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1 Introduction

Rotations on the circle T = R/Z are the prototype of quasiperiodic dynamics.
They also constitute the starting point in the study of smooth dynamics on
the circle, as attested by the concept of rotation number and the celebrated
Denjoy theorem. In these two cases, it is important to distinguish the case
of rational and irrational rotation number. But, if one is interested in the
deeper question of the smoothness of the linearizing map, one has to solve
a small divisors problem where the diophantine approximation properties of
the irrational rotation number are essential. The classical continuous fraction
algorithm generated by the Gauss map G(x) = {x−1} (where x ∈ (0, 1) and
{y} is the fractional part of a real number y) is the natural way to analyze
or even define these approximation properties. The modular group GL(2,Z)
is here of fundamental importance, viewed as the group of isotopy classes of
diffeomorphisms of T2, where act the linear flows obtained by suspension from
rotations.
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There is one obvious and classical way to generalize linear flows on the
2-dimensional torus : linear flows on higher dimensional tori. One can still de-
fine the classical diophantine approximation properties and obtain KAM-type
linearization results. However, we are far from understanding these approxi-
mation properties as well as in the classical case, basically because for n ≥ 3
the group GL(n,Z) is far from hyperbolic and we cannot hope for a continuous
fraction algorithm having all the wonderful properties it has for n = 2.

A less obvious way to generalize linear flows on the 2-dimensional torus,
but one which has received a lot of attention in recent years, is to consider
linear flows on compact surfaces of higher genus called translation surfaces.
We refer to Zorich’s paper in this volume for a precise definition and an
introduction to these very natural geometrical structures.

Linear flows on translation surfaces may be obtained as singular suspen-
sions of one-dimensional maps of an interval called interval exchange maps
(i.e.m). Such a map is obtained by cutting the interval into d pieces and re-
arranging the pieces ; when d = 2, this is nothing else than a rotation if the
endpoints of the interval are identified to get a circle ; for d = 3, one is still
quite close to rotations (see Section 2.7 below) ; for d ≥ 4, one can already ob-
tain surfaces of genus ≥ 2. Interval exchange maps (and translation surfaces)
occur naturally when analyzing the dynamics of rational polygonal billiards.

An early important result is the proof by Katok-Stepin [4] that almost
all i.e.m with d = 3 are weakly mixing. Somewhat later, Keane began a sys-
tematic study of i.e.m and discovered the right concept of irrationality in
this setting ([Ke1]). He also conjectured that almost all i.e.m are uniquely
ergodic. One should here beware that minimality is not sufficient to guaran-
tee unique ergodicity, as shown by examples of Keynes-Newton [8], see also
[1] and Keane [6]. Keane’s conjecture was proved by Masur [11] and Veech
[17] independently, see also Kerckhoff [7] and Rees [15]. The key tool devel-
oped by Veech, and also considered by Rauzy [14], is a continuous fraction
algorithm for i.e.m which has most of the good properties of the classical
Gauss map. However, the unique absolutely continuous invariant measure for
the elementary step of this algorithm is infinite. In order to be able to ap-
ply powerful ergodic-theoretical tools such as Oseledets multiplicative ergodic
theorem, one needs an absolutely continuous invariant probability measure ;
this was achieved by Zorich [22] by considering an appropriate acceleration of
the Rauzy-Veech continuous fraction algorithm.

Our aim in the following is to present the basic facts on the continuous frac-
tion algorithm and its acceleration. After defining precisely interval exchange
maps (Section 2), we introduce Keane’s condition (Section 3), which guaran-
tees minimality and is exactly the right condition of irrationality to start a
continuous fraction algorithm. The basic step of the Rauzy-Veech algorithm is
then introduced (Section 4). It appears that unique ergodicity is easily char-
acterized in terms of the algorithm, and we give a proof of the Mazur-Veech
theorem (Section 4.4). Next we explain how to suspend i.e.m to obtain linear
flows on translation surfaces (Section 5). The continuous fraction algorithm
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extends to this setting and becomes basically invertible in this context. In the
last chapter, we introduce Zorich’s accelerated algorithm (Section 6.2) and the
absolutely continuous invariant probability measure. However, we stop short
of making use of this probability measure and develop the ergodic-theoretic
properties of i.e.m and the continuous fraction algorithm. We refer the reader
for these to [19, 20, 21, 23, 24, 25, 3].

Coming back to small divisors problems, there does not exist today a
KAM-like theory of non linear perturbations of i.e.m. However, as far as the
linearized conjugacy equation (also known as the cohomological equation, or
the cocycle equation, or the difference equation) is concerned, Forni has ob-
tained [2] fundamental results (in the continuous time setting) which leave
some hope that such a theory could exist. Forni solves the cohomological
equation (under a finite number of linear conditions) for an unspecified full
measure set of i.e.m. In a jointwork with Marmi and Moussa [12], we use the
continuous fraction algorithm to formulate an explicit diophantine condition
(Roth type i.e.m) of full measure which allows to solve the cohomological
equation (with slightly better loss of differentiability than Forni).

One last word of caution : one of the nice properties of the algorithm is
its invariance under the basic time-reversal involution. However, the usual
notations do not reflect this and lead by forcing an unnatural renormalization
to complicated combinatorial formulas. We have thus chosen to depart from
the usual notations by adopting from the start notations which are invariant
under this fundamental involution. This may cause some trouble but the initial
investment should be more than compensated later by simpler combinatorics.

2 Interval exchange maps

2.1 An interval exchange map (i.e.m) is determined by combinatorial data
on one side, length data on the other side.

The combinatorial data consist of a finite set A of names for the intervals
and of two bijections π0, π1 from A onto {1, . . . , d} (where d = #A); these
indicate in which order the intervals are met between and after the map.

The length data (λα)α∈A give the length λα > 0 of the corresponding
interval.

More precisely, we set

Iα := [0, λα) × {α} ,
λ∗ :=

∑

A λα ,
I := [0, λ∗) .

We then define, for ε = 0, 1, a bijection jε from
⊔

A

Iα onto I :

jε(x, α) = x +
∑

πε(β)<πε(α)

λβ .
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The i.e.m T associated to these data is the bijection T = j1 ◦ j−1
◦ of I.

2.2 If A, π0, π1, λα are as above and X : A′ → A is a bijection, we can define
a new set of data by

π′
ε = πε ◦ X , ε = 0, 1 ,

λ′
α′ = λX(α′) , α′ ∈ A′ .

Obviously, the “new” i.e.m T ′ determined by these data is the same, ex-
cept for names, than the old one. In particular, we could restrict to consider
normalized combinatorial data characterized by

A = {1, . . . , d} , π0 = idA .

However, this leads later to more complicated formulas in the continu-
ous fraction algorithm because the basic operations on i.e.m do not preserve
normalization.

2.3 Given combinatorial data (A, π0, π1), we set, for α, β ∈ A

Ωα,β =







+1 if π0(β) > π0(α), π1(β) < π1(α) ,
−1 if π0(β) < π0(α), π1(β) > π1(α) ,
0 otherwise .

The matrix Ω = (Ωα,β)(α,β)∈A2 is antisymmetric.
Let (λα)α∈A be length data, and let T be the associated i.e.m. For α ∈

A, y ∈ j0(Iα), we have

T (y) = y + δα ,

where the translation vector δ = (δα)α∈A is related to the length vector
λ = (λα)α∈A by :

δ = Ωλ

2.4 There is a canonical involution I acting on the set of combinatorial
data which exchange π0 and π1. For any set (λα)α∈A of length data, the
interval Iα, I are unchanged, but j0, j1 are exchanged and T is replaced by
T−1. The matrix Ω is replaced by −Ω and the translation vector δ by −δ.

Observe that I does not respect combinatorial normalization.

2.5 In the following, we will always consider only combinatorial data
(A, π0, π1) which are admissible, meaning that for all k = 1, 2, . . . , d − 1,
we have

π−1
0 ({1, . . . , k}) 6= π−1

1 ({1, . . . , k}) .
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Indeed, if we had π−1
0 ({1, . . . , k}) = π−1

1 ({1, . . . , k}) for some k < d, for
any length data (λα)α∈A, the interval I would decompose into two disjoint
invariant subintervals and the study of the dynamics would be reduced to
simpler combinatorial data.

2.6 Assume that #A = 2,A = {A, B}. Without loss of generality, we have
π0(A) = π1(B) = 1, π1(A) = π0(B) = 2. When we identify I = [0, λ∗) with
the circle R/λ∗Z, the i.e.m T becomes the rotation by λB .

2.7 Assume that #A = 3,A = {A, B, C}. Without loss of generality, we may
also assume that π0(A) = 1, π0(B) = 2, π0(C) = 3. Amongst the 6 bijections
from A onto {1, 2, 3}, there are 3 choices for π1 giving rise to admissible pairs
(π0, π1), namely :

(i) π1(A) = 2, π1(B) = 3, π1(C) = 1;
(ii) π1(A) = 3, π1(B) = 1, π1(C) = 2;
(iii) π1(A) = 3, π1(B) = 2, π1(C) = 1.

