ON A PROBLEM OF A. KATOK'

MicHAEL ROBERT HERMAN

A. Katok asked the following question:

Does there exist a volume-preserving diffeomorphism of a compact manifold with zero topological
entropy such that the differential of the iterates grows faster than any polynomial at every point?

ANSWER: YES, EVEN A CY-DIFFEOMORPHISM.
We will construct minimal translations R,, R, on T, real analytic complex-valued functions

o, on T of mean value zero, and an increasing sequence A, going to +oo such that the
Birkhoff sums
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satisfy
1S,p(0)] > /n forall k>1, Agy <n < Ay, €T,
>/n forallk>1, Ay, <n < Agpq, 0 €T.
Write o = @1 + i, ¢ = w3 +ipys. Let T' be a cocompact lattice of SL(2,R) and F' be the

1
diffeomorphism of T? x (SL(2, R) /F) defined by:
(‘97 ‘9/7 Y1, Y2, Y3, y4) = (0 + a, 0 + 0/7 Al (e)ylv A2(9)y27 A3(‘9/)y37 A4(9/)y4)

where, for 1 = 1,2, 3,4,
Ai(0) = ( 0 el ) :

The diffeomorphism F' is analytic and volume preserving. By unique ergodicity of R, and R/,
the C'-norm of the iterates of ' grows subexponentially, hence the topological entropy of Fis
zero. On the other hand, for n > 0, up to a multiplicative constant one has at every point:

IDF" (0,6 51,92, 55, y2)| > e (5up (151 (8)], [Suipa (D)1, |Sups(¥)], [Snipa(0)])) > V5.

To construct a, o/, ¢, ¢" we follow partially Yoccoz [1], Appendice 1, p. 215-224.

Let (pr/qr);~, be the convergents of « (to be constructed). Define p(0) = >~ 27 %exp(2mig0).
- k>1

This is a complex-valued analytic function on T with mean value zero. For n > 0, we have

Sup(0) =D 27

k>1

sin g,
,7%6‘%})(2%2'%9).
sin g

!Ce document extrait des archives de Michel Herman a été préparé par F. Laudenbach et J.-C. Yoccoz, qui
a apporté une simplification par rapport au manuscrit original.
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From the classical estimates of the convergents

1 1
Ak+1 Qk+1
we obtain ‘
sin n
M < min (%,TO , for all n,
sin g o 2
and

sin mnq o 2n
S Angra > — forn< %

simmqroe T 0T
When 722%% < n < & we have for every 6 € T:

o sin Tnqgo

2
exp(%iqkﬁ)' > 2758 > 9/,

sin TqQ s

sin mnqgeo
Z 274 .7qeexp(2m’q59)
= sin Tqpa

sin mnqpo
Z 2_q‘,7cjéexp(27riq59) < nz 27U < 27T < 1
>k SILTqecx >k

It follows that [S,¢(0)| > /n when 7222k < n < 22
We define similarly ' from the sequence of convergents (p/q;);~, of o’. To obtain the

<Yl oy,
<k

/
k41
2

required property (with Ay, = #54 Agyy =

that their convergents satisfy, for all &,

) it is therefore sufficient to pick «,a’ such
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G o p2g2q, < Bebl 29900 o Thtt
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