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Today’s seminar (11:30)

Olivier Parcollet
CCQ-Flatiron Institute, Simons Foundation, New York

and Institut de Physique Théorique - CEA Saclay

Unifying spin-fluctuations and DMFT: 
TRILEX and vertex-based approaches
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G.Rohringer et al.
Rev Mod Phys 90 (2018) 025003

T.Ayral and O.Parcollet
Phys Rev B 92, 115109 (2015)
Phys Rev B 93, 235124 (2016)



Crossovers for Hubbard ½ filled, cubic lattice

U/6t

T/6t

Data for onset of quasiparticle coherence: courtesy Alfred Kirsch

Néel temperature
(DMFT)

Onset of 
Quasiparticle
Coherence (DMFT)

Charge
Gap 
(indicative)



Hence, 6 distinct regimes:

~ Fermi 
Liquid 

Incoherent
Soup

~ Slater AF ~ Heisenberg AF
Ordered Mott Insulator

Mott Insulating 
Paramagnet 
(Fluctuating
Local Moments) 

Mott 
Insulator
with short-range
AF correlations



Frustrating Magnetic Ordering:
Revealing the `genuine’ Mott phenomenon

Metal Mott Insulator

Ordered Phases
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Revealing the `genuine’ 
Mott phenomenon

• Frustrating magnetic ordering (cf. board)
• The basic equations:

• NB: General lattice:
• Do these equations have a solution and if so, is 

it unique ?
• How does the physical nature of this solution 

change as U/D, T/D is varied ?

G = Gimp[�] , � = t2 G , (D = 2t)
<latexit sha1_base64="D6xbyXrp4scnmbIkLToI8JENAaY="></latexit>

�[G] = R[G]� 1/G
<latexit sha1_base64="wC4tMn453j3XDseT905ACBd2Am0=">AAAB+3icdVDLSsNAFL2pr1pfsS7dBIvgxppUQTdiUaEuq9gHpKFMptN26GQSZiZiCf0VNy4UceuPuPMv/ASnqQWfB+7lcM69zJ3jR4xKZdtvRmZmdm5+IbuYW1peWV0z1/N1GcYCkxoOWSiaPpKEUU5qiipGmpEgKPAZafiDs7HfuCFC0pBfq2FEvAD1OO1SjJSW2ma+dU6YQm7FO77SbdfZq7TNglO0U1j/k8LJO6Sots3XVifEcUC4wgxJ6Tp2pLwECUUxI6NcK5YkQniAesTVlKOASC9Jbx9Z21rpWN1Q6OLKStWvGwkKpBwGvp4MkOrLn95Y/MtzY9U98hLKo1gRjicPdWNmqdAaB2F1qCBYsaEmCAuqb7VwHwmElY4rp0Owp1/+TaYh1EtFZ79YujwolE8naUAWNmELdsCBQyjDBVShBhhu4Q4e4NEYGffGk/E8Gc0Ynzsb8A3GyweCmZQ5</latexit>



MOTT TRANSITION:

THE MOVIE !
(courtesy: Igor Krivenko)



The movie just shown was obtained 
with an approximate solver:

Iterated Perturbation Theory (IPT)
- explain on board –

but is qualitatively consistent 
with exact numerical solvers 

(QMC, Wilson NRG)



The IPT approximation (G.Kotliar &AG, 1992) 

(~ simplest approximate solver)
Motivated by regularity of perturbation theory in U for the AIM

Integral equation easily solved iteratively w/ FFTs
EXACT (at ½ filling for U=0 and in the atomic limit !

⌃(⌧) ' U2G0(⌧)
3

<latexit sha1_base64="grR02+Gvazj8dBiiVTFJLe70bh0="></latexit>

IPT approximate solver: 

Iteration scheme: G0 ! ⌃(⌧) ' U2G0(⌧)3

<latexit sha1_base64="be7BKz/loz6EG2JLcsFT4pvwRPI="></latexit>

G(i!n)
�1 = G�1

0 (i!n)� ⌃(i!n)
<latexit sha1_base64="w9M034O7yFGrOI1tyHpSF1RIlvc="></latexit>

solver

Dyson

G�1
0,new = i!n � t2G(i!n)

<latexit sha1_base64="+Fkg68xGkJcfaLUZ7Z6PgFDKHP8="></latexit>

self-consistency





Metal Mott Insulator

Ordered Phases
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Quasiparticles

Quasi atomic excitations

An early success of DMFT (1992-1999) 
Complete theory of the Mott transition



Blümer et al. Units here are 4D=2*bandwidth

Gap vanishes

Coherence 
scale vanishes

: zoom on paramagnetic solutions

Unit:
Bandwidth



Low-frequency behavior of Δ(ω) 
determines nature of the phase

• Δ(ωà0) finite à local moment is 
screened. `Self-consistent’ Kondo effect. 
Gapless metallic state.

