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Gaz	en	interac6on	et	critère	de	Landau	



Bilan	du	cours	3	

Equa>on	de	Gross-Pitaevskii	et	approche	de	Bogoliubov	«	champ	classique	»	
obtenues	à	par>r	d’une	approxima>on	de	type	«	champ	moyen	»	(ansatz	de	Hartree)	

Evolu>on	non	linéaire	de	la	fonc>on	d’onde	à	une	par>cule	
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•  Sans	poten>el	de	piégeage	

Etude	de	la	stabilité	des	solu>ons	en	onde	plane,	et	des	modes	propres		
autour	de	ces	solu>ons	:	

Critère	de	Landau	:	stabilité	si		
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•  Interac>on	:	 g �(r1 � r2)



Au	delà	du	critère	de	Landau	:	les	vortex	

Nous	avons	considéré	jusqu’ici	des	perturba>ons	du	type		
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On	peut	également	s’intéresser	à	des	perturba>ons	localisées	:	vortex		

eiK·r �! eiK·r + ✏ ei(K±q)·r

Un	vortex	isolé	:	
cœur	de	taille	ξ

champ	de	vitesse	en	1/r		

		Pas	vraiment	localisé	:	
énergie	ciné>que	divergente	
Z R

⇠
v2 2⇡r dr ⇠ ln(R/⇠)

A	

Une	paire	de	vortex		
de	signes	opposés	:	

champ	de	vitesse	en	1/r2 

à	longue	distance		

A	

B	
d

Energie	ciné>que	convergente	:	

⇠ ln(d/⇠)



Perte	de	circula>on	par	nucléa>on	d’une	paire	de	vortex	

On	termine	alors	avec	l’état		
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On	part	de	l’état	à	un	quantum	de	circula>on																											
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y

Une	paire	de	vortex	est	nucléée	au	point	O	et	se	sépare,	le	vortex	«	rouge	»	
partant	vers	l’intérieur	de	l’anneau	et	le	bleu	vers	l’extérieur	
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Barrière	énergé>que	pour	la	paire	de	vortex	(2D)	

On	évalue	le	coût	en	énergie	ciné>que	
de	la	configura>on	avec	une	paire	de	vx	
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Après	un	calcul	assez	long…	:		
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Résultat	un	peu	plus	compliqué	pour	un	anneau		
(LPL	2012,	Cambridge	2012,	NIST	2014)	



Défaut	ponctuel	:	barrière	grande	devant	l’énergie	d’ac>va>on	thermique	sauf	si	
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Il	faut	comparer	cede	hauteur	de		
barrière	à		

Pour	un	gaz	dégénéré	:	

Barrière	énergé>que	pour	la	paire	de	vortex	(2D)	
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Si	on	se	donne	un	défaut	de	taille													,	la	barrière	disparaît		pour	la	vitesse	cri>que		d � ⇠
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La	version	quan>que	de	l’approche	de	Bogoliubov	

On	a	vu	ici	la	version	«	champ	classique	»	de	l’approche	de	Bogoliubov	
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Une	fois	obtenue	la	rela>on	de	dispersion		

on	peut	quan>fier	«	à	la	main	»	ces	modes	et	obtenir	ainsi	un	gaz	quan>que	
de	quasi-par>cules	:	

!q =

"
c2s q2 +

✓
~q2
2m

◆2
#1/2

Autre	démarche	possible	pour	le	gaz	de	Bose	en	interac6on	assez	faible	:	

Par>r	de	l’hamiltonien	quan>que	faisant	intervenir	les	opérateurs	créa>on	et	annihila>on	
des	atomes																	dans	un	état	d’impulsion	donné	+	approxima>on	quadra>que	

Considérer	les	mêmes	transforma>ons	linéaires	(mêmes	coefficients										)	
que	pour	la	version	classique	

â†p, âp

u, v

On	ob>ent	alors	directement	:	

Ĥquasi�particules =
X

q

~!q b̂†q b̂q

Ĥ = E0 +
X

q

~!q b̂†q b̂q



Quasi-par>cules	à	l’équilibre	thermique	

A	l’approxima>on	de	Bogoliubov,	l’ensemble	des	excita>ons	décrites	par	
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forme	un	gaz	parfait	de	poten>el	chimique	nul,	comme	les	photons	émis	
par	un	corps	noir	

