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Magné8sme	  dans	  une	  assemblée	  	  
de	  par8cule	  en	  interac8on	  

Vaste	  champ	  de	  recherche,	  avec	  un	  magné8sme	  qui	  peut	  être	  orbital	  et/ou	  de	  spin	  

Ferromagné8sme	  ou	  an8ferromagné8sme	  

Effet	  Hall	  quan8que	  

Supraconduc8vité	  et	  effet	  Meissner	  

Spintronique	  

Isolants	  et	  supraconducteurs	  topologiques	  

Effet	  Kondo	  



Lien	  entre	  rota8on	  et	  superfluidité	  

Magné8sme	  orbital	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Rota8on	  

pulsa)on	  cyclotron	  	  	  
ωc	  

fréquence	  de	  rota)on	  	  
Ω =	  ωc	  /	  2	  

Gaz	  de	  Bose	  à	  N	  par8cules	  en	  interac8on	  répulsive	  

Condensat	  de	  Bose-‐Einstein	  superfluide	  à	  température	  nulle	  

Que	  devient	  ce	  gaz	  en	  présence	  de	  magné8sme	  orbital,	  i.e.,	  quand	  il	  tourne	  ?	  

Quand	  on	  augmente	  le	  champ	  magné8que,	  un	  matériau	  supraconducteur	  	  
(de	  type	  II)	  commence	  par	  se	  remplir	  de	  vortex,	  puis	  il	  revient	  à	  l’état	  normal.	  	  	  	  	  

Mais	  un	  gaz	  de	  Bose	  n’a	  pas	  d’état	  normal	  à	  température	  nulle...	  
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Interac8on	  entre	  deux	  atomes	  neutres	  

Le	  poten8el	  d’interac8on	  est	  alors	  représenté	  par	  un	  nombre,	  la	  longueur	  de	  diffusion	  a,	  
et	  on	  peut	  le	  remplacer	  par	  un	  poten8el	  plus	  simple	  de	  même	  longueur	  de	  diffusion:	  

U (3D)(r) =
4⇡~2a
M

�(3D)(r) poten&el	  de	  contact	  

5.1 Interatomic potentials and the van der Waals interaction 111
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Fig. 5.1 Sketch of the interaction potentials U(r) as functions of the atomic sepa-
ration r for two ground-state rubidium atoms with electrons in singlet and triplet
states.

For small separations the interactions are dominated by a strong repulsive
core due to the overlapping of electron clouds, but at greater separations the
attractive well is very much deeper for the singlet state than for the triplet
state. The singlet potential has a minimum with a depth of nearly 6000 K
in temperature units when the atoms are about 8a0 apart. By contrast,
the depth of the minimum of the triplet potential that occurs for an atomic
separation of about 12a0 is only a few hundred Kelvin. For large atomic
separations there is an attraction due to the van der Waals interaction, but
it is very weak compared with the attractive interactions due to covalent
bonding.

While the van der Waals interaction is weak relative to covalent bonding,
it is still strong in the sense that for alkali atoms (but not for hydrogen)
the triplet potential has many molecular bound states, as we shall see later
from more detailed calculations. We remark that the electronic spin state
for a pair of atoms in definite hyperfine states is generally a superposition of
electronic triplet and singlet contributions, and consequently the interaction
contains both triplet and singlet terms.

Two-body interactions at low energies are characterized by their scatter-
ing lengths, and it is remarkable that for polarized alkali atoms these are
typically about two orders of magnitude greater than the size of an atom,
∼ a0. Before turning to detailed calculations we give qualitative arguments
to show that the van der Waals interaction can give rise to such large scat-
tering lengths. The van der Waals interaction is caused by the electric
dipole–dipole interaction between the atoms, and it has the form −α/r6,
where r is the atomic separation. The length scale r0 in the Schrödinger
equation at zero energy, which sets the basic scale for the scattering length,

Rb-‐Rb	  

Poten8el	  a	  priori	  compliqué,	  mais	  à	  très	  basse	  	  

température	  (microkelvin),	  la	  par8e	  isotrope	  de	  	  

la	  sec8on	  efficace	  de	  collision	  est	  généralement	  	  

la	  seule	  à	  contribuer	  significa8vement	  (onde	  s)	  



Approxima8on	  de	  champ	  moyen	  

Hamiltonien	  du	  système	  de	  N	  atomes	  piégés	  et	  en	  interac8on	  binaire	  :	  	  

Ĥ(N) =
NX

j=1

✓
p̂2i
2M

+ V (ri)

◆
+

1

2

X

i, j
i 6=j

U(ri � rj)

On	  va	  s’intéresser	  à	  l’état	  fondamental	  de	  ce	  système,	  	  
	  	  qui	  est	  a	  priori	  une	  fonc8on	  d’onde	   (r1, . . . , rN )

Une	  hypothèse	  qui	  simplifie	  considérablement	  le	  problème	  :	  «	  champ	  moyen	  »	  	  

 (r1, r2, . . . , rN ) =  (r1)  (r2) . . . (rN )

néglige	  toute	  corréla&on	  entre	  par&cules	  

Z
| (r)|2 d3r = 1

Comment	  déterminer	  la	  fonc8on	  ψ	  qui	  représente	  au	  mieux	  le	  vrai	  état	  fondamental	  ?	  



L’énergie	  de	  Gross-‐Pitaevskii	  

Dans	  le	  cadre	  de	  l’approxima8on	  de	  champ	  moyen	  	   (r1, . . . , rN ) =  (r1) . . . (rN )

on	  va	  chercher	  la	  fonc8on	  ψ	  normée	  qui	  minimise	  l’énergie	  moyenne	  :	  	  

E(N)[ ] = h |Ĥ(N)| i

Valeur	  explicite	  de	  l’énergie	  par	  par8cule	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  	  E[ ] = E(N)[ ]/N

E[ ] =

Z ✓
~2
2M

|r (r)|2 + V (r)| (r)|2 + 2⇡~2aN
M

| (r)|4
◆

d3r

énergie	  
ciné&que	  

énergie	  de	  	  
piégeage	  

énergie	  	  
d’interac&on	  

Formula8on	  équivalente	  :	  la	  fonc8on	  ψ	  	  est	  solu8on	  de	  l’équa8on	  de	  Gross-‐Pitaevskii	  

� ~2
2M

� (r) + V (r) (r) +
4⇡~2aN

M
| (r)|2 (r) = µ  (r)

µ	  :	  poten8el	  chimique	  



La	  longueur	  de	  cicatrisa8on	  ξ	  	  	  	  

Longueur	  associée	  aux	  interac&ons	  

• 	  	  on	  place	  un	  paroi	  en	  x = 0,	  sur	  laquelle	  ψ (x)	  doit	  s’annuler	  
• 	  	  quand	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  x ! 1,  (x) !  0 / (densité)1/2

Exemple	  de	  problème	  :	  	  

Il	  faut	  trouver	  le	  meilleur	  compromis	  entre	  :	  

	  	  	  	  -‐	  le	  terme	  d’énergie	  ciné8que	  qui	  favorise	  	  
	  	  	  	  	  	  des	  varia8ons	  lentes	  de	  ψ (x)	  	  	  	  	  	  	  

	  	  	  	  -‐	  le	  terme	  d’énergie	  d’interac8on	  répulsive	  
	  	  	  	  	  	  qui	  tend	  à	  remplir	  uniformément	  tout	  le	  
	  	  	  	  	  	  volume	  accessible.	  

 

x/⇠0
0 2 4

1

 (x) =  0 tanh(x/⇠) ⇠ =
~p
Mµ

 (x)/ 0



Passage	  à	  deux	  dimensions	  

Ce	  passage	  va	  nous	  permeIre	  de	  nous	  concentrer	  sur	  les	  termes	  	  
importants	  pour	  l’étude	  du	  magné)sme	  et	  va	  simplifier	  le	  formalisme.	  