In case (i) and (ii), we obtain again a rotation on the circle R/λ∗Z iden-
tified to I. In case (iii), consider Î = [0, λ∗ + λB) and T̂ : Î → Î defined
by

T̂ (y) =

{

y + λC + λB for y ∈ [0, λA + λB)

y − λA − λB for y ∈ [λA + λB, λ∗ + λB)

Then T̂ is an i.e.m on Î. For y ∈ [0, λA) or y ∈ [λA + λB, λ∗), we have
T (y) = T̂ (y) ; for y ∈ [λA, λA + λB), we have T̂ (y) /∈ I and T (y) = T̂ 2(y).
Therefore, T appears as the first return map of T̂ in I.

Thus, all i.e.m with #A ≤ 3 are rotations or are closely connected to
rotations.

3 The Keane’s property

3.1 Let T be an i.e.m defined by combinatorial data (A, π0, π1) and length
data λ = (λα)α∈A.
DEFINITION – A connexion for T is a triple (α, β, m) where α, β ∈ A, π0(β) >
1, m is a positive integer and T m(j0(0, α)) = j0(0, β).

We say that T has Keane’s property if there is no connexion for T .
EXERCICE 1 – For d = 2, T has Keane’s property iff λA, λB are rationally
independent.
EXERCICE 2 – For d = 3, in case (i) of 2.7 above, we have T (y) = y +
λC mod λ∗Z.

Show that T has Keane’s property iff the two following conditions are
satisfied
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1. T is an irrational rotation, i.e λC/λ∗ is irrational ;
2. the points 0 and λA are not on the same T -orbit, i.e there are no relations

λA = mλC + nλ∗

with m, n ∈ Z.

3.2 THEOREM – (Keane [Ke1]) An i.e.m T with the Keane’s property is
minimal, i.e all orbits are dense.
Proof – Let T be an i.e.m with the Keane’s property.

1. We first show that T has no periodic orbits. Otherwise, there exists m > 0
s.t Pm(T ) = {y, T my = y} is non-empty. Then y∗ := inf Pm(T ) belongs
to Pm(T ). If y∗ > 0, there exists k ∈ {0, . . .m − 1} and α ∈ A such that
T k(y∗) = j0(0, α) > 0 and (α, α, m) is a connexion. If y∗ = 0, T−1(y∗) =
j0(0, α) > 0 for some α ∈ A and (α, α, m) is again a connexion.

2. Assume now by contradiction that there exists y ∈ I such that (T n(y))n≥0

is not dense in I. Then there exists an half-open interval J = [y0, y1) which
does not contain any accumulation point of (T n(y))n≥0, nor any j0(0, α).
Let D be the finite set consisting of y0, y1 and the j0(0, α); let D∗ be
the set consisting of the points ŷ ∈ J such that there exists m > 0 with
T m(ŷ) ∈ D but T l(ŷ) /∈ J for 0 < l < m. There is a canonical injective
map ŷ 7→ T m(ŷ) from D∗ to D thus D∗ is a finite set. Cut J along D∗

into half open intervals J1, . . . , Jk.

For each r ∈ {1, . . . , k}, there is by Poincaré recurrence a smallest nr > 0
such that T nr(Jr) ∩ J 6= ∅. But then, by definition of D∗, we must have
T nr(Jr) ⊂ J . We conclude that

J∗ :=
⋃

n≥0

T n(J) =
⋃

r

⋃

0≤n<nr

T n(Jr)

is a finite union of half-open intervals, is fully invariant under T (because
J =

⋃

r T nr(Jr)) and does not contain any accumulation point of (T n(y))n≥0.
Because λ∗ cannot be the only accumulation point of (T n(y))n≥0, we can-

not have J∗ = I. Because the combinatorial data are admissible (an obvious
consequence of Keane’s property), J∗ cannot be of the form [0, ȳ), 0 < ȳ < λ∗.

Therefore, there exists y∗ ∈ J∗ ∩ ∂J∗ with y∗ > 0. If T l(y∗) 6= j0(0, α)
for all l < 0, α ∈ A, then T l(y∗) ∈ J∗ ∩ ∂J∗ for all l ≤ 0 and y∗ is periodic.
Similarly, if T l(y∗) 6= j0(0, α) for all l ≥ 0, α ∈ A. Both cases are impossible
by the first part of the proof. Thus there exists l1 < 0, l2 ≥ 0 and α1, α2 ∈ A
with T l1(y∗) = j0(0, α1), T

l2(y∗) = j0(0, α2). Taking l2 minimal, we have
j0(0, α2) > 0 and (α1, α2, l2 − l1) is a connexion. �

3.3 Irrationality and Keane’s property
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PROPOSITION – (Keane [Ke1]). If the length data (λα)α∈A are rationally in-
dependent and the combinatorial data are admissible, then T has Keane’s
property.
Proof – Assume on the opposite that there is a connexion (α0, αm, m). For
0 < l < m, let αl ∈ A such that T l(j0(0, α0)) ∈ j0(Iαl

). Denote by (δα)α∈A

the translation vector. We have

j0(0, αm) − j0(0, α0) =
∑

0≤l<m

δαl

which, in view of 2.3, gives

∑

π0α<π0αm

λα −
∑

π0α<π0α0

λα =
∑

0≤l<m

(

∑

π1α<π1αl

λα −
∑

π0α<π0αl

λα

)

.

Setting, for α ∈ A :

nα := #{l ∈ [0, m), π1(αl) > π1(α)} − #{l ∈ (0, m], π0(αl) > π0(α)}

we obtain
∑

nαλα = 0 and therefore nα = 0 for all α ∈ A from rational
independence.

Let d̂ be the highest value taken by the π1(αl), l ∈ [0, m) or the π0(αl), l ∈
(0, m]. Because the combinatorial data are admissible, there must exists α̂ ∈ A

with π0(α̂) ≥ d̂ but π1(α̂) < d̂. Then π0(αl) ≤ π0(α̂) for l ∈ (0, m]. As nα̂ = 0,

we must have π1(αl) ≤ π1(α̂) < d̂ for all l ∈ [0, m). In a symmetric way, we

also prove that π0(αl) < d̂ for all l ∈ (0, m]. This contradicts the definition of

d̂. �

3.4 A continuous version of interval exchange maps

The construction which follows is completely similar to the construction of
Denjoy counter examples, i.e C1 diffeomorphisms of the circle with no periodic
orbits and a minimal invariant Cantor set.

Let T be an i.e.m with combinatorial data (A, π0, π1) ; for simplicity we
assume that T has Keane’s property.

For n ≥ 0, define

D0(n) = {T−n(j0(0, α)), α ∈ A, π0(α) > 1} ,
D1(n) = {T +n(j1(0, α)), α ∈ A, π1(α) > 1} .

It follows from the Keane’s property that these sets are disjoint from each
other and do not contain 0.

Define an atomic measure µ by

µ =
∑

n≥0

∑

D0(n)tD1(n)

2−nδy ,
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and then increasing maps i+, i− : I → R by

i−(y) = y + µ([0, y)) ,
i+(y) = y + µ([0, y]) .

We therefore have

i+(y) < i−(y′) for y < y′

i+(y) = i−(y) for y /∈
⊔

n≥0

(D0(n) t D1(n)) ,

i+(y) = i−(y) + 2−n for y ∈ D0(n) t D1(n) .

We also define

i−(λ∗) = λ∗ + 4(d − 1)
= lim

y↗λ∗

i±(y) ,

and

K = i−(I) ∪ i+(I) ∪ {i−(λ∗)}

= i−(I) = i+(I) .

As T is minimal, K is a Cantor set whose gaps are the intervals

(i−(y), i+(y)), y ∈
⋃

n≥0

⋃

ε

Dε(n) .

PROPOSITION – There is a unique continuous map T̂ : K → K such that
T̂ ◦ i+ = i+ ◦ T on I. Moreover, T̂ is a minimal homeomorphism.
Proof – T̂ is unique because i+(I) is dense in K. Let us check that T̂ is
uniformly continuous on i+(I) : if y < y′ satisfy i+(y′) < i+(y) + 1, it is easy
to check that we have

T̂ ◦ i+(y′) − T̂ ◦ i+(y) = i+(Ty′) − i+(Ty)

< 2(i+(y′) − i+(y)) .

The first statement of the proposition follows. That T̂ is an homeomor-
phism follows from the observation that our setting gives symmetrical roles
to T and T−1. We leave the minimality as an exercice for the reader. �

4 The continuous fraction algorithm

4.1 The basic operation (Rauzy [Ra], Veech [V1], [V2])

Let T be an i.e.m defined by combinatorial data (A, π0, π1) and length data
(λα)α∈A. We assume as always that the combinatorial data are admissible.
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We denote by α0, α1 the (distinct) elements of A such that

π0(α0) = π1(α1) = d .

