Non existence of Lagrangian graphs *

Michael Robert HERMAN

We will consider C'! exact symplectic diffeomorphisms of T*(T") of the following form
F,(0,r)= (04 Lr,r+dp(6+ Lr)),
where L is a symmetric positive definite matrix of order n, where ¢ € C?(T", R) and

do  Oey

4= Ga, " 70,

If the graph of ¢ € C1(T™,R") is a Lagrangian invariant torus of F,, then
Yof—w=dpof
with f = Id 4+ L. This is equivalent to
1 1 1

The graph of ¢ = (1, ..., %,) being Lagrangian is equivalent to the fact that the 1-form > v; d6;
of T" is closed. Let Lz be the positive square root of L. We differentiate (1)

L (DI6) + (DN @) = 1+ S LEE)

where [/(f) is the derivate matrix of dp (i.e. Ddyp). We write G = L: DfLz. Tt is symmetric
positive definite and we obtain

1 1
5(G+G—lof—1):1+§L%EL%. (2)

Thus we have the following necessary condition

1
the matrix By(6) =1+ §L% E(9) L is positive definite. (3)

If ¢ is non constant then there exists ¢, > 0 such that if ¢t € R, |t| > ¢, (3) is violated for F},.
The condition (3) is not optimal. We have

1 1 1
— () + —tr(G o fY) = 14+ —tr(L3 EL3)
2n 2n 2n (4)
1
=1 —|— 56

*Typing and minor corrections are due to P. Le Calvez



where ) )
e=—tr(L? EL?) = —tr(L E).

n n
Let ) )
_ 1 : -1
M = max (mth ntr(G(O)), max ntr(G (0))) .
We have . . .
i — — 1 > -
m = min (meln ntr(G(@)), min ntr(G (0))) > oF (5)

since, by Cauchy-Schwarz inequality, we have

%tr(G(@)) %tr(G_l(O)) > 1.

Let
e_ = — mein e(8),
e = mgmxe(@).

By (4) and (5) we have

It M = %tr(G(@o)) then by (4)

3 (31 TG o) ) = 1+ elt) < 1+ ey

2 n
d therefi i —1t (G_l(f_l(O ))) > —1
an erefore, since r
' n 0 - M’
1 1 1
= +— ) <1+ zey.

1
If M = —tr(G(f~"(8p))) for some 6y the same gives also (6). This condition implies
n

1 1 1
§M§1+§e++(e++iei) : (7)

1
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Consequences. We suppose that the function ¢ is not constant. Then if ¢ > ¢,, the function
Fi,, has no invariant Lagrangian torus that is a graph of a C'* function of C1(T™,R™). If 4 — 0
and e_ > 2,/e; then F, has no invariant Lagrangian torus that is a graph of a C'* function in

CL(T", R™).

Remark. The condition (7) is optimal for n = 1, see [He]. If e_ = ey = 1 (for ) we obtain
4

t, = 3 in the case n =1 (see [M]).

Theorem : We take L = I. There exists a sequence of C*° functions (¢);en converging to 0
in the C™"*27¢ topology (for every e > 0) such that F,, leaves invariant no Lagrangian torus that
is the graph of a C'* function.



1
Proof. 1t is enough to construct the sequence (¢;) that violates (7). We have e(§) = —A¢p with
n

0* 11
A= 2 8—022 the Laplacian. Let n; > 0 be a € function of R with support contained in [—Z, Z]

1
and such that

<w<

9

ool
ool

{771(36) =1 if —
m(=z) =m(z).

1
Let define n(z) = ni(]|z||) for € R™. Let é > 0 be small and z¢ = (—

270,...,0).\/\7(3 define

the function of R” :

25 () = () it ol < L.

1 1 1 1 %
es(e) = —46%y (2 — 20) (463) %) if [l — wol| < 4 (467) ",
€(z)=0 otherwise.