Le	  mouvement	  selon	  la	  direc8on	  z	  	  
est	  supposé	  «	  gelé	  »	  par	  un	  fort	  	  
poten8el	  de	  confinement	  V(z) 	
 x

y
z

V (z)

�0(z)

Ramène	  la	  recherche	  de	  l’état	  fondamental	  à	  une	  fonc8on	  φ	  :	    (x, y, z) = �(x, y)�0(z)

Les	  interac8ons	  sont	  maintenant	  caractérisées	  par	  le	  nombre	  sans	  dimension	  	   g =
p
8⇡

a

az

az =
p
~/M!z«	  taille	  »	  de	  l’état	  	  	  	  	  	  	  	  	  	  	  	  	  selon	  z	  :	  �0(z)

Energie	  par	  par8cule	  :	  	   E[�] =

Z ✓
~2
2M

|r�(r)|2 + 1

2
M!2r2|�(r)|2 + ~2

2M
Ng |�(r)|4

◆
d2r

ciné&que	   piège	  xy	

harmonique	  

interac&on	  



Echelles	  d’énergie	  dans	  un	  piège	  à	  deux	  dimensions	  

Trois	  termes	  «	  en	  compé88on	  »	  dans	  l’énergie	  	  E[�]

Energie	  du	  piège	  Z
r2|�|2

Favorise	  des	  fonc8ons	  φ	  compactes,	  	  
localisées	  au	  voisinage	  de	  0	  

Energie	  ciné&que	   Energie	  d’interac&on	  Z
|r�|2

Z
|�|4

Favorisent	  des	  fonc8ons	  φ	  	  
étalées	  dans	  le	  piège	  en	  xy	


On	  commence	  par	  comparer	  énergie	  ciné8que	  et	  énergie	  d’interac8on	  

Fonc8on	  φ	  normalisée,	  d’extension	  typique	  R	  autour	  de	  r = 0 :	
 � ⇠ 1/R

Z
|�|2 = 1

Energie	  ciné&que	   Energie	  d’interac&on	  

⇠ ~2
MR2

⇠ ~2
MR2

Ng

Valeurs	  typiques	  de	  g	  :	  10-‐2	  à	  1	  .	  Dès	  que	  N	  >100,	  l’énergie	  d’interac8on	  domine	  à	  2D	  

~2
M

~2
M

Ng
1

2
M!2



Piège	  harmonique	  2D	  et	  régime	  de	  Thomas-‐Fermi	  	  

On	  se	  place	  dans	  le	  cas	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  énergie	  ciné8que	  <<	  énergie	  d’interac8on	  Ng � 1

L’équilibre	  du	  gaz	  résulte	  donc	  de	  la	  compé88on	  entre	  énergies	  de	  piégeage	  et	  d’interac8on	  

Equa)on	  de	  Gross-‐Pitaevskii	  	  :	  

RTF = a?

✓
4Ng

⇡

◆1/4

� a?

µ = ~!
✓
Ng

⇡

◆1/2

� ~! |�(r)|2
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Ng = 200
RTF ⇡ 4a?

r/a?

0

� ~2
2M

�� +
1

2
M!2r2� +

~2
M

Ng |�|2� = µ �

Echelle	  de	  longueur	  «	  naturelle	  »	  :	   a? =
p

~/M!

Solu)on	  en	  «	  parabole	  inversée	  »	  :	   Ng |�(r)|2 =
1

2a4?
(R2

TF � r2) µ =
1

2
M!2R2

TF

⇠ =
~p
Mµ

⌧ a?
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Condensat	  en	  rota8on	  

⌦

z

x

y

Passage	  dans	  le	  référen&el	  tournant	  	  	  

Ĥ =
p̂2

2M
+

1

2
M!2r̂2 � ⌦L̂zHamiltonien	  à	  une	  par8cule	  :	  

E[�] ! E[�]� ⌦

Z
�⇤

⇣
L̂z�

⌘
d2rEnergie	  de	  Gross-‐Pitaevskii	  :	  	  

favorise	  l’appari)on	  d’états	  de	  moment	  ciné)que	  non	  nul	  



Les	  vortex	  (ou	  tourbillons	  quan8ques)	  

Rappel	  sur	  l’oscillateur	  harmonique	  à	  deux	  dimensions	  

Etats	  propre	  de	  	  
l’hamiltonien	  à	  	  

une	  par8cule	  et	  du	  	  
moment	  ciné8que	  Lz	
~!

m = 0

m = �1 m = +1

m = +2m = �2 m = 0

Les	  états	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  sont	  des	  états	  à	  un	  vortex	  :	  

• 	  un	  point	  où	  la	  densité	  s’annule	  (ici	  	  r = 0)	  

• 	  une	  phase	  qui	  tourne	  de	  	  	  	  	  	  	  	  	  	  	  	  autour	  de	  ce	  point	  

• 	  un	  champ	  de	  vitesse	  orthoradial	  au	  voisinage	  de	  ce	  point	  

±2⇡

 ±(r)

�(r) = |�(r)| ei✓(r) ! v(r) =
~
M

r✓(r)

v(r) = ± ~
Mr

u'

 ±(r) = r e±i' e�r2/2a2
?

 0(r) = e�r2/2a2
?



-6 -4 -2 0 2 4 6

0.00

0.04

Vortex	  à	  l’équilibre	  en	  présence	  d’interac8ons	  

En	  présence	  d’interac8ons	  répulsives	  entre	  atomes,	  sa	  taille	  à	  l’équilibre	  est	  ξ	  	  	  	  

r/a?

Ng = 200

RTF ⇡ 4a?

⇠ ⇡ 0.35 a? 2⇠

0

|�(r)|2

Etat	  d’énergie	  minimale	  de	  l’équa8on	  de	  Gross-‐Pitaevskii	  avec	  moment	  ciné8que	  	  ~

a? =
p

~/M!



Un	  vortex	  est-‐il	  énergé8quement	  favorable	  ?	  

La	  présence	  d’un	  vortex	  abaisse	  le	  terme	  d’énergie	  liée	  au	  passage	  dans	  	  
le	  référen8el	  tournant	  :	   ⌦L̂z �! �~⌦

Mais	  elle	  augmente	  le	  terme	  d’énergie	  ciné8que	  à	  cause	  de	  	  v(r) =
~

Mr
u'

�E
tot

⇡ �~⌦+
M

2

Z RTF

⇠
|�(r)|2 ~2

M2r2
2⇡r dr

⇡ �~⌦+ ~!
r

⇡

Ng
ln

RTF

⇠

Fréquence	  de	  rota8on	  cri8que	  correspondant	  à	  	  �E
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< 0
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r
⇡

Ng
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RTF

⇠
⌧ !

Limite	  de	  Thomas-‐Fermi	  :	  

Ng � 1 ⌦c ⌧ !