Observe that if λα0 = λα1 the triple (α1, α0, 1) is a connexion and T has
not the Keane’s property.

We now assume that λα0 6= λα1 and define ε ∈ {0, 1} by

λαε
= max(λα0 , λα1) .

We set

λ̂∗ = λ∗ − λα1−ε
,

Î = [0, λ̂∗) ⊂ I ,

and define T̂ : Î → Î to be the first return map of T in Î.
When ε = 0, we have

T̂ (y) =

{

T (y) if y /∈ j0(Iα1 ) ,
T 2(y) if y ∈ j0(Iα1 ) .

When ε = 1, we have similarly

T̂−1(y) =

{

T−1(y) if y /∈ j1(Iα0) ,
T−2(y) if y ∈ j1(Iα0) .

In both case, it appears that T̂ is again an interval exchange map which
can be defined using the same alphabet A. The length data for T̂ are given
by

{

λ̂α = λα if α 6= αε

λ̂αε
= λαε

− λα1−ε
.
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Fig. 1. Rauzy diagrams d = 2 and d = 3
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The combinatorial data (π̂0, π̂1) for T̂ are given by π̂ε = πε and

π̂1−ε(α) =







π1−ε(α) if π1−ε(α) ≤ π1−ε(αε)
π1−ε(α) + 1 if π1−ε(αε) < π1−ε(α) < d
π1−ε(αε) + 1 if π1−ε(α) = d

We rewrite the relation between old and new length data as

λ = V λ̂ ,

where V = 1 + Eαεα1−ε
has now non negative integer coefficients an belongs

to SL(ZA).
We also write

(π̂0, π̂1) = Rε(π0, π1)

and observe that these new combinatorial data are admissible.

4.2 Rauzy diagrams

Let A be an alphabet. We define an oriented graph, as follows. The vertices
are the admissible pairs (π0, π1). Each vertex (π0, π1) is the starting point of
exactly two arrows with endpoints at R0(π0, π1) and R1(π0, π1). The arrow
connecting (π0, π1) to Rε(π0, π1) is said to be of type ε.

The operations R0, R1 are obviously invertible. Therefore each vertex is
also the endpoint of exactly two arrows, one of each type.

To each arrow in the graph, we associate a name in A : it is the element
αε such that πε(αε) = d (where (π0, π1) is the starting point of the arrow and
ε is its type). The element α1−ε will then be called the secondary name of
this arrow.

A Rauzy diagram is a connected component in this oriented graph.
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Fig. 2. Rauzy diagram d = 4, first case
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Obviously, the Rauzy operations R0, R1 commute with change of names
(cf. 2.2).

Up to change of names, there is only one Rauzy diagram with d = #A = 2,
and one with d = #A = 3 (see figure 1), where the pair (π0, π1) is denoted
by the symbol

π−1
0 (1) . . . π−1

0 (d)
π−1

1 (1) . . . π−1
1 (d) .

For d = #A = 4, there are 2 distinct Rauzy diagrams (see figures 2 and
3).

In each of these diagrams, the symmetry with respect to the vertical axis
corresponds to the action of the canonical involution.
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Fig. 3. Rauzy diagram d = 4, second case

In the last diagram, there is a further symmetry with respect to the center
of the diagram, which corresponds to the exchange of the names B0, B1. This is
a monodromy phenomenon : to each admissible pair (π0, π1), one can associate
the permutation π := π1 ◦ π−1

0 of {1, . . . , d}, which is invariant under change
of names. When we identify vertices with the same permutation, we obtain
a reduced Rauzy diagram and we have a covering map from the Rauzy
diagram onto the reduced Rauzy diagram.

In the first three examples above, the covering map is an isomorphism. In
the last exemple, the degree of the covering map is 2 and the reduced Rauzy
diagram is shown in figure 4, where π is denoted by (π−1(1), . . . π−1(d)).
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Fig. 4. Reduced Rauzy diagram d = 4 (second case)

4.3 Dynamics in parameter space

Let D be a Rauzy diagram on an alphabet A ; denote by V (D) the set of
vertices of D. For (π0, π1) ∈ V (D), let

C(π0, π1) = (R∗
+)A × {(π0, π1)} ,

C∗(π0, π1) = {((λα), π0, π1) ∈ C(π0, π1), λα0 6= λα1} ,

∆(π0, π1) = {((λα), π0, π1) ∈ C(π0, π1), Σλα = 1} ,

∆∗(π0, π1) = ∆(π0, π1) ∩ C∗(π0, π1) .

For ε ∈ {0, 1}, we also write ∆ε(π0, π1), Cε(π0, π1) for the subsets of
∆∗(π0, π1), C∗(π0, π1) defined by λαε

> λα1−ε
.

The basic operation of 4.1 defines a 2 to 1 map from C∗(D) := tC∗(π0, π1)
onto C(D) := tC(π0, π1) ; its restriction to Cε(π0, π1) is an isomorphism onto
C(Rε(π0, π1)) given by the matrix V = 1 + Eαεα1−ε

of 4.1. We denote this
map by R. In other terms, in the context of Section 4.1, we set

R(T ) = T̂ .

Because T̂ is a first return map for T , if T has the Keane’s property, the
same will be true for T̂ . This means that for such maps we will be able to
iterate infinitely many times R.

There is a canonical projection from C(π0, π1) onto ∆(π0, π1) which
sends C∗(π0, π1) onto ∆∗(π0, π1). We define ∆(D) = t∆(π0, π1), ∆

∗(D) =
t∆∗(π0, π1), and we get a quotient map which we still denote by R and
which is 2 to 1 from ∆∗(D) onto ∆(D).

Let (λα)α∈A, π0, π1) ∈ C(D) be data defining an i.e.m T ; assume that T
satisfies the Keane’s property. Iterating R, we get a sequence (T (n))n≥0 of
i.e.m with T (0) = T . The data for T (n+1) are related to the data of T (n) by
formulas :

(π
(n+1)
0 , π

(n+1)
1 ) = Rεn+1(π

(n)
0 , π

(n)
1 ) ,

λ(n) = V (n+1)λ(n+1) .
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Denote by γ(n+1) the arrow in D which connects the pair (π
(n)
0 , π

(n)
1 ) to

(π
(n+1)
0 , π

(n+1)
1 ). The sequence (γ(n))n>0 determines an infinite path in D

starting at (π
(0)
0 , π

(0)
1 ).

PROPOSITION – Each name in A is taken infinitely many times by the sequence
(γ(n))n>0.
Proof – Let A′ be the set of names which are taken infinitely many times and
let A′′ = A−A′. Replacing T by some T (N), we can assume that names in A′′

are not taken at all. Then the length λ
(n)
α , α ∈ A′′, do no depend on n. But then

elements α ∈ A′′ can only appear as secondary names at most finitely many
times. Replacing again T by some T (N), we can assume that secondary names

are never in A′′. Then the sequences (π
(n)
ε (α))n>0, for ε ∈ {0, 1}, α ∈ A′′, are

non decreasing and we can assume (replacing again T by T (N)) that they are
constant.

We now claim that we must have π
(0)
ε (α′′) < π

(0)
ε (α′) for all α′′ ∈ A′′, α′ ∈

A′ and ε ∈ {0, 1}. Because the pair (π
(0)
0 , π

(0)
1 ) is admissible, this implies

A′ = A.
To prove the claim, assume that there exist α′ ∈ A′, α′′ ∈ A′′, ε ∈ {0, 1}

with π
(0)
ε (α′) < π

(0)
ε (α′′).

As π
(n)
ε (α′′) = π

(0)
ε (α′′) for all n ≥ 0, we can never have π

(n)
ε (α′) = d for

some n > 0. By definition of A′, there must exist n ≥ 0 such that π
(n)
1−ε(α

′) =

d ; but then π
(n+1)
ε (α′′) 6= π

(0)
ε (α′′), which gives a contradiction. �

COROLLARY 1 – Each type and each secondary name is taken infinitely many
times.
Proof – The first assertion is obvious (we do not need the proposition here).
The second follows from the proposition and the following fact : if γ(n), γ(n+1)

have not the same name, the secondary name of γ(n+1) is the (main) name of
γ(n). �

COROLLARY 2 – The length of the intervals I(n) goes to 0 as n goes to ∞.

