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• What is thermal conductivity?

Thermal conductivity

rTH

jth = �th ·rT

hot
col

d

tensor

κ =
κxx κxy κxz

κyx κyy κyz

κzx κzy κzz
κL

longitudinal conductivity

• Thermal Hall conductivity: 
antisymmetric κH = (κ − κT)/2

isentropic

zero in the presence of time-reversal (Onsager)

dissipative

κ(T, h, Q, ⋯)
properties of the system • Thermal Hall resistivity: ϱH = κ−1

H
much less dependent on impurity effects than κH



Grissonanche et al, 2020

L. Chen et al, 2021

Phonons thermal Hall conductivity?



Recent data on cuprates by Taillefer’s group

La2-pSrpCuO4 Grissonnanche et al Nature 2019
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nearly overlapping thermal Hall conductivity curves despite very 
different phase electronically (insulator v/s bad metal)!

{

phonons?



Out-of-plane propagation (Taillefer’s group)

Grissonnanche et al 2020

H = 15T
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Fig. 1 | Thermal Hall conductivity of cuprates at three different dopings. 
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nearly overlapping  and  in AFM: κxy κzy

phonons?

near-isotropy despite very anisotropic 
magnetism
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Fig. 1 | Thermal Hall conductivity of cuprates at three different dopings. 
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Spoiler alert
our results

Scattering-induced phonon Hall effect probes 
non-trivial / beyond Gaussian correlations 
(OTOCs in fact)


Result is obtained for any physical degree of 
freedom


in other words, give us your physical degree of 
freedom, we will tell you 


Provide analytical and numerical results for 
ordered antiferromagnets, fermions (e.g. spinon 
FS) in terms of microscopic/phenomenological 
parameters

κ
κ



Scattering

- know it is often important for the longitudinal 
conductivity


- is it interesting?

- as a theoretical question, ask when it provides 
non-trivial, non-detail-specific information about 
the system



Hall effect

- intrinsic many-body Hall effect

- Hall effect of single particles


- Berry phase

- Lorentz force


- scattering with impurities

- depends on type of impurity

- skew scattering

- side jump

(left side of 
Boltzmann’s 

equation)



Hall effect

- intrinsic many-body Hall effect

- Hall effect of single particles


- Berry phase

- Lorentz force


- scattering with impurities

- depends on type of impurity

- skew scattering

- side jump

study the thermal Hall effect in the 
context of phonons (experience no 

Lorentz force) interacting with 
other degrees of freedom



Phonons

We will do this very generally because we can

- fairly challenging to identify all contributions

- not so much understanding so far

- so better to not be too specific

atomic displacement field u(r)

u(r)

quantization

phonon creation  and 
annihilation  operators

a†

a

microscopic view of coupling to elasticity:

t( |r1 − r2 | ) t( |r2 − r3 | )

ℰμν =
1
2 (∂μuν + ∂νuμ)

r1 r2 r3



Phonon coupling

<latexit sha1_base64="Jm3Fxd//EUBGjKTttoUlFti2+Y0="></latexit>

Hint ⇠ a
†
Q(1) + a

†
aQ(2),1 + a

†
a
†
Q(2),2 + h.c.+ · · ·

<latexit sha1_base64="HA0T4kOa9DJO+7AryfHw8isW3ks="></latexit>

H
strain
int ⇠ Eµ⌫Qµ⌫

e.g. coupling to strain:

some operator w
hich 

couples to
 a sin

gle phonon

some operator w
hich couples to

 

a phonon-conservin
g 2-phonon 

operator

…

e.g. “Raman”
<latexit sha1_base64="blIp89turPyMieR3J9pEqnjieCU="></latexit>u⇥ ⇡

note: the ’s include coupling strengths  — Q λ Q ∼ λO

expand interaction Hamiltonian in number of phonon operators: 

ℋ = ℋph ⊗ ℋQ



Phonon coupling

<latexit sha1_base64="Jm3Fxd//EUBGjKTttoUlFti2+Y0="></latexit>

Hint ⇠ a
†
Q(1) + a

†
aQ(2),1 + a

†
a
†
Q(2),2 + h.c.+ · · ·

expand interaction Hamiltonian in number of phonon operators: 

typically the  represent electronic degrees of freedom 
(can also be phonons etc. different from the ’s)

Q
a

e.g.
<latexit sha1_base64="HOXVpSFWFMIZQ1014kEVsdoTljE="></latexit>

Q(1) ⇠ SµS⌫spins:

fermions:
<latexit sha1_base64="GtbN9CduL5YIHRLA5e52zx4E5SA="></latexit>

Q ⇠ c†c

gauge field:
<latexit sha1_base64="RrMHKUSpzy6Zb3QmQEEuEj3djjA="></latexit>

Q ⇠ E etc.



Setup

Boltzmann’s equation for phonon density  
- phonons are always there

- good quasiparticles (typically weak ph-ph interactions, weak 
anharmonicity)

- always 3d

N

Boltzmann: DtN = 𝒞[{N}]
classical six dimensional phase space:

(x, y, z, kx, ky, kz)

modifications of intrinsic dynamics 
of individual quasiparticles, e.g. 

