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Introduction

Let T be a 2-dimensional torus equipped with a flat Riemannian metric and a vector field
which is unitary and parallel for that metric. Then there exists a unique lattice A C R? such
that T is isometric to R?/A and the vector field on T' corresponds to the vertical vector field
a% on R?/A. The corresponding “Teichmiiller space” (classification modulo diffeomorphisms
isotopic to the identity) is thus GL(2,R), viewed as the space of lattices equipped with a basis;
the “moduli space” (classification modulo the full diffeomorphism group) is the homogeneous

space GL(2,R)/GL(2,Z), viewed as the space of lattices in R?.

The dynamics of the vertical vector field on R?/A can be analyzed through the return map
to a non vertical closed oriented geodesic S on R?/A ; in the natural parameter on S which
identifies S with T = R/Z (after scaling time), the return map is a rotation  — x + « on T
for some o € T. When a ¢ Q/Z, all orbits are dense and equidistributed on R?/A : the rota-
tion and the vectorfield are uniquely ergodic (which means that they have a unique invariant
probability measure, in this case the respective normalized Lebesgue measures on S and R?/A).

In the irrational case, an efficient way to analyze the recurrence of orbits is to use the continu-
ous fraction of the angle . It is well-known that the continuous fraction algorithm is strongly
related to the action of the 1-parameter diagonal subgroup in SL(2,R) on the moduli space
SL(2,R)/SL(2,Z) of “normalized” lattices in R?. Tt is also important in this context that the
discrete subgroup SL(2,Z) of SL(2,R) is itself a lattice, i.e. has finite covolume, but is not
cocompact.

Our aim is to explain how every feature discussed so far can be generalized to higher genus
surfaces. In the first ten sections, we give complete proofs of the basic facts of the theory,
which owes a lot to the pionneering work of W. Veech [Vel]-[Veb], with significant contribu-
tions by M. Keane [Keal][Kea2], H. Masur [Ma], G. Rauzy [Rau], A. Zorich [Zo2]-[Zo4], A.



Eskin, G.Forni [Forl]-[For3] and many others. In the last four sections, we present without
proofs some more advanced results in different directions.

The reader is advised to consult [Zol] for an excellent and very complete survey on trans-
lation surfaces. See also [Y1] for a first and shorter version of these notes.

In Section 1 we give the definition of a translation surface, and introduce the many geo-
metric structures attached to it. Section 2 explains how translation surfaces occur naturally
in connection with billiards in rational polygonal tables. In Section 3, we introduce interval
exchange maps, which occur as return maps of the vertical flow of a translation surface. We
explain in Section 4 Veech’s fundamental zippered rectangle construction which allow to ob-
tain a translation surface from an interval exchange map and appropriate suspension data.
The relation between interval exchange maps and translation surfaces is further investigated in
Section 5, which concludes with Keane’s theorem on the minimality of interval exchange maps
with no connection. Section 6 introduces the Teichmiiller spaces and the moduli spaces; the
fundamental theorem of Masur and Veech on the finiteness of the canonical Lebesgue measure
in normalized moduli space is stated. In Section 7, we introduce the Rauzy-Veech algorithm
for interval exchange maps with no connection, which is a substitute for the continuous frac-
tion algorithm. The basic properties of this algorithm are established. Invariant measures
for interval exchange maps with no connection are considered in Section 8. In Section 9, the
dynamics in parameter space are introduced, whose study lead ultimately to a proof of the
Masur-Veech theorem. Almost sure unique ergodicity of interval exchange maps, a related
fundamental result of Masur and Veech, is proven in Section 10.

In Section 11, we introduce the Kontsevich-Zorich cocycle, and present the related results
of Forni and Avila-Viana. In section 12, we consider the cohomological equation for an interval
exchange map and present the result of Marmi, Moussa and myself, which extend previous
fundamental work of Forni. In Section 13, we present the classification of the connected
components of the moduli space by Kontsevich and Zorich. In the last section, we discuss the
exponential mixing of the Teichmiiller flow proved by Avila, Gouezel and myself.

1 Definition of a translation surface
1.1 We start from the following combinational data :

e a compact orientable topological surface M of genus g > 1 ;
e a non-empty finite subset ¥ = {A;,..., A} of M ;

e an associated family k = (k1, ..., k) of positive integers which should be seen as ram-
ification indices.

Moreover we require (for reasons that will be apparent soon) that x and g are related through
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The classical setting considered in the introduction corresponds to g =1,s =1,k = 1.

Definition : A structure of translation surface on (M, X, K) is a maximal atlas ¢ for
M — Y of charts by open sets of C ~ R? which satisfies the two following properties :

(i) any coordinate change between two charts of the atlas is locally a translation of R? ;

(ii) for every 1 < i < s, there exists a neighbourhood V; of A;, a neighbourhood W; of 0 in R?
and a ramified covering 7 : (V;, A;) — (W;,0) of degree r; such that every injective restriction
of 7 is a chart of (.

1.2 Because many structures on R? are translation-invariant, a translation surface (M, X, x, )
is canonically equipped with several auxiliary structures:

e a preferred orientation ; actually, one frequently starts with an oriented (rather than
orientable) surface M and only considers those translation surface structures which are
compatible with the preferred orientation ;

e a structure of Riemann surface ; this is only defined initially by the atlas ¢ on M — 3,
but is easily seen to extend to M in a unique way : if V; is a small disk around A; €
¥, Vi — {A;} is the k;- fold covering of W; — {0}, with W; a small disk around 0 € C,
hence is biholomorphic to D* ;

e a flat metric on M — X ; the metric exhibits a true singularity at each A; such that
k; > 1; the total angle around each A; € ¥ is 27k; ;

e an area form on M — ¥, extending smoothly to M ; in the neighbourhood of A; € ¥, it
takes the form x?(z? + y*)"~'dz A dy in a natural system of coordinates ;

e the geodesic flow of the flat metric on M — > gives rise to a l-parameter family of
constant unitary directional flows on M — 3, containing in particular a vertical flow
0/0y and a horizontal flow 0/0x.

We will be interested in the dynamics of these vector fields. By convention (and symmetry)
we will generally concentrate on the vertical vector field.

1.3 Together with the complex structure on M, a translation surface structure ¢ also pro-
vides an holomorphic (w.r.t that complex structure) 1-form w, characterized by the property
that it is written as dz in the charts of (. In particular, this holomorphic 1-form does not
vanish on M — 3. At a point A; € ¥, it follows from condition (ii) that w has a zero of order
(k;—1). The relation (1) between g and « is thus a consequence of the Riemann-Roch formula.

We have just seen that a translation surface structure determine a complex structure on M
and a holomorphic 1-form w with prescribed zeros. Conversely, such data determine a trans-
lation surface structure ¢ : the charts of ( are obtained by local integration of the 1-form w.

The last remark is also a first way to provide explicit examples of translation surfaces. Another
very important way, that will be presented in Section 5, is by suspension of one-dimensional



maps called interval exchange maps. A third way, which however only gives rise to a restricted
family of translation surfaces, is presented in the next section.

2 The translation surface associated to a rational polyg-
onal billiard

2.1  Let U be a bounded connected open subset in R? ~ C whose boundary is a finite union
of line segments ; we say that U is a polygonal billiard table. We say that U is rational if
the angle between any two segments in the boundary is commensurate with 7.

The billiard flow associated to the billiard table U is governed by the laws of optics (or me-
chanics) : point particles move linearly at unit speed inside U, and reflect on the smooth parts
of the boundary ; the motion is stopped if the boundary is hit at a non smooth point, but this
only concerns a codimension one subset of initial conditions.

The best way to study the billiard flow on a rational polygonal billiard table is to view it as
the geodesic flow on a translation surface constructed from the table ; this is the construction
that we now explain.

2.2 Let U be the prime end compactification of U : a point of U is determined by a
point zg in the closure U of U in C and a component of B(z,¢) N U with € small enough (as
U is polygonal, this does not depend on ¢ if ¢ is small enough).

Exercise : Define the natural topology on U ; prove that Uis compact, and that the natural
map from U into U is an homeomorphism onto a dense open subset of U.

Exercise : Show that the natural map from U onto U is injective (and then a homeomor-
phism) iff the boundary of U is the disjoint union of finitely many polygonal Jordan curves.

A point in U—Uis regular if the correspondmg sector in B(zp,¢)NU is flat ; the non regular
points of U — U are the vertices of U.

Exercise : Show that every component of U-Uis homeomorphic to a circle and contain
at least two vertices. Show that there are only finitely many vertices.

A connected component of regular points in U — U is a side of U. The closure in U of a side
C of U is the union of C and two distinct vertices called the endpoints of C'. A vertex is the
endpoint of exactly two sides.

2.3 The previous considerations only depend on U being a polygonal billiard table ; we now
assume that U is rational. For each side C of U, let ¢ € O(2,R) the orthogonal symmetry
with respect to the direction of the image of C'in U C R? . Let G be the subgroup of O(2,R)
generated by the o¢.



As U is rational, G is finite. More precisely, if NV is the smallest integer such that the angle
between any two sides of U can be written as mm/N for some integer m, G is a dihedral group
of order 2N, generated by the rotations of order N and a symmetry oc¢.

For any vertex ¢ € U , we denote by G, the subgroup of G generated by o¢ and o¢r, where

C and C" are the sides of U having ¢ as endpoint ; if the angle of C' and C" is m m,/N, with
mq AN Ny = 1,G is dihedral of order 2N,.

We now define a topological space M as the quotient of UxG by the following equivalence
relation : two points (z,g), (2/,¢') are equivalent iff z = 2z’ and moreover

o gl =15if2€U;
e gl¢ €{1g, 0¢c}if 2 belongs to a side C of U ;
o g lg €G,if zis a vertex of U .

We also define a finite subset > of M as the image in M of the vertices of U.
Exercise : Prove that M is a compact topological orientable surface.

To define a structure of translation surface on (M, Y) (with appropriate ramification indices),
we consider the following atlas on M — .

e for each g € GG, we have a chart

UX{g}—>]R2
(2,9) — g(2) ;

e for each 2z belonging to a side C' of U , and each g € G, let Z be the image of 2o in
U,e be small enough, V' be the component of B(Zy,e) N U corresponding to 2,V be
interior of the closure of the image of V in U ; we have a map

Vx{g,g0} —R?

sending (z, g) to g(z) and (z, go.) to g(6.(z)), where . is the affine orthogonal symmetry
with respect to the line containing the image of C' in R%. This map is compatible with
the identifications defining M and defines a chart from a neighbourhood of (z,¢g) in M
onto an open subset of R2.

One checks easily that the coordinate changes between the charts considered above are trans-
lations. One then completes this atlas to a maximal one with property (i) of the definition of
translation surfaces.

Exercise : Let ¢ be a vertex of U , and let mm,/N, be the angle between the sides at ¢
and G, the subgroup of G as above. Show that property (i¢) in the definition of a translation



surface is satisfied at any point (¢, g G,) € X, with ramification index m, (independent of the
coset g G, under consideration).

We have therefore defined the ramification indices x; at the points of ¥ and constructed a
translation surface structure on (M, 3, k).

2.4  The relation between the trajectories of the billiard flow on U and the geodesics on
M — ¥ is as follows.

Let z(t),0 <t < T be a billiard trajectory ; let ¢; < ... < tx be the successive times in (0,7")
where the trajectory bounces on the sides of U (by hypothesis, the trajectory does not go
through a vertex, except perhaps at the endpoints 0 and 7). Denote by C; the side met at
time ¢; and define inductively g, ..., gy by

go = 1G’ )
9i+1 = Gi 0Cy14 -

For any g € GG, the formulas

(Z(t)ngO)u f01"0<t<t1,
zo(t) = ¢ (2(1),99), fort; <t <ty (1<i<N),
(Z(t)aggN)a for tN <t<T,

define a geodesic path on M. Conversely, every geodesic path on M (contained in M — X
except perhaps for its endpoints) defines by projection on the first coordinate a trajectory of
the billiard flow on U.

2.5  The left action
gO(zag) = (Zago g)

of Gon U x G is compatible with the equivalence relation defining M and therefore defines
a left action of G on M. The corresponding transformations of M are isometries of the flat
metric of M but not isomorphisms of the translation surface structure (except for the iden-
tity !). The existence of such a large group of isometries explain why the translation surfaces
constructed from billiard tables are special amongst general translation surfaces.

2.6  On the other hand, when a billiard table admits non trivial symmetries, this gives rise
to isomorphisms of the translation surface structures. More precisely, let H be the subgroup

of G formed of the h € G such that h(U) is a translate U + ¢, of U. The group H acts on the
left on M through the formula

h(z,9) = (h(z) — th, g ™),
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which is compatible with the equivalence relation defining M. Each h € H acts through an
isomorphism of the translation surface structure (permuting the points of ). This allows to
consider the quotient under the action of H to get a reduced translation surface (M’ ¥/, k', (')
and a ramified covering from (M, Y) onto (M’,Y).

2.7  To illustrate all this, consider the case where U is a regular n-gon, n > 3. The angle
at each vertex is then 722 |

Exercise : Show that G = G, for every vertex ¢ and that G has order n if n is even, 2n if n is
odd. Show that ¥ has n points, each having ramification index n—2 if n is odd, "T_Z if n is even.

(n—1)(n—2)

Conclude that the genus of M is 5

if nis odd, (% —1)%if n is even.

Exercise : Show that the subgroup H of subsection 2.6. is equal to G if n is even, and is
of index 2 if n is odd. Show that the reduced translation surface satisfies #¥' =2 if N — 2 is
divisible by 4, #3>’ = 1 otherwise. Show that the corresponding ramification index is n — 2 if

n odd, (”;2) if n is divisible by 4, Lzm if n — 2 is divisible by 4. Conclude that the genus ¢

is “>2 if n is odd, 2 if n is divisible by 4, 22 if n — 2 is divisible by 4.

3 Interval exchange maps : basic definitions

3.1 Let (M,%,k,() be a translation surface and let X be one of the non zero constant
vector fields on M — 3 defined by (.

Definitions An incoming (resp. outgoing) separatrix for X is an orbit of X ending
(resp. starting) at a marked point in 3. A connection is an orbit of X which is both an
incoming and outgoing separatrix.

At a point A; € ¥, there are k; incoming separatrices and x; outgoing separatrices.

Let S be an open bounded geodesic segment in M — 3, parametrized by arc length, and trans-
verse to X. Consider the first return map Ts to S of the flow generated by the vectorfield X.

As X is area-preserving, the Poincaré recurrence theorem guarantees that the map Ty is de-
fined on a subset Dpg of S of full 1-dimensional Lebesgue measure. The domain Dr, is open
because S itself is open and the restriction of T to each component of Dr is a translation
(because the flow of X is isometric). Also, the return time is constant on each component of
DTS'
We now show that Dy, has only finitely many components. Indeed, let z € S be an endpoint
of some component J of Dr,, and let ¢; the return time to S of points in J. Either there
exists T € (0, ;) such that the orbit of X starting at x stops at time 7" at a point of ¥ without
having crossed S, or the orbit of X starting at x is defined up to time ¢; and is at this moment
at one of the endpoints of S, also without having crossed S. This leaves only a finite number



of possibilities for z, which gives the finiteness assertion.
The return map T is thus an interval exchange map according to the following definition.

Definition Let I C R be a bounded open interval. An interval exchange map (i.e.m) 7" on
I is a one-to-one map 1" : Dp — Dp-1 such that Dy C I, Dp-1 C I, 1 — Dp and I — Dp-1 are
finite sets (with the same cardinality) and the restriction of 7" to each component of Dr is a
translation onto some component of Dp-1.

3.2 Markings, combinatorial data

Let T': Dy — Dp-1 be an interval exchange map. Let d = #mo(Dr) = #mo(Dp-1). Then T
realizes a bijection between mo(D7) and mo(Dp-1). To keep track of the combinatorial data,
in particular when we will consider below the Rauzy-Veech continuous fraction algorithm for
i.e.m, it is convenient to give names to the components of Dy (and therefore through 7" also
to those of Dp-1). This is formalized as follow.

A marking for 7' is given by an alphabet A with #.4 = d and a pair 7 = (7, 7,) of one-to-one
maps

Tt
A—{l,...,d}

Th

such that, for each a € A, the component of Dt in position m;(«) (counting from the left) is
sent by T to the component of Dr-1 in position m,(«). We summarize these combinatorial

data by writing just
( () . w7 N(d) )
(1) ... om (d)
expressing how the intervals which are exchanged appear before and after applying 7T'.

Two markings (A, m, m,), (A’, 7, ) are equivalent if there exists a bijection i : 4 — A’ with
Ty = T, 04, T, = T}, O 1.

Clearly T determines the marking up to equivalence.
3.3 Irreducible combinatorial data

We say that combinatorial data (A, m, m) are irreducible if for every 1 < k < d = #.A, we

have
7r;1({1, ook} # w;l({l ok}

The condition is invariant under equivalence of markings. We will always assume that the
i.e.m under consideration satisfy this property. Otherwise, if we have

({1, k) =1 ({1 k)



T is the juxtaposition of an i.e.m with k intervals and another with d — k, and the dynamics
of T reduce to simpler cases.

3.4 Terminology and notations
Let T': Dy — Dp-1 be an i.e.m on an interval I ; let (A, m;, m,) a marking for 7.

The points uf < ub < ... < ul_; of I — Dr are called the singularities of T ; the points
ub <l < ... <ul | of [ — Dp-1 are called the singularities of 7.

For each o € A, we denote by I, or just I, the component of Dy in position 7;(«) (counting
from the left), and by I? its image by T which is also the component of Dp-1 in position m,(a).

We denote by )\, the common length of I! and I2. The vector A = (\y)aca in RA is the
length vector and will be considered as a row vector.

On the other hand, let 6, be the real number such that I° = I! +§,. The vector § = (04 )aca
is the translation vector and will be considered as a column vector.

The length vector and the translation vector are related through the obvious formulas
b= D> A= D> A= Quphg
o (B)<my () ™ (B)<mi(a) B
where the antisymmetric matrix €2 is defined by
+1 if my(B) < my(a) and m(B) > m(«),
Qop =4 —1 ifm(F) > m(e) and m(B) < m(a),

0 otherwise.

4 Suspension of i.e.m : the zippered rectangle construc-
tion

4.1  We have seen in subsection 3.1 that we come naturally to the definition of an inter-
val exchange map by considering return maps for constant vector fields on translation surfaces.

Conversely, starting from an interval exchange map 7', we will construct, following Veech [Ve2]
a translation surface for which T" appears as a return map of the vertical vector field. However,
as the case of the torus for rotations already demonstrates, supplementary data such as return
times are needed to specify uniquely the translation surface.



Let T : Dy — Dp-1 be an i.e.m on an interval I, equipped with a marking (A, m, m,) as above.

A vector T € R4 is a suspension vector if it satisfies the following inequalities

(Sx) Z Ta >0, Z To <0 foralll <k <d.
mi(a)<k mp () <k
Define
T = mp(a) —m(a) , a€A.

Then the vector 7°*" satisfies (S;) iff the combinatorial data are irreducible (an hypothesis

that we will assume from now on). When the combinatorial data are not irreducible, no vector
7 € RA satisfies (S;).

4.2 A simple version of the construction

Let T as above ; we assume that the combinatorial data are irreducible and use the notations
of subsection 3.4. Let also 7 € R be a suspension vector.

We will construct from these data a translation surface (M, k,(). We first give a simple
version of the construction that unfortunately is not valid for all values of the data.

We identify as usual R? with C and set (, = A\ + i1, for o € A.

Consider the “top” polygonal line connecting the points 0, Cﬂ,t—l(l)’ Cﬂt—l(l) + Cﬁt-1(2),...,
Cﬂ,;l(l) + Cﬂ;1(2) +...+ Cﬂgl(d) and the “bottom” polygonal line connecting the points 0, ngl(l),
Cﬂ;l(l) -+ Cﬂ;l(z), o ,(ﬂ;1(1) + Cﬂ;1(2) +...+ Cﬂ;1(d). Observe that both lines have the same
endpoints and that, from the suspension condition (S;), all intermediary points in the top
(resp. bottom) line lie in the upper (resp. lower) half-plane.