Proof – All sequences (λ
(n)
α )n≥0 are non increasing and we want to show that

they go to 0. Let λ
(∞)
α be the limit. Given ε > 0, let N ≥ 0 such that

λ
(N)
α ≤ λ

(∞)
α + ε for all α ∈ A. For each α ∈ A, there exists n > N such

that α is a secondary name for γ(n) ; this implies that λ
(∞)
α ≤ λ

(n)
α ≤ ε and

concludes the proof. �

COROLLARY 3 – Let T be an i.e.m with admissible combinatorial data which does
not have the Keane’s property. Then the continuous fraction algorithm stops

because at some point the equality λ
(n)
α0 = λ

(n)
α1 (with π

(n)
0 (α0) = π

(n)
1 (α1) = d)

holds.
Proof – Let (α, β, m) a connexion for T = T (0). We show by infinite descent
that the algorithm has to stop. Set y0 = j0((0, β)) ; set y1 = j1((0, α)) if
π1(α) 6= 1, y1 = T (0) if π1(α) = 1. We have T m̄(y1) = y0 with m̄ = m − 1 if
π1(α) 6= 1, m̄ = m − 2 if π1(α) = 1, and m̄ ≥ 0 in both cases, with y0, y1 > 0.
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Assume by contradiction that the algorithm never stops. Observe that the
proposition and the corollaries 1 and 2 hold, because the Keane’s property
was not used in their proof. Let n be the largest integer such that

|I(n)| > max(y0, y1) ,

where I(n) is the domain for T (n). Such an n exists by Corollary 2. If we had
y0 = y1, the equality case would happen at the next step of the basic operation.
We therefore have m̄ > 0, y0 6= y1. Assume for instance that y1 > y0 (the other
case is symmetric). First, because T (n) is the first return map of T into I(n),
there exists 0 < m̂ ≤ m̄ such that (T (n))m̂(y1) = y0. Second, by the definition
of the basic operation, y′

1 = T (n)(y1) is equal to j1(0, α1) at step n +1, where

π
(n)
1 (α1) = d. Then (T (n))m̂−1(y′

1) = y0 and therefore (as T (n+1) is a first
return map of T (n)) there exists m̄′ ≤ m̂ − 1 < m̄ such that T (n+1)(y′

1) = y0.
We have completed one step of the descent argument, and this concludes the
proof. �

COROLLARY 4 – For each m ≥ 0, there exists n > m such that the matrix
Q := V (m+1) . . . V (n) satisfies Qαβ > 0 for all α, β ∈ A.
Proof – Write Q = Q(n). Let α, β ∈ A ; if Qαβ(n0) > 0 for some n0, then
Qαβ(n) > 0 for all n ≥ n0 : indeed the diagonal terms of the V matrices are
equal to 1. It therefore suffices to prove that for all α, β ∈ A there exists n0

such that Qαβ(n0) > 0. Fix α, β ∈ A. If α = β, we already have Qαβ(m+1) =
1. Assume α 6= β. Let n1 > m the smallest integer such that the arrow γ(n1)

has name α. Set α1 := α and let α2 be the secondary name of γ(n1) ; we have
Qα1αi

(n1) > 0 for i = 1, 2. If β = α2, we are done. Otherwise, d ≥ 3 and there
exists a smallest integer n′

1 > n1 such that the name of γ(n′

1) is not α1 or α2.
There also exists a smallest integer n2 > n′

1 such that the name of γ(n2) is
α1 or α2. Then, the secondary name α3 of γ(n2) is the name of γ(n2−1) and

therefore is different from α1 or α2. We have V
(n2)
αjα3 = 1 for some j ∈ {1, 2},

and therefore Qα1αi
(n2) > 0 for i ∈ {1, 2, 3}. If β = α3 we are done. Otherwise

d ≥ 4 and we define n′
2 > n2, n3 > n′

2, α4 /∈ {α1, α2, α3} as above . . . At some
point we must have β = αj . �

COROLLARY 5 – Define a decreasing sequence of open simplicial cones in RA

by

C(0) = (R∗
+)A, C(n+1) = V (n+1)C(n)

and let C(∞) = ∩ C(n). Then C(∞) ∪ {0} is a closed simplicial cone, of dimen-
sion < d = #A.
Proof – From Corollary 4 it follows that for all m ≥ 0 there exists n > m such
that the closure of C(n) is contained in C(m) ∪{0}. This shows that C(∞) ∪{0}

is closed. For n ≥ 0, α ∈ A, let e
(n)
α = V (1) . . . V (n)(eα), where (eα)α∈A is the

canonical base of RA. Let nk be an increasing sequence of integers such that

e
(nk)
α ‖e

(nk)
α ‖−1 converge towards a limit e

(∞)
α for every α ∈ A. Then we must

have



Continued Fractions and Interval Exchange Maps 15

C(∞) ∪ {0} = {
∑

A

tαe(∞)
α , tα ≥ 0} .

The limits e
(∞)
α cannot be all distinct, because all coefficients of V (1) . . . V (n)

go to ∞ as n goes to ∞ (by Corollary 4), and these matrices are unimodular.
Thus C(∞) ∪{0} is closed, polyhedral of dimension < d. Indeed it is simplicial
because, as we will see in the next section, it can be interpreted as a cone of
invariant measures. �

4.4 Unique ergodicity and the continuous fraction algorithm

Recall that a transformation is uniquely ergodic if it has exactly one in-
variant probability measure.

For an i.e.m T , (normalized) Lebesgue measure is invariant, hence there
should be no other invariant probability measure.

Let T be an i.e.m with the Keane’s property. In particular, T is minimal.
Therefore, every finite invariant measure µ is continuous and supported by
the whole of I. For such a measure, we set

Hµ(x) = µ([0, x)) .

This defines an homeomorphism from I onto Iµ := [0, µ(I)). Let

Tµ = Hµ ◦ T ◦ H−1
µ .

This is a one-to-one transformation of Iµ. Actually, Tµ is immediately seen
to be an i.e.m on Iµ, whose combinatorial data are the same as for T , and
whose length data (λα(µ))α∈A are given by

λα(µ) = µ(j0(Iα)) = µ(j1(Iα)) .

Obviously, the image of µ under the conjugacy Hµ is the Lebesgue measure
on Iµ.
PROPOSITION – The map µ 7→ (λα(µ))α∈A is a linear homeomorphism from
the set of T -invariant finite measures onto the cone C(∞) of Corollary 5 In
particular, T is uniquely ergodic if and only if C(∞) is a ray.
Proof – The map is obviously linear and continuous ; as T and Tµ are topolog-
ically conjugated, Tµ has also the Keane’s property ; moreover, the restriction

of Hµ to I(n) is an homeomorphism on I
(n)
µ which conjugates T (n) and T

(n)
µ .

Thus, the length vector (λγ(µ))α∈A belongs to C(n) for every n ≥ 0 and there-

fore to C(∞). Conversely, let (λ̃α)α∈A be a length vector in C(∞). Let T̃ be the
i.e.m defined by this length vector and the same combinatorial data than T .
The continuous fraction algorithm for T̃ never stops (with the same path in
the Rauzy diagram than for T ), hence T̃ has the Keane’s property ; the same
is true for the i.e.m. T̃t whose length vector is (1− t)λ+ tλ̃ ∈ C(∞). Therefore,
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for each t ∈ [0, 1], the points (T k
t (0))k≥0 are distinct, form a dense set in It

and we have

T k
t (0) > T l

t (0) ⇐⇒ T k
t′(0) > T l

t′(0)

for all k, l ≥ 0, t, t′ ∈ [0, 1]. If we set

H(T k(0)) = T̃ k(0) ,

for all k ≥ 0, the map H extends in a unique way to an homeomorphism from
I onto Ĩ which conjugates T and T̃ . If µ is the image of Lebesgue measure
under H−1, then µ is a finite T -invariant measure on I and T̃ = Tµ. �

For d ≤ 3, interval exchange maps are rotations or first return maps of
rotations and thus are uniquely ergodic if minimal. On the other hand, Keane
has constructed ([Ke2], see also [KN], [Co]) i.e.m with d = 4 which are minimal
but not uniquely ergodic. Nevertheless, we have the following fundamental
result :
THEOREM – (Mazur [Ma], Veech [V2]) Let (Q, π0, π1) be any admissible combi-
natorial data. Then, for almost all length data (λα)α∈A, the associated i.e.m
is (minimal and) uniquely ergodic.
Proof – We will give a slightly simplified version of the proof of Kerchkoff
([Ker]). Let D be the Rauzy diagram which contains the combinatorial data
(A, π0, π1).

For any finite path γ = (γ(i))0<i≤n in D starting at (π0, π1), let (V (i))0<i≤n

be the associated matrices ; let

Q(γ) = V (1) . . . V (n)

C(γ) = Q(γ)[(R∗
+)A] × {(π0, π1)} ,

∆(γ) = C(γ) ∩ ∆(π0, π1) .

For β ∈ A, we also write

Qβ(γ) =
∑

α

Qαβ(γ) .

LEMMA 1 – We have

vold−1(∆(γ)) = (
∏

β

Qβ(γ))−1 vold−1(∆(π0, π1)) .

Proof – Indeed, Q(γ) is unimodular and we have, for λ(0) = Q(γ)λ(n) :

∑

α

λ(0)
α =

∑

β

Qβ(γ)λ
(n)
β .

