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Framework 0: Amplitude Amplification

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:
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Algorithmic Template Subroutines
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Framework 1: Hitting Time Framework
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Quantum algorithm 
with complexity
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Example: Element Distinctness

Element Distinctness

The Random Walk

Input: 𝑥!, … , 𝑥" ∈ {0, … ,𝑚}

Find: a pair 𝑥# , 𝑥$ such that 𝑖 ≠ 𝑗 and 𝑥# = 𝑥$

Vertices: sets S ⊂ {𝑥!, … , 𝑥"} of size 𝑆 = 𝑟

Edges: S~S′ if 𝑆 ∩ 𝑆% = 𝑟 − 1

Marked Vertices: ∃𝑥# , 𝑥$ ∈ S such that 𝑥# = 𝑥$ , 𝑖 ≠ 𝑗



Example: Element Distinctness

Complexity:

Complexity of Quantum Algorithm:



Framework 1: Hitting Time Framework

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:



Framework 2: Electric Network Framework

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:

What is 𝐶7?



Example: Exploring a Search Tree
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Example: Exploring a Search Tree

Subroutines

Quantum algorithm 
with complexity

Classical complexity: # of nodes
commute time     to 

(dist.     to      )



Framework 3: MNRS Framework

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:



Framework 3: MNRS Framework

Algorithmic Template

Quantum algorithm 
with complexity

Complexity:

Compare to Hitting 
Time Framework:



Example: Triangle Finding

Triangle Finding

The Random Walk

Input: a graph 𝐺 on 𝑛 vertices, by its adjacency matrix 𝐴

Find: a triangle: 𝑢, 𝑣, 𝑤 ∈ 𝑉(𝐺) such that 𝐴 𝑢, 𝑣 = 𝐴 𝑣, 𝑤 = 𝐴 𝑤, 𝑢 = 1

Vertices: sets S ⊂ 𝑉(𝐺) of size 𝑆 = 𝑟 and {𝑢𝑣 ∈ 𝐸 𝐺 : 𝑢, 𝑣 ∈ 𝑆}

Edges: S~S′ if 𝑆 ∩ 𝑆% = 𝑟 − 1

Marked Vertices: ∃𝑢, 𝑣 ∈ S such that ∃𝑤 ∈ 𝑉(𝐺) such that 𝑢, 𝑣, 𝑤 is a triangle

𝑤



Example: Triangle Finding
Vertices: sets S ⊂ 𝑉(𝐺) of size 𝑆 = 𝑟 and {𝑢𝑣 ∈ 𝐸 𝐺 : 𝑢, 𝑣 ∈ 𝑆}

Edges: S~S′ if 𝑆 ∩ 𝑆% = 𝑟 − 1

Marked Vertices: ∃𝑢, 𝑣 ∈ S such that ∃𝑤 ∈ 𝑉(𝐺) such that 𝑢, 𝑣, 𝑤 is a triangle

𝑤

Quantum algorithm 
with complexity



Triangle Finding: Checking Subroutine

Marked Vertices: ∃𝑢, 𝑣 ∈ S such that ∃𝑤 ∈ 𝑉(𝐺) such that 𝑢, 𝑣, 𝑤 is a triangle

𝑤



Triangle Finding: Checking Subroutine

Marked Vertices: ∃𝑢, 𝑣 ∈ S such that ∃𝑤 ∈ 𝑉(𝐺) such that 𝑢, 𝑣, 𝑤 is a triangle

𝑤Amplitude Amplification

Quantum algorithm 
with complexity



Example: Triangle Finding
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𝑤
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with complexity



Framework 3: MNRS Framework

Algorithmic Template

Quantum algorithm 
with complexity

Complexity:

Compare to Hitting 
Time Framework:



Best of Both Worlds?

MNRS Framework Hitting Time Framework:

Assuming only one marked vertex,
Controlled Quantum Amplification:



Different Frameworks

New Unified
Framework

F3
F2

F1

F0

F0: Amplitude Amplification

F1: Hitting Time Framework

F2: Electric Network Framework

F3: MNRS Framework

Subroutines

Parameters

For Comparison
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Unified Framework

MNRS Framework Subroutines



Unified Framework

Algorithmic Template Subroutines

t-step walk 𝑃C



Unified Framework

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:

MNRS



Final Unified Framework

Algorithmic Template Subroutines

Quantum algorithm 
with complexity

Complexity:



Final Unified Framework

F1: Hitting Time Framework

F2: Electric Network Framework

F3: MNRS Framework

Unified Framework



Checking Frequency
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Final Unified Framework

F1: Hitting Time Framework

F2: Electric Network Framework

F3: MNRS Framework

Unified Framework