When the two lines do not intersect except from their endpoints, their union is a Jordan curve
and we can construct a translation surface as follows : denoting by W the closed polygonal
disk bounded by the two lines, we identify for each a € A the (, side of the top line with
the (, side of the bottom line through the appropriate translation and define M to be the
topological space obtained from W with this identifications. The finite subset ¥ is the image
of the vertices of W.

Exercise : Check that M is indeed a compact oriented topological surface.
The atlas defining the translation surface structure is obvious : besides the identity map on

the interior of W, we use charts defined on neighbourhoods of the interiors of the (, sides
which have been identified.
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Condition (ii) in the definition of a translation surface and ramification indices will be dis-
cussed below.

This construction is very easy to visualize, and the non intersection condition is frequently

ccm)

satisfied : for instance when Z T, = 0 (in particular for 7 = 7°“"), or when )\ﬂ_;l( Q) = Aﬂgl( a0

Unfortunately, it is not always satisfied. For instance, taking for combinatorial data (with
A={A B,C,D}),
T = (m ) = (A B D (J)
’ D A C B)’

we may have (4 = 1+1, (g =3+31, (¢ =e+1, (p =3— 3t with € > 0. Then the suspension
condition (.5;) is satisfied but the two lines intersect non trivially when 0 < e < 1.

4.3 Zippered rectangles

Let T, \,7,{ = XA+ i1 as above. The length vector and the translation vector ¢ are related
through.

5=\,
We define
h=-Qr,
0=0—1ih=Q".

We consider here ), 7 as row vectors in R4, ¢ as a row vector in C4, 6, h as column vectors in
RA and 6 as a column vector in CA.

Exercise : Check that in the construction of subsection 4.2, the (, side of the “top line”
was identified to the (, side of the “bottom line” through a translation by 6,.

We observe that for all @ € A we have

ha: Z 83 — Z T8

ml<mia mpB<Tpar

and therefore, from the suspension condition (S;) :

he > 0.
Indeed, the first sum on the right-hand side is > 0 except if m,a« = 1 when it is 0 and the
second sum is < 0 except if mya = 1 when it is 0. By irreducibility, we cannot have both
ma =1 and ma = 1.
Define the rectangles in R* = C :
R =1' x[0,hd],
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Rb =1 x [~hq, 0],

«

Let ul < ul < ... <l | be the singularities of T, u} < u} < ... < uf_ | those of T~'. Write
also I = (ug,uq). Define, for 1 <1< d—1:

St ={ul} x [0, ) 7o),

Wtagi
S ={ul} x (Y 7a,0].
Tpa<i
Define the points
OO - ('LL(), O>7 Od — (udu ZTa)u

Cf:Co—f-ZCa, Cf:Co—l-ZCa, for 0 < i< d.

TI'tCMSZ' wbagi

Finally, let S* be the closed vertical segment whose endpoints are (ug,0) and Cjy.

t
RC
Rg!
z; =TT ést N
R,t -Te \
A -
_._C.l} R \\ Rp'
QA - T C1t CQ( \‘\
- - ‘ ” .\.
Qo T - \ED
] N\ *
R | N
N\ ' b N
\ | b IqA ‘\i
Lo ) . R Lo -ty
\\ RC : — - -
\ C.b c Cp w7 -
\ e B _ Y3
\\ C’C‘_ R
N -
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Let M be the union of all the elements just defined : the R, R (a € A), St S (0 <i<d),
Co, Cq, C!, C? (0 <i < d) and S*.

We use translations by 6,, a € A to identify some of these elements :

e We identify R!, and R® = R, +0,, .

[ ] We ldeIltlfy Cfrt(a) aIld Cgb(a) — Cfrt(a)—i_@a? and aISO Cf’l’t(a’)—l and CTbrb(a)—l — C7t'('t(a)—1 +0CM7
here, we have by convention C§ = Cf = Cy, Cl, = C% = Cy.

e finally, if ¥, 7, > 0, we identify by Hﬂgl(d) the top part of Sfm 0 with S* ;if X, 7, <0,

b
we identify S* with the bottom part of Si,,nfl(d) by Qﬂtfl(d).
t

We denote by M the topological space deduced from M by these identifications. We denote
by ¥ the part of M which is the image of {C, Cy, Ct, C?} .

One easily checks that M is compact and that M — 3 is a topological orientable surface. Every
point in M — 3, except those in the image of S* when ¥ 7, # 0, has a representative in the
interior of M ; for those points, a local continuous section of the projection from M onto M
provides a chart for the atlas defining the translation surface structure. We leave the reader
provide charts around points in the image of S*.

In the next section, we complete the construction by investigating the local structure at points
in 3 : this means checking that M is indeed a topological surface, that condition (ii) in the
definition of translation surfaces is satisfied, and computing the ramification indices.

Let us however observe right now that we have indeed a suspension for the i.e.m. 7T on [.
The return map on the horizontal segment I x {0} (or rather its image in M) of the vertical

0

vector field En is exactly T. The return time of I’ is equal to h,.
Y

4.4 Ramification indices

Let C the set {C!,C? ;0 < i < d} with 2d — 2 elements ; turning around points of ¥ in an
anticlockwise manner, we define a “successor” map o : C — C :

e o(C!) = Czbngl(iﬂ)—l’ except if mym; '(i + 1) = 1 in which case o(C!) = C* _,

L] U(C]b) = C;ﬁfl

) except if mm, () = d in which case J(C]l?) =C"
b

Trtﬂgl(d)'

We see that o is a permutation of C, exchanging the C! and the C’jl-’ . Therefore every cycle
of ¢ has even length.

From the very definition of o, points of 3 are in one-to-one correspondance with the cycles of
0. Moreover, one checks that small neighbourhoods of points of ¥ are homeomorphic to disks,
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and that condition (ii) in the definition of a translation index is satisfied, the ramification
index being half the length of the corresponding cycle.

Summing up :

e The number s of points in ¥ is the number of cycles of the permutation o.

e The ramification indices ; are the half lengths of the cycles ; in particular, we have
d —1= Z /‘ij .
j=1

If g is the genus of the compact surface M, we also must have

S

29-2=> (ki —1).

=1

We therefore can relate d, g, s by
d=29+s—1.

4.5 Homology and cohomology of M

Consider the homology groups Hy(M,Z), Hy(M — X, 7Z), H (M, 3,Z). The first one has rank
2g, the last two have rank 2g + s — 1 = d. They are related through maps

Hl(M - E,Z) - HI(M7 Z) - Hl(Ma Z,Z)
where the first map is onto and the second is injective.

The zippered rectangle construction provides natural bases for Hy(M —X, Z) and Hy (M, 3, Z).

For o € A, let [6,] be the image in Hy(M — 3,7Z) of a path joining in the interior of M the
center of R! to the center of R” ; and let [¢,] be the image in Hy(M,%,Z) of a path joining

in Ry, U{C}, )_1:Cr, (o} the point CF | to CF .y (if m(a) = d and Ea7, < 0, the path
should be allowed to go through S* also).

The intersection form establishes a duality between H; (M — X, 7Z) and Hy(M,3,7Z). Now we
clearly have, for o, 8 € A :

< [Qa]a [CB] >= 5aﬁ )

which shows that ([0a])aca, ([(s])sea are respectively bases of Hy (M —X,Z), H, (M, X, Z) dual
to each other.
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Considering [0,] as classes in Hy(M,Z), the intersection form now reads :

< [0al [65] >= Qpa

Indeed, writing [0,] for the image of [0,] in Hy (M, X, Z), we have

[Ba) = D QuslGs]
E

which shows in particular that
rk 2 =2g.

Going to cohomology, we have maps

HY(M,%,7) — H\(M,Z) — H\(M — %,7)

(and similar maps with real and complex coefficients) where the first map is onto and the
second is injective.

The holomorphic 1—form w associated to the translation surface structure determines by
integration a class [w] € H'(M,%, C) (this will be studied in more details and generality in
section 6 below). One has

< [w]a [Coz] >= Coz >

< [@],[0a] >= 0, ,
where [0] is the image of [w] in H'(M — %, C).
Therefore the vectors A, 7 can be considered as elements of H'(M, Y, R), the vector ( = A+t
as an element of H'(M, 3, C). The vectors , h can be considered as elements of H!(M —Y, R) ;
they actually belong to the image of H'(M,R) into H'(M — 3, R) because they vanish on the
kernel of the map from Hy(M — X, Z) to Hy(M,Z). Similarly, # = § —ih belongs to the image
of HY(M,C) into H'(M — 3, C).

Finally, the area of the translation surface M is given by

A:Z Mo ho =7 QN
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5 Representability, minimality, connections

5.1  We have seen in subsection 3.1 that for any translation surface, the return map of the
vertical vector field on any horizontal segment is an interval exchange map. In the zippered
rectangle construction, the horizontal segment I x {0} is wide enough to intersect all orbits
of the vertical vector field.

Already in the case of the torus, when the vertical vectorfield has rational slope with respect
to the lattice, it is clear that a short enough horizontal segment will not intersect all orbits. In
higher genus, the same can happen even when the vertical vector field has no periodic orbits,
as the following construction shows.

Let Ay, Ay be two lattices in R? with no non zero vertical vectors ; let T; = R?/A; ; choose
on each T; two vertical segments [A;, B;] of the same length. Slit T; along [A;, B;] and glue
isometrically the left side of [A;, B;] to the right side of [As, Bs] and vice-versa. We obtain a
compact oriented surface M of genus 2, with two marked points A (image of Ay, Ay) and B
(image of By, By) ; the canonical translation surface structures on T3, T» generate a translation
surface structure on (M, {A, B}) with ramification indices k4 = kg = 2. The vector field has
no periodic orbit in view of the hypothesis on Ay, Ay but obviously any small horizontal seg-
ment in 7} not intersecting [A;, By] will only intersect the orbits of the vectorfield contained
in T7.

Even when an horizontal segment intersects all orbits of the vertical vectorfield, the number
of intervals in the i.e.m obtained as return map depends on the segment.

Exercise For a torus with one marked point and a minimal vertical vectorfield, show that
the return map on a horizontal segment starting at the marked point is an i.e.m with 2 or

3 intervals. Find necessary and sufficient conditions for the return map to have only 2 intervals.

5.2  In order to understand which translation surfaces can be obtained via the zippered
rectangle construction, the following lemma is useful.

Let (M, 3, k, ¢) be a translation surface. Denote by (®}), resp. (®F), the flow of the vertical,
resp. horizontal, vectorfield.

Let xg € M — ¥ a point of period T for the vertical vectorfield.

Lemma There exists a maximal open bounded interval J around 0 such that for s € J, the
vertical flow ®) (®H(xy)) is defined for all times t € R. One has

O (2 (20)) = O (D] (20)),
for s € J;t € R, and the map
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JXR/TZ — M
(s,t) = @ (P (20))
1s injective. The compact set

Zt = lim {®V. . (®7(x
im (@} 7y(0 (v0))}

1s a finite uniton of points of X and vertical connections between them. The same holds for

i S{iirrgJ{q)ngT](@f(xo))}.

The image CI)E(/IT] (@ () is called the cylinder around the periodic orbit of xy. Its bound-
ary in M is Zt U Z~.

Proof : Let J be an open bounded interval around 0 such that ®(x) is defined for s € J

and @) (P (z)) is defined for all t € R, s € J. Any J small enough will have this property.
Moreover, we must have

7 (P (20)) = D' (x0)

for all s € J because the set of s with this property contains 0 and is open and closed in J.
The map

JxR/TZ — M
(s,t) = @ (@ (20))

must be injective : if we had

@y, (D5 (20)) = @, (2] (o)),

then either sy = s1 ,0 < t; — tg < T would contradict that T is the minimal period of x( or
S0 < s1 would imply that

Q%,T} ((p[lj0751] (l’o))

is open and closed in M, hence equal to M, contradicting that > is non empty.
The injectivity gives a bound on the length of J, namely

|J| < AT
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where A is the area of M. This bound means that there exists indeed a maximal bounded
open interval with the required properties. The maximality in turn implies that the set Z+
must meet X (otherwise ®ff ;(x¢) is defined and of period T for the vertical flow), and thus
is a finite union of points of Y. and vertical connections between them. Similarly for Z~.

O

5.3 Proposition Let (M, %, K, C) be a translation surface, and S be an open bounded hor-
izontal segment in M. Assume that S meets every vertical connection (if any). Then, either
every infinite half-orbit of the vertical vectorfield meets S, or there is a cylinder containing
every (infinite) orbit of the vertical vectorfield not meeting S.

Proof : Denote by Ts the return map of the vertical vectorfield to S, by &, the flow of the
vertical vectorfield. Let u! be a singularity of Ty, J the component of the domain of Ty to the
left of u!, t; the return time to S in J. For 0 < t < t¥(ul) :=t;, let

oL (ut) = g}i/% D, (z).
In the same way we define a right-limit ®2(ut), 0 < ¢t < tF(u!), and, for a singularity u® of T5 ',
we define left and right limits ®L(ub), ®E(u’) (for negative time intervals 0 > ¢ > t&(u?),0 >
t > tR(u®) respectively).

Claim The sets Xt = [ Uy, CI)[OtL( t)](ut) U [ Uy CD[IZL(ub),o]<u6) | and
R = [Uut (I)[07tR(ut) ( ) ] U [U (I)[tR ub), (Ub) ] are equal.

Proof : Let u' be a singularity of Ts. We prove that Q)[O L (ut)) (u') is contained in X. The
claim then follows by symmetry. We distinguish two cases.

a) Assume first that h/m Ts(x) is not the right endpoint of S. Then, it is a singularity u® of
T ¢ . As S meets every vertical connection, the set <I>[O L (ut)] (u') contains exactly one point

of 3, say ®L(u'). Then CI>[L0M (u') is equal to <I>[07t*1 (u'), and <I>[t* ity (') 1s contained in
ffnuny g (1)

b) Assume now that li/mt Ts(x) = u* is the right endpoint of S. Then u® = li/m* Ts(x) is a sin-

gularity of T L Again, as S meets every vertical connection, the union
é[[(itL(ut)] (u?) U CI)[ZZL(ub),O} (u’) contains at most one point of ¥, and it is contained in

5 ey (4) U i gp (1) - -

End of proof of proposition : Let X be the union, over the components J of the domain pf T,
of the @y, ,1(J) (with ¢, the return time to S on J) ; let X be the union of X and X* = X%

As XL = XB X n (M — ) is open in M — ¥. There are now two possibilities.

a) the return map Ts does not coincide with the identity in the neighbourhood of either end-
point of S. Then, the set X is easily seen to be also closed in M. Therefore X = M and every
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infinite half-orbit of the vertical vectorfield meets S.

b) The return map Ts coincides with the identity in the neighbourhood of at least one of the
endpoints of S. Let Y be the cylinder containing the corresponding periodic orbits. As the
boundary of Y is made of vertical connections and points of X, it is contained in X. Then
X UY must be equal to M and the second possibility in the statement of the proposition
holds. O

5.4 Corollary  If the vertical vectorfield on a translation surface has no connection, it is
minimal : every infinite half orbit is dense.

Proof : Otherwise there exists an open bounded horizontal segment S which does not meet
every infinite vertical half-orbit. By the proposition, there would exist a cylinder containing
these orbits ; but this is also not possible, since the boundary of a cylinder contains a vertical
connection. 0]

5.5 Corollary  Let (M, 3%, k,() be a translation surface and S be an open bounded horizontal
segment. Assume that

(H1) S meets every vertical connection (if any).

(H2) The left endpoint of S is in 2.

(H3) The right endpoint of S either belongs to X2, or to a vertical separatrix segment which
does not meet S.

Then the translation surface is isomorphic to the one constructed from the return map Ts by
the zippered rectangle construction with appropriate suspension data.

Proof : Applying the proposition in 5.3, we see that the second possibility in the statement of
the proposition is forbidden by the hypothesis (H2) and therefore S meets every infinite half-
orbit of the vertical vectorfield. Therefore, every ingoing separatrix of the vertical vectorfield
meets S ; the intersection point which is closest (on the separatrix) to the marked point is a
singularity of Ts and we obtain in this way a one-to-one map between ingoing separatrices of
the vertical vectorfield and singularities of Ts ; in the same way, there is a natural one-to-one
correspondence between outgoing separatrices and singularities of T'g ! The vertical lengths
of the corresponding separatrices segments determine the suspension data. It is now a di-
rect verification, which we leave to the reader, to check that our translation surface is indeed
isomorphic to the one obtained from these suspension data by the zippered rectangle construc-
tion. Il

5.6 Proposition Let (M,X, k,() be a translation surface and let Sy be an outgoing sep-
aratrix of the horizontal vectorfield. If either the horizontal or the vertical vectorfield has no
connection, then some initial segment S of Sy satisfies the hypotheses (H1),(H2),(H3) of
Corollary 5.5

Proof : First assume that there is no vertical connection. Then any initial segment S of S.,
satisfies (H1) and (H2).Let S be some initial segment of Sy, and S’ be some vertical separa-
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trix ; as there is no vertical connection, S’ is dense, and therefore intersects S. Let B be the
intersection point closest along S’ to the point of X at the end of S’ ; the initial segment .S of
Sso with right endpoint B satisfies (H1) , (H2) and (H3).

Assume now that there is no horizontal connection. Then S, is dense. As there are only
finitely many vertical connections, every initial segment S of S,, which is long enough satisfies
(H1), and also (H2). Let S’ be a short enough vertical separatrix segment ; if the initial
segment S of Sy is long enough it will intersect S’, but only after having met all vertical
connections ; again we cut S at the intersection point with S’ which is closest to the marked
point at the end of S’. We get an initial segment S of S, which satisfies (H1), (H2) and
(H3). O

5.7 We reformulate Corollary 5.4. in the context of i.e.m.

Definition A connection for an i.e.m. T on an interval I is a triple (m,u’, u®) where m is a
non negative integer, u! is a singularity of 7', u® is a singularity of 77!, such that

T (ub) = u' .
Theorem (Keane [Keal]) If an i.e.m. has no connection, it is minimal : every half-
orbit 1s dense.

Proof : Choose suspension data, construct a translation surface by the zippered rectangle con-
struction ; the vertical vectorfield has no connection because the i.e.m. does not have either ;
thus it is minimal and the same holds for the i.e.m. 0

5.8 In this context, the following result of Keane is also relevant.

Proposition  If the coordinates of the length vector of an i.e.m. are rationally independent,
it has no connection.

Proof : Choose suspension data, construct a translation surface by the zippered rectangle con-
struction. We use the notations of 4.5. If the i.e.m. had a connection, the vertical vectorfield
on the translation surface would have a connection which we could express as a linear combi-
nation X n,[(] in Hy (M, 3, Z) with integer coefficients. Integrating against the holomorphic
1-form, we have ¥ n, A, = 0 but X n,7, # 0, a contradiction. O

Exercise For d = 2, T is minimal iff there is no connection, anf iff the lengths of the

intervals are rationally independent. For d > 3, show that there exists 7" minimal but having
a connection, and also T" with no connection but lengths data rationally dependent.

6 The Teichmiiller space and the Moduli space

6.1 The Teichmiiller space
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Let M be a compact orientable topological surface, 3 a finite non-empty subset, x a set of
ramification indices.

We denote by Diff(M, ) the group of homeomorphisms of M fixing each point of ¥, by
Diff" (M, ¥) the subgroup of index 2 formed of orientation preserving homeomorphisms, by
Diffy(M, X)) the neutral component of Diff(M,¥), by Mod(M, ) the modular group (or
mapping class group) Diff(M, X)) /Diffy(M, ¥), and by Mod™* (M, ) the subgroup (of index 2)
Dift* (M, ) /Diffy (M,X) .

The group Diff(M, 33) acts on the set of translation surface structures on (M, ¥, k) : if ( = (¢q)
is an atlas defining such a structure, f.( is the atlas (o, o f71) (for f € Diff(M,Y)).

Definition The Teichmiiller space Q(M, X, k) is the set of orbits of the action of Diffy(M, X))
on the set of translation surface structures on (M, X, k).

6.2 Topology on Q(M, X, k)
We will fix once and for all a universal cover

P (M%) — (M, A)
where A; is the first point of X.

