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. probability that a
leaf is a child of the
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Combinatorics, Randomness and
Analysis

Typical questions

= : fsize n
From simple local rules, a global For a tree of size n,

structure arises. o
. probability that a

A quest for universality in leaf is a child of the
random discrete structures: N root¢
= probabilistic complexity of ,| - €xpected

***** - structures and algorithms. ol pathlength (sum of

«{" distances from

Quantitative results using 1 'nodes to the root)?
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Philippe Flajolet,
the Father of Analytic Combinatorics

Analytic
Planned complete works span Combinatories

7 volumes of approx 600 pp. each.

Robert Sadgewick

} _‘— : ..
| 7 "’,:-'
3 "!r ¢ ‘ 5

1948-2011

2009
//////, ¢ counting;
Comb]'c,natc,)”al . ?e”er,at'ng - o random generation;
specitication unctions
T~ ¢ asymptotic analysis.

If you can specify, you can analyze.
2/20
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Constructible Structures

Language: 1,Z, +, X, SEQ, SET, CYC|
‘ and recursion.

v Binary trees: B=1+ZxXBxAB

&  Permutations: Perm=SET(CYC(Z));
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Constructible Structures

Language: 1,Z, +, X, SEQ, SET, CYC

{

and recursion.

ve Binary trees: B=1+ZXABXAB
& Permutations: Perm=SET(CYC(Z));
ve Trees: T=FXxSET(T);

2. ,;: =1 ¢ Functional graphs: F=SET(CYC(T));
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Constructible Structures

Language: 1,Z, +, X, SEQ, SET, CYC |

|

and recursion.

ve Binary trees: B=1+ZxBXAB

& Permutations: Perm=SET(CYC(Z)); |

13

v Trees: T=FXSET(T);

o oo
- 'S Iy . [Zﬁ
s i ensn | @ Functional graphs: F=SET(CYC(T));

frients frdatin oo
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v¢ Series-parallel graphs:
C=F+S+P, §=SEQ-0(Z+P), P=SET-0(Z+S);
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Constructible Structures

Language: 1,Z, +, X, SEQ, SET, CYC |

|

and recursion.

ve Binary trees: B=1+ZxABXAB

& Permutations: Perm=SET(CYC(Z)); |

13

v Trees: T=FXSET(T);

o oo
L/ « s o [Zﬁ
rrwe cma |G Functional graphs: F=SET(CyC(9));
Pt fudatol g
Tadhen  Prasts- kc"i’oz;.n S . ” I h
RN S N 7 - . nalytic
?;:;_» o= ' eries para c grap S. Analyt

Combinatorics

G=F+S5+P, §=SEQ-0(Z+RP), P=SET>0(Z +§);

& ...hundreds of examples in “the purple book”.



. Enumeration and
Generating Functions



. Enumeration and
Generating Functions

F(z) =) fn2"
n=0



Example: Binary Trees

B=1+FEXBXAB

Bs =5

number of binary
trees with n nodes

(Catalan)
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For n > 1,
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Example: Binary Trees

B=1+FEXBXAB

trees with n nodes

B(Z) _ f: . number of binary
n=0

(Catalan)
Bs =5

n—1
For n > 1, B, = Z BB, 1 = BnZn

k=0

B(z) =1+ zB(z)?

n—1
=) 7(Bkz")(Bnk-12"""1)
k=0
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Example: Binary Trees

B=1+FEXBXAB

@)
B(Z) _ E : . number of binary
trees with n nodes
n=0
(Catalan)
BO:Blzl 82:2 83:5
Y R R Y K - N
bhod O 5 a 3 f w
¢ = ﬁl;; ij i [l & S s T ® 3 O
K |~— d O s d B

n—1

n—1
Forn>1 B, = Z BiBn_p—1 = Bpz" = Z Z(Bkzk)(Bn—k—lzn_k_l)
k=0 k=0

B(z) =1+2zB(z)? =14 2+22> 452> +



Example: Binary Trees

number of binary
trees with n nodes

For n > 1,

by,

(Catalan)
B; =5
QR )
WA () b d “
:l ] 0 0O
n—1




What do we count?

Inv[{1,2,3}] = {8 @Mﬁ%ﬁ}

B8

4 involutions;
3 of them permuted by ©3— 2 unlabelled structures.