�E
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M

2

Z
|�(r)|2 v2(r) d2r



Premiers	  vortex	  dans	  un	  condensat	  tournant	  
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horizontal in our setup), while the transverse oscillation
frequency is v!!"2p# ! 219 Hz. For a quasipure con-
densate with 105 atoms, using the Thomas-Fermi approxi-
mation, we find for the radial and longitudinal sizes of the
condensate D! ! 2.6 mm and Dz ! 49 mm, respectively.
When the evaporation radio frequency nrf reaches the

value n
"min#
rf 1 80 kHz, we switch on the stirring laser

beam which propagates along the slow axis of the mag-
netic trap. The beam waist is ws ! 20.0 "6 1# mm and
the laser power P is 0.4 mW. The recoil heating induced
by this far-detuned beam (wavelength 852 nm) is negli-
gible. Two crossed acousto-optic modulators, combined
with a proper imaging system, then allow for an arbitrary
translation of the laser beam axis with respect to the sym-
metry axis of the condensate.
The motion of the stirring beam consists of the super-

position of a fast and a slow component. The optical
spoon’s axis is toggled at a high frequency (100 kHz)
between two symmetric positions about the trap axis z.
The intersections of the stirring beam axis and the z ! 0
plane are 6a"cosu ux 1 sinu uy#, where the distance a is
8 mm. The fast toggle frequency is chosen to be much
larger than the magnetic trap frequencies so that the atoms
experience an effective two-beam, time averaged potential.
The slow component of the motion is a uniform rotation
of the angle u ! Vt. The value of the angular frequency
V is maintained fixed during the evaporation at a value
chosen between 0 and 250 rad s21.
Since ws ¿ D!, the dipole potential, proportional to

the power of the stirring beam, is well approximated by
mv2

!"eXX2 1 eY Y2#!2. The X, Y basis is rotated with
respect to the fixed axes (x, y) by the angle u"t#, and
eX ! 0.03 and eY ! 0.09 for the parameters given above
[30]. The action of this beam is essentially a slight modi-
fication of the transverse frequencies of the magnetic trap,
while the longitudinal frequency is nearly unchanged. The
overall stability of the stirring beam on the condensate ap-
pears to be a crucial element for the success of the experi-
ment, and we estimate that our stirring beam axis is fixed
to and stable on the condensate axis to within 2 mm. We
checked that forV , Vc the stirring beam does not affect
the evaporation.
For the data presented here, the final frequency of the

evaporation ramp was chosen just above n
"min#
rf (Dnrf [

$3, 6% kHz). After the end of the evaporation ramp, we
let the system reach thermal equilibrium in this “rotating
bucket” for a duration tr ! 500 ms in the presence of an
rf shield 30 kHz above n

"final#
rf . The vortices induced in

the condensate by the optical spoon are then studied using
a time-of-flight analysis. We ramp down the stirring beam
slowly (in 8 ms) to avoid inducing additional excitations
in the condensate, and we then switch off the magnetic
field and allow the droplet to fall for t ! 27 ms. Because
of the atomic mean field energy, the initial cigar shape of
the atomic cloud transforms into a pancake shape during

the free fall. The transverse xy and z sizes grow by a
factor of 40 and 1.2, respectively [31]. In addition, the
core size of the vortex should expand at least as fast as
the transverse size of the condensate [31–33]. Therefore,
a vortex with an initial diameter 2j ! 0.4 mm for our
experimental parameters is expected to grow to a size of
16 mm.
At the end of the time-of-flight period, we illuminate the

atomic sample with a resonant probe laser for 20 ms. The
shadow of the atomic cloud in the probe beam is imaged
onto a CCD camera with an optical resolution &7 mm.
The probe laser propagates along the z axis so that the
image reveals the column density of the cloud after expan-
sion along the stirring axis. The analysis of the images,
which proceeds along the same lines as in [29], gives ac-
cess to the number of condensed N0 and uncondensed N 0

atoms and to the temperature T . Actually, for the present
data, the uncondensed part of the atomic cloud is nearly
undetectable, and we can give only an upper bound for the
temperature T , 80 nK.
Figure 1 shows a series of five pictures taken at vari-

ous rotation frequencies V. They clearly show that for
fast enough rotation frequencies we can generate one or
several (up to 4) “holes” in the transverse density distri-
bution corresponding to vortices. We show for the 0- and
1-vortex cases a cross section of the column density of the
cloud along a transverse axis. The 1-vortex state exhibits

FIG. 1. Transverse absorption images of a Bose-Einstein con-
densate stirred with a laser beam (after a 27 ms time of flight).
For all five images, the condensate number is N0 ! "1.4 6
0.5# 105 and the temperature is below 80 nK. The rotation fre-
quency V!"2p# is, respectively, (c) 145 Hz, (d) 152 Hz, (e)
169 Hz, (f ) 163 Hz, (g) 168 Hz. In (a) and (b) we plot the vari-
ation of the optical thickness of the cloud along the horizontal
transverse axis for the images (c) (0 vortex) and (d) (1 vortex).
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c

⌦ ⇡ !/
p
2

Explica&on	  :	  pour	  faire	  entrer	  ce	  vortex,	  il	  faut	  passer	  par	  une	  instabilité	  dynamique	  
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L’argument	  de	  Feynman	  

Comment	  meIre	  du	  moment	  ciné)que	  dans	  un	  superfluide	  circulaire	  ?	  

Les	  vortex	  sont	  incontournables	  !	   (égalt.	  Onsager)	  

�(r) = |�(r)| ei✓(r) v(r) =
~
M

r✓(r)
si |�(r)| 6= 0

r⇥ v(r) = 0
vor&cité	  nulle	  

• 	  en	  dehors	  d’un	  vortex	  :	  

• 	  sur	  un	  vortex	  au	  point	  	  	  	  	  	  	  	  :	  

v(r) ⇡ ~
M |r � r0|

u'

r0

r⇥ v(r) =
2⇡~
M

�(r � r0)

Les	  deux	  situa8ons	  seront	  (en	  moyenne)	  équivalentes	  pour	  une	  densité	  de	  vortex	  	  
2⇡~
M

⇢v = 2⌦

Comparaison	  avec	  un	  fluide	  classique	  :	  

vclass.(r) = ⌦⇥ rchamp	  de	  rota8on	  rigide	  :	   r⇥ v(r) = 2⌦



Confirma8on	  numérique	  de	  l’argument	  de	  Feynman	  

Feder-‐Clark	  

the surface.
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FIG. 4. The number of vortices within a circular contour
centered at the origin are shown as a function of radius R
(solid lines) for Ω = 0.75 and 0.95. The solid-body predictions
ΩR2 (dashed lines) are shown for comparison. The vertical
dotted lines denote the TF fit for the radial radius.

In order to further explore this issue, consider a model
wavefunction with constant amplitude and phase given
by Φ(x, y) =

∑

x0,y0
tan−1[(y − y0)/(x − x0)], where

(x0, y0) are vortex positions in a centered triangular ar-
ray with lattice constant b. For Nv = 61 (r = 4),
the vortex velocities v = |∇Φ| on successive hexago-
nal rings nr are v = 1

b{3.63, 7.23, 10.69, 13.57}. Since
v(nr = 4) < 4v(nr = 1) by 7%, the angular velocity of
the last ring cannot attain the solid-body value for any
choice of b. For large arrays, this mismatch in veloci-
ties varies as (R/Rρ)5, and is why significant distortion
of the vortex array from triangular is expected near the
superfluid surface [11].

FIG. 5. The velocity field v in the xy-plane is represented
by arrows for the Ω = 0.95 case. The left and right images
correspond to the lab and rotating frames, respectively.

The question that immediately arises is: why are the
vortex arrays observed in confined condensates so per-
fectly triangular, even very near the surface? One pos-
sible explanation is that a displaced vortex will precess
around the origin even in the absence of other vortices,
due to the inhomogeneous external potential. Neglecting
vortex curvature (which from Fig. 2 is evidently negli-
gible at large Ω), the additional contribution to the ve-

locity is v = [R/(R2
ρ − R2)] ln(ξ/Rρ) in the TF limit [7].

Let us return to the case considered above, with r = 4,
and choose Ω = 0.95 for concreteness. Assuming Rρ =
R0/(1 − Ω2)3/10 and imposing 3.63/b + v(R = b) ≡ Ωb,
one obtains b = 1.98 and v = {1.88, 3.76, 5.62, 7.37}.
Thus, including the effect of precession, the solid-body
value v = 4 × 1.88 at R = b now exceeds the velocity of
the last ring R = 4b by only 2%.