Popula>on	à	l’équilibre	thermique	:	

Permet	de	calculer	toutes	les	moyennes	thermiques	à	ce;e	approxima=on	:	
densité	normale	et	superfluide,	fluctua=ons	de	densité	et	de	phase,	…	

Ĥ = E0 +
X
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Condensa6on	et	superfluidité	dans	un	réseau	



Le	but	de	ce	cours	

Transposer	l’étude	du	comportement	superfluide	à	un	gaz	dans	un	poten>el	
périodique	:	système	modèle	pour	l’étude	de	la	conduc>on	électrique	
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Etude	détaillée	faite	dans	le	cours	2012-13	pour	une	par=cule	unique.		

Comment	les	interac6ons	entre	par6cules	modifient-elles	le	problème	?	

Cours	d’aujourd’hui	+	cours	5	:		

•  Instabilité	dynamique	qui	apparaît	pour	des	interac>ons	rela>vement	faibles	

•  Perte	complète	de	superfluidité	possible	si	les	interac>ons	sont	assez	fortes	

•  Etude	de	la	transi>on	de	phase	associée	et	des	modes	propres	au	voisinage		
						du	point	cri>que	(mode	de	Goldtsone,	mode	de	Higgs)	

V



Plan	du	cours	

1.	Rappels	sur	la	physique	des	réseaux	op>ques		

2.	La	vitesse	cri>que	dans	un	réseau	

3.	La	transi>on	superfluide	isolant	dans	un	réseau	:	un	premier	aperçu		
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Le	théorème	de	Bloch	

On	considère	un	réseau	op>que	formé	par	une	onde	lumineuse	sta>onnaire	
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Mouvement	d’un	atome	dans	le	poten>el	dipolaire	périodique	

On	peut	chercher	les	états	propres	sous	la	forme	de	fonc>ons	de	Bloch	:	

x

Ĥ =
p̂2

2m
+ V (x̂) V (x) = V (x+ a)

 

q

(x) = eiqx u

q

(x)

où	la	fonc>on							est	périodique	:	
uq(x) = uq(x+ a)uq

a = �/2

⌫ = c/� ⌫ = c/�



La	structure	en	bandes	d’énergie	

Pour	un	quasi-moment						donné,	les	énergies	propres	sont	quan>fiées	
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n,q

(x) = eiqx u

n,q

(x) En(q) n = 0, 1, 2, . . .

Echelle	d’énergie	caractéris>que	:																									énergie	de	recul	Er =
~2k2
2m

Exemple	pour	un	poten>el	sinusoïdal																																							de	période			V (x) = V0 sin2(kx) a = ⇡/k

q

�3 �2 �1 0 1 2 3

0

5
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q/k

E
/E

r

V0 = 4Er

�k < q  k

Première	zone		
de	Brillouin	:	

Aden>on	au	comptage	mul>ple	:							et																représentent	le	même	état	!	q q + 2k



La	limite	des	liaisons	fortes	

On	introduit	les	fonc>ons	de	Wannier	qui	(pour	un	bon	choix	de	phase)	sont	
localisées	sur	les	différents	minima	du	poten>el		
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V (x)
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Pour	la	bande	fondamentale												:									n = 0

V0 = 4Er

Dans	la	limite	des	liaisons	fortes		(																)	:	

•  On	ne	s’intéresse	qu’à	la	bande	fondamentale													:				

•  On	ne	considère	que	les	sauts	entre	proches	voisins	:				

V0 � Er

n = 0 wj(x) ⌘ wn,j(x)

wj ! wj±1



L’hamiltonien	de	Hubbard	
Jg = 1/2

Je = 1/2

Je = 3/2

D1D2
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J
Version	1D	version	(2	voisins):	
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Hamiltonien		 Ĥ = �J
X

j

|wj+1ihwj | + h.c.