Exponential generating series (EGF):

o  _n 2
F(z) = Z fn%, frn. = nb. labelled structs of size n. Invg(z) = gZB
n=0 '

Ordinary generating series (OGF):

. T _ 1 — 3
F(z) = fnz", fn =nb. unlabelled structs of size n. IIlVg(Z) = 2Z

5/20



A Dictionary for Generating Series

describes constructible structures
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A Dictionary for Generating Series

Structure EGF OGF
A+RB A(z) + B(z) A(z) + B(z)
AXAB A(z) x B(z) A(z) > I§(z)
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A Dictionary for Generating Series

Structure EGF OGF
A+RB A(z) + B(z) A(z) + B(z)
AXRB A(z) x B(z) A(z) < B(z)

SEQ(sf) : 1

\(2)
SET(<f) exp(A(z))  exp(  A(2")/i)
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A Dictionary for Generating Series

Structure EGF OGF
A+RB A(z) + B(z) A(z) + B(z)
AXAB A(z) x B(z) A(z) > I§(z)

1 1

SEQ(o) 1= A() 1-AR)

SET(A) exp(A(zZ)) exp(  A(z")/7)
1 L ()] 1
Cvc(«) 108 A(z) TS

6/20
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Examples

Binary trees: SB=1+ZxXABxAB

~

— B(z) =1+ 2zB(z)* = B(2)
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Examples

Binary trees: SB=1+ZxXABxAB

~

— B(z) =1 +2zB(z)* = B(z)

— T(z)=zexp| T(2)+ %
Series-parallel graphs: =
Gg=Z+S+P,S§= SEQ>O(Z—|—P),P — SET>()(Z—|—8)
1
—_ G — —|_S —I_P ,S — ].,P _ Z—I—S(z)_l
{ (2) =2+ 5(2) + P(2),5(2) = 7= 5 (2) = e 7/}0



Il. Newton Iteration and

Fast Enumeration

Yora

Itrxt

P s BALL

fi-b-ﬂiﬁ"‘ ga} pmdye—gd =200 Y 2RI T g T

rosrx‘*
16;84.;15

&C

ke dmbp=y. Y

e} Ajaiptezapipl

ity e
a2y e b
——3 —

—} —) i}

—— iy g=p, =pi

i X3 Aty —ixg g3

i

Ayap | pehanr —iaxg A-3aqt
=P _f aAx: =p-ixg
gty | —are qaiy
- e R =4ty
—3 —X1
x,
Mg =D g *
| —tag? *
v+ -
~3agt | gk F e ratregegar
"I""T%x’f +1c:z_q._a * i gty
- iaxg —_—tnt —laxr
e’ LR + L AKE g dtF
—-‘;xi 5 .:I:i
—tg N2 —t gt
£3 1% ;ogﬁ

B W‘—"%ﬂx'{"i’xz)qﬁﬁx;”‘ugés (+;na.’ 16;34:1‘

1671



Numerical Newton Iteration

_ 2
To solve ¢(y) = 0, iterate oy) =1+zy" —y
] lnl 4[]
with ¢(y!") + ¢ (y!")ul™ = 0.

z = 0.23
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Numerical Newton Iteration

_ 2
To solve ¢(y) = 0, iterate oy) =1+zy" —y

g =yt LI
. o AN I n+1] _ n]y _ , [n] —
with p(yI"™) + ¢ (yI M = 0. | v"7 =NW") =y + — -5

z = 0.23

8/20



Numerical Newton Iteration

_ 2
To solve ¢(y) = 0, iterate o) =1+z2y" —y
y[n—l_l] - y[n] i U[n]7 14z Dk [n]
. n n n [n+1] _ n]y — 7] Y — Y
with¢(y") + ¢/ (ymyulrl = 0. | ¥ =N =y + 7505

z = 0.23 y% =0,
y!l =1.0000000000000000,
y?l ~1.4259259259259259,
y?l ~1.5471933181836303,
yl ~ 1.5589256602748822,
y1® ~ 5500875 713926592,
| Quadraticconvejgn y" == 1.5590375815769151

8/20



Newton Iteration for Power Series

Same , -
Newton ylPtH = Ar(ylnl) = gl - T
: 1 — 2zylnl
[teration

_ylnl
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Newton Iteration for Power Series

Same 1 > .
Newton ¢+ = Ayl =yl 4 + 2yt —y
' 1 — 22yl
[teration
y[O] — O
"
yt =l

y2 =2 9922 + 47° + 82* + 162° + 322° + 6427 + - --

v = 14z 4227 4 52° 4 142% 4 422° 4 1322° 4 42827+ -
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Newton Iteration for Power Series

005 005 010 015 020 025

Newton y = N(y"™) =y"™ + o |
Iteration 4 7}_
y[O] — () 0.5—5
1 |
2 922 1 473 1 824 + 162° + 3228 + 6427 + -
3