In conclusion, we have explored the crossover of a con-
fined Bose-Einstein condensate from that of an irrota-
tional superfluid to a solid body with increasing rotation.
The external potential is shown to strongly influence the
density and arrangement of the resulting vortices. Many
related issues remain unresolved, however, among them
the spin-up of the superfluid by the thermal cloud, the
upper critical frequency, and the approach to a quantum
Hall state; these will be the subject of future work.
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Champ	  de	  vitesse	  dans	  
le	  référen8el	  du	  labo	  

Champ	  de	  vitesse	  dans	  
le	  référen8el	  tournant	  

L’état	  sta8onnaire	  correspond	  bien	  à	  la	  densité	  de	  vortex	  prédite	  par	  Feynman	  
pour	  assurer	  un	  champ	  de	  vitesse	  similaire	  (en	  moyenne)	  à	  la	  rota8on	  rigide	  	  	  

Les	  vortex	  s’arrangent	  en	  un	  réseau	  régulier	  triangulaire	  [	  similaire	  au	  réseau	  	  
d’Abrikosov	  pour	  des	  vortex	  dans	  un	  supraconducteur	  de	  type	  II	  ]	  



Grands	  réseaux	  de	  vortex	  et	  loi	  de	  Feynman	  	  
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slice of atoms in the center of the cloud using spatially
selective optical pumping on the F ! 2 to F ! 3 cycling
transition [10].

By varying the stirring parameters we explored differ-
ent mechanisms for vortex nucleation. A large stirrer,
with a beam waist comparable to the Thomas-Fermi ra-
dius showed enhanced vortex generation at discrete fre-
quencies. Figure 1 shows the number of vortices versus
the stirring frequency of the laser beam using 2-, 3-, and
4-point patterns. The total laser beam power corresponded
to an optical dipole potential between 60 and 240 nK.
The resonances were close to the frequencies of excita-
tion of l ! 2, 3, and 4 surface modes !vl"l ! vr"

p
l#

[13]. A second, higher resonance appeared in the 3- and
4-point data. This could be due to additional coupling to
the quadrupole !l ! 2# mode caused by misalignment of
the laser beams [22]. The extra peaks and the shift of the
resonances from the frequencies vl"l may be due to the
presence of vortices and the stirrer, both of which make an
unperturbed surface mode analysis inadequate.

Our results clearly show discrete resonances in the nu-
cleation rate of vortices that depend on the geometry of
the rotating perturbation. This confirms the role of discrete
surface modes in vortex formation. A dependence on the
symmetry of the stirrer (1-point versus 2-point) has also
been explored in Paris [22]. For longer stirring times and
higher laser powers the condensate accommodated more
vortices at all frequencies, and the resonances became less
pronounced.

A stirrer much smaller than the condensate size could
generate vortices very rapidly —more than 100 vortices
were created in 100 ms of rotation. Figure 2a shows the
number of vortices produced using a 2-point pattern with a
scan radius close to RTF for various stirring times. Above

FIG. 1. Discrete resonances in vortex nucleation. The number
of vortices created by multipoint patterns is shown. The conden-
sate radius was RTF ! 28 mm. Each data point is the average
of three measurements. The arrows below the graph show the
positions of the surface mode resonances vr"

p
l. The stirring

times were 100 ms for the 2- and 3-point data, and 300 ms for
the 4-point data. The inset shows 2-, 3-, and 4-point dipole
potentials produced by a 25 mm waist laser beam imaged onto
the charge-coupled device camera. The separation of the beams
from the center is 25 mm for the 2-point pattern and 55 mm for
the 3- and 4-point patterns. The laser power per spot was 0.35,
0.18, and 0.15 mW for the 2-, 3-, and 4-point data, respectively.

300 ms the angular momentum of the cloud appeared to
saturate and even decreased, accompanied by visible heat-
ing of the cloud.

The maximum number of vortices was roughly propor-
tional to the stirring frequency. For a lattice rotating at fre-
quency V, the quantized vortex lines are distributed with
a uniform area density ny ! 2V"k, where k ! h"M is
the quantum of circulation and M is the atomic mass [12].
Therefore, the number of vortices at a given rotation fre-
quency should be

Ny ! 2pR2V"k (2)

in a condensate of radius R. The straight line in Fig. 2a
assumes R ! RTF and that the lattice has equilibrated with
the drive. In contrast to the large stirrer no resonances
were visible even when the number of vortices had not yet
saturated. This suggests a different mechanism of vortex
nucleation for which further evidence was obtained from
the frequency and spatial dependences.

For our experimental conditions, a numerical calculation
by Feder yields Vs $ 0.25vr ! 21 Hz [24]. With the
small stirrer, we observed vortices at frequencies as low
as 7 Hz. Below this frequency the velocity of the stirrer
was not much larger than the residual dipole oscillation of
the condensate. The rotational frequency below which a
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FIG. 2. Nonresonant nucleation using a small stirrer. (a) Aver-
age number of vortices created using a 2-point pattern positioned
at the edge of the condensate. The beam waist, total power, and
separation were 5.3 mm, 0.16 mW, and 54 mm, respectively.
(b) Effective lattice rotation frequency. The lines in both graphs
indicate the predictions of different models described in the text.
The fewer vortices observed near half the trapping frequency
(42 Hz) are probably due to parametric heating.
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is constant … ! v! " 2#" . For a superfluid,
the circulation of the velocity field, v!, is
quantized in units of $ " h/M, where M is the
atomic mass and h is Planck’s constant. The
quantized vortex lines are distributed in the
fluid with a uniform area density (18)

nv " 2#/$ (1)

In this way the quantum fluid achieves the
same average vorticity as a rigidly rotating
body, when “coarse-grained” over several
vortex lines. For a uniform density of vorti-
ces, the angular momentum per particle is
Nv%/2, where Nv is the number of vortices in
the system.

The number of observed vortices is plotted
as a function of stirring frequency # for two
different stirring times (Fig. 3). The peak near
60 Hz corresponds to the frequency #/2& "
vr/'2, where the asymmetry in the trapping
potential induced a quadrupolar surface excita-
tion, with angular momentum l " 2, about the
axial direction of the condensate (the actual
excitation frequency of the surface mode v "
'2vr is two times larger due to the twofold
symmetry of the quadrupole pattern). The same
resonant enhancement in the vortex production
was observed for a stiff trap, with (r " 298 Hz
and (z " 26 Hz (aspect ratio 11.5), and has
recently been studied in great detail for small
vortex arrays (19).

Far from the resonance, the number of vor-
tices produced increased with the stirring time.
By increasing the stir time up to 1 s, vortices
were observed for frequencies as low as 23 Hz
(!0.27(r). Similarly, in a stiff trap we observed
vortices down to 85 Hz (!0.29 (r). From Eq. 1
one can estimate the equilibrium number of
vortices at a given rotation frequency to be
Nv " 2&R2#/$. The observed number was
always smaller than this estimate, except near
resonance. Therefore, the condensate did not
receive sufficient angular momentum to reach
the ground state in the rotating frame. In addi-
tion, because the drive increased the moment of
inertia of the condensate (by weakening the
trapping potential), we expect the lattice to ro-
tate faster after the drive is turned off.