We extend these functions Z" periodically to functions es € C'*°(T") such that / es(0) do = 0.
T

If 6 — 0, the family (es) is bounded in the C™ topology and from interpolation, es — 0 in the
C"~¢ topology for any £ > 0.
Let ¢s be the unique function in C*°(T™, R) such that

1
/ psdfd =0, —Aps = e;s.
n n

By Schauder estimates one knows that for any £ > 0 given, g5 — 0 in the C™*2~¢ topology,
when § — 0. For a proof, see [Ho]. The proof shows that the functions ¢s are bounded in the
space of functions that are of class C"*t27% and the partial derivatives of order < n — 1 are
smooth in the Zygmund sense. When § — 0 , e5 does not satisfy (7) and the theorem follows.O

Important remark. The functions es constructed above are such that all the partial deriva-
tives up to order 2n are bounded in L'(T", d) : es is bounded in W2™1(T"). This implies that
the functions ¢; are bounded in W?27+251(T") (i.e. the set of functions such that all the partial
derivatives up to order 2n + 1 are Zygmund smooth in the L! sense, see [Ho]). By interpolation
this implies that for any £ > 0, ¢5 — 0 in the Banach space W?27+2=51(T").

For F(8,r) = (84 Lr,r+ de(6+ Lr)) we want to indicate some other a priori inequalities.
Let

Al = mth Al(Bl (0))7
Ap = mein An(B1(8)),

where A\ (B1(6)) > --- > A\, (B1(0)) are the eigenvalues of By(6), and
1 < m = max (mth M (G(8)), max /\1(G_1(0))) .

We have
min (mein A (G(0)), mein /\n(G_l(O))) >

1
o



By (2) we have

L L alGO)  AGTHHO)) < M (By(0))
hence
1

m

< A,

By the same argument as in the proof of (6) we have
1 1
5 (m + —) <A
2 m

m§A1+<A%—1) s

or

[T

hence we have the a priori estimate

AL <A+ (A2 - 1)s.

(8)

Consequence. Let ¢ be a non constant function, then we find t5 > 0such that, iftg <t < tp = €,
for some £ > 0, then Fj, has no invariant torus that is the graph of a C'! function, but the

t
symmetric matrix By, = [ 4+ 50L_% E(6) L77 s positive definite for every 6 (let ¢y > 0 be such
that det (By, (6p)) = 0 for some 6y and det(B;) # 0if 0 < ¢ < ¢y, as t — ¢1, A is bounded but

At — oo, this violates (8)).

Other inequalities.

Let v € R, ||v]] = 1. Let

m, = max (meax<G(0)v, vY, m?X<G_1(0)U7 v>) ;
e min (m@in<G(0)v, v), m6in<G_1(0)v, v>) > my!

because we have

(G(O)v,0) (GTHO)v,v) > 1,

(this is a consequence of Cauchy-Schwarz inequality :
(G (O)u, v)|* < (G (O)u, u) (G(O)v,v),

true for every u and v in R” and choosing u = G~1(#)v).

We have by (2)

(G (O)v,v) + (G o f7H(O)v, ) = (Bi(f)v,v)

N | —



and it follows that
my < A (v)
1
5 (mv ‘|’ mgl) S Al(v)
which implies
A(0) 71 < A () + (A (v)2 = D)7,
We can write the above inequalities in the following more condensed form. For v € R", we
consider the functions

Bi(v) = mth<B1 (B)v,v),

B_(v) = mein<B1 (0)v,v),

M (v) = max (m;LX<G(0)v, v), max(G~ (6)v, v>) .

We suppose that By () > 0 for every 6, hence the functions By, B_ and M are strictly positive
on the unite sphere S,_; = {v € R (v,v) = 1}. The functions are homogenous of degree 2 (i.e.
By (kv) = k?B4(v), k € R, etc) and v (B_|_(v))% and v — (M(v))% are norms on R".

The inequalities obtained give on S,,_1

1 1

“(M+—=—)<B

2( +M)_+ )
and .

— < B_& B-'< M. 1

T <B-e B < (10)

The inequalities (9) and (10) imply M > 1 and B,, > 1 on S,,_;. We obtain on S,
M < By + (B2 - 1)z
hence the a priori inequality on S,_1
B=' < By + (B2 - I)7.
Remark. If P € L(R" R") is an orthogonal projection then we have
PGO)'P+PG o f 1 @0)'P=PB,(#)'P

for every 8 € T™. On Im P we have similar inequalities as above but the ones associated to traces.
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