�

LEMMA 2 – Let C ≥ 1 a constant such that

max
α

Qα(γ) ≤ C min
α

Qα(γ) .
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There exists a constant c ∈ (0, 1), depending only on C and d, and a path
γ′ extending γ such that

vold−1(∆(γ′)) ≥ c vold−1(∆(γ)) ,

diam (∆(γ′)) ≤ (1 − c) diam (∆(γ)) .

Proof – Choose a path γ̃ starting from the endpoint of γ such that Qαβ(γ̃) > 0
for all α, β ∈ A. We have Qαβ(γ̃) ≤ C1, with C1 depending only on d. Let
γ′ = γ ? γ̃. We have, for β ∈ A

Qβ(γ′) =
∑

α

Qα(γ)Qαβ(γ̃) ,

and thus, by Lemma 1

vold−1(∆(γ′)) ≥ (CC1d)−d vold−1(∆(γ)) .

It is also clear, considering orthogonal projections on 1-dimensional lines,
that we have

diam (∆(γ′)) ≤

(

1 −
2

C1(d − 1) + 1

)

diam(∆(γ)) .

�

LEMMA 3 – Let (π
(n)
0 , π

(n)
1 ) be the vertex of D endpoint of γ ; define α0, α1 ∈ A

by π
(n)
ε (αε) = d, ε = 0, 1. For ε = 0, 1, let ∆ε(γ) be formed of those length

data in ∆(γ) for which the (n + 1)th arrow has type ε. Then

vold−1(∆
ε(γ)) =

Qα1−ε
(γ)

Qα0(γ) + Qα1(γ)
vold−1(∆(γ)) .

Proof – Clear from Lemma 1. �

Let T be an i.e.m in ∆(γ) satisfying Keane’s condition, and let (γ(i)(T ))i≥0

be the associated path ; we therefore have γ(i)(T ) = γ(i) for 0 < i ≤ n. Let
(V (i)(T ))i≥O be the associated matrices ; define

Q(i, T ) = V (1)(T ) . . . V (i)(T ) .

Fix α ∈ A, and define Q′
α(T ) = Qα(n(α, T ), T ), where n(α, T ) is the

smallest integer m > n such that the name of γ(m)(T ) is α (this is well
defined by the proposition in 4.3). We then have :
LEMMA 4 – For any C ≥ 1, we have :

vold−1({T ∈ ∆(γ), Q′
α(T ) ≥ CQα(γ)}) ≤ C−1 vold−1(∆(γ)) .

Proof – We will show the slightly stronger result that the inequality of the
lemma holds even after conditioning by the value n̄ of n(α, T ) − n. We show
this last result by induction on n̄.
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We have n̄ = 1 iff the name of γ(n+1)(T ) is α ; in this case, we have
Q′

α(T ) = Qα(γ) and the estimate holds for all C ≥ 1.

If π
(n)
0 (α) < d and π

(n)
1 (α) < d, we divide ∆(γ) into ∆0(γ) and ∆1(γ) and

apply the induction hypothesis to both simplices to conclude.

Assume on the other hand that π
(n)
0 (α) < d, π

(n)
1 (α) = d ; if n̄ > 1, the

name of γ(n+1)(T ) is the element α0 ∈ A such that π
(n)
0 (α0) = d and we have

Qα(n + 1, T ) = Qα(γ) + Qα0(γ) ,

vold−1(∆
0(γ)) = Qα(γ)

Qα(n+1,T ) vold−1(∆(γ)) ,

by Lemma 3. We will have Q′
α(T ) ≥ Qα(n+1, T ). If 1 ≤ C ≤ (Qα(γ))−1Qα(n+

1, T ), the estimate of the lemma holds immediately. For C > (Qα(γ))−1Qα(n+
1, T ), we set

C′ = CQα(γ)(Qα(n + 1, T ))−1 ,

γ′ = γ ? γ(n+1)(T ) ,

and use the induction hypothesis to conclude. The case π
(n)
0 (α) = d > π

(n)
1 (α)

is symmetric. �

LEMMA 5 – Let C0 ≥ 1 a constant and a non trivial non empty subset A0 ⊂ A,
A0 6= A, such that

max
α∈A0

Qα(γ) ≤ C0 min
α∈A0

Qα(γ) ,

max
α∈A

Qα(γ) ≤ max
α∈A0

Qα(γ) .

There exist a constant C1 ≥ 1, a constant c1 ∈ (0, 1), depending only on
C0 and d, and paths (γ(l))1≤l≤L extending γ such that

(i) the simplices ∆(γ(l)) have disjoint interiors and

vold−1(t∆(γ(l))) ≥ c1 vold−1 (∆(γ)) ;

(ii) for every l ∈ [1, L], there exists a subset Al of A strictly larger than A0

such that

max
Al

Qα(γ(l)) ≤ C1 min
Al

Qα(γ(l)),

max
A

Qα(γ(l)) ≤ max
Al

Qα(γ(l)) .

Proof – We first extend γ to a path γ̃ such that the name of the last arrow of
γ̃ does not belong to A0 ; we can do this having
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max
A

Qα(γ̃) ≤ C′
1max

A
Qα(γ),

vold−1(∆(γ̃)) ≥ c′1 vold−1(∆(γ)) ,

C′
1, c

′
1 depend only on d.

We then apply Lemma 4, for every α ∈ A0, to γ̃ with C = 2#A0. We
obtain that the volume of those T ∈ ∆(γ̃) for which Q′

α(T ) ≤ 2#A0Qα(γ̃) for
every α ∈ A0 is at least half the volume of ∆(γ̃). For such a T , let m > ñ =
length (γ̃) the smallest integer such that the name ᾱ of γ(m)(T ) belongs to
A0. We define (for those T ) a finite path γ(T ) as follows :

1. If for some m̃ ∈ (ñ, m), some α ∈ A−A0, we have

Qα(m̃, T ) ≥ maxQα(γ̃) ,

we let γ(T ) = (γ(i)(T ))0≤i≤m̃, where m̃ is the smallest such integer.
2. Otherwise, γ(T ) = (γ(i)(T ))0≤i≤m.

We select finitely many such T1, . . . , TL such that, setting γ(l) = γ(Tl),
we have

vol (∪∆(γ(l))) ≥
1

4
vol ∆(γ̃)

and the ∆(γ(l)) have disjoint interiors. Let l ∈ [1, L] ; if Tl is as in case
a), we take Al to be the union of A0 and all α ∈ A − A0 satisfying
Qα(m̃, Tl) ≥ maxα Qα(γ̃). If Tl is as in case b), by definition of m, the
name β of γ(m−1)(Tl) does not belong to A0 and we have

Q
(m)
β (Tl) = Q(m−1)

α (Tl) + Q
(m−1)
β (Tl) ,

where α is the name of γ(m−1)(Tl). It follows that

Q
(m)
β (Tl) ≥ C−1

0 max
α∈A0

Qα(γ) .

We take Al = A0 ∪ {β} in this case. We obtain the conclusions of the
lemma with c1 = 1

4c′1 and C1 = C0(1 + 2(#A0)C
′
1).

�

Iterating Lemma 5, we obtain
LEMMA 6 – There exists a constant C, depending only on d, and paths
(γ(l))1≤l≤L extending γ such that

(i) the simplices ∆(γ(l)) have disjoint interiors and

vold−1(t∆(γ(l))) ≥ C−1 vol(∆(γ)) ;

(ii) for every 1 ≤ l ≤ L, we have

max
α

Qα(γ(l))) ≤ C min
α

(Qα(γ(l))) .

�
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The proof of the theorem is now clear : for almost every i.e.m T , with
associated path (γ(i))i>0, it follows from Lemma 6 that there are infinitely
many integers nk such that the path (γ(i))0<i≤nk

satisfy the hypothesis of
Lemma 2. It follows then from Lemma 2 that the intersection of the simplices
∆((γ(i))0<i≤n) is reduced to a point. �

5 Suspension of i.e.m

5.1 Suspension data

Let (A, π0, π1) be admissible combinatorial data, and let T be an i.e.m of this
combinatorial type, determined by length data (λα)α∈A.

We will construct a Riemann surface with a flow which can be considered as
a suspension of T . In order to do this, we need data which we call suspension
data.

We will identify R2 with C. Consider a family τ = (τα)α∈A ∈ RA. To this
family we associate

ζα = λα + iτα , α ∈ A

ξε
α =

∑

πεβ≤πεα

ζβ , α ∈ A , ε ∈ {0, 1} .

We always have ξ0
α0

= ξ1
α1

, where as before πε(αε) = d. We say that τ
defines suspension data if the following inequalities hold :

Imξ0
α > 0 for all α ∈ A, α 6= α0 ,

Imξ1
α < 0 for all α ∈ A, α 6= α1 .

We also set

θα = ξ1
α − ξ0

α, α ∈ A .

We then have

θ = Ωζ ,

Reθ = δ ,

and define h = −Imθ = −Ωτ .
One has hα > 0 for all α ∈ A, because of the formula

θα = (ξ1
α − ζα) − (ξ0

α − ζα) .