Looking at time evolution of a vortex lattice
(Fig. 4), the condensate was driven near the

quadrupole resonance for 400 ms and then
probed after different periods of equilibration in
the magnetic trap. A blurry structure was al-
ready visible at early times. Regions of low
column density are probably vortex filaments
that were misaligned with the axis of rotation
and showed no ordering (Fig. 4A). As the dwell
time increased, the filaments began to disentan-
gle and align with the axis of the trap (Fig. 4, B
and C), and finally formed a completely or-
dered Abrikosov lattice after 500 ms (Fig. 4D).
Lattices with fewer vortices could be generated
by rotating the condensate off resonance. In
these cases, it took longer for regular lattices to
form. Possible explanations for this observation
are the weaker interaction between vortices at
lower vortex density and the larger distance

they must travel to reach their lattice sites. In
principle, vortex lattices should have already
formed in the rotating, anisotropic trap. We
suspect that intensity fluctuations of the stirrer
or improper beam alignment prevented this.

The vortex lattice had lifetimes of several
seconds (Fig. 4, E to G). The observed sta-
bility of vortex arrays in such large conden-
sates is surprising because in previous work
the lifetime of vortices markedly decreased
with the number of condensed atoms (3).
Theoretical calculations predict a lifetime in-
versely proportional to the number of vortices
(5). Assuming a temperature kBT ! ), where
kB is the Boltzmann constant, the predicted
decay time of ! 100 ms is much shorter than
observed. After 10 s, the number of vortices

Fig. 1. Observation of
vortex lattices. The
examples shown con-
tain approximately
(A) 16, (B) 32, (C) 80,
and (D) 130 vortices.
The vortices have
“crystallized” in a tri-
angular pattern. The
diameter of the cloud
in (D) was 1 mm after
ballistic expansion,
which represents a
magnification of 20.
Slight asymmetries in the density distribution were due to absorption of the optical pumping light.

Fig. 2. Density profile through a
vortex lattice. The curve repre-
sents a 5-)m-wide cut through a
two-dimensional image similar to
those in Fig. 1 and shows the high
contrast in the observation of the
vortex cores. The peak absorption
in this image is 90%.

Fig. 3. Average number of vorti-
ces as a function of the stirring
frequency # for two different
stirring times, (F) 100 ms and
(!) 500 ms. Each point repre-
sents the average of three mea-
surements with the error bars
given by the standard deviation.
The solid line indicates the equi-
librium number of vortices in a
radially symmetric condensate
of radius Rr " 29 )m, rotating at
the stirring frequency. The arrow
indicates the radial trapping
frequency.
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!/2⇡ = 86HzPiège	  contenant	  50	  millions	  d’atomes	  de	  23Na,	  avec	  	  

⌦/2⇡ = 60Hz

Accord	  raisonnable	  avec	  la	  loi	  de	  Feynman,	  mais	  on	  ne	  l’aseint	  jamais	  	  
complètement	  :	  mise	  à	  l’équilibre	  imparfaite	  ?	  

loi	  de	  Feynman	  
Nv = ⇢v ⇡R

2
TF avec ⇢v =

M⌦

⇡~Nombre	  de	  vortex	  :	  

⌦/2⇡



Forme	  d’équilibre	  du	  condensat	  en	  rota8on	  

E[�] = Ec[�] + Ep[�] + Eint[�]� ⌦hLzi�

L’énergie	  totale	  est	  la	  somme	  de	  quatre	  termes	  :	  	  

• 	  énergie	  poten8elle	  :	  	  Ep[�] =
1

2
M!2

Z
r2|�|2

v ⇡ ⌦⇥ r• 	  en	  prenant	  le	  champ	  de	  rota8on	  rigide	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  et	  en	  négligeant	  l’espace	  occupé	  par	  	  
	  	  	  les	  cœurs	  des	  vortex	  :	  

Ec[�] ⇡
1

2
M⌦2

Z
r2|�|2 �⌦hLzi� ⇡ �M⌦2

Z
r2|�|2

ce	  qui	  conduit	  à	  :	  

Equivalent	  à	  l’approxima8on	  de	  Thomas-‐Fermi	  en	  absence	  de	  	  
rota8on,	  pourvu	  qu’on	  fasse	  la	  subs8tu8on	   !2 �! !2 � ⌦2

déconfinement	  dû	  à	  la	  force	  centrifuge	  

E[�] ⇡ 1

2
M(!2 � ⌦2)

Z
r2|�|2 + Eint[�]



Bilan	  de	  cese	  analyse	  

⌦

z

x

y

z

x

y

Condensat	  au	  repos	   Condensat	  en	  rota8on	  

Rayon	  de	  Thomas-‐Fermi	  :	  	   RTF / 1p
!

�! 1

(!2 � ⌦2)1/4

Longueur	  de	  cicatrisa8on	  :	   ⇠ ⇠ a2?
RTF

/ 1p
!

�! 1

(!2 � ⌦2)1/4

Les	  deux	  longueurs	  divergent	  quand	  on	  s’approche	  de	  la	  rota8on	  cri8que	   ⌦ = !



Plan	  du	  cours	  

1.	  Interac8ons	  dans	  un	  gaz	  froid	  

2.	  Vortex	  dans	  un	  condensat	  

Fréquence	  cri)que,	  réseau	  d’Abrikosov	  et	  argument	  de	  Feynman	  

3.	  Rota8on	  et	  niveau	  de	  Landau	  fondamental	  

Vers	  la	  rota)on	  rapide...	  

4.	  Au	  delà	  du	  champ	  moyen	  

Etats	  fortement	  corrélés	  :	  seuil	  d’appari)on	  et	  schémas	  de	  détec)on	  possibles	  

Longueur	  de	  diffusion,	  approxima)on	  de	  champ	  moyen,	  passage	  à	  deux	  dimensions	  



Vers	  la	  limite	  de	  rota8on	  rapide	  

Quand	  la	  fréquence	  de	  rota8on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  la	  longueur	  de	  cicatrisa8on	  diverge	  	  ⌦ ! !

⇠ /
�
!2 � ⌦2

��1/4 ! +1

Dès	  que	  la	  longueur	  de	  cicatrisa8on	  dépasse	  l’échelle	  de	  longueur	  de	  la	  par8cule	  	  
unique	  	  	  	  	  	  	  	  	  ,	  elle	  perd	  sa	  per8nence	  physique.	  a?

Valeur	  du	  poten8el	  chimique	  dans	  cese	  limite	  :	  

µ =
~2

M⇠2
⇠ > a? =

r
~

M!
µ < ~!

Il	  faut	  revenir	  aux	  états	  à	  une	  par8cule	  pour	  voir	  lesquels	  restent	  peuplés	  



2~!

�1 0 +1 +2 +3m = �2

Etats	  à	  une	  par8cule	  quand	  	  ⌦ ! !

n0 = 0

n0 = 1

n0 = 2

n0 = 3

�1 0 +1 +2 +3m = �2

~!

Piège	  harmonique	  à	  	  ⌦ = 0 On	  ajoute	  
pour	  passer	  dans	  le	  référen8el	  tournant	  	  

�⌦Lz = �m~⌦

LLL	  

La	  limite	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  correspond	  à	  n’occuper	  
que	  le	  niveau	  de	  Landau	  fondamental	  	  

µ < ~!

⌦

!
& 1� 1

Ng
critère	  :	  

1000	  atomes,	  g=0.1	  :	  	  ⌦ > 0.99!



Les	  états	  du	  LLL	  

2~! LLL	  

�m(r,') / rm eim' e�r2/2a2
?

e�r2/2a2
?

r ei' e�r2/2a2
? r2 ei2' e�r2/2a2

?

= um e�r2/2a2
?

u = x+ iyavec	  :	  

Base	  propre	  simple	  en	  jauge	  symétrique	  :	  

m = 0 1 2 3 4

Fonc8on	  d’onde	  générale	  du	  LLL:	   �(r) =
X

m

↵m�m(r) = P (u) e�r2/2a2
?

polynôme	  :	  	  P (u) =
X

m

↵mum =
m

maxY

m=1

(u� um)

Autour	  de	  la	  racine	  um	  du	  polynôme,	  la	  phase	  tourne	  de	  +2π 	  :	  vortex	  !	  	  

