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Random Walks
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Quantum Walk
Frameworks




Framework O: Amplitude Amplificati()n

/ Algorithmic Template \ Subroutines

Repeat 1/¢ times: Serrnsiler Sanmplte @,

Sample u > according to 7

Q
v Checku c Check: If at u, @
If u marked, output check if v is marked ¥

\ Complexity: (S + C) /

7

Quantum algorithm
with complexity

L (s+cC
\_ \/g( ) ) £ = probability u ~ m marked




Framework 1: Hitting Time Framework

Algorithmic Template Subroutines

afpLe t~m Sample: Sample u,
according to

P|u,v] = probability walker at u
moves to v

m = stationary distribution of P

random walk P [Szegedy 2004] [Ambainis, Gilyén, J, Kokainis 2019]



Framework 1: Hitting Time Framework

Algorithmic Template Subroutines

@ﬁ Sample u ~ 7
. Sample: Sample u,
Repeat H times: S : ﬁ
according to

&Update to u U Update: If at wu, e
©, Check u sample v from Plu, -] &

If uw marked, output Check: If at wu, @
$

C .
Complexity: S + H (U + C) check if v is marked

P|u,v] = probability walker at u
moves to v

m = stationary distribution of P
H = hitting time

[Szegedy 2004] [Ambainis, Gilyén, J, Kokainis 2019]



Framework 1: Hitting Time Framework

/ Algorithmic Template \

@ﬁ Sample u ~ 7

Repeat H times:
& Update to u

©, Check u
If uw marked, output

\ Complexity: S+ H(U+C) /

Quantum algorithm
with complexity

S+ VH(U+C)

Subroutines

S

U

C

\- [Q’Jzegedy 2004]

Sample: Sample u,
according to m

Update: If at wu, ﬁ

sample v from Plu, ‘|

Check: If at w, @
®

check if v is marked

P|u,v] = probability walker at u
moves to v

m = stationary distribution of P
H = hitting time

[Ambainis, Gilyén, J, Kokainis 2019]



Example: Element Distinctness

Element Distinctness

Input: x4, ..., x, € {0, ..., m}

Find: a pair x;, x; such that i # j and x; = x;

The Random Walk

Vertices: sets S c {x,, ..., x,} of size |S| =r
Edges: S~S"if |SNnS'|=r—1

Marked Vertices: 3x;, x; € S such that x; = x;,i # j

7" -< ‘ ‘ ‘
‘ |

Ambainis 2003]



Example: Element Distinctness

Sample u ~ 7 S~

Repeat H times: H<r-n?/r?=n?/r
Update to u U~ 1
Check u C~1

Complexity: S+ H(U+C) ~r +n?/r

Complexity of Quantum Algorithm: S + \/H(U +C)~r+ n/\/;

when r = n?

N ‘ ‘ '

[Ambainis 2003]



Framework 1: Hitting Time Framework

/ Algorithmic Template \

@ﬁ Sample u ~ 7

Repeat H times:
& Update to u

©, Check u
If uw marked, output

\ Complexity: S+ H(U+C) /

Quantum algorithm
with complexity

S+ VH(U+C)

Subroutines

S

U

C

\- [Q’Jzegedy 2004]

Sample: Sample u,
according to m

Update: If at wu, ﬁ

sample v from Plu, ‘|

Check: If at w, @
®

check if v is marked

P|u,v] = probability walker at u
moves to v

m = stationary distribution of P
H = hitting time

[Ambainis, Gilyén, J, Kokainis 2019]



Framework 2: Electric Network Framework

/ Algorithmic Template \ Subroutines
Sample u ~ 0 any didkrbukion

, Sample: Sample u,
Repeat 77 times: e

&Update to u U Update: If at wu, e
©, Check u sample v from Plu, -] ﬁ

If uw marked, output Check: If at wu, @
$

C P
\ Complexity: S,+77(U+ C) / check if v is marked
U What is Cs?
Wheno=m: C,=H
Quantum algorithm When o(s) = 1, M = {m}:

with complexity o f
o = commute ttme from s to m

777 [Belovs 2013] [Apers, Gilyén, J 2019]




Example: Exploring a Search Tree

x1 =0 r1 =1




Example: Exploring a Search Tree

x1 =0 r1 =1




Example: Exploring a Search Tree

Subroutines

5 Sample: Sample u, .
“ according to o

U Update: If at u, e
sample v from Plu, -] ﬁ
o Check: If at u, Q

check if v is marked

Quantum algorithm
with complexity

Se +vVCs(U+C)
[Montanaro 2015; Ambainis, Kokainis 2017]



Example: Exploring a Search Tree

Subroutines

o(r)=1
~ . Sample: Sample u, .
So =1 according to o
U Update: If at u, e
sample v from Plu, -] ﬁ
o Check: If at u, Q

check if v is marked

Quantum algorithm
with complexity

Se +vVCs(U+C)
[Montanaro 2015; Ambainis, Kokainis 2017]



