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The N-point amplitude in the operator formalism
» If the intercept of the Regge trajectory is ayp = 1, then the lowest
state is a tachyon with mass m? = —& and the N-point amplitude
for N tachyons is given by:

9 / 1
By —/ e 1@ - z)y2P?; pf = —m? =~
dvabc i
j
that can be rewritten in the operator formalism as follows:

azib(zi — z,
(2r)% Zp, oy = [~ L0208 —2110) o/ TT V(10,0
dvabc i—1

[Fubini, Gordon and Veneziano, 1969]
» Here we keep an arbitrary space-time dimension d for future use,

but in 1969 d was taken to be d = 4 as it was natural for hadrons.
» V(z;,p;) is the vertex operator associated to the tachyon state:

P
V(zi, py) = ePrO@) = o2 X B2 el 720l prbg V2 X% B2
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» Q,(z) is the Fubini-Veneziano-Gervais operator:

Q —Z I
A N ) a ; _ a 7
M(Z) qu 2,O/pﬂ IOg +1 2o n=1 [ \;7’;2 ’ \;fi; n‘|

» The center of mass variables p, ¢ and the harmonic oscillators
satisfy the following commutation relations:

(G Po) = i 5 80 @] = S e = (=1,1,...,1)
» The vacuum |0, 0) satisfies:

Pu0,0) = a,,[0,0)=0 ; n=12...



Some detail on the previous expressions

» The N-point amplitude can be obtained from the previous vacuum
expectation value by bringing all annihilation operators and the
term with p to the right of the creation operators and of g.

» This can be done by using the following reordering formula:

:eik-Q(z) - e/p-Q(W) - (Z - W)2n/k-p : eik-C,?(z)eip-Q(W) :

» It can be obtained using the Baker-Hausdorff relation:

AeB — BoAIAB

that is valid if the commutator [A, B] is a c-number.

» Once this is done all annihilation and creation operators give 1
hitting the oscillator vacuum, also the terms with g give 1 hitting
the vacuum of momentum and one gets the N-point function times
the following matrix element:

(0|6’ 211 Pi|0) = (27)95( Zp,



» Since the integrand in the N-point amplitude is projective invariant
we can fix for convenience z; = 00,2 = 1 and zy = 0:
1 N—1 N—1

AN—/ HdZ/HG(Z/—z/—H)O ,O1|HVZ,,,D, |0, pw)

i=2
where (0, p) = ¢P4|0, 0))
Jim V(zn; pn)[0,0) = [0; pn) 5 (0;0) z1|im Z2V(z;p1) = (0, —py|
N— — 00

» In the operator formalism, for reasons that will become clear in a
moment, an infinite set of operators L, ( nis an integer
—00 < N < oo) was introduced.

» It was recognized that the L, operators satisfy algebra of the
conformal transformations in two dimensions, called nowadays
Virasoro algebra:

d
[Ln, Lm] = (n—=m)Lnim+ =5 12 n(n? —1)p:mpo
[Fubini and Veneziano, 1969 and Weis, 1969]
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» The Virasoro operators L, are given by:

1 dQ(z)\? dz
_ n+1 | . . . —
Ln_jgdzz [ —4a/.< E > ] : 752_1

» The vertex operator satisfies the following commutation relation
with the generators of the Virasoro algebra:

Lo V(z.P)] = & (271 V(z,p))

[Fubini and Veneziano, 1969]

» It is therefore a conformal field with dimension A = 1.

» A conformal or primary field ®(z) transforms under the conformal
transformation generated by the operator L, as follows:

[Lp, ®(2)] = 2™ dq;( ) A+ 1)270(2)

» In the following we want to rewrite the N-point amplitude in a form
that is more convenient to study its factorization properties.
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» Under a finite dilatation the vertex operator transforms as follows:
Zl7v(1,p)zh = V(z,p)

» Changing the integration variables as follows:

; , 0z;
x,-:zgf1 ;i=2,3...N-2 ; detafxl.:Z324...ZN_2
i )

det g—;’j is the jacobian of the transformation from z; to x;, we get
the following expression:

An = (0, —p1[V(1,p2)DV(1,p3) ... DV(1, pn-1)(0, pn)
» The propagator D is equal to:

1
Lo —1

1
D:/ dx xbo—2 =
0



Factorization properties of the N-point amplitude

» The factorization properties of the amplitude can be studied by
inserting in the channel (1, M) described by the Mandelstam
variable

s=—(p1+p2+.. -pM)2 = —(PM41 + Pmy2 - - +pN)2 = _P?