• Δ(ω) gapped à no Kondo effect, 
degenerate ground-state, insulator with 
local moments



Self-consistent structure of the bath

Cartoon from Held, Peters and Toschi PRL 110, 246402 (2013)



T=0 disappearance of the metal: 
Quantum Critical Point at Uc2

(`Brinkman-Rice’ physics)



The simplest ED: 
1-bath site approximation ~ Gutzwiller/BR

Focuses on quasiparticles only
M.Potthoff PRB 64, 165114 (2001) 



Exact solution for a single site in the bath:

Conserved quantum 
numbers:
N, S, Sz

1+4+6+4+1=16 states



Focus on N=2 (ground-state) sector in LM regime:

Symmetric case εd=-U/2

Energy in SINGLET SECTOR is lowered by virtual hops
Double occupancy in intermediate state à energy denominator ~ U



Ground-state wave-function:

Key points:

- The atomic limit V=0 is SINGULAR in the LM regime
- A non-zero V lifts the ground-state degeneracy

- The ground-state becomes a singlet: the impurity moment is 
``screened’’ by binding w/ a conduction electron



Spectral function for 
1site in the bath, 
½ filling

E.Lange
Mod Phys Lett B 12, 915 (1998)
arXiv:9810208
See also Appendix in 
Alex Hewson’s book



Gap at large-U
approximation:
Hubbard-like 

ignore Kondo-like 
processes/

quasiparticles



A ``Hubbard satellite’’ is nothing but
an atomic transition

(broadened by the solid-state environment)

Imagine a simplified atom with a single atomic level

Energy
U: Coulomb energy 
For placing 2 electrons
on same level



The actual k-integrated spectral function 
has both Hubbard bands and low-energy quasiparticles 

Hubbard 
``bands’’

QP band
Reduced 
width ~ZD

à Low-energy quasiparticles and incoherent Hubbard bands 
Coexist in one-particle spectrum of correlated metal

Value of 
A(ω=0) 
is pinned 
at U=0
value 
due to 
Luttinger 
theorem



Quasiparticle excitations Atomic-like excitations
(Hubbard satellites)

Wave-like
Particle-like
(adding/removing charges 
locally)

Momentum (k-) space Real (R-) space

Are treated on equal footing within DMFT

Spectral weight transfers

“Particle-Wave duality in the solid-state”



``Atsushi Fujimori’s map of ABO3 perovskites’’
J.Phys Chem Sol. 53 (1992) 1595
Imada, Fujimori, Tokura, Rev.Mod.Phys (1998)

SrVO3

CaVO3

YTiO3

LaTiO3

A=rare-earth site (yellow) B=metal site (red)

White = Metals ; Grey=Insulators

SrCrO3 SrMnrO3



From weak to strong 
correlations in d1 oxides
[Fujimori et al. PRL 69, 
1796 (1992)] 

Puzzle: 
Why is SrVO3 
a metal 
and LaTiO3, YTiO3
Mott insulators ?



Mott insulators :
Their excitation spectra contain atomic-like excitations

Band structure calculations (interpreting Kohn-Sham spectra 
as excitations) are in serious trouble for correlated materials !

Photoemission: Fujimori et al., PRL 1992

Hubbard satelliteLDA

Metallic LDA (KS) 
spectrum !



Correlated metals: atomic-like excitations at 
high energy, quasiparticles at low energy

- Narrowing of quasiparticle 
bands due to correlations (the 
Brinkman-Rice phenomenon)
- Hubbard satellites (i.e 
extension to the solid of 
atomic-like transitions)

Sekiyama et al., PRL 2004SrVO3

Dashed line:
Spectrum obtained from 
Conventional 
band-structure methods (DFT-LDA) 



Fujimori et al, 1992

Inoue et al., 1995

Maiti, Sarma et al., 1999

Sekiyama et al., 2001

PHOTOEMISSION…
A 12 years (success) story



Fermi Liquid nature of the metallic phase
• At (possibly very) low T,ω: a Fermi liquid

• Fermi surface is unchanged by interactions w/in DMFT 
for single orbital model. But Drude weight ~Z

• At Uc2 transition: Zà0 (~ Brinkman-Rice)
• Heavy quasiparticles: 
m*/m=1/Z diverges at Uc2
(divergence reflects 
large entropy of insulator with 
fluctuating local moments)
Near the transition: 
B ~ 1/Z2 (Kadowaki-Woods)