Example: Exploring a Search Tree

Subroutines

o(r)=1
~ . Sample: Sample u, .
So =1 according to o
T Update: If at u, e
~ sample v from Plu, -] ﬁ
o Check: If at u, Q

check if v is marked

Quantum algorithm
with complexity

Se +vVCs(U+C)
[Montanaro 2015; Ambainis, Kokainis 2017]



Example: Exploring a Search Tree

Subroutines

o(r)=1
.S Sy r
st S[,;fn(li)?: o Plu. ﬁ “
c— 1 Check: If at u, Q

check if v is marked

Classical complexity: T = # of nodes
(', = commute time 7 to m

Quantum algorithm <(dist. 7 to m )| E|

with complexity <nT
So +VCy (U+C) < VT )

[Montanaro 2015; Ambainis, Kokainis 2017]



Framework 3: MNRS Framework

/ Algorithmic Template

~

Sample U~

Repeat 1/¢ times:
Repeat 1/0 times:

A, Update to u
Q Check u

X ange T

\ Complexity: S+ 1(5U+C) /

Quantum algorithm
with complexity

1 1
S+ —=(zU+C)

\_

S

Subroutines

Sample: Sample u,
> according to 7

U Update: If at wu, ﬁ

sample v from Plu, -]

Check: If at w, @
®

check if v is marked

7 = stationary distribution of P
£ = probability u ~ m marked

1/6 = mixing time of P

[Magniez, Nayak, Roland, Santha 2006]



Framework 3: MNRS Framework

/ Algorithmic Template

N

Sample U~ T

Repeat 1/¢ times:
Repeat 1/0 times:

A, Update to u
Q Check u

X ange T

\ Complexity: S+ 1(5U+C) /

7

Quantum algorithm
with complexity

1 1
S+ —=(zU+C)

\_

S

lopg<l
g — — €0

Compare to Hitting
Time Framework:

S+ VH(U+C)




Example: Triangle Finding

Triangle Finding

Input: a graph G on n vertices, by its adjacency matrix A

Find: a triangle: u,v,w € V(G) such that A[u,v] = Alv,w] = Alw,u] =1

The Random Walk

Vertices: sets S c V(G) of size |S| =r and {uv € E(G):u,v € S}
Edges: S~S"if |SNnS'|=r—1

Marked Vertices: Ju, v € S such that 3w € V(&) such that u, v, w Is a triangle

: -

[Magniez, Santha, Szegedy 2003]




Example: Triangle Finding

Vertices: sets S c V(G) of size |S| =r and {uv € E(G):u,v € S}
Edges: S~S"if |SNnS'|=r—1

Marked Vertices: Ju, v € S such that 3w € V(&) such that u, v, w Is a triangle

7“2

e = probability u ~ m marked ~ =

.. . Quantum algorithm
1/6 = mixing time of P = r with complexity
S = sampling cost ~ r? S 4+ %(%U +C)
U = update cost =~ r

C = checking cost

[Magniez, Santha, Szegedy 2003]



Triangle Finding: Checking Subroutine

Marked Vertices: Ju, v € S such that 3w € V(&) such that u, v, w Is a triangle

[Magniez, Santha, Szegedy 2003]



Triangle Finding: Checking Subroutine

Marked Vertices: Ju, v € S such that 3w € V(&) such that u, v, w Is a triangle

Amplitude Amplification

Repeat 1/e times: e~ 1/n

Sample w S =0 ‘ ‘
©, Check w C=7r2/3 o

If uw marked, output

Theorem: There is a quantum algorithm
that, given an induced subgraph of G on
a set S of size r, and a vertex w of G,
decides if there exists an edge in S that
Quantum algorithm N\ forms a triangle with w using r2/3 queries

with complexity to G.

1
5=(8+C)= vnr*/3
. J [Magniez, Santha, Szegedy 2003]




Example: Triangle Finding

Vertices: sets S c V(G) of size |S| =r and {uv € E(G):u,v € S}

Edges: S~S"if |SNnS'|=r—1

Marked Vertices: Ju, v € S such that 3w € V(&) such that u, v, w Is a triangle

7“2

e = probability u ~ m marked ~ —

S

1/6 = mixing time of P =~ 1 = n3/5
S = sampling cost ~ r2 = nb/°
U = update cost ~ r = n3/°

C = checking cost = \/nr?/3 = p9/10

. r = n3/5

1
n4/5 .
Quantum algorithm

with complexity
1 (1
S+ =(5U+C)

_ p13/10

[Magniez, Santha, Szegedy 2003]



Framework 3: MNRS Framework

/ Algorithmic Template

N

Sample U~ T

Repeat 1/¢ times:
Repeat 1/0 times:

A, Update to u
Q Check u

X ange T

\ Complexity: S+ 1(5U+C) /

7

Quantum algorithm
with complexity

1 1
S+ —=(zU+C)

\_

S

lopg<l
g — — €0

Compare to Hitting
Time Framework:

S+ VH(U+C)




Best of Both Worlds?

