�) = �0.2



Ue� =
U

J0(E/�)

Inverted population = negative temperature

State with                      is equivalent to state with  

Effective interaction of the               state 

1. Origin of the attractive interaction 

U > 0, T < 0 U < 0, T > 0

Te↵ > 0

˜T < 0,J0 < 0 ⇢ / exp

 
� 1

˜T

"
X

k�

J0✏knk� + U
X

i

ni"ni#

#!

Te↵ =

˜T

J0
> 0 = exp

 
� 1

Te↵

"
X

k�

✏knk� +

U

J0

X

i

ni"ni#

#!



AC-field quench from            to                       (NCA solver)  

1. Effect on superconductivity 
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Equilibrium DMFT phase diagram (half-filling) 

Half-filling: transformation 

maps repulsive model onto attractive model

U

II. Nonthermal symmetry-broken states 

metal

ci" ! c†i" (i 2 A), ci" ! �c†i" (i 2 B)

AFM insulatorsuperconductor
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Weak-coupling regime  

Slow ramp from (Slater-)Antiferromagnet to Paramagnet

II. Nonthermal symmetry-broken states 

Tsuji, Eckstein & Werner, PRL 110, 136404 (2013)
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II. Nonthermal symmetry-broken states 
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Two examples

Summary 

1. Floquet state

Dynamical band flipping 
and repulsion-to-
attraction conversion

1I. Dynamical phase transition
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