Ĥ = �J
X

j

b̂†j+1b̂j + h.c.ou	encore	en	écriture	«	seconde	quan>fica>on	»	:	

Pour	un	poten>el	sinusoïdal																																					,	l’élément	de	matrice	tunnel	est	:		
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Interac>ons	dans	le	réseau	

V (r1 � r2) = g �(r1 � r2) +	limite	des	liaisons	fortes	:		interac>ons	sur	site	uniquement	

U

Coût	en	énergie	pour	medre	deux	atomes	sur	le	même	site	dans	la	fonc>on		

h1 : w0|⌦ h2 : w0|V̂ |1 : w0i ⌦ |2 : w0i =
Z

|w0(r1)|2 |w0(r2)|2 V (r1 � r2) d
3r1 d

3r2

= g

Z
|w0(r)|4 d3r

⌘ U

w0(r)
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g =
4⇡~2as

m



Plan	du	cours	

1.	Rappels	sur	la	physique	des	réseaux	op>ques		

2.	La	vitesse	cri>que	dans	un	réseau	

3.	La	transi>on	superfluide	isolant	dans	un	réseau	:	un	premier	aperçu		
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L’expérience	de	Florence	(2004)	

On	laisse	le	système	évoluer	pendant	un	temps	ajustable	et	on	détecte	
l’état	final	du	gaz	par	temps	de	vol		

19	

Condensat	de	rubidium,	300	000	atomes	

On	branche	le	réseau	en	mouvement	adiaba>quement	de	manière	à	peupler	
seulement	la	bande	fondamentale	dans	un	état	de	quasi-moment	q	donné.	

V

Le	réseau	en	mouvement	est	créé	en	superposant	deux	ondes	progressives	
contre-propageantes	de	fréquences	différentes	:	 2kV = !1 � !2

!1 !2



L’évolu>on	du	nombre	d’atomes	dans	le	condensat	est	ajustée	par	une	loi		
exponen>elle	:		
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L’expérience	de	Florence	(suite)	

N(t) = N0 e��t t	:	temps	passé	dans	le	réseau	en	mouvement	

Varia>on	du	taux	de	pertes		γ		en	fonc>on	du	quasi-moment	ini>al	:				

are !z ! 2!" 8:8 Hz axially and !? ! 2!" 91 Hz
radially, with the axis of the trap oriented horizontally.
Our typical condensates are made of ’ 3" 105 atoms in
the hyperfine ground state jF ! 1;mF ! #1i, with a peak
density n’1:2"1014 cm#3. The optical lattice is created
by the interference of two counterpropagating laser
beams derived from the same Ti:Sa laser operating at " !
820 nm, far detuned with respect to the Rb D1 line at " !
795 nm. The lattice beams are aligned along the symme-
try axis of the condensate and are only slightly focused
(400 #m diameter), so that the optical radial confinement
may be completely neglected. The frequencies of the two
beams are controlled by two acousto-optic modulators
driven by two phase-locked radiofrequency generators in
order to provide a stable detuning $% between the two
beams. The resulting interference pattern, averaged over
the optical frequencies, is a standing wave moving at
velocity v ! $"=2%$%. We calibrate the height of the
optical lattice using the relation s ! 2 !h"R=ER, where
"R is the measured Rabi frequency of the Bragg transi-
tion between the momentum states 0 and 2 !hk induced by
pulsing an optical lattice with v ! !hk=m [14]. Once the
condensate has been produced, we adiabatically switch on
the moving lattice loading the condensate in a state of
well defined quasimomentum q ! mv= !h and band index
n [15]. We let the BEC evolve in this potential for a
variable time; then we switch off both the magnetic
trap and the optical lattice and, after an expansion of
28 ms, we image the atomic cloud along the radial hori-
zontal direction [16].

The number of atoms remaining in the BEC decreases
exponentially as a function of the time spent in the
periodic potential. We measure the lifetime of the con-
densate for different values of the quasimomentum q and
for different energy bands. Since even a tiny thermal

component may seriously limit the BEC lifetime, we
use an rf shield in order to remove the hottest atoms
produced by heating of the atomic sample. In this way
we measure lifetimes of the order of & 10 s in the lattice
at v ! 0, with no discernible thermal fraction even on
long time scales.

The experimental results are analyzed according to the
GPE shown in Eq. (1). As a matter of fact, one can avoid
the complication of the full 3D theory by using the non-
polynomial Schrödinger equation (NPSE), a simplified
1D model that includes an effective radial-to-axial cou-
pling [17]. The NPSE provides a more realistic descrip-
tion of the actual system with respect to the simple one
dimensional GPE used previously [5], yielding an esti-
mate of the instability thresholds and of the growth rates
of the most unstable modes in nice agreement with that of
Eq. (1) in the regime of lattice heights considered here
(see [10] for details).