Given a translation surface structure ¢ on (M, ¥, k), we define an associated developing map

D, : (M, %) — (C,0)

by integrating from x the 1-form p*w, where w is the holomorphic 1-form determined by (.
Conversely, the developing map determines ¢. The set of translation surface structures on
(M, (, k) can therefore be considered as a subset of C(M,C) ; we equip this set with the
compact-open topology, the set of translation surface structures with the induced topology,
and the Teichmiiller space Q(M, X, k) with the quotient topology.

6.3 The period map

Let ¢ be a translation surface structure on (M, ¥, k), w be the associated holomorphic 1-form,

v a relative homology class in Hy(M,>,7Z). As w is closed, the integral fvw is well-defined.
Moreover, if f is an homeomorphism in Diffy(M, X)), f acts trivially on Hy(M, X, Z), therefore

the map
(—(r— /w)

is constant on orbits of Diffy(M,Y) and defines a map
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©:Q(M,%, k) — Hom(H,(M,%,7Z),C)

called the period map. Here, we will generally identify in the right-hand side Hom(H; (M, X, Z), C)
with the cohomology group H*(M, %, C).

The importance of the period map lies in the following property.
Proposition  The period map is a local homeomorphism.

The proposition will be proved in section 6.5

6.4 Action of GL(2,R) on Teichmiiller space

Let ¢ = (pq) be an atlas defining a translation surface structure on (M, X, k), and let g be an
element of GL(2,R) acting on R? ~ C.

Consider the atlas g.( = (g o @) ; because the conjugacy of a translation by an element
of GL(2,R) is still a translation, the atlas g.( defines another translation surface structure
on (M,X, k) and we have thus a left action of GL(2,R) on the space of translation surface
structures.

It is clear that this action commutes with the action of the group Diff(M, ¥). In particular,
it defines a left action of GL(2,R) on the Teichmiiller space Q(M, ¥, k).

One easily checks that this action is continuous.

Regarding the period map O, the group GL(2,R) acts on the right-hand side Hom(H; (M, X, 7Z), C)
by acting on the target C = R2. The period map is then covariant with respect to the actions
of GL(2,R) on the source and the image.

It is to be noted that the subgroup SO(2,R) preserves some of the auxiliary structures asso-
ciated to a translation surface structure : the complex structure is invariant, the holomorphic
1-form is replaced by a multiple of modulus 1, the flat metric is preserved as is the associ-
ated area. The group SO(2,R) acts transitively on the set of constant unitary vectorfields ;
therefore, every result proved for the vertical vectorfield is valid for a non constant unitary
vectorfield. Actually, if we use the full action of GL(2,R), we see that in section 5 we can re-
place the vertical and horizontal vectorfield by any two non-proportional constant vectorfields
on the translation surface.

6.5 Proof of proposition 6.3

We first observe that the period map is continuous : this follows immediately from the defini-
tion of the topology on Teichmiiller space. To study the properties of © in the neighbourhood
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of a point [(] in Q(M, X, k), we may assume that the translation structure ¢ has no vertical
connection ; otherwise, we could replace ( by R.( for some appropriate R € SO(2,R) and use
the covariance of the period map.

Then we know that the translation surface structure ¢ can be obtained by the zippered rect-
angle construction from some i.e.m. 7" on some interval I.

Because the conditions on the length data A and the suspension data 7 in the zippered rect-
angle construction are open, the period map, expressed locally by (A, 7), is locally onto.

It remains to be seen that the period map is locally injective, with continuous inverse.

In the zippered rectangle construction, we will always assume (by choosing the horizontal
separatrix S, appropriately in proposition 5.6) that the first marked point A; of ¥ is the left
endpoint of the interval /. The surface M was obtained in section 4.3 from some explicitly
defined subset M of C, depending only on 7w, A and 7. We can lift M to a (connected) subset
]/\4\4 of M (with the left endpoint of I lifted to %) with the property that the developing map

D¢ is an homeomorphism from M, onto M.

If (o, (1 are two translation surface structures close to ¢ with the same image by the period
map, the subset M of C will be the same for ¢y and ¢;. There will be a unique homeomorphism
h: Me, — M, such that D¢, = D¢, o h on Me,. It is easily checked that h extends uniquely

as a homeomorphism of (M, ) still satisfying D¢, = D¢, o h, and that extension is the lift of

an homeomorphism of M. This proves that [(s] = [(;] in Teichmiiller space. This proves local
injectivity of the period map ; the continuity of local inverses is proven along the same lines
and left to the reader. 0J

6.6 Geometric structures on Teichmiiller space

First, we can use the locally injective restrictions of the period map as charts defining a struc-
ture of complex manifold of complex dimension d = 2g + s — 1.

This complex manifold will also be equipped with a canonical volume form. Indeed, we can nor-
malize Lebesgue measure on Hom(H,(M,%,Z),R?) by asking that the lattice
Hom(H,(M,%,Z),Z*) has covolume 1. We then lift by the period map this canonical vol-
ume to Teichmiiller space.

6.7 Examples and remarks

Let us consider the case ¢ = s = 1 of the torus T with a single marked point {A4;}. Fix a
basis (1], [¢2] for the homology group Hy(T,{A:},Z).

In this case, the period map is injective and allows to identify the Teichmiiller space with its
image. The image of the period map is
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QT {A1},1) = {(¢1,¢) € (C),&/G ¢ R} .

The two components of Q(T,{A;}, 1) correspond to the two possible orientations. Restrict-
ing to Im (3/¢; > 0, the map ({1, (o) — (/¢ presents Q(T,{A;1},1) as fibered over the upper
half-plane H (representing the classical Teichmiiller space of T') with fiber C* (representing
the choice of a non-zero holomorphic 1-form).

Remarks 1. For g > 2, the period map is not injective. Indeed, let v be a loop on M which
is homologous but not homotopic to 0. We assume that y N X = (). Let then f be a Dehn
twist along 7 ; this can be constructed fixing each point of ¥ and thus defining an element of
Diff(M, ).

If ¢ is any translation surface structure on (M, 3, k), f.¢ and ¢ will have the same image by
the period map because f induces the identity on Hy(M, X, 7). On the other hand, ¢ and f.C
represent different points in Teichmiiller space : indeed, we will see that [fI'(] goes to oo in
Teichmiiller space as n goes to +o0 in Z.

2. Regarding the relation to “classical” Teichmiiller theory classifying the com-
plex structures on compact surfaces, consider the two extremal cases.

Take first s = 29 — 2,k; = ko = ... = kg = 2 ; this means that the holomorphic 1-form
associated with the translation surface structure has only simple zeros, the generic situation
for an holomorphic 1-form. The Teichmiiller space Q(M, X, k) of dimension 2g+s—1 = 4g—3
is fibered over the “classical” Teichmiiller space of dimension 3g — 3 ; the fiber of dimension
g corresponds to the choice of the holomorphic 1-form (which form a g-dimensional vector
space; however, one has to exclude the zero form and those having multiple zeros).

Consider now the case s = 1, Ky = 29 — 2 ; this means that the holomorphic 1-form has a
single zero of maximal multiplicity ; when g > 3, not all Riemann surfaces of genus g admit
such an holomorphic 1-form. Indeed the Teichmiiller space has dimension 2g+s—1 = 2¢g and
the scaling of the holomorphic 1-form corresponds to 1 dimension, hence Q(M, X, k) is fibered
over a subvariety of “classical” Teichmiiller space of codimension > g — 2.

6.8 Normalizations

6.8.1 Normalization of orientation
It is generally convenient to fix an orientation of the orientable topological surface M and then
to consider only those translation surface structures ¢ on (M, 3, k) which are compatible with
the given orientation. The groups Diff" (M, ) and GL*(2,R) act on this subset. We denote
by QT (M, ¥, k) the corresponding subset of Teichmiiller space.

6.8.2 Normalization of area
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Given a translation surface structure ¢ compatible with a chosen orientation, let A(¢) be the
surface of M for the area-form (on M — X ) induced by (. It is clear that the function A is
invariant under the action of Diff" (M, ¥)) and therefore induces a function still denoted by A
on the Teichmiiller space Q" (M, 3, k).

We will write Q) (M, X, k) for the locus {A = 1} in QT (M, X, k)). As A is a smooth submer-
sion, QW (M, ¥, k) is a codimension 1 real-analytic submanifold of Q* (M, X, k).

If [(] € QT (M, %, k) and g € GLT(2,R), we have

A(g4[¢]) = detg A([C]) -

In particular, Q) (M, X, k) is invariant under the action of Diff" (M, X) and SL(2,R).

Let p be the canonical volume form on QT (M, X, k). We write

H =t Aa

then g, induces on QW(M, X, k) a canonical volume form which is invariant under the action

of Diff " (M, X)) and SL(2,R).
6.9 The moduli space
The discrete group Mod(M, ) acts continuously on the Teichmiiller space Q(M, X, k).

Definition The moduli space is the quotient

M(M, Y, k) :=Q(M,%, k) / Mod(M, %) .

The normalized moduli space is the quotient

MODM, 2 k) = QW(M, 2, k) / Mod™ (M, %) .

The action of the modular group Mod (M, X) on Q(M, 3, k) is proper but not always free, as
we explain below. This means that the moduli space is an orbifold (locally the quotient of a
manifold by a finite group) but not (always) a manifold.

To see that the action is proper, consider as above a universal cover p : (]TJ %) — (M, Ay).
Let ¥ = p~1(2). Given a translation surface structure ¢, we can lift the flat metric defined by
¢ to M and consider the distance d¢ on 3 induced by this metric (as length of shortest path).
It is clear that this distance only depends on the class of ¢ in Teichmiiller space. If ¢, (" are

two translation surface structures, the distances d¢, de on ¢ are quasiisometric : there exists
C' > 1 such that
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C~'d:(B,B') < de(B,B') < C d¢(B, B

for all B, B’ € . We write C(¢, (') for the best constant C.

Exercise Prove that a subset X C Q(M, X, k) is relatively compact iff (given any
(o € Q(M, X, k)) the quantities C((,(p),¢ € X, are bounded.

The distances d¢ have the property that any ball of finite radius only contain finitely many
points. On the other hand, the modular group Mod(]\/[ ¥)) acts on 5, and there exists a finite
subset 3 of 3 such that, for any finite subset 3; of 3, the set {g € Mod(M, %), g(30) C &1}
is finite. Using the compactness criterion given by the exercise, it is easy to conclude that the
action is proper.

To see that the action is not always free, it is sufficient to construct a translation surface with
a non trivial group of automorphisms.

Start with an integer £ > 2 and k copies of the same translation torus 7" with two marked
points A, B. Denote by T}, A;, B; the i*" copy, 1 < i < k. Slit 7; along a geodesic segment
A; B; (the same for all 7). For each i, glue isometrically the left side of A;B; in T; to the right
side of A;11B;1 ( with (Tgi1, Agr1, Brr1) = (T3, A1, By)). One obtains a translation surface
of genus k with 2 marked points of ramification index k and an obvious automorphism group
cyclic of order k.

6.10 Marked translation surfaces and marked moduli space

From the point of view of the zippered rectangles construction, it is more convenient to con-
sider translation surfaces with an additional marking.

Indeed, if the construction starts from an i.e.m. T on an interval I, we have said above that
we always take the left endpoint of I as the first marked point A; of the set ¥ on the surface
M. But the interval [ itself appears on the surface as an outgoing separatrix of the horizontal
vector field.

Definition A marked translation surface is a translation surface (M, X, k,() with a
marked outgoing horizontal separatrix coming out of A;.

Obviously, we require that an isomorphism between marked translation surfaces should re-
spect the marked horizontal separatrices. We can then define a Teichmiiller space Q(M, ¥, k)
of marked translation surfaces. It is a ky-fold cover of Q(M, ¥, k), because there are k; possi-
ble choices for an horizontal separatrix out of A;. In particular, when x; = 1, the marking is
automatic and Q(M, %, k) = Q(M, X, k).

On the other hand, it is quite obvious that a marked translation surface cannot have an auto-
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morphism distinct from the identity. Therefore, the modular group Mod (M, X) acts freely on
QV(M , 2, k) and the quotient space, that we denote by M (M, %, k), is now a complex manifold.
This moduli space is a x1-fold ramified covering of the moduli space M (M, 3, k). Normalizing
orientation and area gives a codimension 1 real-analytic submanifold M W(M, %, k).

6.11 In the following sections, we will present the proofs of the following results, ob-
tained independently by H. Masur [Ma] and W. Veech [Ve2].

Theorem 1  Almost all i.e.m. are uniquely ergodic.

The combinatorial data are here fixed and “almost all” refer to the choice of length data ac-
cording to Lebesgue measure.

Theorem 2 The normalized moduli space Ml(M,E,H) has finite volume. The action of
the group SL(2,R) on it is ergodic.

We will follow the approach of W. Veech [Ve5]. The Teichmiiller flow on the moduli space

MW (M, X, k) is the restriction of the action of SL(2, R) to the 1-parameter diagonal subgroup

t
( % e[zt . The ergodicity of the action will follow from the ergodicity of this flow (stronger
properties of this flow will be presented in later sections).

Let us consider what happens in the simple case ¢ = s = 1. Then, the normalized Te-
ichmiiller space is QU (M, ¥, k) = SL(2,R), the modular group Mod* (M, X) is SL(2,7Z), the
normalized moduli space is the space of normalized lattices SL(2,R) / SL(2,Z) which has unit
area and on which SL(2,R) obviously acts transitively. The Teichmiiller flow is essentially the
geodesic flow on the modular surface. It is well known that this flow is closely related to the
classical continuous fraction algorithm. G. Rauzy and W. Veech, introduced a renormalization
algorithm for i.e.m., later refined by A. Zorich, which plays the role of the classical contin-
uous fraction algorithm for more than 2 intervals. This will be the subject of the next sections.

7 The Rauzy-Veech algorithm

7.1  The aim of the Rauzy-Veech algorithm ([Raul,[Vel],[Ve2]), to be defined below, is to
understand the dynamics of an i.e.m. by looking at the return map on shorter and shorter
intervals. What makes this general “renormalization” method available is the fact that the
return maps are still i.e.m. with bounded combinatorial complexity : actually, by choosing
the small intervals carefully, they have the same number of singularities than the i.e.m. we
started with.

7.2 Definition of one step of the algorithm

Let T be an i.e.m. on an interval I, with irreducible combinatorial data (A, 7, 7).
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Let d = #A; let ul < ... < ul | be the singularities of T, u} < ... < uf_, be the singularities
of T71.

The step of the algorithm is defined for 7' if uf,_, # uf_,. Observe that if v}, = u,_,, then
(0,4}, ,,ub ) is a connection for T' (see subsection 5.7).

When uf, | # uf_,, we define I to be the open interval with the same left endpoint than I
and right endpoint equal to max(uf,_,,u% ;).

Let T be the return map of 7' to I.

To understand T, let us introduce the letters oy, oy satisfying m (o) = m(ap) = d which
correspond to the intervals at the right of I before and after applying 7. The hypothesis
uf, | # ub_| corresponds to \,, # Ao,. We distinguish two cases.

Dub | >ul | <= Aoy > Aoy

We say that «; is the winner and «, is the loser of this step of the algorithm, and that the
step is of top type.

We have in this case

~ T(x) if v¢Il,
T(z) = { '
T*(x) if zell,

We use the same alphabet to label the intervals of T ; we define :

I =1 for a#awo,

-Tfyt =1, N I= (ugy, 1)
D=1 for a+# oy o,
I, =1(1,)

To __7b /Tb
Iat = Iat/[ab .

The new length data are given by

_ Ao if a# oy
Ao =
Aoy — Ao

, i a=a.

The new combinatorial data are given by

Ty = T
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() it m(a) < mp(ay),
(o) =< m(ay)+1 if a=ap,

7Tb(0z)—|-1 if ’ﬂ'b(a/t) <7rb(a) <d.

2) uly > ub = A, > A
We now say that a is the winner, «; the loser, and the step is of bottom type. We have

_ T-Yz) if z ¢l
Tl (z) = _
T2(z) if zel’,

(we could also write the formulas for T ; we prefer to write them for T-1 in order to keep
more obvious the bottom/top time symmetry of the setting). The new labelling is

732[3 for a# ap,
[b =10 NI= @b, ul ),
I =1 for a+#a,ap,
T;t =TNI,)

L=1t )T

The new length data are given by

_ Ao if a+#
Ao =
Aoy — A

L i a=op.

The new combinatorial data are given by

Ty = Tp 5

() if m(a) < m(oy),
m(a) =< m(ap) +1 if a=aw,

m(a)+1 if m(a) < m(a) <d.
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Exercise Show that the combinatorial data (7, m,) for T are irreducible.
Exercise Show that if T has no connection, then T also has no connection.

This means that for i.e.m. with no connections, it is possible to iterate indefinitely the
algorithm ; the converse is also true, see below.

Exercise ~ Check that the return map of 7" on an interval I’ with the same left endpoint
than I and |I| < |I'| < |I] is an i.e.m with d + 1 intervals.

In the case of 2 intervals, there is only one possible set of irreducible combinatorial data and
the algorithm is given by

()\A — )\Ba>\B) if Ag > )\B,

()\A7>\B)’_>{
()\A,)\B—)\A) if Ap>MA4.

the iteration of which gives the classical continued fraction algorithm.
7.3 Rauzy diagrams

Let A be an alphabet. For irreducible combinatorial data m = (m;, m,) , we have defined in the
last section new combinatorial data ™ = (7, 7,) depending only on (7, m,) and the type (top
or bottom) of the step ; we write 7 = Ry(m) or ™ = Ry(7) accordingly.

A Rauzy class on the alphabet A is a set of irreducible combinatorial data 7 = (7, 75) which
is invariant under both R; and R, and minimal with this property. The associated Rauzy
diagram has the elements of this set as vertices. The arrows of the diagram join a vertex to
its images by R; and R, and are of top and bottom type accordingly.

The winner of an arrow of top type (resp. bottom type) starting at (m,m) is the letter oy
(resp. ap) such that m(ay) = d (resp. m(ap) = d). The loser is the letter a4, (resp. ;) such
that m,(ap) = d (resp. m(ay) = d).

Exercise Show that the maps R;, R, are invertible and that each vertex is therefore the
endpoint of exactly one arrow of top type and an arrow of bottom type.

Exercise Let 7,7 be arrows in a Rauzy diagram of the same type such that the endpoint of
v is the starting point of 4" ; show that +,~" have the same winner.

For d = 2 or 3, there is, up to equivalence, only one Rauzy diagram pictured below.

For d = 4, there are two non-equivalent Rauzy diagrams pictured below. They correspond
respectively (see next section) to the cases g =2,s =1and g =1,s5 = 3.
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(o
BAX_ )
g=1, s=1,d=2
ACB ABC __ . ABC
CBA « - CBA «— CAB
g=1,5=2,d=3
CACDB ABCDQ
DCBA DBAC ..
! \
O / '

ADBC +——— ADBC ABCD ABDC
DCAB DCBA DACB ——— DACB

ABCD / _
DCBA \ Q\

g=2,5=1,d=4

7.4 The basic step for suspensions

Recall from section 4.1 that for combinatorial data = = (m, 7p,), suspension data (74 )aec4 must
satisfy

(S:) Y 10, > 7<0 foralll <k <d.
(o) <k () <k

We denote by O, the convex open cone in R defined by these inequalities.

The main reason to consider O, is the following property. Set @ = R;(m). Define also, for

T ERA
_ {Ta if a+# oy
Ta:

Toy — Tap, If =0y .
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(" ABCD ____ ABCD—ABDC «— ABDC, __ ADCB~ ™
bDABC DCAB +——DCAB——DCBA __ DCBA ™./

\

ABCD ACBD
DBCA DCBA

/N /" \
ADBC ACDB —— ACDB«—— ACBD ACBD
DBCA DBCA «— DBAC —DBAC DACB

g=1,5=3,d=4

where m(ay) = mp(ap) = d .
Lemma The linear map 7 — 7 sends ©, onto ©z N {>_, 7o <0} .
There is a symmetric statement exchanging top and bottom.