One has also
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Im ξ0
α0

= Im ξ1
α1

∈ [−hα1 , hα0 ] .

5.2 Construction of a Riemann surface

Let (A, π0, π1) and (ζα = λα + iτα)α∈A as above. For α ∈ A, consider the
rectangles in C = R2 :

R0
α = (Reξ0

α − λα, Reξ0
α) × [0, hα] ,

R1
α = (Reξ1

α − λα, Reξ1
α) × [−hα, 0] ,

and the segments

S0
α = {Reξ0

α} × [0, Imξ0
α) , α 6= α0

S1
α = {Reξ1

α} × (Imξ1
α, 0] , α 6= α1 .

Let also S0
α0

= S1
α1

be the half-open vertical segment [λ∗, ξ0
α0

) = [λ∗, ξ1
α1

).
Define then

Rζ =
⋃

ε

⋃

α

Rε
α

⋃

ε

⋃

α

Sε
α .

The translation by θα sends R0
α onto R1

α. If ξ0
α0

= ξ1
α1

= 0, S0
α0

= S1
α1

is
empty, ξ0

α1
is the top right corner of R0

α1
and ξ1

α0
is the bottom right corner

of R1
α0

. If ξ0
α0

= ξ1
α1

> 0, the translation by θα1 sends the top part S̃0
α1

=
{Reξ0

α1
} × [hα1 , Imξ0

α1
) of S0

α1
onto S1

α1
. If ξ0

α0
= ξ1

α1
< 0, the translation by

θα0 sends S0
α0

onto the bottom part S̃1
α0

= {Reξ1
α0
} × (Imξ1

α0
,−hα0 ] of S1

α0
.

We use these translations to identify in Rζ each R0
α to each R1

α, and

S0
α0

= S1
α1

(if non empty) to either S̃0
α1

or S̃1
α0

. Denote by M∗
ζ the topological

space obtained from Rζ by these identifications.
Observe that M∗

ζ inherits from C the structure of a Riemann surface, and
also a nowhere vanishing holomorphic 1-form ω (given by dz) and a vertical
vector field (given by ∂

∂y ).

5.3 Compactification of M∗
ζ

Let Ā be the set with 2d−2 elements of pairs (α, L) and (α, R), except that we
identify (α0, R) = (α1, R) and (α′

0, L) = (α′
1, L), where πε(αε) = d, πε(α

′
ε) =

1.
Let σ be the permutation of Ā defined by

σ(α, R) = (β0, L) ,

σ(α, L) = (β1, R) ,

with π0(β0) = π0(α) + 1, π1(β1) = π1(α) − 1 ; in particular, we have
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σ(α0, R) = (π−1
0 (π0(α1) + 1), L) ,

σ(α′
1, L) = (π−1

1 (π1(α
′
0) − 1), R) .

The permutation describes which half planes are met when one winds
around an end of M∗

ζ . Denote by
∑

the set of cycles of σ. To each c ∈ Σ is
associated in a one-to-one correspondance an end qc of M∗

ζ . From the local

structure around qc, it is clear that the compactification Mζ = M∗
ζ

⋃

Σ

{qc} will

be a compact Riemann surface, with the set of marked points {qc} = Mζ−M∗
ζ

in canonical correspondence with Σ. Moreover, the 1-form ω extends to a
holomorphic 1-form on Mζ ; the length of a cycle c is an even number 2nc ;
the corresponding marked point qc is a zero of ω of order nc − 1.

Let ν = #Σ, and let g be the genus of Mζ. We have

d − 1 = Σnc

2g − 2 = Σ(nc − 1)

hence

d = 2g + ν − 1 .

Example : Suppose that π0, π1 satisfy

π0(α) + π1(α) = d + 1, for all α ∈ A

If d is even, there is only 1 cycle ; we have d = 2g and the only zero of ω
has order 2g − 2. If d is odd, there are two cycles of equal length d − 1 ; we
have d = 2g + 1, and each of the two zeros of ω has order g − 1.

The vertical vector field on M∗
ζ does not extend (continuously) to Mζ when

g > 1, unless one slows it near the marked points (which we will not do here).
Nevertheless, it can be considered as a suspension of T : starting from a point
(x, 0) on the bottom side of R0

α, one flows up till reaching the top side where
the point (x, hα) is identified with the point (x + δα, 0) = (T (x), 0) in the top
side of R1

α. The return time is hα. The vector field is not complete, as some
orbits reach marked points in finite time.

5.4 The basic operation of the algorithm for suspensions

Let (A, π0, π1) and (ζα = λα + iτα)α∈A as above. Construct Rζ , Mζ as in 5.2,
5.3. With πε(αε) = d as above, assume that

λα0 6= λα1 ..

Then the formula λαε
= max(λα0 , λα1) defines uniquely ε ∈ {0, 1} and

determines uniquely the basic step of the continuous fraction algorithm ; this
step produces new combinatorial data (A, π̂0, π̂1) and length data (λ̂α)α∈A

given by
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λ̂α = λα , α 6= αε

λ̂αε
= λαε

− λα1−ε

For suspension data, we just define in the same way







ζ̂α = ζα , α 6= αε

ζ̂αε
= ζαε

− ζα1−ε

This has a nice representation in terms of the corresponding regions Rζ , Rζ̂ .

One cuts from Rζ the part where x > λ̂∗ = λ∗−λαε
; it is made of R1−ε

α1−ε
and

a right part of Rε
αε

. We glue back R1−ε
α1−ε

to the free horizontal side of R1−ε
αε

,
and the right part of Rε

αε
to Rε

α1−ε
: see figure 5.

It is easy to check that the new suspension data satisfy the inequalities
required in 5.1 ; if for instance ε = 0, one has

ξ̂0
α = ξ0

α , α 6= α0

with π̂0 = π0 on one hand and

ξ̂1
α = ξ1

α, α 6= α0, α1

ξ̂1
α1

= ξ1
α0

,

ξ̂1
α0

= ξ1
α0

− ζα1 .

The last formula gives

−ξ̂1
α0

= ζα1 − ξ1
α0

= ζα1 − ξ0
α0

− θα0

= ζα1 − ξ1
α1

− θα0

= −ξ1
α̃1

− θα0 ,

with π1(α̃1) = d − 1. We therefore have

−Imξ̂1
α0

= −Imξ1
α̃1

+ hα > 0 ..

We also see that (still with ε = 0), if α̂1 ∈ A is such that π̂1(α̂1) = d (we
have α̂1 = α̃1 if α̃1 6= α0, α̂1 = α1 if α̃1 = α0), one has

Imξ̂1
α̂1

= Imξ1
α̃1

< 0

Conversely, given (A, π0, π1) and (ζα = λα + iτα)α∈A as above, assume
that

Imξ0
α0

= Imξ1
α1

6= 0 ,

and define ε as 0 if Imξ1
α1

< 0, 1 if Imξ0
α0

> 0. Set
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Fig. 5. The Rauzy-Veech operation for suspensions
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ζ̂α = ζα for α 6= αε ,

ζ̂αε
= ζαε

+ ζα1−ε
,

and define appropriately new combinatorial data ; this operation is the inverse
of the one above. Thus the dynamics of the continuous fraction algorithm at
the level of suspensions is invertible (on a full measure set) and can be viewed
as the natural extension of the dynamics at the level of i.e.m.

It is clear that the Riemann surfaces Mζ , Mζ̂ are canonically isomorphic,
and the isomorphism respects the holomorphic 1-form and the vertical vector
field.

5.5 Cohomological interpretation of Ω

Consider the following homology classes :

• cα ∈ H1(Mζ, Σ,Z) is defined by a path in Rζ joining ξ0
α − ζα to ξ0

α (or by
a path joining ξ1

α − ζα to ξ1
α) ;

• c∗α ∈ H1(Mζ − Σ,Z) is defined by a path in Rζ joining the center of R0
α

to the center of R1
α.

Then (cα)α∈A is a basis of H1(Mζ , Σ,Z), and (c∗α)α∈A is a basis of
H1(Mζ − Σ,Z).

For the intersection pairing on H1(Mζ − Σ,Z) × H1(Mζ , Σ,Z), (c∗α) and
(cα) are dual bases.

We have canonical maps

H1(Mζ − Σ,Z) → H1(Mζ ,Z) → H1(Mζ , Σ,Z)

where the first map is surjective and the second injective ; the image of c∗α in

H1(Mζ , Σ,Z) is equal to
∑

β

Ωαβ cβ .

The 1-form ω determines a cohomology class [ω] in H1(Mζ , Σ,C) : we
have

∫

cα

ω = ζα

We have the dual sequence

H1(Mζ , Σ,C) → H1(Mζ ,C) → H1(Mζ − Σ,C)

where the first map is surjective and the second injective. The image of [ω] in
H1(Mζ − Σ,C) satisfies
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∫

c∗α

ω = θα = (Ωζ)α .