In Fig. 1 we show the measured loss rates (inverse of the
lifetime) for the BEC in an optical lattice with s ! 0:2 as
a function of q. With increasing q, from the bottom of the
first band to the zone boundary, the lifetime changes
dramatically, spanning 3 orders of magnitude from &
10 s to & 10 ms. In particular, we observe a discontinuity
around q ! 0:55qB (where qB ! 2!=" is the boundary of
the first Brillouin zone), in good correspondence with the
threshold for the onset of dynamical instability calcu-
lated with our measured density and lattice height (ver-
tical line). Deeply in the dynamically unstable regime
(images of Fig. 1) we observe the appearance of some
complex structures in the expanded BEC density profile,
suggesting fragmentation of the Bloch wave. These inter-
ferencelike structures are particularly visible for higher
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quasimomentum [q/qB]

FIG. 1 (color online). Loss rates for a trapped BEC loaded in
a moving optical lattice with s ! 0:2. The vertical line corre-
sponds to the calculated threshold for the onset of dynamical
instability [10]. The images show the density distribution of the
expanded cloud (the lattice is directed from right lo left). Near
the zone boundary, where instability is faster, we observe the
appearance of some complex structures, evidencing the loss of
coherence in the BEC.

0.55qB

0.40qB

55

growth of excitations (lattice on)
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1.30qB

relaxation of excitations (lattice off)

FIG. 2 (color online). (a) Evolution of the expanded atomic
density profile for a lattice height s ! 1:15 and two different
quasimomentum values q ! 0:4qB and q ! 0:55qB below and
above the threshold for dynamical instability. Note the differ-
ent time scales. (b) Evolution of the expanded atomic density
profile for a variable time spent in the pure magnetic trap,
following 5 ms spent in an optical lattice with s ! 1:15 and
q ! 1:30qB, where after a few ms we observe a strong density
modulation. In all these pictures the lattice is directed from top
to bottom.
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Première	zone	de	Brillouin	:	

Instabilité	dynamique	quand		

Réseau	faible	:	
V0 = 0.2 Er

�k < q  k

q/k

q & k/2



Interpréta>on	qualita>ve	

Wu	&	Niu,	Hilligsoe	&	Moelmer	
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Rela>on	de	dispersion	dans	un	réseau	:	fonc>on	non	convexe	(contrairement	à	l’espace	libre)		

Permet	de	générer	des	paires	d’atomes	corrélés	(cf.	séminaire	de	A.	Aspect)	

Equivalent	du	mélange	à	quatre	ondes	avec	accord	de	phase	en	op>que		

On	peut	trouver	des	triplets		

Phase-matched four wave mixing and quantum beam splitting of matter waves
in a periodic potential

Karen Marie Hilligsøe* and Klaus Mølmer
Danish National Research Foundation Center for Quantum Optics, Department of Physics and Astronomy, University of Aarhus,

DK-8000 Århus C, Denmark
!Received 9 November 2004; published 12 April 2005"

We show that the dispersion properties imposed by an external periodic potential ensure both energy and
quasimomentum conservation such that correlated pairs of atoms can be generated by four wave mixing from
a Bose-Einstein condensate moving in an optical lattice potential. In our numerical solution of the Gross-
Pitaevskii equation, a condensate with initial quasimomentum k0 is transferred almost completely !!95% " into
a pair of correlated atomic components with quasimomenta k1 and k2, if the system is seeded with a smaller
number of atoms with the appropriate quasimomentum k1.

DOI: 10.1103/PhysRevA.71.041602 PACS number!s": 03.75.Kk, 03.75.Lm, 05.45."a

Bose-Einstein condensates !BEC" in optical lattices pro-
vide flexible systems for studying the behavior of coherent
matter in periodic potentials. Considerable attention is given
to studies in regimes far from the region of validity of mean-
field analysis and the Gross-Pitaevskii equation #1$, but also
the highly nontrivial mean-field dynamics has been and con-
tinues to be subject to theoretical and experimental investi-
gations #2–4$.
The process we wish to consider is a four wave mixing