LaTiO3: AF Mott insulator
AF persists up to ~ 5% hole-doping

Photoemission spectrum:
definitely a Mott insulator

Oxygen states
Lower Hubbard 
band d1àd0



Approach to the Mott state in titanates

Tokura et al.
PRL, 1993

RH reported as ~ T-independent 
and consistent w/ large Fermi surface

X=1                             x=0

Increase of effective mass

Saturation of m* in AF regime



Titanates/transport:

Fermi liquid behavior observed 
Below ~ 100K @ 5% doping



But… there is (plenty of) life beyond the 
Fermi-liquid regime

CTQMC+Analytical continuation (Pade), 
courtesy M.Ferrero, compares perfectly to NRG

This is where 
Landau theory 
applies…

Kink signals loss of QP 
coherence



Bω2 applies only below coherence scale
B-coefficient is enhanced ~ 1/Z2

These 2 peaks will coalesce into a pole at ω=0
as insulator is reached



`Kinks’ of purely electronic origin 
in quasiparticle dispersion

Nature Physics 3 (2007) 168



Byczuk et al. Nat. Phys 2007



Near Uc2: 
Effective Kondo 
problem 
with FINITE 
coupling.
(Fisher, Kotliar, Moeller 
PRB 52 (1995) 17112;Moeller et 
al. PRL 74 (1995) 2082 )

The kink is associated 
with the effective Kondo 
scale, which is smaller
than the width of the QP 
peak
(Held et al., PRL 2013 à)



CT-HYB QMC and NRG allow for 
a high-accuracy exploration of the FL

(M.Ferrero, J.Mravlje, R.Zitko, X.Deng, AG)

Bethe Lattice; U/D=4, 20%doping; NRG 
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Momentum (energy) resolved spectral function
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DMFT insight into an old problem:
“How bad metals become good’’

`Resilient’ quasiparticles beyond Landau Theory

Deng et al. 
PRL 110 (2013) 
086401



Overview of calculated resistivity vs. T

Arrows indicate 
Mott-Ioffe-Regel



This non-Drude ``foot’’ is actually the signature of 
Landau’s Fermi liquid in the optical spectrum !

Transfers of spectral weight



Signature of the two crossovers 
(FL, MIR) in optical spectroscopy:

1. Merging of Drude peak and mid-infrared 
into broad peak at TFL

2. Merging of QP band and LHB at TMIR
3. Redistribution of sp.weight over very high 

energies at MIR, but involving only 
Drude+mid-infrared below TMIR

cf. Hussey, Takenaka et al. LSCO PRB 2003
Hussey, Phil Mag
Gunnarsson RMP



Optical conductivity Drude weight ~ doping

Large transfers of spectral weight

eV



The Mott critical endpoint: 
a liquid-gas like (Ising) transition 

Unit here is bandwidth 2D



Critical behaviour at the Mott 
critical endpoint

A liquid-gas transition

Insulator: 
low-density of doubly occupied sites          GAS

Metal:
High-density         LIQUID

+ cf. early ideas of Castellani et al.
+ DMFT/Landau theory approach: scalar order 
parameter



PRL 43 (1979) 1957



Science 
302 (2003) 89



Time-honoured example: 
V2O3 under pressure or 
chemical substitution on 
V-site

V2O3
pressure / substitutions 

on V-site

Mc Whan et al. , 1971



Cartoons of the 
different phases

Paramagnetic
insulator

Paramagnetic
metal

Antiferromagnetic
insulator

- ~ Free spins in 
paramagnetic insulator
>>> large entropy 
>>> slope of  Tc(p) 
(cf Pomeranchuk)



BEDT-TTF :

Quasi-2D molecular conductors k-(BEDT-TTF)2X

Z.Z.Wang, C.David, L2M Bagneux, P.Limelette, C.P.
résultats préliminaires

S

S

S

I

I



From NMR experiments 
Sherbrooke/Orsay 
S.Lefebvre et al. :
Phys. Rev. Lett. 85 (2000) 
p. 5420

Quasi 2D organic 
conductors: A rich 
phase diagram



Another beautiful system in which to 
study the Mott transition: Cs3C60



Tuning the transition 
with pressure in V2O3

P. Limelette et al. (Orsay)
Science, 2003



Analogy between the liquid-gas 
transition and the Mott transition

In fact: p-pc and T-Tc are linear combineations of h and 
T-Tc for the Ising model 



Critical 
exponent: 
Ising-like



Scaling: 
Universal 

form of the 
``equation of 

state’’

Cf also: Kagawa et al.
(Kanoda’s group)
on the BEDT organics



Is there something quantum 
about the observed scaling above (Tc,Uc) ?