Berry phase effects, etc.

convective derivative collision terms (rate)

modifications of quasiparticles 
through scattering


dissipative

kinetics +



Construct collision terms

- Coupling Hamiltonian


- Full transition rate


- Phonon transition rate


- Master equation

DtN = 𝒞[{N}]
convective 
derivative

collision terms

In this way we can construct  for any “Q” subsystem𝒞nk
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. Multi-point correlations also naturally
describe non-linear response, e.g. in non-linear optics
such as second harmonic generation, and in “multi-
dimensional spectroscopy”[4] [more refs] . They may
also arise in scattering measurements at resonance, such
as RIXS [5, 6]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Here we study the thermal conductivity due to

phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one, and express our results
in terms of the correlations of the local observable – e.g.
an order parameter Q– coupled to the phonons, e.g.

H 0 =
X

nk

⇣
a†
nkQ

†
nk + a

nkQnk

⌘
, (1)

for the simplest case of linear coupling to phonons. Then
we find that the leading diagonal scattering rate is

Dnk = �1

~

Z
dte�i!nkt

D
[Qnk(t), Q

†
nk(0)]

E

�

+D0
nk, (2)

where D0 includes both higher order terms and contri-
butions from other mechanisms such as scattering from
impurities. [Note: I would like to redefine the sign of
Dnk so that it is positive!] This controls the symmetric
(dissipative) part of the thermal conductivity, which to
the same leading order is

µ⌫

L
=

~2
kBT 2

1

V

X

nk

!2

nk

4Dnk sinh
2(�!nk/2)

vµ
nkv

⌫

nk. (3)

By contrast, the thermal Hall conductivity is antisym-
metric, and hence completely controlled by o↵-diagonal
scattering, and of fourth order. All second order contri-
butions necessarily give a vanishing contribution due to
detailed balance(Ref. [7], and see Sec. ??). We define two
four-time correlation functions,

WH,++

nkn0k0(t, t1, t2) = sign(t1)
D
[Qn0k0(t� t1), Qnk(t+ t1)]{Q†

n0k0(�t2), Q
†
nk(t2)}

E
,

WH,+�
nkn0k0(t, t1, t2) = sign(t1)

D
[Q†

n0k0(t� t1), Qnk(t+ t1)]{Qn0k0(�t2), Q
†
nk(t2)}

E
, (4)

reflecting particle-particle and particle-hole type processes. Note the combination of commutator [, ] and anti-
commutator {, } in Eq. (4), which imposes the subtle structure that extracts the part of the correlations responsible
for a Hall e↵ect. Proper Fourier transformation converts these into rates

WH,++

nkn0k0 = 2Re
h
fWH,++

nkn0k0(!nk + !n0k0 ,!nk � !n0k0 ,�!nk + !n0k0)
i
,

WH,+�
nkn0k0 = 2Re

h
fWH,+�

nkn0k0(!nk � !n0k0 ,!nk + !n0k0 ,�!nk � !n0k0)
i
. (5)

collision 
terms

obtain from Born’s 
approximation (next 

slide)

Q subsystem in 
equilibrium

<latexit sha1_base64="OLqbBZ2bO/Ohsq6udDem879GBzE="></latexit>

|gi = |gpi ⌦ |gsi
phonons Q
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�i!f =
2⇡

~ |Ti!f|2�(Ei � Ef)
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�̃ip!fp =
X

is,fs

�i!fpis
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Cnk =
X

ip,if

�̃ip!fp(Nnk(fp)�Nnk(ip))pip
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently due to their relevance to the the-
ory of measurement of chaos. A particular type of four-
point correlation function, the “out-of-time-ordered” cor-
relator, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Such correlation functions may appear in the experi-
mental context, for example in Born approximations, be-
yond linear order. When the first order Born contribu-
tion vanishes or is subdominant in a response measure-
ment, the latter provides a relatively rare window into a
complex quantity. This is the case for example in scat-
tering measurements at resonance, such as RIXS [4, 5],
but also when symmetries enforce a vanishing first order
contribution. This occurs in the theory of the thermal
Hall conductivity of phonons [6], a fact which is a central
thread in this paper.

Here we study the thermal conductivity due to
phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one. We make no assump-
tions about the nature of the electronic or magnetic state,
and express our results in terms of the correlations of the
local observable – e.g. an order parameter – coupled to
the phonons. As discussed above, when the electronic
or magnetic system is strongly correlated, it does not
admit a quasiparticle description, and non-Gaussianity
is significant. Our treatment rests upon the fact that

the phonons, by contrast, are always good quasiparti-
cles, and hence can be treated by a Boltzmann equation.
We develop the Boltzmann description here using Fermi’s
golden rule and the first and second Born approximations
for the transition probabilities between initial and final
states of the joint observable-and-phonon system. These
resulting collision terms can be expressed through multi-
point correlation functions of the observable. By solving
the Boltzmann equation, we find that the longitudinal
conductivity due to phonons coupled to an external or-
der parameter involves two-point correlation functions,
while the Hall conductivity involves a minimum of four.
In light of several experimental and theoretical stud-

ies [7–10] which highlight the major role of phonons in
the thermal transport in magnetic systems, we apply our
results to two spin Hamiltonians. The first is meant to
describe the physics of the magnetically ordered system,
La2CuO4, while in the second example we apply our for-
malism to a spinon Fermi surface quantum spin liquid
[11].