Dans	  le	  LLL,	  il	  est	  équivalent	  de	  se	  donner	  la	  fonc8on	  d’onde	  	  
(coefficients	  αm)	  ou	  la	  posi8on	  des	  vortex	  (racines	  um)	  



Etat	  fondamental	  dans	  le	  LLL	  (champ	  moyen)	  

sis of the structure of the vortex lattice, based on a minimi-
zation of the Gross-Pitaevskii energy functional within the
LLL. We find that the vortices lie in a bounded domain, and
that the lattice is strongly distorted on the edges of the do-
main. This leads to a breakdown of the rigid body rotation
hypothesis which, as said above, would correspond to a uni-
form infinite lattice with a prescribed volume of the cell. The
distortion of the vortex lattice is such that, in a harmonic
potential, the coarse-grained average of the atomic density
varies as an inverted parabola over the region where it takes
significant values !Thomas-Fermi distribution". A similar
conclusion has also been reached recently in #13,14$. In ad-
dition to the atomic density profile, our numerical computa-
tions give access to the exact location of the zeroes of the
wave function, i.e., the vortices.
An example of relevant vortex and atom distributions is

shown in Figs. 1!a" and 1!b" for n=52 vortices. The param-
eters used to obtain this vortex structure correspond to a
quasi-two-dimensional gas of 1000 rubidium atoms, rotating
in the xy plane at a frequency !=0.99", and strongly con-
fined along the z axis with a trapping frequency "z / !2#"
=150 Hz. The spatial distribution of vortices corresponds to
the triangular Abrikosov lattice only around the center of the
condensate: there are about 30 vortices on the quasi-regular
part of the lattice and they lie in the region where the atomic
density is significant: these are the only ones seen in the
density profile of Fig. 1!b". At the edge of the condensate,
the atomic density is reduced with respect to the central den-
sity, the vortex surface density drops down, and the vortex
lattice is strongly distorted. Our analytical approach allows
us to justify this distortion and its relationship with the decay
of the solution.
The paper is organized as follows. We start !Sec. I" with a

short review of the energy levels of a single, harmonically
trapped particle in a rotating frame, and we give the expres-
sion of the Landau levels for the problem of interest. Then,
we consider the problem of an interacting gas in rotation, and
we derive the condition for this gas to be well described by
an LLL wave function !Sec. II". Sections III and IV contain
the main original results of the paper. In Sec. III, we explain
how to improve the determination of the ground state energy
by relaxing the hypothesis of an infinite regular lattice. We
present analytical estimates for an LLL wave function with a

distorted vortex lattice, and we show that these estimates are
in excellent agreement with the results of the numerical ap-
proach. In Sec. IV we extend the method to nonharmonic
confinement, with the example of a quadratic+quartic poten-
tial. Finally we give in Sec. V some conclusions and perspec-
tives.

I. SINGLE PARTICLE PHYSICS IN A ROTATING FRAME

In this section, we briefly review the main results con-
cerning the energy levels of a single particle confined in a
two-dimensional isotropic harmonic potential of frequency "
in the xy plane. We are interested here in the energy level
structure in the frame rotating at angular frequency ! !$0"
around the z axis, perpendicular to the xy plane.
In the following, we choose ", %", and %% / !m"" as units

of frequency, energy and length, respectively. The Hamil-
tonian of the particle is

H!
!1" = −

1
2

!2 +
r2

2
−!Lz = −

1
2

!!− iA"2 + !1 −!2"
r2

2
!1.1"

with r2=x2+y2 and A="&r. This energy is the sum of three
terms: kinetic energy, potential energy r2 /2, and “rotation
energy” −!Lz corresponding to the passage in the rotating
frame. The operator Lz= i!y"x−x"y" is the z component of the
angular momentum.

A. The Landau level structure
Equation !1.1" is formally identical to the Hamiltonian of

a particle of charge 1 placed in a uniform magnetic field
2!ẑ, and confined in a potential with a spring constant 1
−!2. A common eigenbasis of Lz and H is the set of !not
normalized" Hermite functions:

' j,k!r" = er
2/2!"x + i"y" j!"x − i"y"k!e−r

2
" , !1.2"

where j and k are non-negative integers. The eigenvalues are
j−k for Lz and

Ej,k = 1 + !1 −!"j + !1 +!"k !1.3"

for H. For !=1, these energy levels group in series of states
with a given k, corresponding to the well-known Landau
levels. Each Landau level has an infinite degeneracy. For !
slightly smaller than 1, this structure in terms of Landau
levels labeled by the index k remains relevant, as shown in
Fig. 2. The lowest energy states of two adjacent Landau lev-
els are separated by &2, whereas the distance between two
adjacent states in a given Landau level is 1−!(1.
It is clear from these considerations that the rotation fre-

quency ! must be chosen smaller than the trapping fre-
quency in the xy plane, i.e., "=1 with our choice of units.
Otherwise the single particle spectrum Eq. !1.3" is not
bounded from below. Physically, this corresponds to the re-
quirement that the centrifugal force m!2r must not exceed
the restoring force in the xy plane −m"2r.

B. The lowest Landau level
When the rotation frequency ! is close to 1, the states of

interest at low temperature are essentially those associated

FIG. 1. The structure of the ground state of a rotating Bose-
Einstein condensate described by an LLL wave function !)
=3000": !a" vortex location and !b" atomic density profile !with a
larger scale". The reduced energy defined in Eq. !2.6" is *
=31.410 7101. The unit for the positions x and y is #% / !m""$1/2.
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Ayalion	  et	  al.	  

On	  a	  toujours	  un	  réseau	  de	  vortex	  régulier	  au	  centre	  (Feynman)	  	  	  

Etat	  à	  	  ⇠ 30 vortex	  

La	  distribu8on	  lissée	  a	  toujours	  une	  forme	  de	  parabole	  inversée	  (Thomas-‐Fermi)	  
mais	  le	  coefficient	  sans	  dimension	  caractérisant	  les	  interac8ons	  est	  renormalisé	  :	  

g ! bg b ⇡ 1.1596 :	  paramètre	  d’Abrikosov	  

Nombre	  de	  vortex	  :	   Nv ⇡
✓

bg N

1� ⌦/!

◆1/2



Expériences	  dans	  le	  LLL	  

Boulder	  :	  méthode	  de	  mise	  en	  rota8on	  par	  évapora8on,	  qui	  permet	  d’aseindre	  

⌦ = 0.993!

merge in the LLL limit. An alternate treatment due to
Baym and Pethick [8], on the other hand, predicts that A
saturates at 0.225 in the LLL. Our data for A are plotted
in Fig. 4. For !!1

LLL < 0:1 the data agree reasonably well
with our numerical result. For larger !!1

LLL the data clearly
show saturation of A at a value close to the LLL limit [8],
rather than a divergence of A as ~"" ! 1. Further details
on vortex core structure will be provided in a future
publication [25].