!FWM" process, which transfers pairs of atoms coherently
from an initial momentum state k0 to new states with mo-
menta k1 and k2. We consider a Bose-Einstein condensate in
a quasi-one-dimensional geometry and we will consider only
the longitudinal dynamics of the condensate. This geometry
is relevant, e.g., for atomic waveguides and atom interferom-
eters based on atom chips #5$.
In Refs. #6,7$, it was shown that nonlinear interaction

originating from the s-wave scattering between atoms leads
to depletion of the condensate and emission of pairs of atoms
at other momenta when a continuous matter wave beam
passes through a finite region with enhanced interactions. For
a larger condensate, however, the process will not be effec-
tive unless it conserves both energy and momentum, i.e., the
waves must be phase-matched over the extent of the sample.
We shall show how the characteristic energy band structure
in a one-dimensional !1D" optical lattice can be used to en-
sure both energy and quasimomentum conservation, i.e.,
phase-matching of the FWM process.
Our tailoring of the dispersion properties of matter waves

by an external potential is inspired by approaches to nonlin-
ear optics, which employ various means to ensure phase-
matching, e.g., of the FWM process #8–10$. A similar phase-
matched FWM process has been used to explain giant
amplification from semiconductor microcavities, where the
polariton dispersion properties can be controlled by the
strong photon-exciton coupling #11$. We also note that a re-
cent analysis #12$ of the breakup of a bright matter wave
soliton was analyzed in terms of dispersion and phase-

matching. Phase-matched FWM has been realized in colli-
sions of two condensates in two dimensions #13–15$, but in
the present paper we show that the process can take place
with atomic motion along a single direction; for example,
inside an atomic waveguide.
The basic idea of our proposal is illustrated in Fig. 1. In a

periodic potential V!z", the energy spectrum constitutes a
band structure, and the figure shows the lowest energy band
for the corresponding linear Schrödinger equation. When two
atoms with momentum k0 collide and leave with momenta k1
and k2 momentum conservation requires

2k0 = k1 + k2 modulo Q , !1"

where Q is a reciprocal lattice vector. In the periodic poten-
tial the energy does not vary quadratically with the wave
number, and as indicated by example in Fig. 1, it is possible
to identify sets of wave numbers with conservation of the
total energy

2#0 = #1 + #2. !2"

To investigate the effectiveness of this degenerate FWM

*Electronic address: kmh@phys.au.dk

FIG. 1. Band structure for atomic motion in the periodic poten-
tial Eq. !4". Quasimomentum conservation and energy conservation
is fulfilled in the crosses where two atoms with momentum k0 col-
lide and separate at momenta k1 and k2 illustrated in the figure.

PHYSICAL REVIEW A 71, 041602!R" !2005"

RAPID COMMUNICATIONS

1050-2947/2005/71!4"/041602!4"/$23.00 ©2005 The American Physical Society041602-1

q2 q0 q1

q/k

q0, q1, q2

tels	que	le	processus	

q0 + q0 ! q1 + q2

conserve	l’énergie	et	l’impulsion	
(modulo							)	2k

2E(q0) = E(q1) + E(q2)

2q0 = q1 + q2



Descrip>on	à	la	Gross-Pitaevskii	en	liaisons	fortes	

On	choisit	un	ansatz	de	type	champ	moyen	(fonc>on	de	Hartree)		

22	

adapté	au	cas	du	réseau	en	liaisons	fortes	:	

On	peut	montrer	(cf.	appendice)	que	cet	ansatz	est	pra>quement	équivalent	à		

�(r1, . . . , rNa) = �(r1) . . .�(rNa)

�(r) =
NsX

j=1

�j wj(r) somme	sur	les								sites	du	réseau	Ns

NsX

j=1

|�j |2 = 1

où	chaque												représente	un	état	cohérent	de	Glauber	sur	le	site	j		
avec	l’amplitude																															où											est	le	nombre	d’atomes		 j =

p
Na �j

| ji
Na

NsX

j=1

| j |2 = Na

| i = |site 1 :  1i ⌦ |site 2 :  2i ⌦ . . .⌦ |siteNs :  Nsi



Solu>ons	sta>onnaires	et	modes	propres	

23	

Hamiltonien	:		

Equa>on	de	Gross-Pitaevskii	en	liaisons	fortes	

i~  ̇j = �J ( j+1 +  j�1) + U | j |2  j

Ĥ = �J
X

j

⇣
b̂†j+1b̂j + h.c.