the complete and orthonormal set of states

d?P [ dP
Ay = W,/W ML(P(1,/w)|/\7 P)(X, P|D|p, P') {1, P'|p(p+1.n))
» where
<p(1,M)| = <Oa —P1 | V(1,P2)DV(1 ) P3) s V(17PM)
and

IPms1.ny)) = V(1 pui1)D .. V(T, pn—1) (PN, O)
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» The operator Ly is given in terms of the oscillator number operator:
o
Lo=dp®+R ; R=) na, ap
n=1

» Choosing a complete and orthonormal set of states|\) that are
eigenstates of R,

> it is possible to rewrite ((P|P’) = (2r)96(d (P — P"))
1 1

ddP/
/ (X, P|D|p, P') = <>\|m|#> =

(2m)

where a(s) =1+ o/sand s = —P?.
» Using this equation we get

d
AN:X)\:/(Zﬂ'I)DdLD(LM)M’ P><)\|F1’—104(S)|)\><)\, P|p(M+1,N)>



» Ay has a pole in the channel (1, M) when
ao(—-P)=1-a/PP=N ; N=0,1,2...

» The states |\) contributing to its residue are those satisfying the
relation:

RIN) = nal - an|A) = N|A)
n=1

» The number of independent states |\) contributing to the residue
gives the degeneracy of states at the level N.

» A state |\, P) is called an on shell state at the level N if

1—a/PP=N  and R|\P)=N|)\P)



Virasoro decoupling conditions

» Because of manifest relativistic invariance, the space spanned by
the complete set of states contains states with negative norm.

» They correspond to those states having an odd number of
oscillators with timelike directions.

» But in a quantum theory, because of the probabilistic
interpretation of the norm of a state, the states of a system must
span a positive definite Hilbert space.

» At this point it seems that there is a contradiction between special
relativity and quantum mechanics.

» But there is no contradiction if one finds a mechanism to decouple
the non-positive norm states.

» In other words, there must exist a number of relations satisfied by
the states |p(1,i)) that decouple a number of states leaving a
positive definite Hilbert space.

» It turns out that not all states |\) contribute to the residue of the
pole because the state |p(1 v)) satisfies the equation:
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» These are the Virasoro conditions [Virasoro, 1969].

» There is one condition for each negative norm oscillator and,
therefore, there is the possibility that the physical subspace is
positive definite.

» Let us prove the previous relations.

» The commutation relation of the L,-operators with the vertex
operator implies:

WhV(1,p) = V(1,p)(Wh + n)

» that together with the following equation:
LnXLO - XLO+nLn
implies:

(Wo+nD=[Ly+n—-1]""W,



» From the previous equations one gets:
W V(17p)D = V(17p)[L0 +n-— 1]_1 Wh
» Therefore one gets:

Whlpe,my)
= WhV(1,p1)DV(1,p2)D... V(1, pm—2)DV(1, pr—1)|0, pm)

=V(Q,p)lLo+n—1""...V(1,pu_2)[Lo + n—1]""

xWhV(1, pm-1)[0, pm)

= V(1,p)lLo+n—1""...V(1,pu2)[Lo+ n— 117" V(1, pu_+)
% (Lp — Lo +1)|0, py) = 0

because

Ln|0, pm) = (Lo —1)|0,pm) =0



Characterization of the physical states

» The subspace of the states, contributing to the residue of the pole
a(—P?) = N, is spanned by the orthonormal set of states:

AP =T111 (3h,) ™00 0,P) ; 1—aPP=N
» satisfying the condition:
(Lo —1)|]\,P) =0 < R\, P) = i naj, - ap|A, P) = N|A, P)
=1
» We call them on shell states at thenlevel N.

» Consider the (off shell by n units) states |, P) at the level N — n
satisfying the equation:

(Lo+n=1),P)=0 ; 1-a'PP=N

R]q/;,P):ZnaL-anW;,P) = (N —=n)[y, P)
n=1



» and from them, acting with L_,, construct the states on shell at the
level N:

Lonlp,P) 5 (Lo—1)Ln[¢,P)=0; [Lo,L_n] =nL_p

» we immediately see that they are decoupled from the physical
states |p(1,w))

(¥, PI\Whlpa,wy) = (¥, Pl(Ln — Lo — n+1)|pa,w)) =0

» The on shell physical states are defined as those orthogonal to
the previous states:

(¢, P|Lp|Phys.,P) =0 = L,|Phys.,P) = (Ly — 1)|Phys., P) =0

[Del Giudice and Di Vecchia, 1970]