Thus Ω is the matrix of the composition

H1(Mζ , Σ,C) → H1(Mζ − Σ,C) .

The image of Ω is equal to the image of H1(Mζ ,C) into H1(Mζ − Σ,C).

When one performs the basic operation of the continuous fraction algo-
rithm and one identifies Mζ with Mζ̂ , the relation between the old and new
bases is given by

{

ĉα = cα if α 6= αε ,

ĉαε
= cαε

− cα1−ε







ĉ∗α = c∗α if α 6= α1−ε

ĉ∗α1−ε
= c∗α1−ε

+ c∗αε

At the cohomological level, we have an isomorphism of H1(Mζ ,C) given
by







θ̂α = θα if α 6= α1−ε

θ̂α1−ε
= θα1−ε

+ θαε

(these formulas determine an isomorphism from ImΩ onto ImΩ̂). This is the
discrete version of the so-called Kontsevich-Zorich cocycle.

5.6 The Teichmüller flow

Fix combinatorial data (A, π0, π1). Given length data (λα) and suspension
data (τα), one defines for t ∈ R

U t(λ, τ) = (et/2λ, e−t/2τ)

This flow is called the Teichmüller flow. Observe that the conditions on
the length data (λα > 0) and on the suspension data (cf. 4.1) are preserved
under the flow.

It is also obvious that the flow commutes with the basic operation of the
continuous fraction algorithm. In particular, the inequality λαε

> λα1−ε
is

preserved.
The surface Mζ is canonically equipped with an area form (coming from

C) for which its area is

A := area (Mζ) =
∑

α∈A

λαhα .
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The area is preserved by the Teichmüller flow, and also by the basic oper-
ation of the continuous fraction algorithm.

The Lebesgue measure dλ dτ on the domain of RA × RA defined by the
restrictions on length and suspension data is preserved by the Teichmüller
flow, and by the basic operation of the continuous fraction algorithm.

6 Invariant measures

6.1 The case d = 2

We have seen in 2.6 that i.e.m in this case are just rotations on the circle.
Let (λA, λB) be the length data. The basic step of the continuous fraction

algorithm sends these data on (λA−λB, λB) (resp. (λA, λB −λA)) if λA > λB

(resp. λA < λB). Set x = λB/λA if λB < λA, x = λA/λB if λA < λB. We
obtain the well-known map

g(x) =

{ x
1−x for 0 < x < 1/2

g(1 − x) = 1−x
x for 1/2 < x < 1 ,

with a parabolic fixed point at 0. This map has dx
x as a unique (up to a mul-

tiplicative constant) invariant measure absolutely continuous w.r.t Lebesgue
measure, but this measure is infinite !

Instead, the Gauss map

G(x) = {x−1}

has dx
1+x as a unique (up to a multiplicative constant) invariant measure ab-

solutely continuous w.r.t Lebesgue measure, but the density is now analytic
on [0, 1].

The map G is related to g as follows : we have G(x) = gn(x), where n is
the smallest integer > 0 such that gn−1(x) ∈ [1/2, 1).

For a general Rauzy diagram (with admissible combinatorial data), Veech
has shown ([V2]) that there exists a unique (up to a multiplicative constant)
measure absolutely continuous w.r.t Lebesgue measure which is invariant un-
der the normalized continuous fraction algorithm. But again, this measure is
infinite.

Following Zorich, it is however possible to accelerate the Rauzy-Veech
algorithm, concatenating several successive steps in a single one (as the Gauss
map does). For the new algorithm, there will exist an invariant absolutely
continuous probability measure, which is very useful for ergodic - theoretic
considerations.

6.2 The accelerated algorithm ([Z1])
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Let (A, π0, π1) be admissible combinatorial data and (λα)α∈A be length data.
Assume for simplicity that the i.e.m T defined by these data satisfies the
Keane property.

The continuous fraction algorithm applied to T gives an infinite path in the
Rauzy diagram of (A, π0, π1), starting at the vertex (π0, π1), that we denote
by (γn(T ))n>0. To each arrow γn is associated a type (0 or 1) and a name (a
letter in A) ; it is obvious from the definitions of type and name that γn, γn+1

have the same type iff they have the same name. We also know that each
name is taken infinitely many times (proposition in 4.3); the same assertion
for types is actually obvious.

In the accelerated algorithm, one performs in a single step the consecutive
steps of the (slow) algorithm for which the associated arrows have the same
type (or name).

Assume for instance that λα0 > λα1 . Write π1(α0) = d − d̄ < d and

π1(α
(i)
1 ) = d− i for 0 ≤ i < d̄. The accelerated algorithm makes the following

“euclidean division” : one substracts from λα0 in turn λ
α

(0)
1

, λ
α

(1)
1

,. . . λ
α

(d̄−1)
1

,

λ
α

(0)
1

, λ
α

(1)
1

. . . stopping just before the result becomes negative. This is a

single step for the accelerated algorithm. When d̄ = 1, for instance when
d = 2, it just amounts to ordinary euclidean division with remainder.

We can extend the definition of the accelerated algorithm at the level of
suspension data. Recall that at this level, the dynamics of the slow algorithm
are essentially invertible (i.e modulo a set of codimension one). The dynamics
of the accelerated algorithm is a first return map of the dynamics of the
slow one. Indeed, for fixed combinatorial data (A, π0, π1), the simplicial cone
of length data is divided into the two simplicial subcones {λα0 > λα1} and
{λα1 > λα0} according to the type 0 or 1 of the basic step. On the other hand,
we have seen in 5.4 that the polyhedral cone of suspension data is divided into
{Im ξ1

α1
< 0} and {Im ξ0

α0
> 0} according to the type 0 or 1 of the prior

basic step.
Therefore, we set

Z0 = {λα0 > λα1 , Im ξ0
α0

> 0} ,

Z1 = {λα1 > λα0 , Im ξ1
α1

< 0} ,

Z = Z0 t Z1 ..

The accelerated algorithm is the first return map to Z of the slow algo-
rithm.

Till now, we have considered λ∗ := Σλα = 1 as the natural normalization
for the length data. Actually, in the sequel, a different normalization seems
preferable. As in 4.1, for λαε

> λα1−ε
, set







λ̂α = λα if α 6= αε ,

λ̂αε
= λαε

− λα1−ε
.
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Define then λ̂∗ :=
∑

α

λ̂α = λ∗ − λα1−ε
; we will normalize by {λ̂∗ = 1}.

6.3 The absolutely continuous invariant measure

Consider the accelerated algorithm acting on the region Z of the (λ, τ) space.
It is invertible (up to a codimension one subset) and acts by unimodular
matrices. Therefore the restriction m0 of Lebesgue measure to Z is invariant.

The area function A =
∑

α

λαhα is also invariant, where h = −Ωτ .

We now use the Teichmüller flow U t to have the horizontal length λ̂∗ also
invariant. More precisely, let (π0, π1, λ, τ) ∈ Z, with image (π̄0, π̄1, λ̄, τ̄ ) under
the accelerated algorithm. Set

t(λ) = 2(log λ̂∗ − log ˆ̄λ∗) ,

Ḡ(π0, π1, λ, τ) = (π̄0, π̄1, U
t(λ)(λ̄, τ̄)) ,

and call Ḡ the normalized basic step for (the natural extension of) the accel-
erated algorithm. The measure m0 is still invariant under Ḡ because m0 is
invariant under the Teichmüller flow and t is constant along the orbits of the
flow. The area function A is still invariant. The length function λ̂∗ is now also
invariant by construction. Define

Z(1) = Z ∩ {A ≤ 1} ,

and denote by m1 the restriction of m0 to Z(1). We now project to C(D) (cf.
4.3) : we obtain a map

G(π0, π1, λ) = (π̄0, π̄1, e
1
2 t(λ)λ̄)

and a measure m2, image of m1 by the projection, which is invariant under G.
As λ̂∗ is still invariant under G, we can restrict, by homogeneity, the measure
m2 to {λ̂∗ = 1} and get the measure m invariant under G, that we are looking
for. We will now check its properties.

6.4 Computation of a volume

The density of the measure m2 (w.r.t Lebesgue measure in λ space) is given
by the volume of the fiber of the projection sending m1 onto m2. Therefore,
we have to compute the volumes of

Γε ∩ {A ≤ 1}

where

Γ0 = {Im ξ0
α > 0 , ∀ α ∈ A , Im ξ1

α < 0 , ∀ α 6= α1} ,

Γ1 = {Im ξ0
α > 0 , ∀ α 6= α0 , Im ξ1

α < 0 , ∀ α ∈ A} ,
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and λαε
> λα1−ε

.
The computation is symmetric and we only consider the case ε = 0. We

write the polyhedral cone Γ0 in τ -space as a union of finitely many disjoint
simplicial cones Γ up to a codimension 1 subset ; for each Γ , we choose a
basis τ (1), . . . , τ (d) of RA with volume 1 which generates Γ :

Γ = {
d

∑

j=1

tj τ (j) , tj ≥ 0} .