In conclusion, we have created rapidly rotating BECs
in the lowest Landau level. The vortex lattice remains
ordered, but its elastic shear strength is drastically re-
duced. In expansion images we find no divergence of
vortex core area as ~"" ! 1, as well as no deviation from
a radial Thomas-Fermi profile. Additionally, our rapidly
rotating BECs approach the quasi-two-dimensional limit.
We remain far from the regime in which quantum fluctu-
ations [14] should destroy the lattice, but observing the
effects of thermal fluctuations [26,27] in this reduced-
dimensionality system may be possible.
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100	  000	  atomes	  de	  rubidium,	  dans	  un	  piège	  qui	  	  
est	  effec8vement	  2D	  après	  la	  mise	  en	  rota8on	  

Etude	  de	  la	  frac8on	  de	  la	  surface	  occupée	  par	  les	  cœurs	  de	  vortex,	  en	  fonc8on	  de	  Ω	  	  

which means that both gravity and the magnetic field are
acting to pull it downward. To counter this force a downward
uniform vertical magnetic field is added to pull the quadru-
pole zero below the condensate so that the magnetic field
gradient again cancels gravity. The field is applied within
10 !s, fast compared to relevant time scales. In this manner
the cloud is again supported against gravity. To reduce cur-
vature in the z direction, the TOP trap’s rotating bias field is
turned off, leaving only the linear magnetic gradient of the
quadrupole field. This gradient is tuned slightly to cancel
gravity.
Using this technique, we are able to radially expand the

cloud by more than a factor of 10 while, at the same time,
seeing less than a factor of 2 axial expansion. Unfortunately
even this much axial expansion is unacceptable in some
cases. In the limit of adiabatic expansion, this factor of 2
decrease in condensate density would lead to an additional
!2 increase in healing length during expansion. Thus, fea-
tures that scale with healing length, such as vortex core ra-
dius in the slow rotation limit, would become distorted. The
effect of axial expansion on vortex size was first noted by
Dalfovo and Modugno [34].
To suppress the axial expansion, we give the condensate

an initial inward or compressional impulse along the axial
direction. This is done by slowing down the rate at which we
transfer the atoms into the antitrapped state. The configura-
tion of the ARP is such that it transfers atoms at the top of
the cloud first and moves down through the cloud at a linear
rate. These upper atoms are then pulled downward with a
force of 2g (gravity plus magnetic potential), thus giving
them an initial inward impulse. Finally, the ARP sweep
passes resonantly through the lowest atoms in the cloud:
they, too, feel a downward acceleration but the axial mag-
netic field gradient is reversed before they can accumulate
much downward velocity. On average the cloud experiences
a downward impulse, but also an axial inward impulse. Nor-
mally the ARP happens much too fast for the effect to be
observable but when the transfer time is slowed to
200–300 !s the effect is enough to cause the cloud to com-
press axially by 10%–40% for the first quarter of the radial
expansion duration. The cloud then expands back to its origi-
nal axial size by the end of the radial expansion.
Despite our best efforts to null out axial expansion, we

observe that the cloud experiences somewhere between 20%
axial compression and 20% axial expansion at the time of the
image, which should be, at most, a 10% systematic error on
measured vortex core radius. The overall effect of axial ex-
pansion can be seen in Fig. 1, where images (b) and (c) are
similar condensates and differ primarily in that (c) has un-
dergone a factor of 3 in axial expansion while in (b) axial
expansion has been suppressed. The effect on the vortex core
size is clearly visible.
Because almost all the data presented in this paper are

extracted from images acquired after the condensate ex-
pands, it is worth discussing the effect of radial expansion on
the density structure in the cloud. In the Thomas-Fermi limit,
it is easy to show that the antitrapped expansion in a para-
bolic trap, combined with the mean-field and centrifugally
driven expansion of the rotating cloud, leads to a simple
scaling of the linear size [35] of the smoothed, inverted-

parabolic density envelope. As R" increases, what happens to
the vortex-core size? There are two limits that are easy to
understand. In a purely 2D expansion (in which the axial size
remains constant), the density at any spot in the condensate
comoving with the expansion goes as 1/R"

2, and the local
healing length # then increases over time linearly with the
increase in R". In equilibrium, the vortex core size scales
linearly with #. The time scale for the vortex core size to
adjust is given by $ /! where ! is the chemical potential. In
the limit (which holds early in the expansion process) where
the fractional change in R" is small in a time $ /!, the vortex
core can adiabatically adjust to the increase in # and the ratio
of core size to R" should remain fixed as the cloud expands.

FIG. 1. Examples of the condensates used in the experiment
viewed after expansion. Image (a) is a slowly rotating condensate.
Images (b) and (c) are of rapidly rotating condensates with similar
in-trap conditions. They differ only in that (c) was allowed to ex-
pand axially during the antitrapped expansion. The effect on the
vortex core size is visible by eye. Images (a) and (b) are of the
regularity required for the nearest-neighbor lattice spacing
measurements.
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Plan	  du	  cours	  

1.	  Interac8ons	  dans	  un	  gaz	  froid	  

2.	  Vortex	  dans	  un	  condensat	  

Fréquence	  cri)que,	  réseau	  d’Abrikosov	  et	  argument	  de	  Feynman	  

3.	  Rota8on	  et	  niveau	  de	  Landau	  fondamental	  

Vers	  la	  rota)on	  rapide...	  

4.	  Au	  delà	  du	  champ	  moyen	  

Etats	  fortement	  corrélés	  :	  seuil	  d’appari)on	  et	  schémas	  de	  détec)on	  possibles	  

Longueur	  de	  diffusion,	  approxima)on	  de	  champ	  moyen,	  passage	  à	  deux	  dimensions	  



⌦

!⌦c

vortex	  avec	  

⇠ ⌧ a?

Limites	  de	  la	  théorie	  de	  champ	  moyen	  

Nombre	  de	  par8cules	  :	  N	


Nombre	  d’états	  à	  une	  par8cule	  peuplés	  =	  nombre	  de	  vortex	  dans	  le	  LLL	  :	  

Nv ⇡
✓

g N

1� ⌦/!

◆1/2

Quand	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  on	  peut	  abaisser	  significa8vement	  l’énergie	  en	  considérant	  	  
des	  états	  corrélés	  pour	  lesquels	  	  	   (r1, . . . , rN ) 6=  (r1) . . . (rN )

Nv ⇠ N

0
!

✓
1� 1

gN

◆

LLL	  
champ	  moyen	  

!
⇣
1� g

N

⌘

LLL	  
corrélé	  

N = Nv

diagramme	  valable	  pour	  une	  interac8on	  assez	  faible	  :	  	  g < 1



Comment	  chercher	  des	  états	  corrélés	  ?	  

On	  cherche	  l’état	  fondamental	  de	  	  

Ĥ =
X

i

 
p̂2
i

2M
+

1

2
M!2r̂2i

!
+

~2
M

g
X

i<j

�(2)(ri � rj)

pour	  un	  moment	  ciné8que	  total	  	  	  	  	  	  	  	  donné	  L

On	  reste	  dans	  le	  LLL,	  mais	  on	  considère	  maintenant	  des	  états	  corrélés	  

�(r1, r2, . . . , rN ) = P(u1, u2, . . . , uN ) exp(�
X

i

r2i /2a
2
?)

où	  	  	  	  	  	  	  est	  un	  polynôme	  symétrique	  (pour	  des	  bosons)	  des	  variables	  	  u1, u2, . . . , uNP

Par	  exemple,	  	  N = 2, L = 2 : P(u1, u2) = ↵(u2
1 + u2

2) + �u1u2

u↵1
1 . . . u↵N

N

X

i

↵i = LPlus	  généralement,	  somme	  de	  monômes	  



Configura8ons	  remarquables	  

Quand	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  fonte	  du	  réseau	  de	  vortex	  du	  fait	  des	  fluctua8ons	  quan8ques	  	  Nv ⇠ N

10

Quand	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (facteur	  de	  remplissage	  ½),	  état	  de	  Laughlin	  	  Nv = 2N

PLau.(u1, u2, . . . , uN ) =
Y

i<j

(ui � uj)
2 degré	  total	  du	  polynôme	  :	  

L = N(N � 1)

Jamais	  deux	  par8cules	  au	  même	  endroit	  :	  fortes	  corréla8ons	  !	  