= 1424227 4527 + 142" +422° + 1322° + 1287

9/20



Newton Iteration for Power Series

Same Lyl il
Newton —ylr = Ar(ylnly = yln] 4 ==Y / B
' 1 — 2zyln] |
lteration |
="
0 Proving numerical
Vo= convergence requires ]
1 control over the tails |

ytH =1 \

O 05 O 05 $.10 0.15 0.20 0.25
z

_+4z +82% +162° + 3225 + 6427 +/ - -
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Newton Iteration for Power Series

O 05 $.10 0.15 0.20 0.25
z

Same 1 n]? _ ,n] |
Newton  yln+1] :N(y[n]) — gyl +2zy =y 1.5_:
. 1 — 2zyln -
Iteration _
0] Proving numerical
y-' = convergence requires =
1] control over the tails \
yt =i .
2 [z F22% + 423 + 82" +162° + 322° +64z +/-
3] —

On power series: y — yl®l = O(ZM) = N (y) — y!>° = O(z—)
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Newton Iteration for Power Series

Same | 2 . |
Newton yltl — par(yfly = yinl 4 — T2 — Y
: 1 — 2zyl"
[teration

Proving numerical

0] _ | |
y[ I = 0 convergence requires 7]
y'l' control over the tails \

0.05 .10 0.15 0.20 0.25
z

On power series: y — yl®l = O(ZM) = N (y) — y!>° = O(z—)
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Newton Iteration for Power Series

Same , ]2 - |
Newton g+l — N(y[n]) — gyl +2zy =y 1.5_:
: 1 — 2zylnl
[teration

Proving numerical

0] _ | |
y[ I = 0 convergence requires ~]
y-l- control over the tails \

0.05 .10 0.15 0.20 0.25
z

On power series: y — yl®l = O(ZM) = N (y) — y!>° = O(z-)

Expand(N) = {
res=Expand(N/2);

a=Q(res); b=¢ (res);
u=Solve (a+bx,x);
return res+u; }
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Newton Iteration for Power Series

Same , ]2 - |
Newton g+l — N(y[n]) — gyl +2zy =y 1.5_:
: 1 — 2zylnl
[teration

Proving numerical

0] _ | |
y[ =0 convergence requires 7]
y-l- control over the tails \

0.05 .10 0.15 0.20 0.25
z

On power series: y — yl®l = O(ZM) = N (y) — y!>° = O(z-)

Expand(N) = {
res=Expand(N/2);

a=0(res); b=d'(res); Cost(N) < ct X Cost(last step)
u=Solve (a+bx,x);
return res+u; }

9/20



Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:

1. arithmetic complexity O(N log N) (both ogf & egf);

2. bit complexity
O(N2log2NloglogN) (ogf);  O(N?log3NloglogN) (egf).

Ingredients: Newton iteration & FFT.

Analytic
Combinatorics

[Pivoteau-S-Soria 2012] 10/20



Fast Enumeration

Thm. First N coefficients of GFs of all constructible structures:

1. arithmetic complexity O(N log N) (both ogf & egf);

2. bit complexity
O(N2log2NloglogN) (ogf);  O(NZlog3NloglogN) (egf).

Ingredients: Newton iteration & FFT.

> with (NewtonGF) :
> BinTrees:={B=Union(Epsilon,Prod(Z,B,B))}:
> GFSeries(BinTrees,labelled, z,21)[2];

B=14+z+422+4+52+142"+422 +1322°+4292" +14302°
1+ 4862 20 + 16796 21V + 58786 ' + 208012 z'% + 742900 z'°
+ 2674440 ' + 9694845 2> + 35357670 2 + 129644790 '

+ 477638700 z'® + 1767263190 z'” + 6564120420 z*° + O(Z*") 5
| emo

[Pivoteau-S-Soria 2012] NewtonGF 10/20
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Derivative of Combinatorial Structures

(origin: species theory)
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Derivative of Combinatorial Structures

(origin: species theory)

ENOOOrEOWs WIERT N ANSHES WUCAIOM ¢
COMBINATDRIAL
SPECIES AND
TREE-LIKE
STRUCTURES
F(‘-,BE RGE‘}CN

Y
Y

¢ (FAYG)=F +Z(FXG)=F'XG+FXE’;

¢ F(G)=F"()XZ’;
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Derivative of Combinatorial Structures

(origin: species theory)

COMBINATDRIAL
SPECIES AND
TREE-LIKE
STRUCTURES
TG TABELLE.

