A PROOF OF HALL’S THEOREM
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Theorem 0.1. Let K, K3 C R be Cantor sets such that (K1) 7(K2) > 1. Then at least
one of the following properties hold

(1) K is contained in a connected component of R \ Ko;
(2) Ky is contained in a connected component of R\ K;;
3) K1N Ky # 0.

Proof. We assume that none of the properties in the theorem is satisfied and obtain a con-
tradiction. We choose, for i+ = 1,2, trivializations h; : A%+ — K, such that
T(Kl, hl) T(KQ, hQ) > 1.

Two non-trivial compact intervals J1, Jo C R are said to be entangled if Jy, J; intersect
but one has neither J; C Jy nor Jo C J;. Writing J; = [a;, b;], it means that either
a1 < ag <by <byoras <ap <by <by.

As none of the first two properties in the theorem is satisfied , the intervals J(hq, () and
J(ha, D) intersect. We may assume that |J(ha, 0)| < |J(hy, D)|. We first show

Lemma 0.2. There exists a finite word © on the alphabet A such that the intervals J(ha, 1),
J(h1,©) are entangled.

Proof. Indeed, if J(h1,0) and J(he, () are entangled, we take ©® = (. If not, we have
J(h2,0) C J(h1,0). We cannot have J(ha,0) C G(hq,0) because K> is not contained
in a connected component of R \ K. Therefore there exists §; € A such that J(ho, )
intersects J(hq,601). If J(he,®), J(h1,0;) are not entangled, we must have J(hg,?) C
J(h1,01): indeed the reverse inclusion J(hg,?) D J(hy,61) is not possible because it
would imply that J(h2,0) and J(h1,6;1) have a common endpoint, contradicting K7 N
Ky = (). From J(ha,®) C J(hq1,61), we obtain by the same argument that there exists
05 € A such that either J(ha, ?) and J(hq, 01 02) are entangled or J (hs, 0) C J(hq, 61 62).
As |J(h1, ©)]| converges to 0 as |©| — oo, the process cannot go home indefinitely and we
obtain the conclusion of the lemma O

The lemma gives the starting point of an induction. The induction step is given by the

Lemma 0.3. Let ©1, O be finite words such that J(hy,01) and J(ha, ©2) are entangled.
Then there exist words O, O} such that
(1) Fori = 1,2, ©; is an initial word of ©} with ©, = O, or |®}] = |0,] + 1.
Moreover; there exists i € {1,2} such that |0} = |0;| + 1.
(2) J(h1,0)) and J(he, ©%) are entangled.

Proof. One may assume that h1 (01 0) < h2(©20) < h1(©11) < ha(©31). One must
actually have h2(©50) < hi(©11) as K1 N Ky = 0.
If h1(©110) < hy(O20), the words ©) := O1 1 and O := O, satisfy the conditions
of the lemma. The equality h1(©1 10) = ha(O20) is impossible because K1 N Ko = .
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Similarly, if h1(011) < hy(©201), the words ©] := O et O} := 050 satisfy
the conditions of the lemma. The equality h1(©1 1) = h2(©201) is impossible because
Kl n K2 = (Z)

In the remaining case, one has 11 (01 10) > h2(020) and =1 (01 1) > hy(0201). If
h1(©110) < he(©201), the words O} := ©; 1, O := 50 satisfy the conditions of
the lemma. The equality h1(©1 10) = ha(O201) is impossible because K1 N Ky = .
Finally, the case h1(©1 10) > hy(O2 01) subdivides as follows

o If 12(©210) < hy(O1 1), one takes O} := O, O := Oy 1.

o Si h1(91 0 i) > hg(@g ()) one takes @/1 =010, 6/2 = Oy

o As KiNKy = (0 the equalities h2(®2 1 6) = hl(@1 i) and h; (@1 0 i) > h2(®2 6)
are impossible.

e If one had h2(©210) > h1(©11) and h1(0101) < ha(O20), one would have
J(h1,011) C G(ha,O2) and J(he,©20) C G(h1,O1). But this is not compati-
ble with T(Kl, h1, @1) T(KQ, ho, @2) > 1.

O

From the two lemmas, one get two sequence of words (©1(n)),>0, (©2(n))n>0 With
the following properties:
e foralli =1,2and 0 < m < n, ©;(m) is an initial word of ©;(n);
e forall n > 0, one has |01 (n)| + |O2(n)| = n;
e foralln >0, J(hy,©1(n)) and J(ha, ©2(n)) are entangled.
The second property implies that lim,,_,, inf(|J(h1, ©1(n))|, |J(h2, O=2(n))|) = 0. The
third property implies that J(h1,01(n)) N J(he, O2(n)) # 0. This contradicts the as-
sumption that K; N Ky = ().
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