II. SETUP

Setup.— The quasiparticle nature of phonons justifies
treating their dynamics within the Boltzmann equation,

@tNnk + vnk ·rrNnk = Cnk[{Nn0k0}], (1)

where Nnk(ip) = hip|a†nkank|ipi is the number of (n,k)
phonons (k is the phonon momentum and n an extra
phonon label) in the |ipi state and Nnk =

P
ip
Nnk(ip) is

the average population, and vnk = rk!nk, with !nk the
dispersion of phonons, is the group velocity of phonons.
C is the “collision integral,” which captures in particu-
lar the scattering of phonons with other degrees of free-
dom. Here, the interactions we consider will come from
an interaction Hamiltonian H 0, considered to be a per-
turbation to both the phonon Hamiltonian and that of
the degree of freedom, call it O, coupled to them. In
turn, using Born’s approximation, we have the following
perturbative expansion of the scattering matrix:

Ti!f = Tfi = hf|H 0|ii+
X

n

hf|H 0|nihn|H 0|ii
Ei � En + i⌘

+· · · , (2)

where the |i, f, ni states are product states in the O (in-
dex s) and phonon (index p) Hilbert space, |gi = |gsi|gpi

In full many-body space of phonons + Q (electrons, spins etc):

Born’s approximation:

Important point: 1st order term is Hermitian,  
so 1st order T-matrix is effectively time-reversal invariant  

∎ No Hall effect at leading order.

H′ = (H′ )†

<latexit sha1_base64="eLpFnbbPSzKKn7AV9S14Z3lpYko="></latexit>

�i!f =
2⇡

~ |Ti!f|2�(Ei � Ef)



Scattering rates

O(Q2)

O(Q4)

commutator anti-commutator

“Anti-detailed balance”

diagonal scattering rate:

skew scattering rate:

D ∼ 𝒞long[Nnk]

𝔚 ∼ 𝒞skew[Nnk, Nn′ k′ ]

DtN = 𝒞[{N}]

out-of-time-ordered

extrinsic scattering, 
put in by hand



Thermal Hall effect
Anti-symmetric part: 

<latexit sha1_base64="qAZIN7gw4Do/DJu1+EsHPMf3+/I="></latexit>

A rT = �1

⌧
�n� 1

⌧skew
�n

<latexit sha1_base64="/kHFhB/af6YnY0vBjfQV/XtSfIg="></latexit>

�n = �⌧ A rT � ⌧

⌧skew
�n

<latexit sha1_base64="tGL9eYQbvr1AaRHM4DXtouIzqrE="></latexit>

⇡ �⌧ A rT � ⌧2

⌧skew
A rT

Basic idea: Fourier’s law

skew-scattering rate

diagonal rate



Thermal Hall effect
Conductivity versus resistivity:

Sensitive to all ordinary 
scattering mechanisms.  

Very non-universal.

Only sensitive to skew 
scattering.  A better 

quantity to study.

Indeed follows from our formulae
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H ⇠ ⌧2

⌧skew
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%H ⇠ �H

2
⇠ 1

⌧skew
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% = �1

matrix inverse
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Many-body skew scattering

What good is it?
• In principle, this can be applied for any Q, could be e.g. quantum 

critical field etc. 
• Can be used to analyze symmetries, à la Curie and Onsager 
• Any bounds on Hall scattering rate? 
• That said, it is very hard to calculate such real-time correlation 

functions…

Any systems where this might be the dominant 
contribution, i.e. where  probes these OTOC directly?ϱH



Now calculate these correlation 
functions for specific systems



Now calculate these correlation 
functions for specific systems

1st example: magnons



Application to an 
antiferromagnet

For concreteness, 2d, layered 

Spin waves

 diagonalize magnon hamiltonianbk,ℓ, b†
k,ℓ



Application to an 
antiferromagnet

Collective field

Negligible phase space

Spin waves
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. Multi-point correlations also naturally
describe non-linear response, e.g. in non-linear optics
such as second harmonic generation, and in “multi-
dimensional spectroscopy”[4] [more refs] . They may
also arise in scattering measurements at resonance, such
as RIXS [5, 6]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Here we study the thermal conductivity due to

phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one, and express our results
in terms of the correlations of the local observable – e.g.
an order parameter Q– coupled to the phonons, e.g.