We have

vold(Γ ∩ {Σ λα hα ≤ 1}) = (d !)−1
d

∏

1

(Σ λα h(j)
α )−1 ,

where h(j) = −Ωτ (j). This gives for the density X of m2 the formula

(∗) Xπ0,π1(λ) = (d !)−1
∑

ε

∑

Γ

d
∏

1

(Σ λα h(j)
α )−1 .

To estimate further the density, we write, when ε = 0 :

λ̂α0 = λα0 − λα1 ,

ĥα1 = hα0 + hα1 ,

and λ̂α = λα, ĥα = hα otherwise. We have

∑

α

λα h(j)
α =

∑

α

λ̂α ĥ(j)
α

and define

Wj = {α ∈ A, ĥ(j)
α 6= 0} .

6.5 The key combinatorial lemma ([V2], [Z1])

PROPOSITION – Let X be a subset of A, non empty and distinct from A. Let
EX be the subspace of RA generated by the τ ∈ Γ0 such that h = −Ωτ satisfies
ĥα = 0 for all α ∈ X. Then the codimension of EX is > #X.
COROLLARY – #{j, Wj ∩ X = ∅} + #X < d.
Proof of corollary– One has Wj ∩X = ∅ iff τ (j) ∈ EX , and the τ (j) are linearly
independent. �

Proof of proposition – As usual, we denote by α0, α1, α
′
0, α

′
1 the elements

such that πε(αε) = d, πε(α
′
ε) = 1. We write the ĥα in terms of those

(−1)ε Im ξε
α, (ε, α) which are nonnegative, i.e. with (ε, α) 6= (1, α1).

We have
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ĥα = Im ξ0
α − Im ξ1

α = Imξ0
β0

− Im ξ1
β1

for α 6= ᾱ0, ᾱ1, α1 ; we have denoted by β0, β1 the elements such that πε(βε) =
πε(α)−1. The same formula still holds for α = ᾱ1 and α = ᾱ0 6= α1, with the
convention that Im ξ0

β0
= 0 if α = ᾱ0 and Im ξ1

β1
= 0 if α = ᾱ1. For α = α1,

we have

ĥα1 = Im ξ0
α1

+ Imξ1
α0

= Im ξ0
β0

= Im ξ1
β1

+ Im ξ0
γ0

+ Im ξ1
γ1

with πε(βε) = πε(α1) − 1, πε(γε) = πε(α0) − 1.
From these formulas, we define subsets A(ε, α) ⊂ A, (with A(1, α) ⊂

A− {α1}) such that ĥα = 0 implies Imξε
β = 0 for β ∈ A(ε, α) : we have

A(0, α) = {β0, α} if α 6= ᾱ0, α1 ,

A(0, ᾱ0) = {ᾱ0} if ᾱ0 6= α1 ,

A(0, α1) = {γ0, β0, α1} ,

A(0, ᾱ0) = A(1, α1) = {γ0, ᾱ0 = α1} if ᾱ0 = α1 ;

A(1, α) = {β1, α} if α 6= ᾱ1, α1 ,

A(1, ᾱ1) = {ᾱ1}

A(1, α1) =

{

{γ1, β1, α0} if α0 6= ᾱ1 ,

{β1, α0 = ᾱ1} if α0 = ᾱ1 .

CLAIM – One has

⋃

X

A(0, α) ⊃ X

and equality holds only if X = {α, π0(α) < k} for some k ≤ π0(α1) or k = d.
Similarly, one has, if α1 /∈ X

⋃

X

A(1, α) ⊃ X

and equality holds only if X = {α, π1(α) < k}, for some k ≤ d.
The assertions of the claim are immediate from the definitions of A(ε, α).

We can now conclude the proof of the proposition. If ĥα = 0 for all α ∈ X ,
we have Im ξε

β = 0 for all β ∈
⋃

X A(ε, α). When either
⋃

X A(0, α) or
⋃

X A(1, α) is strictly larger than X , we obtain the conclusion of the proposi-
tion. Otherwise, by the first half of the claim, we must have X = {α, π0(α) <
k} for some k ≤ π0(α1) or k = d. If k ≤ π0(α1), α1 /∈ X and the second
part of the claim would give X = {α, π1(α) < k}, contradicting admissibility.
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Finally, in the remaining case X = A − {α0}, one has hα = 0 for all α ∈ A

(because ĥα1 = hα1 + hα0) and τ ≡ 0. �

6.6 Checking integrability

From the formula (*) in section 5.4

Xπ0,π1(λ) =
∑

ε,Γ

XΓ (λ) ,

XΓ (λ) = (d !)−1

d
∏

1

(Σ λ̂α ĥ
(j)
α )−1 ,

we deduce the estimate, for each Γ :

c−1 ≤ XΓ (λ)

d
∏

j=1

(
∑

Wj

λ̂α) ≤ c . (1)

When we restrict to {λ̂∗ = 1}, the density up to a constant factor is given

by the same formula. Let us decompose the simplex ∆ := {λ, λ̂α > 0, λ̂∗ = 1}
in the following way : the set of indices is

N = {n = (nα)α∈A ∈ NA, min
α

nα = 0} .

For each n ∈ N , denote by ∆(n) the set of (λα)α∈A ∈ ∆ such that λ̂α ≥ 1
2d

if nα = 0, and

1

2d
21−nα > λ̂α ≥

1

2d
2−nα

if nα > 0. We have a partition

∆ =
⊔

N

∆(n) .

Clearly, we have, for n ∈ N

c−1 ≤ (vol ∆(n)) 2Σnα ≤ c . (2)

On the other hand, for λ ∈ ∆(n) and Γ as above, one obtains from (1)
that

c−1 ≤ XΓ (λ) 2

−

d
∑

j=1

min
Wj

nα

≤ c . (3)

With fixed n, let 0 = n0 < n1 < . . . be the values taken by the nα and
V i ⊂ A the set of indices with nα ≥ ni. On one side, one has
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∑

α

nα =
∑

i≥0

ni(#(V i − V i+1))

=
∑

i>0

(ni − ni−1)#V i .

On the other side, let Ṽ i be the set of j such that Wj ⊂ V i ; one has

min
Wj

nα = ni iff j ∈ Ṽ i − Ṽ i+1 hence

d
∑

j=1

min
Wj

nα =
∑

i≥0

ni(#(Ṽ i − Ṽ i+1))

=
∑

i>0

(ni − ni+1)#Ṽ i .

By the Corollary of 6.5, one has

# Ṽ i < #V i

as long as 0 < #V i < d. This shows that

∑

α

nα −
d

∑

j=1

min
Wj

nα ≥ |n|∞ := max
α

nα .

The last estimate, introduced into (2), (3), gives

(vol ∆(n)) max
∆(n)

XΓ ≤ c 2−|n|∞ . (4)

The integrability of XΓ over ∆ now follows from the fact that the number
of n ∈ N with |n|∞ = N is of order Nd−2.

At the same time, we can see that the matrix Z ∈ SL(ZA) such that

λ = Zλ̂

is such that log ‖Z‖ is integrable for the invariant measure m. We use as a
norm the supremum of the coefficients. We have, for all k ∈ N (when ε = 0;
the case ε = 1 is symmetric)

‖Z‖ > k ⇐⇒ λ̂α0 > k
∑

π1α>π1α0

λ̂α ,

and therefore

‖Z‖ > (2d)2N−1 =⇒ λ ∈
⋃

|n|∞≥N

∆(n) .

This implies that

∫

‖Z‖≥2N

XΓ ≤ cNd−22−N
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for all N > 0. Therefore ‖Z‖ρ for ρ < 1 and a fortiori log ‖Z‖ are integrable
for the invariant measure m.

This integrability property puts us in position of applying Oseledets the-
orem and start studying the ergodic properties of the continuous fraction
algorithm. However, we will restrain us to do that here.
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2003.

10. M. Kontsevich and A. Zorich “Connected components of the moduli spaces
of Abelian differentials with prescribed singularities” Inv. Math. 153 (2003)
631-678.

11. H. Masur “Interval exchange transformations and measured foliations” Annals

of Mathematics 115 (1982) 169-200.
12. S. Marmi, P. Moussa and J-C. Yoccoz “On the cohomological equation for

interval exchange maps”, C. R. Math. Acad. Sci. Paris 336 (2003) 941-948.
13. S. Marmi, P. Moussa and J-C. Yoccoz “The cohomological equation for Roth

type interval exchange maps”, preprint.
14. G. Rauzy “Echanges d’intervalles et transformations induites” Acta Arit. (1979)

315-328.
15. M. Rees “An alternative approach to the ergodic theory of measured foliations”

Ergod. th. Dyn. Sys. 1 (1981) 461-488.
16. W. Veech “Interval exchange transformations” Journal d’Analyse Mathémati-
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