Y
Y

¢ (F+E)=F'+&,(FXE)=F'XE+FXxg’;

¢ F(O)=F'(¥)xE&’;

¢ 0'=1"=0; F'=1;
SET'=SET; CYC'=SEQ; SEQ'=SEQXSEQ.

11/20



Combinatorial Newton Iteration
V=14+ZxYXxY=H(Z)V)

A,
?
£
4

V3

|
\¥
+
i
]
_|_
+
_.|._

[Décoste, Labelle, Leroux 1982]
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Combinatorial Newton Iteration

V=14+ZxYXxY=H(Z)V)
Y+ = Yl 4 Spa(Z - YN x4 Z k- Y (@ + 2. Y] Ty yinly

Yo =9 V1= o

V2 O 5 <<; + <£‘<3 % fesoommnfl Z%{f._{g 4.

©

’,fo
. [ qﬁl___‘% -

W

V3

1
<
+
A
=
;
_’_

[Décoste, Labelle, Leroux 1982] 12/20



Combinatorial Newton Iteration

V=14+ZxYXxY=H(Z)V)
Y+ = Yl 4(Spa(Z - YN x4 Z k- Y. (@ + 2 - YT Ty yinly

L1 |T]:
Vo =9 V1= o Id_a_H(Z’y[n])

oY

Vs = | <~ <<<;<<@++Z{gf.<o L

3
)
{

©

/;&
. [ q;«___’(é -

W

V3

1
<
+
A
=
5
+

[Décoste, Labelle, Leroux 1982] 12/20



Combinatorial Newton Iteration

V=14+ZxYXxY=H(Z)V)
yintl =yl 4igpqz - YNl v+ 2. % Y (@ + z - YNl .y pinly,

L1 |T]:
Vo=90 Vi = o Id_a_f};(zjy[n])

Y O + <<(2 &({é‘\@ -+ f zomy b
R L <t At

, 5 WS
Vs + '{? heaeah % S -+ #—-*\’.’% S

Ccl: numerical convergence of the
Newton iteration starting from 0.,

V3

[Décoste, Labelle, Leroux 1982]
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©

©

©

Simulation in the discrete world; helps

evaluate parameters;

compare/refine models;

test software.
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Boltzmann Sampling

]

X

Proba(t)= with T(X) = X!t = E T,x"
T(QZ’) teT n

x is a parameter of the algorithm
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Boltzmann Sampling

T(Qf) teT n

x is a parameter of the algorithm

2]
L with T = XU=3"Tm

Expected size:
XT H{X)
T(x)
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Boltzmann Sampling

t R

Proba(t= - with T(x) =  xt1=3"7,4" XpicTteXsnze
T(.I') teT n Le )
T (X)

x is a parameter of the algorithm

Generate (heA') =
if #=1 return 1;
if =% return #F;
if A=Fx8G {
Generate(fe%);
Generate(ge¥);

return (£,9); }

H=F+E {
b:=Bernoulli(F(x)/H(X));

if b=1 return Generate(fe%);
else return Generate(ge¥);

H=Set(F) {

[Duchon, Flajolet, Louchard, Schaeffer 2002-04] 14/20
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Example: XML-trees

Grammar File size #eq. Newton
rss 9.5k 16 0.02s.

Relax NG 124k 114 0.10s.

1.5

XSLT 168k 122 0.12s.

XHTML Basic [EET% 06 0.32s. =+
SVG 6.3M 232 0.23s.

OpenDocument RSl 814 0.34s.

005 0 005 010 015 020 025
V4

DocBook 11M o77 23S.

Time for x s.t. E(size)=10,000

|IDarrasse2010] 15/20
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Singularity Analysis

counts the nu® captures some
(an an?

of objects of size n structure

n>0

AQ)

A 3-Step Method:

Zn—l—l

1. Locate dominant singularities

2. Compute local behaviour

3. Translate into asymptotics

A(z) e p C( B %) log™ 1_1% n—00

full asymptotic expansion available
16/20



Example: Binary Trees (Again!)

=14 2B(z ) A 3-Step Method:
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=1+4+2z+22°+52°+--- |2 Compute local behaviour;
1 — \/1 _ A7 3. Translate into asymptotics.

27
1. sing.en z=1/4

2. local behaviour:

B(z) = 2-—2(1-—4z)/24...
()z—>1/4 ( ) *

3. translation:

AN —3/2
B, o~ 1o .
VT &n
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If you can specify it, you can analyze it!

nn—3/2

+ parameters

— pathlength in 1

Permutations
, _anguages

Mappings

ntegers
Words .

. Compositions

Strings .

Partitions
Urns
Trees

Universality phenomena:
EX.: # trees of various types — K p

1/2
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