H 0 =
X

nk

⇣
a†
nkQ

†
nk + a

nkQnk

⌘
, (1)

for the simplest case of linear coupling to phonons. Then
we find that the leading diagonal scattering rate is

Dnk = �1

~

Z
dte�i!nkt

D
[Qnk(t), Q

†
nk(0)]

E

�

+D0
nk, (2)

where D0 includes both higher order terms and contri-
butions from other mechanisms such as scattering from
impurities. [Note: I would like to redefine the sign of
Dnk so that it is positive!] This controls the symmetric
(dissipative) part of the thermal conductivity, which to
the same leading order is

µ⌫

L
=

~2
kBT 2

1

V

X

nk

!2

nk

4Dnk sinh
2(�!nk/2)

vµ
nkv

⌫

nk. (3)

By contrast, the thermal Hall conductivity is antisym-
metric, and hence completely controlled by o↵-diagonal
scattering, and of fourth order. All second order contri-
butions necessarily give a vanishing contribution due to
detailed balance(Ref. [7], and see Sec. ??). We define two
four-time correlation functions,

WH,++

nkn0k0(t, t1, t2) = sign(t1)
D
[Qn0k0(t� t1), Qnk(t+ t1)]{Q†

n0k0(�t2), Q
†
nk(t2)}

E
,

WH,+�
nkn0k0(t, t1, t2) = sign(t1)

D
[Q†

n0k0(t� t1), Qnk(t+ t1)]{Qn0k0(�t2), Q
†
nk(t2)}

E
, (4)

reflecting particle-particle and particle-hole type processes. Note the combination of commutator [, ] and anti-
commutator {, } in Eq. (4), which imposes the subtle structure that extracts the part of the correlations responsible
for a Hall e↵ect. Proper Fourier transformation converts these into rates

WH,++

nkn0k0 = 2Re
h
fWH,++

nkn0k0(!nk + !n0k0 ,!nk � !n0k0 ,�!nk + !n0k0)
i
,

WH,+�
nkn0k0 = 2Re

h
fWH,+�

nkn0k0(!nk � !n0k0 ,!nk + !n0k0 ,�!nk � !n0k0)
i
. (5)

recall interaction hamiltonian:

what is Q in this case?



Application to an 
antiferromagnet

Collective field

Negligible phase space
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. Multi-point correlations also naturally
describe non-linear response, e.g. in non-linear optics
such as second harmonic generation, and in “multi-
dimensional spectroscopy”[4] [more refs] . They may
also arise in scattering measurements at resonance, such
as RIXS [5, 6]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Here we study the thermal conductivity due to

phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one, and express our results
in terms of the correlations of the local observable – e.g.
an order parameter Q– coupled to the phonons, e.g.

H 0 =
X

nk

⇣
a†
nkQ

†
nk + a

nkQnk

⌘
, (1)

for the simplest case of linear coupling to phonons. Then
we find that the leading diagonal scattering rate is

Dnk = �1

~

Z
dte�i!nkt

D
[Qnk(t), Q

†
nk(0)]

E

�

+D0
nk, (2)

where D0 includes both higher order terms and contri-
butions from other mechanisms such as scattering from
impurities. [Note: I would like to redefine the sign of
Dnk so that it is positive!] This controls the symmetric
(dissipative) part of the thermal conductivity, which to
the same leading order is

µ⌫

L
=

~2
kBT 2

1

V

X

nk

!2

nk

4Dnk sinh
2(�!nk/2)

vµ
nkv

⌫

nk. (3)

By contrast, the thermal Hall conductivity is antisym-
metric, and hence completely controlled by o↵-diagonal
scattering, and of fourth order. All second order contri-
butions necessarily give a vanishing contribution due to
detailed balance(Ref. [7], and see Sec. ??). We define two
four-time correlation functions,

WH,++

nkn0k0(t, t1, t2) = sign(t1)
D
[Qn0k0(t� t1), Qnk(t+ t1)]{Q†

n0k0(�t2), Q
†
nk(t2)}

E
,

WH,+�
nkn0k0(t, t1, t2) = sign(t1)

D
[Q†

n0k0(t� t1), Qnk(t+ t1)]{Qn0k0(�t2), Q
†
nk(t2)}

E
, (4)

reflecting particle-particle and particle-hole type processes. Note the combination of commutator [, ] and anti-
commutator {, } in Eq. (4), which imposes the subtle structure that extracts the part of the correlations responsible
for a Hall e↵ect. Proper Fourier transformation converts these into rates

WH,++

nkn0k0 = 2Re
h
fWH,++

nkn0k0(!nk + !n0k0 ,!nk � !n0k0 ,�!nk + !n0k0)
i
,

WH,+�
nkn0k0 = 2Re

h
fWH,+�

nkn0k0(!nk � !n0k0 ,!nk + !n0k0 ,�!nk � !n0k0)
i
. (5)

recall interaction hamiltonian:

what is Q in this case?