» These equations do not completely define the physical subspace
because there could be states that are physical (satisfying the
previous equations), but that are decoupled from the states

|P(1,0)) -
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» A set of them at the level N can be generated as follows.
» Let us consider a physical state |11, P) at the level N — 1 that is off
shell by one unit:

L0|7/11aP>:LnW}1aP>:O; n:1,2--- y 1*O/P2:N

» Starting from any of the previous states we can construct an on
shell physical state at the level N as follows:

L_ql1, Py = La(L_1|¥1, P)) = (Lo — 1)(L—1[¢1, P)) =0 (1)
» that is decoupled from the states |p(1 u)):
(1, PIL1|pt,my) = 0 (2)
» All those states have zero norm:
(1, PILaL_q |1, P) = (1, P[(2Lo + L_1L1) [¥1,P) =0

» It can be shown that Egs. (1) and (2) can be satisfied only by zero
norm states.



» In conclusion, the on shell physical subspace consists of the
states satisfying the equations:

L,|Phys., P) = (Lo — 1)|Phys.,P) =0
» and that are not decoupled from all states |p(1,u)):

(Phys., Plpa.my) # 0



Analysis of the first few levels

» The ground state is a tachyon |0, P) that satisfies the physical
conditions if 1 — o/ P? = 0.

» The first excited level (N = 1) corresponds to a massless gauge
field.

» The most general state at this level has the form

e“a W0, P) P2 =0

» In this case the only condition that we must impose is:
Lic'al [0,P)=0==>P-c=0

» In the frame of reference where the momentum of the photon is
given by P* = (P,0....0, P) , the most general state satisfying the
physical conditions is:

6311’0 P>+6(10 1;d_1)|O,F’> , i=1...d-2



» But the state
(alo—al 4_1)0,P) ~ P-al|0,P) ~ L_4|0,P)
has zero norm (P? = 0) and is decoupled from the state 1P, my):
(0,PIP-ai|pi,my) =0

» This condition implies that the amplitude M,, involving M tachyon
and one massless state is gauge invariant

P“M,, =0

» Gauge invariance prevents the presence of non-positive norm
states in electrodynamics.

» In conclusion, at this level the only physical components are the
d — 2 transverse components corresponding to the physical
degrees of freedom of a massless spin 1 state in d space-time
dimensions.



» The most general state at the level N = 2 is given by:
» In the center of mass frame where P = (M, 0) we get the
following most general physical state (1 — o/P? = 2):

d1
:
|Phys >=ol[a] a] - méyz:aI’kaI’kHO,PH
pa

+p'lab,; — al yal 10, P)+

d—1

T

ta| Y a
=1

where the indices i, j run over the d — 1 space components.
» The first term corresponds to a spin 2 in d dimensional space-time
and has a positive norm being made with space indices.

— 1
c (al% —2a} )| [0, P)



v

The second term has zero norm, is orthogonal to the other
physical states and it is decoupled from the states |p(y ) since it
can be written as

181 ,‘0 P>
» The last state is spinless and has a norm given by:
2(d—1)(26 — d)

» If d < 26 it corresponds to a physical spin zero particle with
positive norm.

» If d > 26 itis a ghost.

» If d = 26 it has a zero norm, is also orthogonal to the other
physical states and it is decoupled from the states |p( y))since it
can be written as:

2Ly +3L%)0,P> ; 1-a'P?=2

» Can we generalize the previous analysis to an arbitrary level?
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Some detail of the calculations at the level N = 2

» Before we go, let us give here some detail of the calculations at
the level N = 2.

» At this level where vo/M = 1, we need only the following
expressions for Ly and Ly:

1
Ly =V2 <—31,o +a - a;r) ; Lo=—2a0+ > at
» At this level we have the following physical states:

A) = (a2, axoa: i) |0)

Aj) = <aj, a ;- ’/1 Za;ka1 k) |0)
k=
_ — V(a2 ot
= Za ((aw) - 2a2,0>




» Using the algebra of the harmonic oscillators it is easy to show
that :

L1|A) = L2|A) =0
L1|Aj) = Lo|Ay) =
Li|B) = Lo|B) =0

» It is not necessary to impose the vanishing of the L, with n > 2
because they are automatically satisfied as a consequence of the
Virasoro algebra.



» We have already seen that, starting from any physical state
11, P) off shell by one unit (1 — o/ P? = N):

Lolt1, P) = Lp|1,P)=0 ; n=1,2...