Proof: Let 7 € ©,. As my = my, and T, = 7, for m(a) < d, the first half of the conditions for
(S5) are satisfied. Let ¢ = m,(cy) ; for k < ¢, we have

> 5= 3 A= ¥ n<o.
Fp(a) <k () <k () <k
Next we have

Z 77@: ZTa+Tat_a ZTQ— ZTa—i— ZTO‘<O’

() <l () <l a)<l m(a)<d () <d

and for £ < k < d
Z To = Z To < 0.

i (0)<k mp(a)<k—1

Conversely, let 7 € ©z N {>_ 7, < 0}. Again the first half of (S;) is satisfied. For the second
half, we have

Z Z?rb(a)<k Ta if 1 <k < £,

To =
(@) <k Yk Ta i (<k<d.
Thus, condition (.S) is satisfied. ]

Let then T be an i.e.m. on an interval I, with (irreducible) combinatorial data © = (7, 7)
on an alphabet A. Assume that the condition \,, # A, (with m(a:) = m(w) = d) for
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one step of the algorithm is satisfied. Let 7 € ©, be suspension data satisfying the required
conditions (S;).

If the step is of top type, we define
{ Ty if a# o

Ta =

Tay — Tay

If the step is of bottom type, we define
{ To if a#

—Ta, I a=aqy.

(The formulas are the same than for the length data).
We have explained in Section 4 how to construct a translation surface M (w, A\, 7) from the
given data by the zippered rectangle construction. Writing 7 = R;(7) or R,(m) according to

the type of the step and writing X for the length data of T" as above, we construct another
translation surface M (7, A, 7) from these new data.

An easily checked but fundamental observation is that M (7, A, 7) and M (7, \,7) are canon-
ically isomorphic. This is best seen by contemplating the picture below :

O

M(m, A\, 7) M7\, 7)

The canonical bases of the homology groups Hy(M, %, Z), H (M — 3, Z) are related as follows :
If oy is the winner and a4 is the loser of the step of the algorithm, one has, with the notations
of section 4.5

Ca] =[Gl if o # ap
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[Cao] = [Gao] = ]
0] = [6a] if a#ap,
[fa,] = [0a,] + [Ba] -

7.5 Formalism for the iteration of the algorithm

Given an i.e.m. T, on an interval 1 with no connection and irreducible combinatorial data
(A, ), the iteration of the Rauzy-Veech algorithm will produce a sequence of i.e.m. T}, on
shorter and shorter intervals I with combinatorial data 7(™ (on the same alphabet A ). The
sequence (™), 5o represents an infinite path in the Rauzy diagram D containing 7(®) which
is determined by its starting vertex 7(°) and the types of the successive arrows.

To relate the length vectors and the translation vectors, as well as the suspension data that
we could associate to the i.e.m., we introduce the following matrices in SL(Z4).

Let v be an arrow of D, with winner o and loser 3. We define
B, =1+ Eg,

where I is the identity matrix and Eg, is the elementary matrix with only one non-zero
coefficient, equal to 1, in position Sa. We extend the definition to a path v = (v, - Yn)
defining

=B, - B

M ;e

The matrices B, belong to SL(Z*) and have nonnegative coefficients.

For n > 0, let A be the length vector for 7}, (considered as a row vector), let 6 be the
translation vector (considered as a column vector) ; for m < n, let v(m,n) the finite path in
D from 7™ to (™ determined by the algorithm. The following formulas are trivially checked
when n = m + 1 and then extended by functoriality :

Am) — \(n) Byimn) »

0" = Biymin) m) -

The following interpretation of the coefficients of the matrices B,y is also immediately
checked by induction on n —m : for o, 3 € A, the coefficient of B,y ) in position af3 is the

time spent in I ém) by a point in IS under iteration by T, before coming back to I™. In
part(ic)ular, the sum over (3 of the row of the matrix of index a gives the return time under 7,,
of IV in 1™,

7.6 Symplecticity of B,
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Let 7 be a finite path in a Rauzy diagram D, starting at a vertex 7 and ending at a vertex 7’.
Let Q,, Q. be the matrices associated to 7, 7' as in subsection 3.4. We have seen in subsection
4.5 that rk Q, = rk Qv = 2g, where g is the genus of the translation surface obtained by the
zippered rectangle construction from any vertex in D (and any choice of length and suspension
data).

From the relation between length and translation vectors given in subsection 3.4 and in the

last section, we obtain
Q= B, Q tBl .

From this we see that :
e B 1 acting on row vectors, sends the kernel of Q. onto the kernel of Q. ;
e B,, acting on column vectors, sends the image of {1, onto the image of Q. ;

e if we equip the quotients RA/Ker 2, =~ ImQ,, R*/Ker Q. ~ ImQ’ of the symplectic
structures determined by 2, (2 respectively, then B, (acting on column vectors) is
symplectic w.r.t these structures.

Proposition One can choose, for each vertex m of D, a basis of row vectors for Ker(), such
that, for ally : m — w', the matriz of the restriction of B;l w.r.t. the selected bases of Ker(),,
KerQ,. is the identity. B

In particular, if 7 is a loop at 7, the restriction of B;l to the kernel of Q2. is the identity.

Proof : We construct, for each vertex m of D, an isomorphism ¢, from Ker {2, onto the same
subspace K of R“, such that i, o ‘B L' =, for any arrow v : m — 7. Choosing a basis for
K and transferring it to each Ker (), via i, then achieves the required property.

For 0 < k < d, let ul,u} be the linear forms on the space of row vectors defined by

wA) =D e

wtagk

) =Y A

mpalk

For each vertex , define linear maps 4L, i of RA into itself by

i7(A) = (U()-1)aea; i7(A) = (U () -1 )Jaca:

ti%) : RA — RA x R4 is injective and Ker 2, is the inverse image by this

map of the diagonal of R4 x R4, Let K, be the image of Ker Q. by if; it is also the image by
i. Let i be the common restriction of i’ , i% to Ker (.

When we perform a single step of the algorithm, corresponding to an arrow v : 7 — 7', of top
type for instance, the A, with m;(«) < d and 7, itself do not change, hence the u} for 0 < k < d

Then the map (it
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stay the same. This means that K, = K, and 2,/ o tB;l =i, ]
7.7 Complete paths

Definitions A (finite) path in a Rauzy diagram is complete if every letter in A is the
winner of at least one arrow in the path. An infinite path in a Rauzy diagram is co-complete
if every letter in A is the winner of infinitely many arrows in the path. Equivalently, an
oo-complete path is one can be written as the concatenation of infinitely many complete
paths.

This is a relevant notion because of the following characterization of paths associated to an
i.e.m.

Proposition 1  An infinite path in a Rauzy diagram is associated to some i.e.m. iff it is
oo-complete.

We prove first that a path associated to an i.e.m. is co-complete, then an important auxiliary
result, and then that an co-complete path is associated to some i.e.m .

Proof Let A’ be the set of letters which are the winners of at most finitely many arrows
in the path 7 associated to an i.e.m. T = Tj,.

Let (7},)n>0 be the sequence of i.e.m. obtained from 7" by iterating the Rauzy-Veech algorithm,
A" (") the length and combinatorial data of T,.

There exists ng such that no letter in A’ is a winner for n > ng. Then the lengths )\&n) for
a e A, n > ng, are independent of n.

At each step, the length of the loser is subtracted from the length of the winner. As lengths
are always positive, there must exist n; > ng such that no letter in A’ is a loser for n > n;.
This means that, for a € A’, both 7™ (@) and 7" (@) are non-decreasing with n for n > ny,
hence there exists ny > ny such that these quantities are independent of n for n > n..

Let a € A3 € A— A We claim that 7" (a) < 7" (8) and 7" (a) < 7{"(8). As
A — A’ is not empty and 7("2) is irreducible, this implies that A’ is empty, and therefore vz
is oo-complete.

Assume by contradiction, for instance, that 7."2(8) < 7" (a). We have 7{™(a) = 7" (a)
for n > ns, hence also 7Tt(n) (B) = 7r§n2)(ﬁ) for n > ny. Thus [ is not the winner of an arrow
of top type for n > no. As g € A— A’, § is the winner of an arrow of bottom type for some

n = ng, which gives

") = 7" (@) + 1,
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a contradiction. The claim is proved; this completes the proof of the first part of the proposi-
tion.

Before proving the second half of Proposition 1, we give some Corollaries of the first half.
Corollary 1 The length of the interval I™ on which T, acts goes to zero as n goes to +oo.

Proof : Each length A is a non-increasing function of n hence has a limit A Let £ > 0,
ng such that A < A 4 ¢ for all n > ng, a € A
Let 8 € A. There exists ny > ng such that g3 is the winner of the arrow of index n; — 1 but
not of the next arrow of index ny. Then [ is the loser of the arrow of index n;. Let « be the
winner of this arrow. We have

)\(nl) _ )\(n171) - )\(nlfl)

« « B ’

hence )\gx’) < )\(ﬁm_l) < e. As ¢ is arbitrary, we have )\(ﬁoo) =0 for all 3 € A. O

Corollary 2 The Rauzy-Veech algorithm stops iff the i.e.m. has a connection.

Proof : We already know that the algorithm does not stop if the i.e.m. has no connection.

Assume that T has a connection (m, u?, u®) ; here u! is a singularity of T', u® a singularity of 7~*
and m is a nonnegative integer such that T™(u?) = u'. Assume that one can apply the algo-
rithm once to get an i.c.m. T on an interval I ; the intersection {u?, T(u?), ... T™(ub) = u'} NI

N

will produce a connection (7, @, a?) for T with m < m, and m = miff {u?, T(u?), ..., T™(ub)}
I. When we iterate the algorithm, the length of the interval goes to zero unless the algorithm
stops ; this must therefore happen at some point.

Proposition 2 ([MsMmY],[Y1]) Let vy be a finite path in a Rauzy diagram that can be
written as the concatenation of 2d — 3 complete paths (where d = #.A). Then all coefficients
of B, are positive.

Proof : Write v = Ve K Yy s with each 7 complete, and let 1(@) = ke kY Recall that
the diagonal coefficients of B, (for any path ) are always positive. It is therefore sufficient
to show that, for any distinct letters oy, ag in A, we have (B,(;))aga, > 0 for some i.

As « is the winner of an arrow in ~y ¥ the loser of which we call as, we have

(Bj(l))azoq > 0.

When d = 2, we must have as = g and the result is achieved. Assume d > 2 and as # «p.
Because Yy and 7, are complete, there exists in Y, * Yy an arrow with winner a3z # oy, as
immediately followed by an arrow with winner «y or as. This leads to

(B,y(g))%m >0.
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If d = 3, we must have oy = a3 and we are done. If d > 3 and a3 # ag, we go on in the same
way : there exists in 7, * 7, al arrow with winner a4 # a1, ag, a3 immediately followed by an
arrow with winner aq, as or 3. This leads to

(Bv(5))a4a1 >0.

and we go on ... [

End of proof of Proposition 1 : We want to show that if an infinite path ~ can be written as
the concatenation AP PR S PR of complete paths, then ~ is associated to some i.e.m. with
no connection by the Rauzy-Veech algorithm.

Define the convex open cone

C,=(R.)"B, B, ...B

7y

This is the set of length data (for i.e.m having the starting point of v as combinatorial data)
which lead to a path starting with v ... 7, The set of length data corresponding to - is

therefore
C(v)=1{) Cn-

n>0

By Proposition 2, the closure of C,, 4243 is contained in C,, U {0}. Therefore

{orucy) =) Cu.

n>0

which shows that C(v) is not empty. O

We will describe more precisely C(y) in the next section.

8 Invariant measures

8.1 Invariant measures and topological conjugacy
Let T be an i.e.m on an interval I, with combinatorial data = = (m;, ) on an alphabet A.
We assume that 7" has no connection and denote by v = v the infinite path associated to T’

in the Rauzy diagram D of .

Let C(vy) be the convex cone considered above ; its elements are the length data of the i.e.m
with combinatorial data 7= which have no connection and v as associated path.

Let M(T') be the set of finite measures on / invariant under 7'.

The sets C(y) and M(T') are in one-to-one correspondence as follows.

38



Let A € C(7y) and let Ty be an i.e.m with these length data (and combinatorial data ) on an
interval Iy. Let u (resp. uy) be the largest singularity of T~ (resp. Ty '). The sets (T™(u)),>0
and (T3 (uy))n>0 are dense in I and I respectively because T and T are minimal, having no
connection. The bijection

H : TV (uy) — T"(u)
is increasing because 1" and T have the same path for the Rauzy-Veech algorithm. Therefore
H extends uniquely to an homeomorphism from I, onto I, which obviously satisfies

Hol\=ToH

Thus, T and T are topologically conjugated. The image under H, of the Lebesgue measure
on I, is a measure on I (of total mass |I,|) which is invariant under 7.

Conversely, let ¢ be a finite measure invariant under 7. We set, for a € A

Ao = p(I3) = nll) -
We also define, for x € I
K@) =p({yel;y<az}).
As T is minimal, x4 has no atom and the support of y is I ; therefore, K is an homeomor-
phism from I onto (0, (1)) =: 1,.

Define then
T, = KoToK™'.

Then T), preserves the Lebesgue measure and it is easy to check that 7}, is an i.e.m on I, with
combinatorial data m and length data A.

It is immediate to check that the two maps C(vy) — M(T'), M(T) — C(v) just defined are
inverse to each other.

8.2 Number of invariant ergodic probability measures.

Let T be an i.e.m on an interval I. Let g be the genus of the translation surfaces that can be
constructed from T by the zippered rectangle construction. Let M(T') be the cone of finite
invariant measures for 7', which can be identified with the cone C(7y) determined by the infinite
path v associated to T' by the Rauzy-Veech algorithm.

Proposition The cone C(y) U {0} is a closed simplicial cone of dimension < g. The
number of invariant ergodic probability measures is therefore < g.

Proof : We have seen in the second part of the proof of Proposition 1 in Section 7.7 that
C(v) U {0} is a closed cone. That this closed cone is simplicial follows from the identifica-
tion of C(y) with M(T) : extremal rays of C(v) correspond to ergodic invariant probability
measures and invariant probability measures can be written in a unique way as convex com-
bination of ergodic ones.
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It remains to be seen that the subspace E of R* generated by C(v) has dimension < g. Let
(A, ) be combinatorial data for T, let Q be the corresponding antisymmetric matrix.

We first claim that £ N Ker Q = {0}. Indeed, let v,v" € C(7) such that v — v € Ker Q.
Write (n) for the initial part of v of length n. According to the Proposition in Section 7.6, the

vector (v — v’ )B;(ln) depends only on the endpoint of 7y(n). On the other hand, from Corollary
1 in Section 7.7, we have that v B;(n) and v’ B;(}I) go to zero. Hence v = ¢/, proving the claim.

We now show that the image of E in R*/ Ker € is isotropic for the symplectic form determined
by Q. Otherwise, there would exist v,v" € C(v) with

v QW >0.
Again, vB_, |, Bv_(ln) go to zero. But according to Section 7.6 we have

y(n)

—1 tp—1 t 1 t ./
'UBW(”) Q, B’y(n) v=0vQ ",

where (2, is the matrix associated to the endpoint of «(n). This gives a contradiction ; as
rk €2 = 2g, we conclude that dim F < g. O

In the next Section, we see that the bound in the proposition is optimal. However, as men-
tioned in Section 6.11, a theorem of Masur and Veech guarantees that C(+y) is a ray for almost
all i.e.m.

8.3 Examples of non uniquely ergodic i.e.m. [Keal],[KeyNew]
We will construct in a Rauzy diagram of genus ¢ an infinite path v which is an infinite con-
catenation of complete paths but has the property that the subspace generated by C(v) has
dimension g.
Let d > 2. Define A@ = {1,... d} and

m k) =k, (k) =d+1—k,

for 1 <k < d. Let R(d) be the Rauzy class for 7(9) = (7T§d) : Wéd)), D(d) the associated Rauzy
diagram. From Section 4.4 | we check that the translation surfaces constructed from these
combinatorial data through the zippered rectangle construction satisfy :

o ifdiseven,d=2g,s=1,ki =29—1;

e ifdisodd,d=2g+1,s5s=2,k =k =g.

The diagrams D(d) for d = 2, 3,4 have been pictured in Section 7.3. Their structure can be
described as follows.
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There is a canonical involution ¢ of D(d) defined on vertices by i(7) = 7 with
m(k) =m(d+1—k),

Ty(k) = m(d+1—Fk).

The unique fixed point of ¢ is 7(?, and i changes the type of arrows from top to bottom and
back. If one defines

then i(D;(d)) = Dy(d) , i(Dy(d)) = Dy(d) , Di(d) N Dy(d) = {7?} and any arrow has both

endpoints in D;(d) or both endpoints in Dy(d). Moreover, if one defines, for 3 < k < d
Dyy(d) ={m e R(d) ; m(d —1) =2 ,m(k) =2},

then Dy (d) is isomorphic to Dy(k — 1) through an isomorphism which respects type, winner

and loser.

A cycle of length d — 1 of arrows of bottom type starting at 7(? connects together the vertex
in Dy (d) corresponding to 7= in Dy(k — 1).

Let us now assume that d = 2¢ is even. Consider, for positive integers my,...,mgy, the
loop y(my,...,m,) at 7@ in D(d) whose successful winners are (in exponential notation for
repetition)

(19722™1)d*1(d*4™23)d? . . . ((d — 3)*(d — 2)™s~*(d — 3))d*(d — 1)™ .
This is a complete loop in D(d).

Assume that 0 < m; < my... < my and let eq,...,e4 be the canonical basis of R%. One
checks that

e ¢, 5, and ey B, have size ~ m; in the approximate direction of f; := e ;
e e3B, and ey B, have size ~ my in the approximate direction of fy :=es+ €5 ;

e ¢5B, and egB, have size ~ mg in the approximate direction of f3 := e + e3 + 2e; ;

e ¢,3B, and eq_2B, have size ~ m,_; in the approximate direction of f,_; := e4_o +
eg_s + ... +29 3¢ ;

e ¢41B, and e;B, have size ~ mg, in the approximate direction of f; = es_1 + e4_3 +
R 297261.
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Observe that fi,..., f, are linearly independent.

Now take a sequence (my)¢~o increasing very fast, define

fy = f}/o * ’}/1 X ...

One checks that for all @ > 0 and 1 < k < g, the vectors ey, B, and e B, have
approximate directions f; ; more precisely, as ¢ — oo, their directions converge to the same
limit fx(oo) which can be chosen arbitrarily close to fi. In particular, if the sequence (my)~0
increases fast enough, the limit directions f;(00),1 < k < g, are linearly independent, which
implies that the vector space spanned by C(7) has dimension g.

9 Rauzy-Veech dynamics and Teichmiiller flow

We establish in this section a relation between the Rauzy-Veech continued fraction algorithm
and the Teichmiiller flow on the moduli space M(M, ¥, k) that generalizes the classical case
of the usual continued fraction and the geodesic flow on the modular surface.

This will also exhibit the moduli space in a form which allows to check that its volume is finite.

Throughout this section, we fix an alphabet A, a Rauzy class R and denote by D the
associated Rauzy diagram.

9.1 Rauzy-Veech dynamics

With
A={AeR* N\, >0, YVaec A},

we set

A(D) = R x P(A).

We denote by V, : A(D) — A(D) the map induced by one step of the Rauzy-Veech algorithm.
More precisely, let v : m — 7’ be an arrow of D. Let aq be the winner of v and let a; be the

loser of . Define
Ay, ={XAe A Ay > Ao, |

Then the domain of V. is the union, over all arrows «, of the {m} x P(A,) and the restriction
of V. to this set is induced by
(m, A) = (7', AB ).

Each simplex in A(D) (identified by a vertex m of D) contains two components of the
domain of V, (associated to the two arrows starting at ), each being sent to a full simplex of
A(D) (corresponding to the endpoint of the arrow). The map V is therefore essentially 2-to-1.
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Introducing the suspension variables 7 leads to a map V' which is essentially the natural
extension of V. Let

S(D) =| | ({x} x P(A) x P(6,)),

R
where we recall from subsection 7.4 that

O, ={TeRY > >0, > 7,<0,V1i<k<d}

m(a)<k mp () <k

For an arrow v : m — 7’ of D, we set
0, = {7 €O, €ZTa > 0},
where € = —1 (resp.e = +1) if 7y is of top type (resp. bottom type). Define then

5,(D) = {m} x P(A;) X P(O5),
ST(D) = {n'} x P(A) x P(0,).
The domain of V' : S(D) — S(D) is the (disjoint) union, over all arrows of D, of the S, (D);

the image of V' is the (disjoint) union of the S7(D), the restriction of V' to S,(D) sends this
set in a one-to-one way onto S7(D) through the map induced by

(m, A, 7) — (7', AB ", TB;Y).