Structure hidden here
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. Multi-point correlations also naturally
describe non-linear response, e.g. in non-linear optics
such as second harmonic generation, and in “multi-
dimensional spectroscopy”[4] [more refs] . They may
also arise in scattering measurements at resonance, such
as RIXS [5, 6]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Here we study the thermal conductivity due to

phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one, and express our results
in terms of the correlations of the local observable – e.g.
an order parameter Q– coupled to the phonons, e.g.

H 0 =
X

nk

⇣
a†
nkQ

†
nk + a

nkQnk

⌘
, (1)

for the simplest case of linear coupling to phonons. Then
we find that the leading diagonal scattering rate is

Dnk = �1

~

Z
dte�i!nkt

D
[Qnk(t), Q

†
nk(0)]

E

�

+D0
nk, (2)

where D0 includes both higher order terms and contri-
butions from other mechanisms such as scattering from
impurities. [Note: I would like to redefine the sign of
Dnk so that it is positive!] This controls the symmetric
(dissipative) part of the thermal conductivity, which to
the same leading order is

µ⌫

L
=

~2
kBT 2

1

V

X

nk

!2

nk

4Dnk sinh
2(�!nk/2)

vµ
nkv

⌫

nk. (3)

By contrast, the thermal Hall conductivity is antisym-
metric, and hence completely controlled by o↵-diagonal
scattering, and of fourth order. All second order contri-
butions necessarily give a vanishing contribution due to
detailed balance(Ref. [7], and see Sec. ??). We define two
four-time correlation functions,

WH,++

nkn0k0(t, t1, t2) = sign(t1)
D
[Qn0k0(t� t1), Qnk(t+ t1)]{Q†

n0k0(�t2), Q
†
nk(t2)}

E
,

WH,+�
nkn0k0(t, t1, t2) = sign(t1)

D
[Q†

n0k0(t� t1), Qnk(t+ t1)]{Qn0k0(�t2), Q
†
nk(t2)}

E
, (4)

reflecting particle-particle and particle-hole type processes. Note the combination of commutator [, ] and anti-
commutator {, } in Eq. (4), which imposes the subtle structure that extracts the part of the correlations responsible
for a Hall e↵ect. Proper Fourier transformation converts these into rates

WH,++

nkn0k0 = 2Re
h
fWH,++

nkn0k0(!nk + !n0k0 ,!nk � !n0k0 ,�!nk + !n0k0)
i
,

WH,+�
nkn0k0 = 2Re

h
fWH,+�

nkn0k0(!nk � !n0k0 ,!nk + !n0k0 ,�!nk � !n0k0)
i
. (5)
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1. Scaling

First, when the temperature is smaller than the
magnon gaps, kBT . �¸, all contributions to scatter-
ing become exponentially suppressed by thermal fac-
tors and the scaling is unimportant. For larger tem-
peratures, the gaps are negligible, and the momentum
sum(s) in Eqs. (18,19) are dominated by momenta of or-
der k, p ≥ kBT/vm. Then the B coe�cients, evaluated
for momenta of this order, are sums of three types of
contributions:

B ≥

Ç
kBT

Mv
2
ph

å 1
2

n
≠1
0

Å
⁄mm

‰kBT

n0
+ ⁄mn + ⁄nn

n0
‰kBT

ã
.

(21)
Here M is the mass per unit cell of the solid, n0 is the or-
dered (staggered) moment density, ‰ is the uniform sus-
ceptibility, and ⁄mm, ⁄mn and ⁄nn represent couplings
of the strain to exchange terms quadratic in local mag-
netization fluctuations m, local staggered magnetization
fluctuations n, and the product of the two, respectively.
Microscopically this arises from e�ects like magnetostric-
tion, the modification of orbital overlaps due to strain-
induced bond length and angle changes, etc. The dif-
ferent powers of temperature multiplying the di�erent ⁄

couplings arise from the fact that the order parameter of
the antiferromagnet is the staggered magnetization, and
therefore its fluctuations are more singular than those of
the uniform magnetization, which is, however, still a low
energy mode in an antiferromagnet.

Depending upon the relative magnitudes of these dif-
ferent couplings, distinct scalings are observed for the di-
agonal and o�-diagonal scattering rates, and hence for
thermal conductivity components. To perform a full
evaluation, we use parameters (given explicitly in Ap-
pendix B) which describe a typical situation correspond-
ing to weak spin-orbit coupling and correspondingly weak
anisotropy of magnetic exchange. In this case, there is
a hierarchy that ⁄mm ∫ ⁄nn, ⁄mn (which is ultimately
a consequence of Goldstone’s theorem). Furthermore, in
the low field regime, i.e. when the field-induced magne-
tization m0 of the antiferromagnet is much smaller than
ms the saturation value, m0 π ms, the mixed coupling
⁄mn is proportional to m0 and ⁄mn π ⁄nn as well.