00
R|1/)1,P>Eznag'an|¢17p>:N_1
n=1

we can always construct the following on shell zero norm physical
state:

0, Py = L_1|1hy, P) = (Lo — )|, P) = Lol P) =0 n=1,2...

> Itis zero norm and decoupled from [p( u)):

(¥1, PILyL_1[ap1, P) = (¥4, P|(2Lo + L_1Ly)[y1, P) = 0
(Y1, PIL1lpc,my) = 0



» We can see the appearance of the critical dimension d = 26 as
the dimension for which we can construct an additional set of zero
norm states.

» In fact, starting from the physical state |2, P) (but off shell by two
units) satisfying the equations:

(Lo + 1)[to2, P) = L|tp, Py =0 ; n=1,2...
Rlv2, Py =Y nal-aplio, Py =N-2; 1-a/P?=N

n=1
» we can construct the state:
[, P) = (2L + 3L%) |2, P)

» that is a zero norm on shell physical state:

(Lo — 1), Py =Lp|yp,P) =0 ; n=1,2...

(¥2, P|(2Lo + 3L5) o1, my)

= (2, P|(2(Lo + 1) + 3Lo(Lo + 1)IP(1,m)) = 0
» But then what are the real physical states with positive norm?



Vertex operators for excited states

» The previous analysis was done starting from the N-tachyon
amplitude.

» |t could have been done starting from an amplitude involving any
physical state.

» We can associate to any physical state |«, P) its corresponding
vertex operator V,(z, P) that is a conformal field with dimension
A=1:

(Lo, Va(z.P)] = 2 (27" Valz. P))
I « Y dZ (0% 9

» It reproduces the physical state in the limits:

lim Vi (2, P)|0,0) = |a; P) 5 (0;0] Jim 22V (2, P) = (o, —P|
Z— —00
Lolo, P) = (Lo — 1)|e, P) =0 ; n=1,2...



» |t satisfies the hermiticity relation:
Vi(z,P) = va(%, —P)(-1)™ ; 1 —o/PP=m

[Campagna, Fubini, Napolitano and Sciuto, 1970]
[Clavelli and Ramond, 1970]

» In terms of these vertices one can write the most general
amplitude involving physical states:

N
(2m)95( Zpi )Bn(o, p1; - .- an, Pn)

H1 azif(z; — Zi41)
0,0/ TT V., (21, p7)10,0
S ',H1 2)[0.0)

» It has precisely the same form as the N-tachyon amplitude except
that the vertex operators depend on the physical states involved.

» There is a complete democracy among the physical states, as
advocated by the followers of S-matrix theory.



» The vertex operator associated to the massless vector state is,
however, somewhat special and will play an important role in the
proof of the no-ghost theorem.

» |t is given by:

Vi(z,k)=e- O'cs(zz)e’k'o(ﬂ C k-e=k?=0



DDF operators

» We want to construct an infinite set of physical states starting from
the vertex operator for the massless spin 1 state.

» The starting point is the DDF operator defined in terms of the
vertex operator corresponding to the massless gauge field:

ik-Q(2)

! o e'P,(2)e

Aip— oz
o 2o/ 027'('/,

where

— dQ(Z) _ H / /‘,\)0 = n—1 T —n—1
P(z) = o = 2 [\/2az+;ﬁ<anz +alz )

» The index i/ runs over the d — 2 transverse directions that are
orthogonal to the momentum k.

» DDF stands for [Del Giudice, Di Vecchia and Fubini, 1971] who
constructed this operator.



» The zero mode part of Q(z) =--- — 2d/iplogz... has a
logarithmic singularity at z = 0.

» The contour integral is well defined only if we constrain the
momentum of the state, on which A, , acts, to satisfy the relation:

2d/p-k=n

where n is a non-vanishing integer.
» The DDF operators commutes with the gauge operators L,:

[LmyAn;/'] =0

because the vertex operator transforms as a total derivative under
the action of L.

» They satisfy the algebra of the harmonic oscillator as we are now
going to show.



» We get

Anis Amjl = =35 ]427”?{27” i+ P(2)e"¥)e; . P(Q)e" A9

where
2d/p-k=n; 2d/p-k'=m

» k and k’ are supposed to be in the same direction, namely

ko =nk, ; k,=mk,

with A
2d'p-k =1

» Finally the polarizations are normalized as:

€ - € = 0j



> Since k - ¢; = k - ¢; = k? = 0 a singularity for z = ¢ can appear
only from the contraction of the two terms P(¢) and P(z) that is
given by:

2a/0j;

(z—¢)?