The map V' is therefore, up to codimension one sets, invertible.
9.2 Rauzy diagrams and Teichmiiller spaces

Let 7 be an element of R. Recall that the canonical length and suspension data are given
by
A =1, T = my(a) — my(v), Vae A

«

With these data, we construct (using the zippered rectangle construction of subsection 4.3, or
the simplified version of subsection 4.2) a translation surface (M, ¥, Kr, (r)-

On the other hand, starting from data (A, 7) € A x O, the zippered rectangle construction
produces a translation surface which is a deformation of (M, %, ky, (), i.e homeomorphic
to (Mg, 3y, kr) through an homeomorphism whose isotopy class is canonically defined. We
therefore obtain a canonical embedding

.t AXO, — @(Mw, Yor, Kr)

in the marked Teichmiiller space. This is an embedding because it is a local section of the
period map.

Let now v : 1 — 7’ be an arrow of D. The data A\ = A\“"B,, 7 = 7°" produce a trans-
lation surface (M, X, fr, C0); the data A = X" 7 = 7'“””]3’;1 with the combinatorial data
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7’ produce a translation surface (M., X, ki, (L), As observed in subsection 7.4, these two
translation surfaces are canonically isomorphic. This means that there exists an homeomor-
phism between the topological surfaces (M, ¥, k) and (M, ¥/, k) whose isotopy class is
canonically defined by . This leads to a canonical homeomorphism

j’y : Q(MTH EW? K/ﬂ') — @(Mw’a Ew’a ’fﬂ")
between marked Teichmiiller spaces.

Let us observe that the isomorphic translation surfaces (M, Y., kr, CY), (M, X0, knr, CH)
above define a point in

iW(AW X @ﬂ-) ﬂj,y_l(iﬂ-/(Aﬂ-/ X @ﬂ-/)).

As a consequence the union
i (A X O) U jo (i (A X Opr))

is a connected subset of @(M,T, Yoy K)-

We introduce the groupoid I'(D) of paths in the non-oriented Rauzy diagram D: the
vertices of D are those of D (i.e the elements of the Rauzy class R) but for each arrow v : 7 — 7/
in D we have two arrows y" : 7 — 7’ and v~ : 7/ — 7 in D. The groupoid I'(D) is the groupoid
of oriented paths in D, quotiented out by the cancellation rules v+ % v~ =7 xyt =1. We
denote by I';(D) the subset of reduced paths starting at = and by (D, ) the group of
reduced loops at 7.

For each arrow v of D, we have defined above an isomorphism j, between marked Teichmiiller
spaces. There is a unique way to extend functorially this definition to I'(D): for each v € I'(D)
starting at m and ending at 7/, we have an isomorphism

j’y : Q(Mm Em K’ﬂ') — Q(Mw’7 271'/7 'Liﬂ'/)?
and jy 4y, = Jvs © J4, Whenever vy * 75 is defined.

In particular, when v € m; (5, ), jy is an automorphism of @(Mﬂ, Y, Kr). We obtain in this
way a group homomorphism
Sl dV

(D, 7) — Mod™ (M,,%,) .

We now define

U, = U jy_l(iw’(Aﬂ’ X @W’)) )
)

I (D

where 7’ is the endpoint of v € I';(D). It follows immediately from the observation at the end
of subsection 9.1 that U, is an open connected subset of Q(M,, X, k). We will denote by C,
the component of Q(M,, ¥, k) which contains U,.
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9.3 The following result shows that, when considering some component C of a
(marked) Teichmiiller space Q(M, X, k), there is no loss of generality if we assume that
(M, %, k) = (M, 3, k) (for some appropriate combinatorial data (A, 7)) and C = C,.

Proposition Let (M, %, k) be combinatorial data for a translation surface, let C be
a connected component of the marked Teichmiller space é(M,Z,H), and let U be the open
subset of C formed by the translation surface structures in C that can be obtained through the
zippered rectangle construction.

1. The set C —U has real codimension > 2 in C.

2. There exist combinatorial data (A, ) and a homeomorphism g : (M, Xr, kr) — (M, %, K)
such that the corresponding isomorphism g. of marked Teichmiller spaces satisfy

g-(Us) =U.

3. Assume that (A',7") are combinatorial data and ¢' : (M, X, kn) — (M, X, K) is an
homeomorphism such that
9. (Ux) C C.
Then, the Rauzy diagrams D, D' spanned by 7, @ are isomorphic. Moreover, assuming
that D =D, = = ', the element of Mod™ (M, %) determined by g~'og' belongs to the
image of the group homomorphism

(D, 7) — Mod™ (M, ;)

defined in the last subsection.

Remark It is quite possible that this homomorphism is always onto. This has been
checked for g = 1, with any number of marked points, by Wang Zhiren.

Proof: Part 1. of the proposition is a consequence of the proposition in subsection
5.6 and the corollary in subsection 5.5: if a translation surface structure on (M, X, k) has no
vertical connection or no horizontal connection, it can be represented with the appropriate
marking as a suspension through the zippered rectangle construction. Having both horizontal
and vertical connections is indeed a codimension 2 property: this can already be seen on each
orbit of the SL(2,R) action (for instance).

By definition of U, this open set is the union, over all combinatorial data (A, 7), and all
homeomorphisms ¢ : (M, 3, kz) — (M, %, k) such that g.(i,(Ar X ©;)) C C, of the sets
9+(ix(Ax X O4)). As its complement in C has codimension 2, the open set U is connected.

Claim ]f (A) 77-,9), (A/, 7.‘./7g/> satisfy
9-(in (A X 07)) [ glli (Ar x O21)) # 0,

then the Rauzy diagrams D, D' spanned by w, 7' are isomorphic and (assuming A = A,

D =T') either g;'og. or gfk Yo g. is equal to j, for a finite oriented path v in D.

Proof of claim: By hypothesis, there are two isomorphic translation surface structures

¢, " on (M,¥, k) such that:
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e ( is obtained by the zippered rectangle construction from an i.e.m 7" acting on an interval
I with combinatorial data (A, 7), length data A, suspension data 7;

e (' is obtained by the zippered rectangle construction from an i.e.m 7" acting on an
interval I” with combinatorial data (A’, ), length data X', suspension data 7’.

Let G : (M,%,k,() — (M,%,k,(’) be an isomorphism. It sends the marked outgoing
horizontal separatrix for ¢ isometrically onto the marked outgoing separatrix for ¢’.
If |I| = |I'|, we can already conclude that T'=T" and 7 = 7.
Assume for instance that |I| > |I’|. Then 7" must be the first return map of 7" on the interval
of length |I’| with the same left endpoint than I. That 7" is obtained from T by a finite
number of steps of the Rauzy-Veech algorithm now follows from corollary 1 in subsection 7.7
(applying if necessary the same small rotation to both ¢ and (', we may assume that ¢ has no
vertical connection) and the last exercise in subsection 7.2. U

End of proof of proposition: A first consequence of the claim is that the combinatorial data
(A, ) such that g.(ir(A; x ©,)) C C all belong to the same Rauzy class (up to isomorphism):
otherwise, the set & would not be connected. Once we know that, both the second and the
third part of the proposition are immediate consequences of the claim. O

9.4 Rauzy diagrams and moduli spaces

Let A, R, D as above. We fix a vertex 7* of D and denote simply (M«, Xps, Kns ), Unr,
Cr+ by (M,%, k), U, C.
It follows from the third part of the proposition that the stabilizer of C (for the action of
Mod* (M, %) on Q(M, 3, k)) is the subgroup image of (D, 7*), which will be denoted by
Mody (M, ¥2).

We now define what amounts to a fundamental domain for the action of Mody(M, ¥) on
C.

For each vertex 7 of D, define

A={\ecA; 1< Z/\a < 14 min(Ag,, Aay) }
where m(ay) = m(aw) = d.

Consider then the disjoint union, over elements of R, of the A% x ©,, and perform the following
identifications on the boundaries of these sets.

The part of the boundary of A? x ©, where Y A, = 1 is called the lower boundary of
A x O,; it is divided into a top half where Y 7, < 0 and a bottom half where Y _ 7, > 0.

The part of the boundary of A2 x ©, where >° A\, = 1 + min(A,,, Ay,) is called the upper
boundary of A% x ©,; it is divided into a top half where \,, > \,, and a bottom half where
Ay < Agy-

For each arrow v : m — 7’ in D, of top type, we identify the top half of the upper boundary of
A} x ©, with the top half of the lower boundary of A, x ©. through (A, 7) — (AB; ', 7B} ");
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when 7 is of bottom type, we identify similarly bottom halves.

We denote by M(D) the space obtained from | | A% x O, by these identifications.

From its definition in subsection 9.2, it is clear that the set ¢/ is invariant under Mody(M, X).
The same is true for the smaller set

VY = U j;l(iW(Ag)r X Ox)) ,

'Yerﬂ* (D)

where 7 is the endpoint of a path v € '« (D).

Proposition There exists a unique continuous map
p:V— M(D)

such that for every v € I'zx (D) (with endpoint ), the composition p Oj;1 o, is the canonical
map from A2 x O, to M(D). Moreover, p is a covering map which identifies M(D) with the
quotient of V by the action of Modg(M, ). The set U —V has codimension 1.

Proof: Let v be a path in '« (D) with endpoint 7, and let 7 be an arrow from 7 to some
vertex 7’. The intersection

G5 M (i (A X O7)) [, (i (AL X O10))

is non empty; if 7o is for instance of top type, it is equal to the image j Lo 4, of the top
half of the upper boundary of A? x ©, and also to the image by j;,}% o i, of the top half of
the lower boundary of A% x ©,/, the identification between these halves being exactly as in
M(D). Moreover, it follows from the claim in the proof of proposition 9.3 that this is the only
case where a non empty intersection occurs. As a consequence, a map p with the property
required in the statement of the proposition exists, is continuous, and is uniquely defined by
this property.

From the property defining p, two points in V have the same image under p iff they belong
to the same Mody(M, X)) orbit. This implies that p is a covering map.

Finally, let [¢] = j' o ix(A,7) be a point of U (with v € I'r+(D), m the endpoint of 7,
ANE AL TEB,). IfXe Al then [(] belongs to V. Otherwise, Y. A, is either too large or too
small. If it is too large, we apply one step of the Rauzy-Veech algorithm unless \,, = A,,. If
it is too small, we apply one step backwards unless > 7, = 0. Iterating this process, we will
end up in V unless we run into one of the codimension one conditions that stops the algorithm
(forwards or backwards). This proves that & — V has codimension 1. O

9.5 Canonical volumes. Zorich acceleration

The last proposition allows us to identify M (D) with a subset of the marked moduli space

M(M, 3, k) whose complement has codimension 1. In particular this subset has full measure
for the canonical volume of the moduli space. Observe that, in view of its relation with the
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period map, the canonical volume in M(D) is nothing else than the standard Lebesgue mea-
sure d) dr restricted to each A2 x ©,.

The model M (D) for (part of) the moduli space provides us also with a natural transversal
section for the Teichmiiller flow, namely the union over the vertices m of D of the lower
boundaries of the A? x ©,. Indeed, in each A? x O, the Teichmiiller flow reads as

A\, 7) = (e X\e ' 1)

and flows from the lower boundary of A2 x O, to its upper boundary, being then glued as
prescribed by the Rauzy-Veech algorithm to the lower boundary of some A?, x ©,.

When computing volumes, we have to normalize the area A = 7 Q *A. Let M(")(D) be
the subset of M(D) defined by {A = 1}. We can identify the set S(D) of subsection 9.1 with
the transverse section to the Teichmiiller flow in M) (D)

{(W,)\,T)GU{W}XAX@K; Z)‘O‘ =1, 70, '\ = 1}.

With this identification, the return map of the Teichmiiller flow on S(D) is precisely given
by the Rauzy-Veech dynamics V' defined in subsection 9.1. The return time is equal to

o L2l
DB

where || . ||; is the £*-norm.

Observe that the return time is bounded from above, but not bounded away from 0. The
unfortunate consequence, as we see below, is that the measure of S(D) is infinite; this already
happens in the elementary case d = 2.

In order to get nicer dynamical properties, Zorich [Zo2] considered instead a smaller
transversal section S*(D) C S(D) which still gives an easily understood return map but
has finite measure. For an arrow v : 7 — 7’ of top type (resp. of bottom type), let S3(D) be
the set of (m, A\, 7) € S,(D) such that > 7, > 0 (resp. > 7, < 0). Let S*(D) be the union of
the SZ(D) over all arrows of D.

The return map of the Teichmiiller flow to S*(D), which is also the return map of V to S*(D),
will be denoted by V*. It is obtained as follows: one iterates V' as long as the type of the
corresponding arrow does not change. It is easy to check that it is the same than to ask that
the winner does not change.

This property of V* shows the return time for V to S*(D) does not depends on the

T-coordinate. One can therefore define a map V; : A(D) — A(D) such that V* is fibered
over V.
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Example For d = 2, we have

S(D) = {(Aa, A, 7a,78); Aa >0, A\g >0, 74 > 0,78 <0, Aa+ Ap =1, \a75 — Ap7a = 1}
Sy (D) = {(Aa,A\p,7a,78) € S(D); Aa > Ap},

Sy (D) = {(Aa, A, Ta,78) € S(D); Aa < Ap},

St(D) = {(Aa, A, 7a,78) € S(D); T4+ 1B < 0},

SYD) = {(Aa,Ap,7a,78) € S(D); T4+ 75 >0},

S;H(D) = {(Aa,AB,7Ta,78) € S(D); Aa > A, Ta+ 75 >0},

Sp(D) = {(Aa,AB,7a,78) € S(D); Ao < A, Ta+ 75 >0} .

For (Aa, A, 7a, 75) € Si(D), we have
V(Aa A, 7a,78) = (Aar5' 1 — Aad5" ApTa, Ap(15 — 74)).
For (Aa, A, 7Ta,7) € S; (D), we have
VA, A, Ta, T8) = AaA™ 1T = MA™H A7y, AT — nTa)),
where A = Ag—(n—1)A4, nAa<Ap < (n+1)As, n > 1.
On the A-coordinate, V' is essentially given by the Gauss map.

9.6 Volume estimates: the key combinatorial lemmas

We will present three volume estimates: two for the measures of S(D) and S*(D) and one
for the measure of MW (D), i.e the integral over S(D) of the return time for the Teichmiiller
flow.

Before doing that, we consider the case d = 2 as an example of what happens in general. We
first integrate over the 7 variables. For a point (Aa, Ag) with Agp > A4 >0, Ag+ g =1,

e the integral over {74 > 0,75 < 0, \gT4 — A7 = 1} gives A" A5
e the integral over {74 + 75 > 0,75 < 0, \pTa — AaTp = 1} gives (A4 + Ap) " 1A\5" = A\5h.

Formulas for A\, > A >0, A4 + Ag = 1 are symmetric.

For the measure of S(D), we have therefore to integrate

/% d X
o A=A
with the pole at 0 making the integral divergent.
For the measure of S*(D), we have to integrate
dx
o 1—2A
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on a domain away from the pole; the integral is equal to log 2.

For the measure of M) (D), the return time is —log(1 — \); the zero at 0 cancels the pole

and we obtain )
2 dA w2
T gegi—n) = T
/0 M1 el =N = 15
The measure of MM (D) is twice this.

We come back to the general case. Again, we want first to perform the integration over
the 7 variables. These variables run over the convex cone ©, but are restricted by the area
condition. Define as usual oy, oy by m(ay) = m(ap) = d. Set

hfl = Z 78 ,

mt(8)<me (@)

hl& = — Z 7'5,

mp(B) <y ()

}vlg = Z 73 ,

e (B)<me(c)

iLg = — Z T/g.

mp(B)<mp(c)

With h = —Q !7 as in subsection 4.3, we have
ha = hi, + hl, = hi, + b},
for all € A and R, + h% = 0. The suspension conditions are

hf, >0 for a# ay R <0 for a# .

Consider for instance the top half of A = A, where A\,, > A, (the other case is symmetric);
we write

/):a = A for a # ay,
e = Aoy — Ay s
ﬁa = h, for a # ay,
hay = hay + hay-

The area is given by

A=Y Naha = Ziaﬁa.

We decompose O, into a finite family G(7) of simplicial disjoint cones. Let I be a cone in
this family, and let 7, ... 74 be a base of RA of volume 1 such that

d
1
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Writing R =—Q t7r@ for 1 <i < d, the area condition becomes

d

ST (Y N hl)) =1,
1 «

and therefore the integral over I' gives

(d—ll)! [H(Z Xaﬁg))]—l‘

(67

To get the measure of S(D), we should then integrate this quantity over the top half of A,
(normalized by > Ay = 1), sum over I' € G(), sum over 7 and finally add the symmetric
contribution of the bottom halves.

Only the first step presents a finiteness problem. To deal with it, given a proper subset B
of A, we introduce the subspace Ep of RA generated by the 7 in the closure of ©, such that
he =0 for all @ € B ( with again h = —Q 7).

Lemma 1 We have codimEg > #B, and even codimEg > #B when oy € B.

Proof: We will find sufficiently many independent linear forms vanishing on Ej.

Assume first that «;, ¢ B. Let 7 be a vector in the closure of O, such that ﬁa = 0 for all
a € B. For a € B, we have

N = ho = ht,+ hY = ht + AP,

with A% >0, hY, > 0 (if o # o), b, >0, bt > 0.

«

We have therefore h!, = 0 for « € B, @ # o, and also hfx =0 for a« € B, my(a) > 1. This
gives at least #B independent linear forms vanishing on such vectors 7, and thus also on Ep
(the independence of the forms come from the triangular form of the hf, hf).

Assume now that oy, € B. Let 7 be a vector in the closure of O, such that ﬁa = ( for all
a € B. The relation h,, = 0 implies h,, = ho, = 0, hence

hi, 4+ hb, =hb, +hi, =0.
As we have hY, >0, hf, >0, hf, + hl =0, we conclude that
t b b t
B, =ht, =ht =R, =0,
We have therefore
e W =ht =0forall ac B

o bl =h! =0forall acB.
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The first set of relations gives at least #B + 1 independent linear forms vanishing on Fg
unless m,(B) = {1,---,#B}. The same is true for the second set of relations unless m(B) =
{1, --,#B}. By irreducibility, the two exceptional cases are mutually exclusive and the proof
of the lemma is complete. 0

When we deal with S*(D), we should replace ©, by
O ={r €06, ZTa > 0}

when we deal with the top half of A,. We proceed in the same way, decomposing O, into a
finite family of simplicial cones I'*. We now define Ej; as the subspace of R* generated by the
vectors 7 in the closure of ©F | such that h, = 0 for all a € B.

Lemma 2 We have codimE}y > #B for all proper subsets B of A.

Proof: Obviously we have Ej; C Epg, therefore the case where oy, € B is given by Lemma 1.
We therefore assume that oy, ¢ B. R
Let 7 be a vector in the closure of ©!, such that h, = 0 for all « € B. For o € B, we have

0=ho = ha = hi, + kb = B, + B2,
with 2!, > 0, k%, > 0, kY, > 0 (because a # o), ht, = 0 (even for a = ay). We therefore have
e hb =hb =0 for all a € B,
o hl,=h! =0 for all a € B,
and conclude as in Lemma 1. O

9.7 Finiteness of volume for MY (D) and S*(D).

The combinatorial facts proven in the last subsection will be combined with the following
simple analytic lemma. Let

={AeRY X >0, ) Aa=1}

For B C A, define also
AY ={xeA®; )\, =0 fora¢ B}

Consider linear forms Ly, - - -, L,, My, - - -, M, on R* which are positive on AW and the rational
map
R = Ly Ly .
M --- M,
For B C A, let

my(B) = #{i; L\ =0forall A\e AY 1,
m_(B) = #{j; M;(\)=0forall A\ e AY },
m(B) = m4(B) —m-_(B).
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Lemma Assume that d + m(B) > #B holds for all proper subsets of A. Then R is
integrable on AW,

Remark The converse is also true but will not be used.