⌘
+

U

2

X

j

n̂j (n̂j � 1) .

avec		

Solu>ons	en	ondes	planes	:	  j(t) =  0 ei[jaq�!(q)t]

~!(q) = �2J cos(aq) + U 2
0

rela>on	de	dispersion	
pour	une	par>cule	
en	liaisons	fortes	

terme	
d’interac>on	

Recherche	des	modes	sous	la	forme	:	
h
 0 + u(t) eijaq

0
+ v⇤(t) e�ijaq0

i
ei[jaq�!(q)t]

|u|, |v| ⌧  0



L’instabilité	dynamique	

L’évolu>on	des	coefficients													de	la	perturba>on	s’écrit	(Bogoliubov)	
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i~ d

dt

✓
u
v

◆
= L̂

✓
u
v

◆
(u, v)

L̂ :	matrice	2	x	2	fonc>on	de												et		q, q0, 0J, U

Rappel	:								n’est	pas	hermi>en	et	peut	avoir	des	valeurs	propres	complexes												L̂

�± = �0 ± i�00
✓
u
v

◆
(t) e|�

00|tdiverge	comme		

L’analyse	détaillée	des	valeurs	propres	montre	qu’il	existe	une	perturba>on		
						dynamiquement	instable	dès	que	le	quasi-moment								dépasse									.		q0 |q| k/2

�1 0 1

�2

0

2

q/k

Én
er

gi
e

(u
ni

té
J

)

q/k

2J

�2J

0

E(q) = �2J cos(aq)



L’instabilité	en	fonc>on	de	la	force	des	interac>ons	

Expérience		
du	MIT	(2007)	
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superfluid interference pattern was recorded as a function
of the momentum modulation amplitude pM. Several
cycles (typically, three to five) of the momentum modula-
tion were applied to obtain a high contrast between the
stable and dissipative regimes [Fig. 2(a)].

Figure 2(a) shows how the transition between superfluid
and dissipative currents became sharper with increasing
number of cycles of the momentum modulation. The criti-
cal momentum was determined from a log-log plot of the
condensate fraction as a function of momentum p
[Fig. 2(c)]. The intersection between two linear fit func-
tions was taken as the critical momentum. Our result was
found to be independent of the time period and number of
cycles of the momentum modulation at a few percent level.

In the MI phase, stable superfluid flow is not possible
and the critical momentum should vanish. However, using
the procedure described above, we measured a small criti-
cal momentum of 0.02 pr for lattice depths Vlatt ! 14, 15,
16 ER. Up to this momentum, the SF-MI phase transition
remained reversible. We interpret the nonzero critical mo-
mentum as a finite-size effect. For our cloud size of

60 !m, the corresponding Heisenberg momentum uncer-
tainty of 0.018 pr agrees with our measured critical mo-
mentum. In cold atom experiments, some sloshing motion
of the cloud in the trapping potential is unavoidable. The
momentum uncertainty determined above indicates how
much sloshing motion can be tolerated without affecting
the observed phase transition.

The critical lattice depth for the SF-MI phase transition
can be determined as the point where the critical momen-
tum vanishes. Using the predicted functional form [9] of
the approach towards zero, pc /

!!!!!!!!!!!!!!!!!!!!
1" u=uc

p
, as a fit func-

tion for the data points close to the SF-MI phase transition
(the data points shown in the inset of Fig. 3) we determined
the critical value uc ! 34:2 (#2:0) corresponding to a
lattice depth of 13:5$#0:2% ER. Our result agrees with the
mean-field theory prediction uc ! 5:8& 6 ! 34:8 forN !
1 SF-MI phase transition [1] and deviates by 2 " from the
predictions of uc ! 29:34$2% of quantum Monte Carlo
(QMC) simulation [26,27], which includes corrections
beyond the mean-field theory. This demonstrates that our
method has the precision to identify non-mean-field cor-
rections. However, to turn precision into accuracy, experi-
ments or QMC simulations [21,26,27] have to address
corrections due to finite size, finite temperature, and finite
time to probe the onset of the instability [27]. In our experi-
ment, these corrections seemed to be small, but have not
been characterized at the level of 1% in lattice depth.