(0,0l¢; - P(2)¢; - P(¢)[0,0) = —

» From it we get:

[Any Amj] = 8jin 7{ dck - P(C)elmHm)ka) _
0

d¢

J— f o 7,\. . - ,p
— IN56msmo j’i ok PQ) i P(Q) = —2ia’®

» We have used the fact that the integrand is a total derivative and
therefore one gets a vanishing contribution unless n+ m = 0.
» We get:

[An,i’Am,j] = ”5/';'5n+m;o pohfj=1...d-2



» |n terms of this infinite set of transverse oscillators we can
construct an orthonormal set of states:

, ; , 1 AN
i1, Ny:io, No; .. i, Np) = k%10, p
|1 1,12 2 m m> lz[mg m| >

where )\, is the multiplicity of the operator A, _y, in the product.
» They all have positive definite norm and satisfy the on shell
physical conditions:

(Lo — ‘I)’I.1,N1;Ilg,N_g;...I'm7 Nm> = Ln|ll1,N1;i27N2;~-im7Nm> =0

forn=1,2..., because the DDF oscillators commute with any
Virasoro operator and the tachyon state |0, p) satisfies the
previous conditions .

» The momentum of the state and its mass are given by

m
P:p—ZRN,, 1—06,P2:ZNK:N
i=1 k
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The no-ghost theorem
» Going back to level N = 2 we have the following DDF states
contributing at this level:

A—1,fA—1,j|07p> ; A—2,f|07p> , ,7./: 1...d-2

» Therefore the number of states contributing is equal to

(d—2)2(d—1)+d_2:(d—2)2(d+1) g

» that is equal to the number of components of the state:
d—1

1
&} ] - e )5,JZa1Ka1K]yo Py ; IJ=1...d—1

given by:
(d—1)d - (d=2)(d+1)
2 2
describing a spin 2 in d — 1 space dimensions.



» This state is the only physical state at the level N =2 if d = 26.

» For d = 26 the DDF states are a complete set of states at the
level N = 2.

» It turns out, after a detailed analysis, that, if d = 26, they are
indeed a complete set of states at an arbitrary level N.
[Goddard and Thorn, 1972 and Brower, 1972]

» Since they span a positive definite Hilbert space, this means that
the dual resonance model is ghost-free if d = 26.

» It can be shown that this is also true for any d < 26.

» However, in this case there are additional operators to be included
besides the DDF ones.

» The states produced by these additional operators are called
Brower states [Brower, 1972].

» They are needed already at the level N = 2 to take care of the
additional scalar state not taken into account by the DDF states.



d = 26 from the non-planar loop

» Historically, the critical dimension was not found as described
before.

» It was first found in the study of one-loop amplitudes.

» The Veneziano model and its extension, the N-point function,
satisfies all the axioms of S matrix theory except unitarity.

» In fact, unitarity in a model with only resonances imposes that the
total width of a resonance I' must be the sum of the partial widths
over all the possible decay channels:

r:Zrn
n

» If the model is ghost-free, all partial widths are positive definite
and a sum of positive numbers cannot give zero unless ', = 0 for
any n.

» In the Veneziano model, the total width I' = 0, but the partial
widths are non zero — unitarity is violated !



» Immediately after the discovery of the Veneziano model, it was
proposed to make it unitary by adding to it the contribution of loop
diagrams.

» Unitarity is, in fact, implemented in this way in perturbative field
theory.

» The tree diagrams are not unitary and unitarity is implemented
order by order in perturbation theory by adding loop diagrams.

» By doing so, one generates the branch points required by unitarity
and corresponding, for instance, to the two- three- etc. particle
thresholds.

» At one-loop level in the DRM, two kinds of loop diagrams appear:
the planar and the non-planar.

» They correctly generate the branch cuts required by unitarity, but
the non-planar one showed additional branch cuts violating
unitarity.



» In 1970, Lovelace noticed that these branch cuts become poles if
the dimension of the space-time d = 26.

» And poles create no problem with unitarity.
» They are just additional states appearing at one-loop level.

» Today we know that, while the original poles correspond to the
excitation of an open string, the new poles correspond instead to
the excitation of a closed string.

» They both lie on linear Regge trajectories given respectively, by:

/
(6%
Ozopen(S) =1+4d's ; O‘c/osed(s) =2+ ES

» At that time, practically nobody took Lovelace’s observation
seriously.

» But this has been the first evidence of the existence of a critical
dimension.
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