Proof : We decompose A as follows: let

N = {n € N4 minn, = 0}.

For n € N, let A (n) be the set of A € AW such that A\, > o if ny = 0 and

1 1
—ol e 5 )\, > —2 7"
2d 2d

if n, > 0. We have indeed
AD — |_| AW ()
N
and also
Ctoxne < vol AD(n) < C 27 %ne,

Fix n € N. Let 0 = n® < n! < --- be the distinct values, in increasing order, taken by the

Nea, and let
Bii={ac€ A n, > n'}.

Let L be a linear form on R4, positive on A, There is a maximal subset B(L) C A such
that L(A) = 0 for all A € Ay, We have then, for n € N, A € A (n)

0212*7” < LN <Cp2 ™, with m = min n,.
A=B(L)

The definition of m shows that m > n' iff A — B(L) C B; and m = n' iff Bf C B(L) but
B¢, ¢ B(L). From this, we see that for n € N, A € AW(n), we have

Cp'27V < R(A\) < Cr27Y,
with

N =3 (n(B) — m(Bi)) = S (0~ ni) m(BY)

120 >0

Using the hypothesis of the lemma, we have, for ¢+ > 0
m(B) = #B; —d+1=1—4B;,
and therefore

N > Z(n’ —nh = Zni(#l’a’i — #Bi1) = max ng — Zna :

i>0 i>0
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We conclude that the integral of R on AM(n) is at most of the order of 2~ ™" Summing
over N gives the required result. 0

We can now prove the finiteness of the measures of M (D) and S*(D). As explained
in subsection 9.6, the total masses of these measures are expressed as finite sums of certain
integrals over top or bottom halves of the Agrl). We will consider the case of top halves,
the other case being symmetric. Observe that the top half of AY is characterized by the
inequalities A\, > 0,Va € A. We will therefore in both cases apply the lemma above in the
A variables. We don’t have Y- A, = 1, but observe that Y A\, = 1 implies 3 < > A, < 1,
which is good enough.

e We start with M@ (D). The return time of the Teichmiiller flow to S(D) is equal to
—log > Ay = —log(1l — \,,) on the top half of AV

According to subsection 9.6, we have to integrate

—log(1 — Ay, d SN 1-1
R | (RN

over the top half of AY. The vectors h® = —Q, 7@ are obtained here from vectors
7 generating a simplicial cone I' C O.

We apply the lemma above with p = 1, ¢ = d. We take L(\) = \,, = Xab, a linear
form of the same order than the return time —log(1 — \,,). The linear forms M; are the
Sa Aa hY.

We check the hypothesis of the lemma. Let B C A be a proper subset. First, we have
my(B) =0if oy, € B, my(B) = 1if oy, ¢ B. Next we have

Yo Ao B =0, forall X e AY

«

iff B = 0 for all @ € B. By definition of Ejp, this happens iff 7 € Ez. As the 7
are independent, Lemma 1 in the last subsection gives m_(B) < d — #B if oy, ¢ B,
m_(B) < d— #B if a, € B. The hypothesis of the lemma above is thus satisfied, and
its conclusion gives the finiteness of the measure of M (D).

e We now deal with S*(D). According to subsection 9.6, we have to integrate

1 d ~
S R

over the top half of AY. The vectors h® = —Q, 7@ are obtained here from vectors
70) generating a simplicial cone I'* C ©%.

We will apply the lemma above with p = 0, ¢ = d. The linear forms M; are the X, Xa Eg)
We check the hypothesis of the lemma . For a proper subset B C A, we have

Yo Ao B =0, forall A e AY

o
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iff B = 0 for all a € B. By definition of Ej, this happens iff 7 € Ej5. As the 79 are
independent, Lemma 2 in the last subsection guarantees that there are less than d — #B
such indices 7. The hypothesis of the lemma above is thus satisfied, and its conclusion
gives the finiteness of the measure of S*(D).

We have thus proved a first statement in the theorems of Masur and Veech presented
in subsection 6.11, the finiteness of the volume of the moduli space of translation surfaces.
Except in the simplest cases, it seems difficult to get the exact value of this volume through
this method. Exact formulas for the volumes of the moduli spaces have been obtained by
Eskin and Okounkov [EOk | using a different approach.

We end this section with the following statement, which is an easy consequence of the
lemma above.

Proposition The canonical measure on S*(D) satisfies, for all € > 0
m({(m, X\, 7) € S*(D); ming o < e} < Ce(loge)??,
where the constant C' depends only on d.

Proof: In the context of the proof of the lemma, it is sufficient to observe that the number
of n € N such that max, n, = N is of the order of N92. O

10 Ergodicity and unique ergodicity

In this section, we complete the proofs of the theorems of Masur and Veech presented in
subsection 6.11.

10.1 Hilbert metric

Let C be an open set in the projective space PV which is the image of an open convex cone
in RV*! whose closure intersects some hyperplane only at the origin.

Given two distinct points x,y € C, the intersection of the line through x,y with C' is a
segment (a,b). The crossratio of the points a,b, x,y gives rise to a distance on C' called the
Hilbert metric on C:

r—a xr—0>b

y—ay—>

de(x,y) = |log

Exercise Check the triangle inequality.

The following properties are easily verified.

e Let X be a subset of C; then the closure X of X in PV is contained in C'iff X has finite
diameter for d¢.
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o If ¢ : PV — PV ig a projective isomorphism, then, for all z,y € C
dq)(C)((p('x)a @(y)) = dc(iL‘, y)

e If C" C C is a smaller set satisfying the same hypothesis than C, then, for all z,y € C’
do(flf, y) < dC’(xa y)

e If (" is a set satisfying the same hypothesis than C' and c' cc , there exists k € (0, 1)
such that, for all z,y € C’

dc($,y) < k dC’(x7y)'

Thus, if ¢ : PY — PV is a projective isomorphism satisfying ¢(C) C C, there exists
k € (0,1) such that, for all z,y € C’ we have

dc(gﬁ($), @(y)) <k dC(*%Z/)'

10.2 Almost sure unique ergodicity

We prove that, for every combinatorial data (A, ), and almost every length vector A € R4,
the corresponding i.e.m is uniquely ergodic.

The set of i.e.m having a connection has codimension 1. Therefore, almost surely the
Rauzy-Veech algorithm does not stop and associates to the i.e.m 7" an infinite path yr starting
at 7 in the Rauzy diagram D constructed from (A, 7). According to subsection 8.1, we have
to prove that the closed convex cone C(yr) determined by ~r is almost surely a ray.

By Poincaré recurrence of the Teichmiiller flow and subsection 7.7, for almost every length
vector A, there exists an initial segment v, of vy which occurs infinitely many times in v and
such that all coefficients of the matrix B, are positive. We write 7 as a concatenation

VT = Vs ¥ Y1 *Ys ¥ Y2 %00

Let C be the open set in P(R*#) image of the positive cone in R*. From the last property in
the last subsection, there exists k € (0,1) such that B, decreases the Hilbert metric d¢ at
least by a factor k, while the B,,, 7 = 1,2,--- do not increase d¢. The first image C'B,, has
closure contained in C' hence has finite diameter K for do. We then have

diam(CB,,....,,) < Kk
It follows that the image in P(R*) of C(vyr) is a point. The result is proved.

10.3 Ergodicity of the Teichmiiller flow
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We will prove in this subsection that the Teichmiiller flow on M® (D) and its return maps
V on S(D) and V* on S*(D) are ergodic. In view of the relation between these three dynam-
ical systems, the three statements are equivalent. We will prove that V* is ergodic.

From the ergodicity of V' and V*, it follows that the maps V, and V} on A(D) are also
ergodic.

By Birkhoff’s ergodic theorem, for every continuous function ¢ on S*(D), there exists an
almost everywhere defined fuction @ such that, for almost every (m, A\, 7) € S*(D), one has

n—-+oo N,

' 1 n—1 . _

lim = " o((V)"™ (7, A, 7)) = B(m, A\, 7),
0

and also

n—-+4oo N,

lim ! Z_: e(V*)™(m, N\, 7)) =@(m, A\, 7).

To prove ergodicity, it is sufficient to show that P is almost everywhere constant, for any
continuous function ¢.

Starting from almost every (m, A, 7), one can iterate the Rauzy-Veech algorithm both for-
ward and backward. This leads to a biinfinite path v = 4% x4~ in the Rauzy diagram D,
where 4T depends only on (7, ) and 4~ depends only on (m, 7).

By Poincaré recurrence, for almost every (m,7), there is a finite path 7, at the end of v~
such that all coefficients of B,, are positive and which appears infinitely many times in v~.
Let again C' be the open set in P(R#) image of the positive cone in R4, d¢ the associated
Hilbert metric. Let A\, X' € Ay; for m > 0, let A_,,, N, be the respective A-components of
(V=™ (m, A\, 71), (V*)"™(m, N, 7). By the same argument that in the last subsection, we have

lim de(A_,, N\ ,,)=0.

m——+00

This implies that, for almost every (m, 7), §(m, A, 7) does not depend on .

We claim that the same argument works exchanging A and 7, future and past. For almost
every (m, \), we want to find a finite path v, at the beginning of ™ which appears infinitely
many times in 4" (this is guaranteed by Poincaré recurrence) and satisfies

0.8, C 6, U{0}

where 7’ is the endpoint of 7,. Then, using the Hilbert metrics relative to the open sets images
in P(RA) of the ©,, we conclude in the same way as above that , for almost every (7, \, 7),
@(m, A\, 7) does not depend on 7. Thus, almost surely, (7, A, 7) does not depend on A and 7.
But @(m, A, 7) is also V*-invariant, therefore it must be almost everywhere constant.

It remains to prove that, almost surely, some initial path ~, of 7' satisfies @WB;S L c
©, U{0}. This is a consequence of the following result.
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Lemma If a finite path ~y in D, from a vertex 7 to a vertex 7', is the concatenation
of 3d — 4 complete paths, then we have

6.8 C 0 U{0}.

Proof: For combinatorial data 7 and 7 € R4, we write as before

W= Y hho=— > 1 ha = h, + R,
7t (B)<me () m(8) <y (@)
We write 71,72, -+, ¥m for the successive arrows of 7.

Starting from 7 =: 7 with a nonzero vector 7° € R4 satisfying

(2) R%E >0 for 7¥(a) < d, h2P >0 for () < d,

&7 [0}

we have to show that
(3) ™t >0 for 7" (a) < d, ™t >0 for m*(a) < d,

where 7; is the endpoint of ; and h?!, h?? are calculated from 77 := ijlB;jl.
The heigth vectors h? are column vectors related by

W =B, kit

and their entries are nonnegative. Let m’ < m is the smallest integer such that the initial part
Y1 %+ * Yy Of 7y is the concatenation of 2d — 3 complete paths. By proposition 2 in subsection
7.7, we have

(4) hi >0, Vaec AVj>m.

If ~; is of top type, one has 7 =77 and
(5) h;’;t = hgjl’t, if wg(a) <d, |
(6) h{_;b = h;_l’b, if ﬂi_l(a) <d, andlﬂz_l(a) <d,
(7) h{;bb = RN with 7 (o) = 7 ' (ap) = d,
(8) hht = hiTht 4RIt with 7 () = d — 1.

Let ('(j) (resp. (°(j)) be the largest integer ¢ such that hZ' > 0 for (o) < £ (resp.
hib > 0 for (o) < ¢). We want to show that ¢/(m) = ¢*(m) = d. This implies the required
conclusion.

We always have (trivially) ¢/(j) > 1, °(j) > 1. Assume for instance that ~; is of top type

as above. Then relation (5) and 7} = "' imply that ¢/(j) > ¢'(j —1). If 7} (cw) = ™ ay) >
0°(j — 1), we have (°(j) > ¢°(j — 1) from (6). On the other hand, if 7 (ay) < ¢°(j — 1) and
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j > m/, it follows from relations (4),(6),(7),(8) that ¢°(j) > ¢°(j — 1). We first conclude that
¢t, (* are non-decreasing functions of j > m/'.

Let m’ < my < m; < m be such that 7,,, * - -+ * ¥, -1 is complete. Observe that there
is a letter o such that w(,a) = 1 for all vertices m of D. Let mg < j < my such that ,a
is the winner of 7;. Then ~; is of top type so, in the notations above, we have o = oy,
1 =mi(oy) < (5 —1) and £°(j) > £°(j — 1). As we can find d — 1 disjoint such complete sub-
paths between m’ and m, this shows that ¢°(m) = d. The proof that ¢*(m) = d is symmetric.
O

The proof of ergodicity is now complete. We recall the full statement.

Theorem The maps V' (on S(D)), V* (on S*(D)),Vy and V¥ (on A(D)) are er-
godic. The restriction of the Teichmiiller flow to any component of the marked moduli space
MWO(M, %, k) is ergodic. The action of SL(2,R) on any such component is therefore also
ergodic.

11 Lyapunov exponents

The remaining sections are planned as introductions to further reading. The results are pre-
sented mostly without proofs. In this section, we introduce the Kontsevich-Zorich cocycle
[Kon] and present the results of Forni [For2] and Avila-Viana [AvVil].

11.1  Oseledets multiplicative ergodic theorem

Let (X, B, 1) be a probability space, and let T': X — X be a measure-preserving ergodic
transformation. Let also

A: X — GL(d,R)

be a measurable function. We assume that both log||A|| and log ||A™!|| are integrable. These
data allow to define a linear cocycle

X xRY — X x R?

(x,v) — (Tx, A(x)v).

Iterating this map leads to consider, for n > 0, the matrices
AWM (z) = A(T" ) - - A(x).
When T is invertible, one can also consider, for n < 0

A® (z) = (ACD(T2)) ™ = (A(T"z) ™" - (A(T ')~

To state Oseledets multiplicative theorem, we distinguish the case where T' is invertible,
which allows a stronger conclusion, from the general case.

Theorem (Oseledets [Os])
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1. The invertible case There exist numbers Ay > --- > X\, (the Lyapunov expo-
nents) and, at almost every point x € X, a decomposition

R = Fy(z) ® - @ Fu(z)
depending measurably on x, which is invariant under the action of the cocycle
A(z)Fi(z) = Fy(Tx)

and such that, for 1 <i < r, v € Fy(x), v#0, one has

1
lim —log ||[A™ (z)v|] = .

n—+oo N,

2. The general case There exist numbers \y > --- > \. and, at almost every point
r € X, a filtration
R? = Ey(x) D Ey(z) D - D E.(x) = {0}

depending measurably on x, which is invariant under the action of the cocycle
A(x)E;(z) = E{(Tx)

and such that, for v € E;_i(x) — E;(x), one has

1
lim —log ||[A™ (x)v|| = .

n—+oo N,

Remarks

1. In the invertible case, one obtains the second statement from the first by setting
Ei(x) = &1, Fy(a).

2. When A is independent of x, the Lyapunov exponents are the logarithms of the moduli of
the eigenvalues of A and the F; are the sums of the corresponding generalized eigenspaces.

3. The statements above require obvious modifications for continuous time, i.e for flows
and semiflows.

11.2 The Kontsevich-Zorich cocycle (discrete version)

Let R be a Rauzy class, D the associated Rauzy diagram.

We have defined in subsection 9.1 the map V. on the space A(D) which is the dynamics
in parameter space defined by the Rauzy-Veech algorithm. There is a partition mod.0

A(D) = J{m} x B(A,)

over arrows 7 : ™ — 7’ of D, such that on {7} x P(A,), V, is given by
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Vi(m,A) = (x',AB]").

The (extended) Kontsevich-Zorich cocycle is the linear cocycle V, gz : A(D)x R4 —
A(D) x R4 over V, defined on {r} x P(A,) x R4 by

V+,KZ(7T7 >‘7 w) = (V+(7T7 )‘)7 B’Y w)

Over the accelerated Zorich dynamics V on A(D), we similarly define

T rz(m A w) = (Vi(m,A), Byw),

where 7 is the path in D (formed of arrows of the same type, having the same winner)
associated to a single iteration of V* at the point (7, \) under consideration.

The extended Kontsevich-Zorich cocycle has a natural interpretation in terms of Birkhoff
sums. Let 7" be an i.e.m with combinatorial data m, length data A, acting on an interval I.
Assume that 7" has no connection. Let 7}, (with combinatorial data (™, length data A,
acting on an interval /™ C I) be the i.e.m obtained from T after n steps of the Rauzy-Veech
algorithm.

For any function ¢ on I, one can associate a new function S™¢ on I by
SWo(x)= Y @(T'(x)),
0<i<r(x)
where 7(z) is the return time in 1™ of z € 1™,
Let w € R*. Consider w as the function on I which takes on I, the constant value w,.

Then it is easy to see that the function S"™w is constant on each interval 1§ ¢ 1™ and

thus can also be considered as a vector in RA. It follows from the properties of the matrices
By (m,n) mentioned at the end of section 7.5 that one has

_ﬁKZ(ﬂ', A w) = (ﬂ("), )\("),S(”)w).

As was mentioned in subsection 7.6, for any arrow 7 : 7 — 7', the image of Im €, under
B, is equal to Im €,/. One obtains the restricted Kontsevich-Zorich cocycle by allowing
only, in the definition of Vi gz or V{ ,, the vector w to vary in Im €.

When necessary, the Kontsevich-Zorich cocycle (in its extended or restricted version) can
also be viewed as a linear cocycle over V or V*. This is important when one wants to use the
Oseledets theorem for invertible maps.

11.3 The Kontsevich-Zorich cocycle (continuous version)

The continuous version of the Kontsevich-Zorich cocycle is defined over the Teichmiiller

flow (7)ter (on the moduli space M(M, 3, k), or the marked moduli space M(M, X, k)) in
the following way:.
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_ Consider for instance the case of the marked moduli space. Recall that we denote by
Q(M,>, k) the associated marked Teichmiiller space. On the product
Q(M,3, k) x H' (M —X,R), we define a linear cocycle over the Teichmiiller flow on Q(M, X, k)
by

T27(¢,0) = (Tu(€). 0).

The modular group Mod(M,X) acts in a non trivial canonical way on both factors of the
product Q(M, 3, k) x HY(M — X, R). The quotient is a vector bundle over the marked moduli
space M(M, ¥, k), equipped with a flow fibered over the Teichmiiller flow: this flow is the

continuous version of the extended Kontsevich-Zorich cocycle. One gets the restricted version
by restricting the fiber to the subspace H'(M,R) C H'(M — X, R).

Let us explicit the relation between the discrete and continuous version of the KZ-cocycle.

Let (m, A, 7) be an element of S(D), viewed both as (cf. subsection 9.1) the domain of the
natural extension of the Rauzy-Veech dynamics and as (cf. subsection 9.5) a transverse section
to the Teichmiiller flow in MM (D). Let w € RA. Let (M, X, k,() be the translation surface
obtained from (7, A, 7) by the zippered rectangle construction. As seen in subsection 4.5, this
construction provides us with a canonical basis ((,)ae of the homology group Hy(M, %, Z).
We associate to w the homology class (, = ), wala € Hi(M, X, R), which can also be viewed
as a cohomology class in H'(M — 3, R) from the duality provided by the intersection form.

We assume that (M, X, k, () has no vertical connection. From (7, A, 7) viewed as a point
in MW (D) c MV(M,Z,H), we flow with the Teichmiiller low during a time ¢ to a point
(7', N, 7") € MWY(D). The continuous Teichmiiller trajectory corresponds to a path 7 from
m to " in D. As seen in subsection 7.4, the translation surface (M, %, k, () is canonically
isomorphic to the translation surface constructed from the data (7',e*N,e'7’). This iso-
morphism and the combinatorial data 7' provides another basis ((),)ae for Hyi(M,%,Z) (or
HY(M — %,Z)). We express (, as ¢, =y, wh(,. Then, we have

/_
w —Blw.