Terletska et al. PRL 2011



Courtesy A.Pustogow – APD March Meeting, 2019



Beyond (single-site) DMFT: 
taking better account of 

spatial correlations



To what extent does DMFT take 
spatial correlations into account ?

• Key point:

• à Ordered Phases have Tc = O(1)
• 2-particle correlation functions know about 

ordering and critical behavior: non-trivial 

• BUT NO FEEDBACK OF SPATIAL 
CORRELATIONS/FLUCTUATIONS INTO 
1-PARTICLE PROPERTIES

Jij = O(
1

d
) ,

X

j

Jij = O(1)

<latexit sha1_base64="w13jAsHFmReUFxETxz9Mn7FVLaw="></latexit>

�( ~Q,!)
<latexit sha1_base64="2d684Qz4C3EM5PiI2sKcalF6uL0=">AAAB/XicbVDJSgNBEK2JW4xbXG5eBoMQQcJMFPRm0IvHBMwCmSH0dGqSJj0L3T2BOAR/xYsHRbz6H978Cz/BTiKi0QcFj/eqqKrnxZxJZVnvRmZhcWl5JbuaW1vf2NzKb+80ZJQIinUa8Ui0PCKRsxDriimOrVggCTyOTW9wNfGbQxSSReGNGsXoBqQXMp9RorTUye85tM+KzhBpWhsfO1GAPXLUyRfskjWF+U2seaVw8QFTVDv5N6cb0STAUFFOpGzbVqzclAjFKMdxzkkkxoQOSA/bmoYkQOmm0+vH5qFWuqYfCV2hMqfqz4mUBFKOAk93BkT15bw3Ef/z2onyz92UhXGiMKSzRX7CTRWZkyjMLhNIFR9pQqhg+laT9okgVOnAcjoE68/vf0JolEv2SalcOy1ULmdpQBb24QCKYMMZVOAaqlAHCrdwD4/wZNwZD8az8TJrzRhfM7vwC8brJ2lXlfo=</latexit>



We expect:

• The divergence of the effective mass to be 
cutoff by (spin) correlations

• e.g. large-N t-J:
• cf. finite entropy of low-T insulator

Z / � , m⇤/m ⇠

� +

J

td

��1

<latexit sha1_base64="hVYWPe+cH+0rdshY71zSrJi6gqk="></latexit>

Suppression of Pomeranchuk effect at low T





The most extreme influence of J 
on quasiparticles: cuprates and the 

d=2 1-band Hubbard model 
• Fate of quasiparticles in the 2D Hubbard 

model as the Mott transition is 
approached: selective destruction in k-
space

ARPES- Kaminski et al., 2004 
Bi2212
Tc=90K@T=140K



`Fluctuation Diagnostics’: 
AF correlations are responsible for the pseudogap

See Alessandro Toschi’s talk at workshop this afternoon



From the mean-field picture…
… to fluctuations

Courtesy T.Schäfer
See also recent work using diagMC/CDET
F.Simkovic et al.



The three main routes 
beyond DMFT

• Cluster Embedding Methods: cDMFT, 
DCA…

• Expansions involving higher-order 
correlator/vertex functions: DΓA, TRILEX, 
dual Fermions/Bosons, etc…

• Using DMFT as a booster for 
diagrammatice Monte Carlo, or fRG etc..,



As we flow down from high energy to lower energy, 
range of spatial correlations will grow and 1-site 

DMFT may become increasingly inaccurate

Starting from:
- High-temperature /
- High-energy /
- High-doping level /
- Large frustration t’/t, etc.

cf. A.G Ann. Phys. 523, 672 (2011)
arXiv:1112.5212

All these can be viewed as 
control parameters 

~ range of spatial correlations

DMFT is a compass to 
orient oursleves when 
flowing down in energy 



Following the flow to low energy…
Atomic configurations:

Intra-shell interactions+crystal fields

Insulators:
Kugel-Khomskii

Low-energy models
Magnons, Orbitons etc.

Metals 
Fermi liquids

Quasiparticles
Collective modes



Atomic configurations:
Intra-shell interactions+crystal fields

Collective ground-state
Low-energy excitations

Effective low-energy theory

High energy
High temperature
Short time scales
Short distances 
Large lattice spacing
LOCAL
INCOHERENT

Low energy
Low temperature
Long time scales
Long distances 
Small lattice spacing
NON-LOCAL
COHERENT

Environment Lifts degeneracies…



Atomic configurations:
Intra-shell interactions+crystal fields

This is very much how we 
think about materials 
In DMFT: 
Start from local atomic 
configurations
and follow the flow down  
into collective behaviour
Initially, spatial correlations
are short-range 
At lower energy, spatial 
correlations build up
àCluster extensions 
of DMFT

?
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