These facts allow one to estimate the scalings of the
important physical quantities. The longitudinal scatter-
ing rate (Eq. (18)) scales as

Dnk ≥
1
·

≥ T
d≠1

|B|
2

≥ T
d+2x

. (22)

Here d is the dimensionality of the spin system (which
we take later equal to d = 2 for numerical calculations)
while phonons are always three dimensional. The crucial
exponent x = 1 occurs in the “high” temperature regime
dominated by ⁄mm, while a crossover to behavior con-
trolled by ⁄nn with x = ≠1 can occur at lower temper-
ature if the minimum magnon gap is su�ciently small.

This behavior corresponds to the longitudinal thermal
conductivity (Eq. (8)) behaving as

ŸL ≥ T
3≠d≠2x

, (23)

when magnon-phonon scattering dominates the phonon
mean free path. Again the power laws apply in certain
distinct regimes, and should be pieced together, along
with the influence of non-zero gaps and other scattering
mechanisms of phonons, to form a complete picture of the
thermal conductivity. This is captured in the numerical
calculations.

Next, we turn to the thermal Hall e�ect. It is crucial
to keep in mind the e�ective time-reversal symmetry of
an antiferromagnet under the combined action of time-
reversal and a translation which exchanges the two sub-
lattices. The uniform magnetization is invariant under
this symmetry but the staggered magnetization is odd.
Consequently, the couplings ⁄mm and ⁄nn are even under
e�ective time-reversal, while only ⁄mn is odd. This im-
plies that the Hall conductivity and Hall scattering rate
W°,e� , with W°,e�,qq

Õ

nk,nÕkÕ := W°,qq
Õ

nk,nÕkÕ +W°,qq
Õ

n≠k,nÕ≠kÕ , which
are odd under e�ective time-reversal, must be propor-
tional to an odd power of ⁄mn, and to linear order in
the magnetic field/average magnetization, these quanti-
ties are simply linear in ⁄mn. From Eq. (19) and Eq. (21),
we therefore obtain

W°,e�
≥ T

d≠1
⁄mn

�
⁄mmT + ⁄nnT

≠1�3
≥ T

d≠1+3x
.

(24)
The natural definition of a skew scattering rate multiplies
the above by a phase-space factor to account for the sum
over di�erent final states of the scattering, which gives
1/·skew ≥ T

3W°,e�
≥ T

d+2+3x.
We would like to emphasize that within any scatter-

ing mechanism of phonon thermal Hall e�ect, the skew
scattering rate is a more fundamental measure of the chi-
rality of the phonons than the thermal Hall conductivity.
This is because the Hall conductivity inevitably involves
the combination of the skew and longitudinal scattering
rates (in the form ·

2
/·skew), and the longitudinal scatter-

ing rate of phonons has many other contributions that do
not probe chirality, and may have complex dependence
on temperature and other parameters that obscure the
skew scattering.

Consequently, instead of the thermal Hall conductivity
we will discuss the thermal Hall resistivity, ÍH , which is
simply proportional to 1/·skew, at least in the simplest
view where the angle-dependence of the longitudinal scat-
tering does not spoil its cancellation.

We define the thermal Hall resistivity tensor as usual
by the matrix inverse, Í = Ÿ

≠1. In particular, con-
sidering the simplest case of isotropic Ÿ

µµ
æ ŸL and

ŸL ∫ Ÿ
µ”=‹ , one thus has

Í
µ‹

H
= Íµ‹ ≠ Í‹µ

2 ¥
≠Ÿµ‹ + Ÿ‹µ

2Ÿ
2
L

= ≠
Ÿ

µ‹

H

Ÿ
2
L

. (25)

The quantity Í
µ‹

H
is independent of the scale of the lon-

gitudinal scattering, in the sense that under a rescaling
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This gives Hall resistivity:
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1. Scaling

First, when the temperature is smaller than the
magnon gaps, kBT . �¸, all contributions to scatter-
ing become exponentially suppressed by thermal fac-
tors and the scaling is unimportant. For larger tem-
peratures, the gaps are negligible, and the momentum
sum(s) in Eqs. (18,19) are dominated by momenta of or-
der k, p ≥ kBT/vm. Then the B coe�cients, evaluated
for momenta of this order, are sums of three types of
contributions:

B ≥

Ç
kBT

Mv
2
ph

å 1
2

n
≠1
0

Å
⁄mm

‰kBT

n0
+ ⁄mn + ⁄nn

n0
‰kBT

ã
.

(21)
Here M is the mass per unit cell of the solid, n0 is the or-
dered (staggered) moment density, ‰ is the uniform sus-
ceptibility, and ⁄mm, ⁄mn and ⁄nn represent couplings
of the strain to exchange terms quadratic in local mag-
netization fluctuations m, local staggered magnetization
fluctuations n, and the product of the two, respectively.
Microscopically this arises from e�ects like magnetostric-
tion, the modification of orbital overlaps due to strain-
induced bond length and angle changes, etc. The dif-
ferent powers of temperature multiplying the di�erent ⁄

couplings arise from the fact that the order parameter of
the antiferromagnet is the staggered magnetization, and
therefore its fluctuations are more singular than those of
the uniform magnetization, which is, however, still a low
energy mode in an antiferromagnet.