The two versions of the KZ-cocycle are thus seen to be equivalent.
11.4 Lyapunov spectrum of the Kontsevich-Zorich cocycle

We start with some simple observations which follow from subsections 7.6, 9.7 and 10.3.

It follows from the proposition in subsection 7.6 that one can choose, for each vertex 7 of
D, a basis for the quotient space R*/Im €2, in such a way that, for every arrow 7 : 7 — 7,
the homomorphism from RA/Im Q, to R*/Im Q. induced by B, corresponds to the identity
matrix in the selected bases.

As a consequence, vectors in these quotient spaces stay bounded under the action of the
KZ-cocycle. It follows that 0 is the unique Lyapunov exponent associated with this part of
the KZ-cocycle. The multiplicity of this exponent is s — 1 = d — 2g.
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By the Masur-Veech theorem stated in subsection 6.11 and proved in subsections 9.7 and
10.3, the canonical measures on M (M, ¥, k) and M(M, X, k) have finite total masses, and the
Teichmiiller flow is ergodic with respect to these invariant measures. As seen in Subsection 9.7
and first proved by Zorich, the canonical invariant measure on M (M, 3, k) induces on S*(D) a
finite measure which is equivalent to Lebesgue measure and invariant under V*. This measure
can be projected to A(D) to obtain a finite measure, equivalent to Lebesgue measure, which
is invariant under V.

We can thus apply the Oseledets theorem to the restricted KZ-cocycle, either in the con-
tinuous version over the Teichmiiller flow or in the discrete version over V* or V7.

However, one has first to check the integrability condition of subsection 10.1. We do that
for the discrete version of the cocycle. From the definition of the Zorich acceleration V7 of the
Rauzy-Veech dynamics, the norm of the matrix B, defining the KZ-cocycle at a point (, \)
is bounded by

Za )\a
1Bl < € =4——.

ming, A,

The same estimate holds for the inverse of this matrix. But the proposition at the end of
subsection 9.7 states that the majorant in the inequality above is larger than A on a set of
measure at most A~!(log A)4~2, which easily implies the required integrability.

Observe that the same computation shows that the return time for the Teichmiiller flow
on S*(D) is integrable. By Birkhoff’s ergodic theorem, the mean value 6} over S*(D) of this

return time has the following property: for almost any point in ( € M(M, X, k), we have

1

lim . #{t € [0.T); T(Q) € 5°(D)} = 5

T—+o0

As a consequence, the Lyapunov exponents for the discrete KZ-cocycle over V* or V' are
proportional by a factor 67 to those of the continuous KZ-cocycle over 7.

Exercise: Show that the largest Lyapunov exponent of the continuous KZ-cocycle
over 7 is equal to 1, and that the largest Lyapunov exponent of the discrete KZ-cocycle over
V* or V} is equal to 07.

Exercise: Use the ergodicity of V' to show that the largest Lyapunov exponent of
the KZ-cocycle is simple.

Let v : 7 — 7' be an arrow of D. We have also seen in subsection 7.6 that, when we
equip Im 2, and Im 2, with the symplectic structures defined by €., €. respectively, the
restriction of B, to Im €, is symplectic. This implies that the Lyapunov spectrum (i.e the
Lyapunov exponents, counted with multiplicities) of the restricted KZ-cocycle is symmetric
with respect to 0: counted with multiplicities the Lyapunov exponents of the continuous
restricted KZ-cocycle have the form

1:91>92>...992994,_1:—092...2929_1:—02>929:—1,
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the Lyapunov exponents for the discrete restricted KZ-cocycle over V* or V) being the
0 =07 6;.

Kontsevich and Zorich conjectured that all Lyapunov exponents of the restricted KZ-
cocycle are simple. In particular, this stipulates that 6, > 60,.;, = —0,, hence that the
restricted KZ-cocycle is hyperbolic in the sense that it does not have 0 as Lyapunov expo-
nent. Forni then proved the hyperbolicity of the restricted KZ-cocycle before Avila and Viana
proved the full conjecture of Kontsevich and Zorich.

Theorem  (Forni [For2],[Kri)) The restricted Kontsevich-Zorich cocycle is hyper-
bolic.

The (Lyapunov) hyperbolicity of the KZ-cocycle holds w.r.t the invariant measure equiv-
alent to Lebesgue measure, but not to any invariant measure.

Exercise : In the Rauzy diagram with g = 2,d = 4, find a complete loop v such

that B, has two eigenvalues of modulus 1.

Observe that when g = 2, Forni’s theorem already implies that the Lyapunov spectrum of
the KZ-cocycle is simple. For higher genus, we have

Theorem (Avila-Viana [AvVil],[AVVi2]) The Lyapunov spectrum of the restricted
Kontsevich-Zorich cocycle is simple.

The proofs of both theorems (Avila-Viana’s approach is quite different from Forni’s) are
beyond the scope of these notes.

The Lyapunov exponents of the restricted discrete KZ-cocycle over V* and V' are the
same. The conclusions of the Oseledets theorem are however slightly different.

e For almost every (m,A\,7) € S*(D), there exists a direct sum decomposition into 1-
dimensional subspaces
ImQ, = ®9F,(m, A\, 7),

such that, forw € F;(m, A\, 7), w # 0, we have, writing (V3£,)"(m, A\, 7, w) = (V*)*(m, A\, 7), wy)

[[wn]

=0;.

lim —log :

ntno 8 [[u]

e For almost every (m, A\) € A(D), there exists a filtration
ImQ, = Ey(m,A\) D Ey(m,A) D ... D Ey(m, \) = {0},

with codim Ej(m, \) = i, such that, for w € E;_(m, \)=E;(7, A), writing (V5 ,)" (7, A\, w) =
(V2)"(, ), wn), we have
[[wn]

= 6r.

1

li —1
ntoon 0 |[w]]
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For almost every (m, A\, 7) € S*(D), and every 0 < i < 2g, the direct sum @fﬁlﬂ(ﬂ, A, T)
is independent of 7 and equal to E;(m, A). Symmetrically, for almost every (m, A\, 7) € S*(D),
and every 0 < i < 2g, the direct sum @} F;(w, A\, 7) is independent of \.

When one considers (assuming s > 1) the extended KZ-cocycle over V* or V', one obtains
moreover

e In the invertible case, a subspace Fi(m, A, 7), which complements Im €2, and has dimen-
sion s — 1, associated to the exponent 0;

e In the non invertible case, the subspaces associated to the positive exponents are the
E(m,A) = Ej(m,\) & Fo(m, A\, 7), V0<i<y,
which satisfy codim Ef (7, \) = i. The subspace associated to the exponent 0 is
E*(m,\) == F(m,\,7) @ Egp1(m, N),
and those associated with the negative exponents 07, g < i < 2g are the E;(m, \).

11.5 Lyapunov exponents of the Teichmiiller flow

Recall that S(D) was identified in subsection 9.5 with the transverse section to the
Teichmiiller flow in MM (D)

{(W,/\,T)GU{W}XAX@K; Z/\O‘ =1, 7Q. '\ = 1},

the return map being given by the Rauzy-Veech invertible dynamics V. Thus, a number
of iterations of V', associated to a path 7 : 7 — 7’ in D, correspond to the Teichmiiller time

A
A 1og ) B,

lo =
*TA B

and to the return map

-1

(m, A7) — (7 L

— = ||IANB! B7Y.

From subsection 7.6, we know that the action of B L on row vectors in Ker ) is neutral
and the action on the quotient R4 /Ker Q, ~ Im(Q, is given by B,. From this we deduce

immediately the Lyapunov exponents of the Teichmiiller flow on M (D) (with respect to the
canonical invariant measure)
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e There are, counted with multiplicities, d — 1 = (2g — 1) + (s — 1) positive Lyapunov
exponents which are the simple exponents

2=14+601>1+0,>...> 1-'-‘929,1
and, when s > 1, the exponent 1 (between 1+ 6, and 1 + 6,,;) with multiplicity s — 1.

e There are symmetrically d — 1 = (29 — 1) + (s — 1) negative Lyapunov exponents which
are the simple exponents

—1+02 > ... > _1+929*1 > —1+62g:—2
and, when s > 1, the exponent —1 with multiplicity s — 1.

e Finally, the exponent 0 = 1 + 0, = —1 + 0, was killed by the normalization conditions
on A\ and 7, but is still present with multiplicity 1 in the direction of the flow.

e When considering the flow in M(D), the exponent 0 has multiplicity 2 because the
foliation by the levels of the area map A is invariant.

e The strong local stable manifold of a point (m, Ao, 79) € M(D) has equation
{N = Xo, (T—70) Qr "Ao = 0}. Similarly, the strong local unstable manifold has
equation {1 = 19, 70 Qr "(A — Ag) = 0}.

11.6 Deviation of ergodic averages

Let T be an i.e.m with combinatorial data (A, 7) and domain UI},. Given a point xg, a
letter @ € A and an integer k, denote the number of visits to I, of the orbit of zy up to time
k by

Xa(k) = #{i € [0,k); T"(z0) € I} .

How do these numbers behave as k goes to +00? This was one of the questions that led
Kontsevich and Zorich to introduce their cocycle.

A first answer is provided by Birkhoff’s theorem: by the theorem of Masur and Veech, for
almost all length data A\, T is ergodic w.r.t Lebesgue measure. Therefore, for such a T', one
has , for all @ € A and almost all

1
lim —xa(k) = [Tt = Ao .
Jm -xa(k) = |

A slightly better answer is obtained by using that, by the same theorem of Masur and
Veech, almost all T are actually uniquely ergodic. Indeed, if f is a uniquely ergodic minimal
homeomorphism of a compact metric space X and ¢ is a continuous function on X, the
convergence of the Birkhoff sums of ¢ holds for any initial value zy and is uniform in z;.
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Here, T is not a homeomorphism and the characteristic function of I, is not continuous but
this is not a problem in reason of the following trick.

Split any point in the forward orbit of the singularities of 7-! and the backward orbit
of the singularities of 7" into its left and right limit. One obtains, equipped with the order
topology, a compact metric space I. The i.eam T induces on I a homeomorphism T which is
easily seen to be uniquely ergodic when T is. Also, the interval I, corresponds to a clopen set
in I so its characteristic function is continuous.

A much more precise answer on the speed of convergence of the %Xa(k) is obtained using
the KZ-cocycle.

Assume that T has no connection. Let (I™),5o be the intervals of induction for the
Rauzy-Veech algorithm, (7;,),>0 the corresponding i.e.m, w € RA. Viewing w as the function
on UI!, with constant value w, on I}, the Birkhoff sums of w are given by

Srw(zo) = Zwaxa(k) :

On the other hand, we have seen in subsection 11.2 that the KZ-cocycle is directly related to
the Birkhoff sums S™w of w corresponding to the return to 1.

In order to relate Spw(xg) to the S™w, we introduce the point z* of the orbit
{T7(xz0); 0 < j < k} which is closest to the left endpoint of I. We consider separately in
Srw(zo) the part of the sum which is before x* and the part which is after x*. Thus, we have
just to consider Birkhoff sums S;w(z*) (with j € Z).

Consider such a sum S;w(z*), with for instance j > 0 (the case j < 0 is similar). In the
orbit {T%(z*); 0 < £ < j }, there exists a unique subsequence (2%)o<scr = (7% (2*))o<s<r, and
a sequence (ng)o<s<r With the following properties:

e 0=jo<n<...<jr=17;

e l<n <...<No;

the point z} belongs to I™) for 0 < s < r;

the point z% does not belong to I+ for 1 < s < r;

the point 7*(z*) does not belong to 1) for 1 < s < 7, jo_1 < £ < js;

This means that the sum Z;zj w(T*(z*)) corresponds to a first return in 1), Writing o

for the letter such that z7_; € ]i’s(ns), we have

r

Sjw(z*) =Y (8w, .

1
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As the return time of 7}, in 7™*V is 1 or 2, we have actually ng > n; > ... > n,. On the
other hand, assume that the data (m, \) of T" are typical for Oseledets theorem applied to the
KZ-cocycle; when w € Ej(m, \) for some 0 <i < g (resp. w € Ey(m, \)), one has

log [[St1]] —
(resp. lim su M =0.)
P dog st T
From this, one obtains the following result
Theorem [Zo3] For almost every i.e.m. T'="T5 5, and all x € I, one has
1
lim sup 28 IOk T)) [Siw()l < iy
log k
if we Ef(m,\) for some 0 <i < g and
log |S,
lim sup 28 10@ _ g
log k

ifw e B (m, ).

There is a similar interpretation of the KZ-cocycle in terms of the way that the orbits of
the vertical flow of a typical translation surface wind around the surface: see [Zol],[Zo4].

12 The cohomological equation

We present in this section the main result of [MmMsY]. Let f : X — X be a map. The
cohomological equation associated to this dynamical system is

Yof—i=g,

where ¢ is a given function on X (usually assumed to have some degree of smoothness), and
¥ is an unknown function on X (generally required to have another degree of smoothness).

12.1 Irrational numbers of Roth type

Definition An irrational number « is of Roth type if, for every € > 0, there exists
C = C, > 0 such that, for every rational §, one has

P C
|a_ a| Z q2+6'
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The reason for the terminology is the celebrated result

Theorem (Roth) Fvery irrational algebraic number is of Roth type.
Let o = [ag;aq, ...] be the continuous fraction decomposition of the irrational number «,
and let (2’—2) be the associated convergents of o. Then « is of Roth type iff ¢,+1 = O(¢} ") for

all € > 0; this can be reformulated as a, 11 = O(¢) for all € > 0.

The set of irrational numbers of Roth type has full Lebesgue measure: indeed, for every
qg=>1, C >0, the set of a € (0,1) such that

C
q2+5

]a—£|<
q

for some p € Z has measure < 2Cq~'7° and the series Zq>1 q~17¢ is convergent.

Standard methods of harmonic analysis allow to prove the following fundamental result,
where R, denotes the rotation x — z + a on T.

Theorem Let o be an irrational number of Roth type and let r, s be nonnegative
real numbers with r — s > 1. For every function ¢ € C"(T) of mean value 0, there exists a
unique function ¥ € C*(T) of mean value 0 such that

¢0Ra_¢:90'

12.2 Interval exchange maps of Roth type
Let T be an interval exchange map, (A, ) its combinatorial data; denote by R the Rauzy
class of m and by D the associated Rauzy diagram.

We assume that 7" has no connection. The Rauzy-Veech algorithm applied to 17" produces
an infinite path v in D starting from 7. From Proposition 1 in subsection 7.7, the path ~ is
oo-complete. We can therefore write in a unique way ~ as a concatenation

Y=Y kYo kL Xk Yy kL

where each ; is complete but no strict initial subpath of 7; is complete. We write 7(n) for
the initial part

Y(n) =y % Y2 % .k
of .

We say that 7" is an i.e.m of Roth type if it satisfies the three conditions (a), (b), (c¢) below.
(a)  For every e > 0, there exists C' = C. such that, for all n > 0, one has

1Byl < ClIBym-vll"-
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Exercise Let x — = 4 « be an irrational rotation on T and let 7" be the associated
i.e.m with two intervals. Show that « is of Roth type iff T" satisfies condition (a).

Let A € R4 be the length data of T and let F; = {>"_ Aqw, = 0}; this hyperplane of R4
should be viewed as the space of functions w, constant on each I’ of mean value 0.

(b) There exists > 0, C' > 0, such that, for all n > 0, one has

1Byl < ClIByw '™,

Exercise Show that condition (b) is always satisfied when d = 2.
Exercise Show that condition (b) implies that 7" is uniquely ergodic.
Exercise Assume that T satisfies the following reinforcement of condition (a): there

exists C' > 0 such that ||B,,|| < C for all n > 0. Show that this imply that 7" satisfies
condition (b).

Exercise Show that the condition of the last exercise is satisfied iff the orbit of (7, )
under V' is relatively compact in A(D).

In order to state part (c) of the definition of Roth type i.e.m, we define, for ¢ > k

’Y(k’,g) = Ve+1 ¥ ... %Yy

and introduce, for k£ > 0

log || B
B (k) = {w € R*; limsup 281 Batol]
(—+o0  10g|[|Byrpl

< 0}.

Observe that £°(k) is a vector subspace of R which is sent by B, onto E*(¢). Denote
by B}, the restriction of B, to E*(k) and by B,’ij the map from R4/E*(k) to R4/ E*(()
induced by B,

(c) For every € > 0, there exists C = C. such that, for all ¢ > k, we have
1BLdl < ClIByoll,
IBL) < ClIBywll”

Assume that p is a probability measure which is invariant under the dynamics V' generated
by the Rauzy-Veech algorithm or the accelerated version V*. Assume also that the integrability
condition of Oseledets’s theorem is satisfied by the Kontsevich-Zorich cocycle w.r.t p. For
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instance, p could be the canonical V*-invariant measure absolutely continuous w.r.t Lebesgue,
or could be supported by a periodic orbit of V' (or more generally a compact V-invariant subset

of A(D)).

Then, property (c) is satisfied by p-almost all T'. The spaces E*(k) are the stable subspaces
associated to the negative Lyapunov exponents (relative to p) and the estimates in (c) follow
from the conclusions of Oseledets’s theorem.

Property (b) is also satisfied by p-almost all T'. Indeed, the largest Lyapunov exponent for
i is simple, with associated hyperplane equal to E; (the simplicity of the largest exponent for
(i is proven from the positivity of the matrices B as in subsection 10.2).

Regarding property (a), no general statement w.r.t any invariant probability p as above is
known. On the other hand, with respect to the canonical V*-invariant measure absolutely con-
tinuous w.r.t Lebesgue, (or equivalently w.r.t Lebesgue measure), almost all T satisfy property
(a): this follows from a stronger statement that will be presented in section 14. We thus obtain

Proposition For any combinatorial data (A, ), and Lebesgque almost any length
vector X\, the i.e.-m T constructed from these data is of Roth type.

12.3 The cohomological equation for interval exchange maps

The first and decisive breakthrough concerning the cohomological equation for i.e.m of
higher genus was obtained by Forni [Forl]. He actually works with the (nonzero) constant
vectorfields X on a translation surface (M, X, k, ) for which the cohomological equation takes
the form

XU =090,

He defines from the flat metrics associated to the structure of translation surface a family
H?*(M) of Sobolev spaces and obtains the following result

Theorem (Forni[Forl],[For3]) Let k > 0 be an integer and r,s be real numbers
satisfying s — 3 > k > r. For almost all constant unit vectorfields X on (M, k, (), and all
functions ® € H*(M) satisfying D.® = 0 for all D € T%, there exists V € H"(M) such that
X.U = &. Here, I% is the finite-dimensional space of X -invariant distributions in H=*(M).

A slight drawback of Forni’s theorem is that no explicit description of the set of ”good”
directions for which it is possible to solve the cohomological equation is given. This is ad-
dressed by the next result.

Let T be an interval exchange map, (A, ) its combinatorial data, LI’ the domain of T.
We denote by BVL(LIY) the Banach space of functions ¢ on LI, with the following properties

e the restriction of ¢ to each I’ is absolutely continuous and its derivative is a function of
bounded variation;

e the mean value of the derivative Dy over LI is 0.
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Remark The first property implies that the limits ¢((uf)*) (for 0 < ¢ < d) and
o((uh)™) (for 0 < @ < d) exist, where ug = uf, ug = ul; are the endpoints of the domain of ¢

and uf < ... <u!_; are the singularities of T". Then the second condition is

d—1

D () ) = o((uh) ) + plug) — wlug) = 0.

1

Theorem [MmMsY] Assume that T has no connection and is of Roth type. Then,
for every function o € BVL(UI!), there exists a bounded function 1) on UIY and a function x
which is constant on each I’ such that

YoT —b=p—x

Remark The solution (¢, x) of the equation is unique if one restricts 1, x to smaller
subspaces. More precisely, let Er be the subspace of R* formed of the functions y, constant
on each I, which can be written as ¢ o T — ¢ for some bounded function v; let Ef be a
complementary subspace of Er in RA. Then, under the hypotheses of the theorem, one can
find a unique pair (1, x) satisfying moreover that ¢ has mean value 0 and that y € E%. The
quotient space R“/Er can thus be seen as the obstruction to solve the cohomological equation

for the smoothness data under consideration.