) 4 )
MNRS Framework Hitting Time Framework:
S+ L (=U+0) S ++vH(U+C)
veve J G J
cpkingl nomber of ched opkimal number of updakeg
:SH=Z5
)

Assuming only one marked vertex,
Controlled Quantum Amplification:

s+\/ﬁu+%c

[Dohotaru, Hgyer 2017]



Different Frameworks

FO: Amplitude Amplification O(%(S +C))

- Hitting Time Framework O(S+ VH(U+C))

: Electric Network Framework — O(S(o) + +/C, (U +C))

F3: MNRS Framework O(S + %(LU +C))

V8

F3

Subroutines
S: sample
A U: update
Q C: check

Parameters

H = hitting time
1/6 ~ mixing time

€ = ZmeM W(m)

For Comparison

:<H<
Cr—H




Unified Framework




Different Frameworks

FO: Amplitude Amplification O(%(S +C))

- Hitting Time Framework O(S+ VH(U+C))

: Electric Network Framework — O(S(o) + +/C, (U +C))

F3: MNRS Framework O(S + %(LU +C))

V8

F3

Subroutines
S: sample
A U: update
Q C: check

Parameters

H = hitting time
1/6 ~ mixing time

€ = ZmeM W(m)

For Comparison

:<H<
Cr—H




Unified Framework

MNRS Framework Subroutines
fSample wu ~
P 7T. Sample: Sample u,
Repeat 1/c times: according to 7
Horecets 1/0 times: Update: If at u, -
A, Update to u sample v from Plu, -] &
©, Check u Check: If at w, @
®

check if v is marked



Unified Framework

Algorithmic Template Subroutines

@ﬁ Sample wu ~ 7

o e Sample: Sample u,
Repeat 77 times: B S —

Repeat ¢ times:

Dre. dep : Update: If at u, S
o Pt &Update to u sample v from Plu, ‘| &
©, Check u Check: If at u, @
€

check if v is marked

t-step walk Pt

Pt: each step, take t steps of P

t = free parameter

[Apers, Gilyén, J 2019]



Unified Framework

Sample u ~ 7
Repeat H(P') times:
Repeat ¢ times:

Ore 4ep .
of P? A, Update to u

Q Check u

\ Complexity: S+ H(P*)(tU+ C)

/ Algorithmic Template \ Subrout

Ines

S .
according to

U

Check: If at w,

C
check if u is ma

Quantum algorithm
with complexity

lett=1/6
H(PY%) ~1/e

S+ - (==U~+C
- ﬁ(Yﬁ )
MNRS

Sample: Sample u,

Update: If at wu, ﬁ

sample v from Plu, -]

©,

rked

= free parameter

S+ +/H(PY)(v/tu +C)y—
" Y

H(P?') = hitting time of P?




Final Unified Framework

/ Algorithmic Template \ Subroutines
sample U~ 0 Sample: Sample u,

Repeat 77 times: So

according to o

Dre. dep Repeat ¢ times:

: i Update: If at u, S
o Pt &Update to u sample v from Plu, ‘| ﬁ
©, Check u 2 Check: If at u, @
€

check if v is marked

\ Complexity: S,+77(tU + C) /

Quantum algorithm
with complexity

Sy + +/C,(P?) (/U +C)

\- o [Apers, Gilyén, J 2019]




Final Unified Framework

Unified Framework O(Sy + +/C,(P?)(v/tU +C))
F1: Hitting Time Framework oc=m,t=1

F2: Electric Network Framework any o,t =1

F3: MNRS Framework c=m,t=1/6

o =, t =ecH, one marked vertex O(S+ vHU + %C)

[Apers, Gilyén, J 2019]



Checking Frequency
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Checking Frequency

1)

//‘
N
2>

- _—7

»
\

.,

AN
>) 4

v
IRSSAN
AR AT

N
>

AU

>
I

A

2
7\
=

@,
-

\7
7 | PAAN
‘=9A“=€m““ Y
\."' ZA}
W@)»«
W :

R (NN, .‘4‘

Nl ',"“' ] 127
Y

:‘
N2

(F

o
| 25

\)
\ |
— \ N
*
\\




Final Unified Framework

Unified Framework O(Sy + +/C,(P?)(v/tU +C))
F1: Hitting Time Framework oc=m,t=1

F2: Electric Network Framework any o,t =1

F3: MNRS Framework c=m,t=1/6

[Apers, Gilyén, J 2019]