Depending upon the relative magnitudes of these dif-
ferent couplings, distinct scalings are observed for the di-
agonal and o�-diagonal scattering rates, and hence for
thermal conductivity components. To perform a full
evaluation, we use parameters (given explicitly in Ap-
pendix B) which describe a typical situation correspond-
ing to weak spin-orbit coupling and correspondingly weak
anisotropy of magnetic exchange. In this case, there is
a hierarchy that ⁄mm ∫ ⁄nn, ⁄mn (which is ultimately
a consequence of Goldstone’s theorem). Furthermore, in
the low field regime, i.e. when the field-induced magne-
tization m0 of the antiferromagnet is much smaller than
ms the saturation value, m0 π ms, the mixed coupling
⁄mn is proportional to m0 and ⁄mn π ⁄nn as well.

These facts allow one to estimate the scalings of the
important physical quantities. The longitudinal scatter-
ing rate (Eq. (18)) scales as

Dnk ≥
1
·

≥ T
d≠1

|B|
2

≥ T
d+2x

. (22)

Here d is the dimensionality of the spin system (which
we take later equal to d = 2 for numerical calculations)
while phonons are always three dimensional. The crucial
exponent x = 1 occurs in the “high” temperature regime
dominated by ⁄mm, while a crossover to behavior con-
trolled by ⁄nn with x = ≠1 can occur at lower temper-
ature if the minimum magnon gap is su�ciently small.

This behavior corresponds to the longitudinal thermal
conductivity (Eq. (8)) behaving as

ŸL ≥ T
3≠d≠2x

, (23)

when magnon-phonon scattering dominates the phonon
mean free path. Again the power laws apply in certain
distinct regimes, and should be pieced together, along
with the influence of non-zero gaps and other scattering
mechanisms of phonons, to form a complete picture of the
thermal conductivity. This is captured in the numerical
calculations.

Next, we turn to the thermal Hall e�ect. It is crucial
to keep in mind the e�ective time-reversal symmetry of
an antiferromagnet under the combined action of time-
reversal and a translation which exchanges the two sub-
lattices. The uniform magnetization is invariant under
this symmetry but the staggered magnetization is odd.
Consequently, the couplings ⁄mm and ⁄nn are even under
e�ective time-reversal, while only ⁄mn is odd. This im-
plies that the Hall conductivity and Hall scattering rate
W°,e� , with W°,e�,qq

Õ

nk,nÕkÕ := W°,qq
Õ

nk,nÕkÕ +W°,qq
Õ

n≠k,nÕ≠kÕ , which
are odd under e�ective time-reversal, must be propor-
tional to an odd power of ⁄mn, and to linear order in
the magnetic field/average magnetization, these quanti-
ties are simply linear in ⁄mn. From Eq. (19) and Eq. (21),
we therefore obtain

W°,e�
≥ T

d≠1
⁄mn

�
⁄mmT + ⁄nnT

≠1�3
≥ T

d≠1+3x
.

(24)
The natural definition of a skew scattering rate multiplies
the above by a phase-space factor to account for the sum
over di�erent final states of the scattering, which gives
1/·skew ≥ T

3W°,e�
≥ T

d+2+3x.
We would like to emphasize that within any scatter-

ing mechanism of phonon thermal Hall e�ect, the skew
scattering rate is a more fundamental measure of the chi-
rality of the phonons than the thermal Hall conductivity.
This is because the Hall conductivity inevitably involves
the combination of the skew and longitudinal scattering
rates (in the form ·

2
/·skew), and the longitudinal scatter-

ing rate of phonons has many other contributions that do
not probe chirality, and may have complex dependence
on temperature and other parameters that obscure the
skew scattering.

Consequently, instead of the thermal Hall conductivity
we will discuss the thermal Hall resistivity, ÍH , which is
simply proportional to 1/·skew, at least in the simplest
view where the angle-dependence of the longitudinal scat-
tering does not spoil its cancellation.

We define the thermal Hall resistivity tensor as usual
by the matrix inverse, Í = Ÿ

≠1. In particular, con-
sidering the simplest case of isotropic Ÿ

µµ
æ ŸL and

ŸL ∫ Ÿ
µ”=‹ , one thus has

Í
µ‹

H
= Íµ‹ ≠ Í‹µ

2 ¥
≠Ÿµ‹ + Ÿ‹µ

2Ÿ
2
L

= ≠
Ÿ

µ‹

H

Ÿ
2
L

. (25)

The quantity Í
µ‹

H
is independent of the scale of the lon-

gitudinal scattering, in the sense that under a rescaling

Dtot = Dnk + D̆

T < T ⋆
λ

κL ∼ T−1

T > T ⋆
λ

∼
λnn

λmm



Scaling of  for  is actually very subtleκL T > T⋆
λ

vm /vph = 2.5

κL ∼ T−1 -dependent power law for  !!vm /vph vm /vph > 3

κL ∼ T
3−8( vm

vph
− 1)