As the derivative of T'is 1 on each I’ , differentiating the cohomological equation leads to the
same equation for derivatives of ¢, 1, with only constants of integration to keep under control.
A result on the cohomological equation in higher smoothness is therefore easily deduced from
the basic result above.

For r > 1, let BVL(UI!) be the space of functions ¢ on LI, such that

e the restriction of ¢ to each I, is of class C"~!, D"1¢ is absolutely continuous on I, and
D"y is a function of bounded variation;

e the mean value of the derivative D7¢ over UI! is 0 for every integer 0 < j < 7.

On the other hand, let I be the interval supporting the action of T'. Denote for » > 2 by
C—2LP(]) the space of functions ¢ on I which are of class C"~2 on all of I and such that
D721 is Lipschitz on I.

Finally, for > 1, let E(r) be the space of functions y on UI’ such that
e the restriction of y to each I’ is a polynomial of degree < r;

e the mean value of the derivative D7y over UI! is 0 for every integer 0 < j < r.

One has then
Theorem [MmMsY] Assume that T has no connection and is of Roth type. Letr be an
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integer > 2. Then, for every function ¢ € BVL(UIL), there exists a function 1 € C™~2FLP(])
and a function x € E(r) such that

Yol —ih=¢—x

12.4  Sketch of the proof
We give some indications about the steps of the proof of the theorem.
We want to use the following classical result.

Theorem (Gottschak-Hedlund) Let f be a minimal homeomorphism of a compact
metric space X, let xy be a point of X, and let ¢ be a continuous function on X. The following
are equivalent:

1. The Birkhoff sums >0 " o fi(xo) are bounded.

2. There exists a continuous function ¥ on X such that
pof-v=0p.

By splitting each point in the orbits of the singularities of 7" and T~ into its left and right
limit, one obtain a compact metric space I on which T" induces a minimal homeomorphism.
Moreover, every continuous function 1/) on I induces a bounded function on 1. Therefore, in
view of the theorem of Gottschalk-Hedlund, it is sufficient to find, for every ¢ € BVi(I_IIfX),
function x, constant on each If,, such that the Birkhoff sums of ¢ — x are bounded.

Let BV(UI!) be the Banach space of functions ¢; of bounded variation on UI’, equipped
with the norm

l[e1llBy = Sgylwlﬁrﬂ + |e1lBv,
ua

lerlsy == > Varp ¢

Let I™ = Ul ™ ¢ I be the interval of induction for the step of the Rauzy-Veech algorithm
associated to the initial path v(n) of v (notations of subsection 12.2). A simple but crucial
observation, in the spirit of the Denjoy estimates for circle diffeomorphisms, is that, for ¢, €
BV (UIY), the Birkhoff sum S™ ¢, corresponding to returns in I (see subsection 11.2) satisfy

SMepy e BV(UIL ™) with
|S(n)901|BV < |901|BV .

This estimate is the basic ingredient in the proof of the
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Proposition Assume that T has no connection and satisfy conditions (a) and (b) of
subsections 12.2. For every function v1 € BV(UIL) of mean value 0, and every n > 0, we
have

_0
sup [S@ 1 (2)] < OByl 2 |lenl [ pv,

urs

where C' depends only on the constants in condition (a) and (b).
From condition (a), the lengths |15 ™| satisfy

- log|Ia "]
hm P ———

=-—1.
n—+oo log ||Bv(n)H

Therefore, for every ¢ € BV(UI!) of mean value 0, and every n > 0, there exists a primitive
wo € BVL(LUIY) of ¢, (one constant of integration being chosen for each I’) such that

_0
sup [S™o(2)] < C ||Bywll ™3 llnl v

urs

Using condition (c) of subsection 12.2, one can change the order of the quantifiers to make
the primitive ¢y independent of n and still satisfy

sup |S™eo(2)| < C |I1Bywll™llenllsv,

for some w > 0. But the last estimate, together with condition (a) of 12.2, easily imply
that the Birkhoff sums of ¢y are bounded. This proves the required result: starting from
any ¢ € BVL(UIY), we take ¢, := Dy € BV(UIY); it has mean value 0 and therefore has a
primitive g such that the Birkhoff sums of ¢, are bounded. The difference ¢ — g is constant
on every I!.

13 Connected components of the moduli spaces

We present in this section the classification of the connected components of the moduli space
M(M, 3, k) by Kontsevich and Zorich [KonZo]. The classification of the connected compo-
nents of the marked moduli space is the same: it is easy to see that the canonical covering
map from M(M, 3, k) to M(M,%, k) induces a bijection at the my level. Observe also that
for classification purposes, we can and will assume that all ramification indices x; are > 1.

13.1 Hyperelliptic components
Let d > 4 be an integer, and let P € C[z] be a polynomial of degree d+ 1 with simple roots.
Adding 1 or 2 points at infinity (depending on whether d is even or odd) to the complex curve

{w? = P(z)}, one obtains an hyperelliptic compact Riemann surface M of genus g = [g] The
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holomorphic 1-form w := % has no zero at finite distance. When d is even, it has a zero of
order d — 2 = 2g — 2 at the single point A; at infinity. When d is odd, it has a zero of the
same order g — 1 = % at each of the two points A, As at infinity.

The translation surface defined by (M, w) has therefore the following data:
e s=1, kg =29 —1if d is even;
o s=2 K| =Ky =g if dis odd.

Moreover we have d = 2g + s — 1 in all cases so d is the complex dimension of the corre-
sponding moduli space.

Observe that, for a € C*,b € C, the polynomials P and a 2P(az + b) produce isomorphic
translation surfaces. One has therefore exactly d independent complex parameters to deform
the translation surface through a change of polynomial P. It is not difficult to see that one
gets in this way, for each integer d > 4, a whole connected component of the corresponding
moduli space. Such connected components are called hyperelliptic.

Hyperelliptic components correspond to the simplest Rauzy classes. Let #A4 = d. A Rauzy
class containing some combinatorial data = = (7, m,) such that m(a) + m () = d + 1 for all
a € A is associated to the hyperelliptic component of dimension d.

When g = 2, the values d = 4 and d = 5 correspond to a double zero or two simple zeros
for w respectively. It is immediate to check that the hyperelliptic Rauzy classes described
above are the only ones giving these values of (g, s, k). Therefore, the two strata of the moduli
space in genus 2 are connected and hyperelliptic.

Kontsevich and Zorich discovered that the situation is quite different in genus > 3.
13.2 Parity of spin structure

Let (M,%, k,() be a translation surface such that all x; are odd. We denote as usual
Y= (Ay,..., Ay). Thedivisor D = ) @Al defines a spin structure on the Riemann surface
M (equipped with the complex structure defined by the structure of translation surface). The
parity of this spin structure is the parity of the dimension of the space of meromorphic functions
f on M such that (f) + D < 0.

The reader should consult [At], [Mil] for some fundamental facts and results about spin
structures and their parity. A fundamental result is that the parity of the spin structure is
invariant under deformation, and is therefore the same for all translation surfaces in a same
connected component of the moduli space.

The parity of the spin structure can be computed in the following way. For a smooth loop
c:S!' — M — 3, define the index ind(c) to be the degree mod 2 of the map which associates
to t € S the angle between the tangent vector ¢(¢) and the horizontal direction at c(t). As all
ramification indices k; are odd, the index depends only on the class of ¢ in Hy(M,Z). Now let
a;,b;, 1 <1 < g be smooth loops in M — ¥ such that their homology classes form a standard
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symplectic basis of Hy(M,Z). The parity of the spin structure for the translation surface
(M, %, k, () is then given by

Xg:(md(ai) +1)(ind(b;) + 1) mod. 2.

1

13.3 Classification

Kontsevich and Zorich have shown that hyperellipticity and parity of spin structure are
sufficient to classify components. More precisely

Theorem [KonZo| Let (g, s, k) be combinatorial data (with all k; > 1) determining
a moduli space for translation surfaces.

1. If at least one of the k; is even, the moduli space is connected, except when s = 2,
k1 = ke = g = 4. In this case, the moduli space has two components, one hyperelliptic
and the other not hyperelliptic.

2. If all k; are odd and either s > 3 or s = 2 and k1 # ks, then the moduli space has
two connected components, one with even spin structure and the other with odd spin
structure.

3. Ifeithers=1,9g >4 ors =2,k = kg = g odd > 5, the moduli space has three connected
components: one hyperelliptic and two non hyperelliptic distinguished by the parity of the
spin structure.

4. If g =3, s=1o0rs =2 Kk = ky =3, the moduli space has two components, one
hyperelliptic and the other not hyperelliptic. If g = 2,s = 1, the moduli space is connected.

We just say a few words of the scheme of the proof. The confluence of the zeros of the
1-form associated to the structure of translation surface organizes the various moduli spaces
as the strata of a stratification. The minimal stratum S,,;, corresponds to a single zero of
maximal multiplicity 2g — 2.

Kontsevich and Zorich establish the following fact, which allows to rely any stratum to
Smin: for any stratum S, and any connected component C' of S,,;,, there exists exactly one
component of S which contains C' in its closure.

The determination of the connected components of the minimal stratum S,,,;, is by induc-
tion on the genus g. First, using a local construction first described in [EMaZo], they show
that there are at least as many components as stated in the theorem: given a translation
surface with a single zero A; of multiplicity 2g — 2, they split A; into two zeros A}, A of
respective multiplicities k7, k7, slit the surface along a segment joining A} and A7, and glue
the two sides to the two boundary components of a cylinder. The resulting translation surface
has genus g + 1, a single zero of maximal multiplicity 2¢g and the parity of its spin structure
changes when the parity of k] change.
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That there are no more components of S,,;, that as stated in the theorem is also proved by
induction. The idea is to present any generic translation surface in .S,,;, as the suspension, via
the zippered rectangle construction, of an i.e.m and then take off a handle by an appropriate
reduction operation.

14 Exponential mixing of the Teichmiiller flow

We present in this section the main results from [AvGoYo].
14.1 Exponential mixing

Let (X,B,m) be a probability space, and let (T*) be a measure-preserving dynamical
system. We allow here for discrete time (¢ € Z) as well as continuous time (¢ € R). We denote
by LZ(X) the Hilbert space of square-integrable functions of mean value 0, by U* the unitary
operator ¢ — @ o T of LE(X). For ¢, ¢ € L3(X), we define the correlation coefficient of

®, ¥ by
C%w(t> =<, Ut¢ >

We recall that

e T" is ergodic iff, for all ¢, ¢ € L3(X), ¢, 4(t) converges to 0 in the sense of Cesaro as
t — 400 ;

e 7" is mixing iff, for all ¢, ¢ € L§(X), ¢, 4(t) converges to 0 as ¢ — +o0 .

Exponential mixing requires that this convergence is exponentially fast. However, simple
examples (for instance, the shift map) show that this cannot happen, even in the most chaotic
dynamical systems, for all functions ¢, ¥ € L3(X). One generally requires that ¢, ¢ belong
to some Banach space E of "regular” functions on X, dense in LZ(X). Then the correlation
coefficients should satisfy

co,u(t) < Cllol|e [[¢]|zexp(=d 1),
where ¢ > 0 is independent of ¢, ¢ € E. Observe that this indeed imply mixing.

Exponential mixing, unlike ergodicity or mixing, is not a spectral notion (one which de-
pends only on the properties of the unitary operators U*).

Theorem [AvGoYo] The Teichmuller flow is exponentially mixing on any connected
component of any marked moduli space MM (M, X, k).

The subspace E of "regular” functions will be explicited below; for any 1 > # > 0, it can
be chosen to contain all g-Holder functions with compact support.
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14.2 Exponential mixing and irreducible unitary representations of SL(2,R)

The theorem has an interesting consequence with respect to the representation of SL(2,R)
determined by the action of this group on the marked moduli spaces.

Ler C be a connected component of some marked moduli space M M (M, %, k). Denote by
H the Hilbert space of zero mean L? functions on C. The action of SL(2,R) induces an unitary
representation of SL(2,R) in H. As any unitary representation of SL(2,R), it decomposes as

an hilbertian sum
- [ e

where, for each £, the representation of SL(2,R) in H is irreducible.

According to Bargmann, the nontrivial irreducible unitary representations of SL(2,R) are
divided into three families, the discrete, principal and complementary series. This corresponds
to an orthogonal decomposition into invariant subspaces

H=H,®H & H, ®H, .
The ergodicity of the action of SL(2,R) (Masur-Veech) means that H;. = {0}.
Write g; for the diagonal element (ef,e™*) of SL(2,R) corresponding to the Teichmiiller

flow. In general, for vectors v, v’ belonging both to the discrete component H, or the principal
component Hp, of the representation, one has, for ¢ <1

<g(),v'> < Cte Pl [V

On the other hand, the complementary series is parametrized by a parameter s € (0, 1),
with

Ho={f :S' = C, ||fIP:= //’ — /’1sd2dz < 400},

the representation of SL(2,R) in H; being given by

a b = s faz+p
(& 0) s =prarr (550)

N .
1 a b 1 _ [«
() o)) - (5

We observe that the norm in Hy is equivalent to the norm

If1I" = (Z(l+ |n\)s|f(n)|2)§.
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The integral powers e, (z) := 2", n € Z, are eigenfunctions for the action of SO(2,R):

( cosf sind ) e, = exp(2imnh) e, .

—sinf@ cosf

An easy calculation show that, for m,n € Z, t > 1
| < giem,en > < < gien, e >,

Cil €t(871) < < gi€o, €g > < Cs et(871),

s

with Cs > 0 depending on s but not on ¢.

Definition A unitary representation H of SL(2,R) has an almost invariant vector
if, given any compact subset K of SL(2,R) and € > 0, there exists a unit vector v € H such
that

llgv—v|| <e

for all g € K.
A unitary representation ‘H of SL(2,R) with no almost invariant vector is said to have a
spectral gap.

Let H = [ Hedp(§) be the decomposition of a unitary representation H of SL(2,R) into
irreducible representations. Then H has a spectral gap iff there exists sg € (0,1) such that,
for almost every £, H is neither the trivial representation nor isomorphic to a representation
in the complementary series with parameter s € (sg, 1).

Definition Let ‘H be a unitary representation of SL(2,R). A vector v € H is
C"-SO(2,R)-smooth if the function

0 cosf sinf
—sinf cos6 v
is of class C".

Proposition (Ratner [Rat]) If the unitary representation H has a spectral gap,
then it 1s exponential mizing for C*-SO(2,R)-smooth vectors: there exists 6 > 0 and C > 0
such that, for any C?-SO(2,R)-smooth v,v' € H, t > 1

| < grv, 0" > < C exp(=dt) ||v]|2 [|V']]2
where ||v||a is the sum of the norm of v and the norm of the second derivative at 0 of

0 cosf sinf
—sinf cos® v
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Sketch of proof- It is sufficient to consider unit vectors v, v’ in the complementary com-
ponent of the representation. There exists sy € (0, 1) such that s(§) € [so, 1) for almost every
&, hence we have

| < gr-em,en > | < Cexp(t(so—1))

for all t > 1, m,n € Z, and almost every £. Let v,v' be C?-SO(2,R)-smooth vectors in the
complementary component of H. Write

v= [ v(&du(e) = [ 3 vmlendutc)

and similarly for v/. Then v(§) is C?-SO(2,R)-smooth for almost all £&. From the remark on
the norm in H, above, this gives, for all m € Z

[om(€)] < Cl(©)]]2(1 + m]) 5

We conclude that

| <go > < / | < ge(€), V(€) > |dul€)

< /|szm €) < gu-emsen >¢ |dp(€)
< O expli(so— 1) / () lal 1 (€) lde)
< C exp(t(so — 1)) [[v][2][v'] |2 O
Remark: The absence of a trivial component, i.e the ergodicity of the action of
SL(2,R), already imply that the action of the diagonal subgroup is mixing: for vectors of
the form v = fo<s(g)<so > i< Um (&) emdp(§), v f0<s(£ )<so 2 mi<nr Um(§)emdp(&), for some

M >0, so € (0,1), we have that | < g;.v,v" > | converges to 0 by the calculation above. These
vectors are dense in the complementary component of H, and the mixing property follows.

Conversely

Proposition Assume that there exists 6 > 0 and a dense subset E of vectors v in
the space of SO(2,R)-invariant vectors in H for which the correlation coefficients < g;.v,v >
are O(exp(—0ot)). Then H has a spectral gap.

Proof: We may assume that 0 < § < 1. Assume by contradiction that H has no
spectral gap. The complementary component v, of any SO(2, R)-invariant vector takes the
form v. = [vo(§)eodu(§), with vy € L*(u). As E is dense in the space of SO(2,R)-invariant
vectors in ‘H, we can find v € F such that

i€, s(6) > 1 — 6 and vo(€) £ 0} > 0.
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Then we have
< GpUe, Ve > = /|¢(§)|2 < gi-€0,€0 > dp(§)
> [ OO exple(s(6) — D)dn(e)

here s(§) is the parameter in the complementary series associated to He. Thus < g;.v., v, >
is not O(exp(—dt)). But v does not have a discrete component, and the principal component
v, satisfies < ¢;.v,, v, >= O(texp(—t)). This contradicts the property of E. O

Coming back to the setting of the theorem in subsection 14.1, let C be a component of some
marked moduli space M(l)(M , 2, k). The space of compactly supported mean zero smooth
SO(2,R)-invariant functions on C is dense in the subspace of SO(2,R)-invariant functions in
L%(C). Therefore the representation of SL(2,R) in L2(C) has a spectral gap.

14.3 Diophantine estimates

Exponential mixing is a classical property of uniformly hyperbolic transformations pre-
serving a smooth volume form.

Exercise : Let A € SL(d,R) be a hyperbolic matrix. The induced diffeomorphism
of T? preserves Lebesgue measure. Prove that , if ¢, are Hélder functions on T¢ with zero
mean-value, the correlation coefficient ¢, ,(n) := de @ o A" satisfy

|cos()| < Cllgl| [[9]] exp(=on),

where ¢ depends only on A and the Hélder exponent of ¢, 4.

With respect to this very basic case, the Teichmiiller flow presents three difficulties:
e the time is continuous rather than discrete;
e hyperbolicity is non uniform;

e distortion for large time is not controlled as simply than in the uniformly hyperbolic
setting on a compact manifold.

As the constant time suspension of an Anosov diffeomorphism is obviously not mixing, the
first difficulty is quite serious. The ideas which allow to deal with it were first introduced by
Dolgopyat ([Do]) and later developped by Baladi-Vallée ([BaVal).

The other two difficulties are related to a lack of compactness of the moduli spaces of
translation surfaces. To get uniform hyperbolicity and bounded distortion, one is led to intro-
duce the return map of the Teichmiiller flow to a suitably small transversal section (smaller
than the ones considered in Section 9). The problem is then to control the return time to
this transversal section. This is done through diophantine estimates which we will now present.
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Let R be a Rauzy class on an alphabet A, let D be the associated Rauzy diagram. The
estimates depend on a parameter q € Rj‘r‘. For such ¢, we define a probability measure P, on
P(R) by

Leb(RLANAY)
B Leb(A,) 7

where A, = {A € R{; < X\, ¢ > < 1 }. Define also, for ¢ € R, M(q) := maxsea o,
m(q) := minye 4 ¢o. For a finite path v in D, starting from a vertex m, we denote by A, the
set of A\ € A, whose Rauzy-Veech path starts with ~.

Let now 0 < m < M be integers, q € R“fr‘, m € R. Define I'y = I'y(m, M, ¢, 7) to be the set
of finite paths v € D starting from 7 such that

P,(A):

M(B,q) > 2" M(q), m(B,q) < 2" M(q).
Theorem [AvGoYo There exist constants 0,C depending only on #.A such that
P,(|J P(A)) < Cm+1)27m
Y€l

A closely connected estimate is the following. Let M be an integer and ¢ € Rj‘r‘, ™ e R.
Define I'y = I'1(M, g, 7) to be the set of finite paths 7 € D starting from 7 such that v is not
complete and M (B,q) > 2" M(q).

Theorem [AvGoYo There exist constants 6,C depending only on #A such that

P, P(A) < C(M + 1)727M,

vel'r

Exercise Use these estimates to show that almost all i.e.m are of Roth type.
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