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Let T1 = R/Z, f(x) = 2x mod 1. For x ∈ R we note ‖x‖ =
infp∈Z |x+p|; ‖·‖ defines a group metric on T1, i.e. satisfies ‖−x‖ = ‖x‖
and ‖x + y‖ ≤ ‖x‖+ ‖y‖, for x and y in T1.

Proposition (Veech(?), Douady and al. (?)). Let K ⊂ T1 be compact
invariant by f , (i.e. f(K) = K) such that f|K = g is a homeomor-
phism; then K is finite.

Proof. g−1 is uniformly continous: there exists δ > 0 such that ‖x −
y‖ ≤ δ, x, y ∈ K implies ‖g−1(x) − g−1(y)‖ ≤ 1/10. We can and will
suppose that δ ≤ 1/10. If ‖x − y‖ < δ then ‖g−1(x)− g−1(y)‖ ≤ δ/2.
Indeed, g−1(x)−g−1(y) = 1

2
(x−y)+ε/2 mod 1 where ε = 0, 1; but as

‖g−1(x)− g−1(y)‖ ≤ 1/10 and ‖1
2
(x− y)‖ = 1

2
‖x− y‖, we have ε = 0.

Hence, when ‖x− y‖ ≤ δ,

(0.1) ‖g−j(x)− g−j(y)‖ ≤ δ/2j, j = 1, . . .

The sequence (g−j)j≥1 is equicontinuous by Ascoli’s theorem: we can
find a sequence 0 < j0 < j1 < · · · < jp < jp+1 < · · · such that (g−jp)p≥0

tends uniformly to a continuous map ĝ : K → K when p → ∞. We
need the following lemma:

Lemma. ĝ is surjective.

Proof. Given any x ∈ K, let xjp = gjp(x). We have g−jp(xjp) = x.
We can find a convergent subsequence of (xjp)p≥0 converging to z ∈ K.
We have ĝ(z) = x which thus shows that ĝ is surjective. �

Equation (??) implies that ĝ is locally constant and therefore by
compactness of K, ĝ takes a finite number of values. As ĝ is surjective,
K is finite. �
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