−1

κL ∼ T−1

{1.5, 1.75, 2., 2.25, 2.5, 2.75, 3.325, 3.75, 4.125}

vm/vph = 4.125
vm/vph = 3.75

vm/vph = 3.325

0.44

0.09

-0.44

T > T ⋆
λ

© Mangeolle, Balents, Savary

© Mangeolle, 
Balents, Savary



Skew scattering

Cut (fix 2 out of 6 variables) through the skew scattering rate:

A very complex object, lots of phase space features

<latexit sha1_base64="gvqOmZ9+kc9EfAyW+27YQAMT5RE=">AAACDXicbVDLSsNAFJ3UV62v+Ni5CRbBVUmkqMuiG5cV7AOaWCbTSTt0HmFmItSQb/AX3Orenbj1G9z6JU7aLGzrgQuHc+7lHk4YU6K0635bpZXVtfWN8mZla3tnd8/eP2grkUiEW0hQIbshVJgSjluaaIq7scSQhRR3wvFN7ncesVRE8Hs9iXHA4JCTiCCojdS3j3wG9SiScJx2sgdfMMIT1berbs2dwlkmXkGqoECzb//4A4EShrlGFCrV89xYBymUmiCKs4qfKBxDNIZD3DOUQ4ZVkE7TZ86pUQZOJKQZrp2p+vcihUypCQvNZp5VLXq5+J/XS3R0FaSEx4nGHM0eRQl1tHDyKpwBkRhpOjEEIklMVgeNoIRIm8LmvoQsq5hSvMUKlkn7vOZd1Op39WrjuqinDI7BCTgDHrgEDXALmqAFEHgCL+AVvFnP1rv1YX3OVktWcXMI5mB9/QL9gZxw</latexit>

W 



Thermal Hall resistivity

Observe T4 behavior 
(Heisenberg regime)

Larger effect with current 
perpendicular to plane, even though 

we took the magnetism strictly 2d 
(magnons do not propagate in z 

direction)

<latexit sha1_base64="EG/ckcqthqEbP2pl9BI43s+PoCU=">AAACEnicbVDLSsNAFJ3UV62vqCtxM1gEN5ZERN0IRTcuK9gHNDHcTCft0MmDmUmhhOBP+Atude9O3PoDbv0Sp4+FbT1w4XDOvdx7j59wJpVlfRuFpeWV1bXiemljc2t7x9zda8g4FYTWScxj0fJBUs4iWldMcdpKBIXQ57Tp929HfnNAhWRx9KCGCXVD6EYsYASUljzzwBmAEL3Ys/A1dvqQJOBZj9mpnXtm2apYY+BFYk9JGU1R88wfpxOTNKSRIhykbNtWotwMhGKE07zkpJImQPrQpW1NIwipdLPxCzk+1koHB7HQFSk8Vv9OZBBKOQx93RmC6sl5byT+57VTFVy5GYuSVNGITBYFKccqxqM8cIcJShQfagJEMH0rJj0QQJRObWaLH+YlHYo9H8EiaZxV7IuKfX9ert5M4ymiQ3SETpCNLlEV3aEaqiOCntALekVvxrPxbnwYn5PWgjGd2UczML5+AV7rnPc=</latexit>

%0 = �1
0

<latexit sha1_base64="5JTW0vR6Dik+3yWhnyd/TXWyF7k="></latexit>

%LCO

0
⇡ 2.6 K ·m ·W�1

<latexit sha1_base64="8oAHm3C2De0b9G2n1zip9jJy6lQ="></latexit>

(%H/%0)
LCO ⇡ 1.5⇥ 10�4

<latexit sha1_base64="jWG8KejW1QqJEhjq6VeTbeuSr8k="></latexit>

LCO

xx ⇡ 10 W ·K�1 ·m�1

<latexit sha1_base64="botCh/SD7c+ztCBx8Zw9VgylHSY="></latexit>

LCO

xy ⇡ 40 mW ·K�1 ·m�1

<latexit sha1_base64="2P9EOMej1lOqXYN6GfvM0D+pohQ="></latexit>

%CFTD
0 ⇡ 5.88 K ·m ·W�1

κxy

κzy

x

y

z
hz ̂z

hyŷ



Hall resistivity  as a function of ϱH vm/vph

onset of mn and nn terms

~ same parameters but λnn = 0

ϱH ∼ T4

ϱxy
H < ϱxz

H

when ϱH ↘
vm

vph
↗

results:

xz

open markers : xz

full markers : xy

∼ T4

vm /vph = 5.0
vm /vph = 10.

vm /vph = 2.5

κxy

κzy

x

y
z

hz ̂z

hyŷ

© Mangeolle, Balents, Savary

© Mangeolle, Balents, Savary

© Mangeolle, 
Balents, Savary



Now calculate these correlation 
functions for specific systems

other examples: fermions — 
electrons, spinons…

coming soon



Merci !

positions (PhD and postdoc) open in the group!
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