Energie	  d’interac8on	  nulle	  pour	  un	  poten8el	  de	  contact	  
~2
M

g
X

i<j

�(2)(ri � rj)

Séparé	  par	  un	  gap	  de	  tous	  les	  états	  excités	  de	  même	  moment	  ciné8que	  	  

Egap ⇡ 0.1 g ~! Regnault-‐Jolicoeur	  

Quand	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (facteur	  de	  remplissage	  1),	  état	  de	  Moore-‐Read	  (Pfaffien)	  	  Nv = N



Comment	  détecter	  ces	  états	  corrélés	  ?	  

Réduc8on	  des	  pertes	  inélas8ques	  	  

Etat	  de	  Laughlin	  :	  jamais	  deux	  ou	  trois	  atomes	  au	  même	  endroit	  

Gap	  entre	  l’état	  fondamental	  et	  les	  états	  excités	  :	  incompressibilité	  

Profil	  de	  densité	  plat	  pour	  un	  état	  de	  Laughlin	  dans	  un	  piège	  harmonique	  

M.	  Roncaglia,	  M.	  Rizzi,	  J.D.,	  	  
calcul	  pour	  9	  par8cules	  

it can be covered adiabatically in half time with respect to the above
situation (see Fig. 5).

A natural extension of our analysis is to consider a simultaneous
ramping of a and s, in order to minimize the total evolution time
while fulfilling the adiabaticity criterion. To this aim, constrained
optimization techniques can be implemented using the data of the
vector (Fs,Fa), represented in Fig. 5. Experimentally, another effec-
tive way of reducing the adiabatic ramp time is to increase the inter-
action coupling constant c2, hence the gap, via either Feshbach
resonances23 or a tighter longitudinal confinement vz. For a ramp
of a only, our numerical calculations with N 5 9 give T < 65,43,20 for
c2 5 0.33,0.5,1.0, respectively, corresponding to the empirical scaling
law T<20c{1

2 .
Finally we briefly address the consequences of some of the

unavoidable experimental imperfections on the proposed scheme.
The two principal perturbations that we can foresee are the imperfect
centering of the plug beam and the residual trap anisotropy. We
model these defects by writing the dipole potential created by the
plug beam as U9w 5 a exp [22[(x 2 v)2 1 y2]/w2], and by adding the
term u(x2 2 y2)/2 to the single-particle Hamiltonian to account for

the static anistropic defect. Here v and u are dimensionless coeffi-
cients characterising these imperfections. These two coupling terms
break the rotation symmetry: in their presence, the angular
momentum is not a conserved quantity anymore and the gas will
undergo a cascade from L 5 LLau down to states with no angular
momentum, by populating the first excited LL. To get a conservative
estimate, we impose the very stringent condition that the total angu-
lar momentum remains unchanged over the adiabatic ramp time,
and we estimate the corresponding constraint on u and v using time-
dependent perturbation theory (see Methods). The constraint on u is
certainly the most challenging one. We find that the maximal tol-
erable trap anisotropy umax/2DLau=N<0:2c2=N . Taking u , 1023

as a realistic trap anisotropy, we find that our scheme should be
operational for atom numbers up to Nmax 5 100 for c2 5 0.5.

Discussion
One of the simplest techniques to probe cold atomic setups consists
of taking time-of-flight (TOF) pictures3. The absorption image of the
density profile expanded after releasing the harmonic confinement
contains indeed useful informations about the initial situation in the
trap. In the specific case of bosons in the LLL regime, the density
profile is self-similar in time and the TOF picture simply magnifies
the original particle distribution in the trap24. Given the direct con-
nection between single-particle angular momenta and orbital radius
(see Methods), a TOF image allows one to compute the angular
momentum. The v 5 1/2 Laughlin state with N particles exhibits a
fairly flat profile of density 0.5 inside a rim of radius ,

ffiffiffiffi
N
p

.
Observing such TOF images would be already a first hint that one
has effectively reached the QHE regime.

Multi-particle correlations offer even more insight into the many-
body state. These correlations are directly accessible if one uses a
detection scheme that can resolve individual atoms with sub-micron
resolution25, 26. Alternatively the two-body correlation function can
be tested at short distances using the resonant photo-association of
spatially close pairs27. The amount of produced molecules is indeed
directly related to the correlation function g(2)(0), which is also in
direct correspondence with the interaction energy H2h i=c2 (Fig. 3b).
Since the Laughlin state belongs to the kernel ofH2, its presence will
be signaled by a strong suppression of two-body losses. Moreover, in
a strict analogy with solid state physics, we can imagine an experi-
ment to measure FQHE plateaus in physical quantities. Namely, by
varying the rotational offset d in the giant vortex preparation stage it
is possible to change L by steps of N, i.e. move the penetrating mag-
netic flux in units of single quanta. Removing now the plug, the
system will fall in a sequence of incompressible FQHE states: the
final g(2)(0) is expected to display plateaus at discrete values as a
function of initial d.

Figure 4 | Density profile during adiabatic evolution (N 5 9). The leftmost panel corresponds to a giant vortex like structure, whereas the rightmost one
depicts the flat disk shaped profile of the Laughlin state. In the upper row s 5 1 is kept constant while a 5 1., 0.5, 0.4, 0.3, 0.2, 0.1, 0. The last part
of the ramp down procedure 0 , a = 0.1 is the slowest, due to the large value of Fa in this region (see Fig. 3c). In the lower row we squeeze the laser waist
s 5 1., 0.5, 0.25, 0.125, 0.025, 0.00625, 0. at fixed intensity a 5 1.: particles spread towards the inner part of the trap in a different way, corresponding in a
lower value of Fs and faster allowed rates of change. For systems within LLL, density profiles after trap release and time-of-flight imaging will simply
display rescalings of these pictures.

Figure 5 | Map of adiabaticity requirements. Absolute value of the vector
(Fs, Fa) is plotted in the coloured map for N 5 9, evidencing the large value
of Fa at large s 5 w2/(N 2 1) and small a, as well as the more favorable
condition if one uses a reduction in time of the beam waist. The two paths
described in the text give T , 40 (solid blue line) and T , 20 (dashed blue
line). Superimposed white arrows represent the directions of the vector
(Fs, Fa). This plot can serve for conceiving more intricate paths with the
help of optimization techniques.
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Comment	  détecter	  ces	  états	  corrélés	  (suite)	  ?	  

Détec8ons	  des	  atomes	  individuels	  après	  un	  temps	  de	  vol	  

Reconstruc)on	  des	  fonc)ons	  de	  corréla)ons	  spa)ales	  

Recherche	  de	  sta8s8que	  non	  conven8onnelles	  [anyons,	  (Wilczek,	  1982)]	  pour	  	  
les	  états	  excités	  de	  ces	  fluides	  

Paredes	  et	  al.	  

atomes	  

créer	  deux	  excita8ons	  (trous)	  
avec	  deux	  faisceaux	  lasers	  

tourner	  une	  excita8on	  autour	  	  
de	  l’autre	  

Détecter	  la	  phase	  accumulée	  



Conclusions	  

On	  dispose	  désormais	  d’une	  grande	  panoplie	  d’ou8ls	  pour	  construire	  	  
le	  «	  bon	  »	  hamiltonien	  magné8que	  à	  une	  par8cule	  	  

Mise	  en	  évidence	  d’effets	  topologiques	  sub)ls	  

Un	  progrès	  décisif	  sera	  d’obtenir	  des	  états	  fortement	  corrélés,	  	  
par	  exemple	  de	  type	  «	  effet	  Hall	  quan8que	  frac8onnaire	  »	  	  

Expériences	  d’atomes	  froids	  complémentaires	  	  
des	  méthodes	  de	  diagonalisa)on	  exacte	  

Elles	  permeIront	  d’aborder	  des	  ques)ons	  importantes	  	  
ouvertes	  sur	  la	  ma)ère	  quan)que	  topologique	  