The mean-field prediction for stable superfluid flow in
1D is similar to that for the 3D system [9]. However, it is
well known that fluctuations play a much more important
role in 1D. For studying a 1D system, we prepared an array
of one-dimensional gas tubes by ramping two pairs of
optical lattice beams up to lattice depths of Vx ! Vy !
30 ER suppressing hopping between the tubes. After a hold
time of 10 ms, a moving optical lattice was ramped up
along the z axis. As in our 3D experiment, a momentum
modulation was applied, after which the moving optical
lattice was ramped down to zero, followed by the other two
optical lattices. The condensate fraction was determined
after 33 ms of ballistic expansion as a function of the
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FIG. 2 (color online). Determination of the critical momentum
of superfluid flow. Shown is the condensate fraction as a function
of a momentum p. (a) Condensate fraction with u=uc ! 0:61 for
a variable number of cycles of the momentum modulation (one
cycle: & and blue line, two cycles: ! and purple line, three
cycles: " and red line). A dashed vertical line indicates the
critical momentum where instability begins to occur. The two
and three-cycle data are offset vertically for clarity. These data
were fitted with an error function to guide the eye. (b) Images of
interference patterns released from an optical lattice at u=uc !
0:61 moving with variable momentum. Instability occurred
between p ! 0:31pr and 0:32pr. Some of the triangular data
points in (a) were obtained from these images. (c) Condensate
fraction on a log-log scale for two different interaction strengths.

0.25 0.50 0.75 1.0 1.25 1.50 1.75 2.0
0

0.1

0.2

0.3

0.4

0.5

C
rit

ic
al

 M
om

en
tu

m
 p

c 
[p

r]
0.7 0.8 0.9 1.0

0.0

0.1

0.2

0.3

Interaction Strength u / uc

0

p c

u / uc

superfluid 
flow

dissipative
flow

FIG. 3 (color online). Critical momentum for a condensate in a
3D lattice. The solid line shows the theoretical prediction for the
superfluid region. The horizontal solid line is a fit to the data
points in the MI phase. (Inset) Fit of critical momenta near the
SF-MI phase transition.
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point	1	

point	2	

Nous	allons	maintenant	considérer	le	point	2	:	perte	de	superfluidité		
même	s’il	n’y	pas	de	mouvement	rela>f	entre	les	atomes	et	le	réseau	
	

Théorie	par		
Altman	et	al	(2005)	

u = U/J

uc = 34.2 ± 2.0

N
atomes

⇡ N
sites



Plan	du	cours	

1.	Rappels	sur	la	physique	des	réseaux	op>ques		

2.	La	vitesse	cri>que	dans	un	réseau	

3.	La	transi>on	superfluide	isolant	dans	un	réseau	:	un	premier	aperçu		
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Fisher	et	al.,	1989	

Jaksch	et	al.,	1998	



Interac>ons	vs.	effet	tunnel	

U

U = g

Z
|w0(r)|4 d3r

U

Er
⇡ 4

p
2⇡

as
�

✓
V0

Er

◆3/4

J

:	entre	quelques	kHz	et	100	kHz	Er =
~2k2
2m

V0

V0/ErEn	variant																dans	la	plage	de	10	à	25,	on	peut	aller	de																	à																													J � U J ⌧ U

J

Er
⇡ 4p

⇡

✓
V0

Er

◆3/4

exp

"
�2

✓
V0

Er

◆1/2
#

Compé>>on	entre	l’effet	tunnel	qui	tend	à	délocaliser	les	par>cules		
et	les	interac>ons	répulsives	qui	tendent	à	éliminer	les	«	doublons	».	
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g =
4⇡~2as

m



Le	cas	limite	sans	effet	tunnel	

Ĥ = Ĥ
interaction

=
U

2

X

j

n̂j (n̂j � 1)

Avec	par	exemple	

L’état	fondamental	est	 |2, 2, . . . , 2i /
NsitesY

j=1

(b̂†j)
2|0i

Un	autre	état	tel	que																										coûte	l’énergie	|3, 1, . . . , 2i U

+2U �U

Les	interac6ons	répulsives	favorisent	les	états	à	remplissage	uniforme	 28	

0	ou	1	par>cule	:	 E
interaction

= 0

E
interaction

= U2	par>cules	:	
3	par>cules	:	 E

interaction

= 3U
N

atomes

= 2N
sites



Le	cas	limite	sans	interac>ons	

�1 0 1

�2

0

2

q/k

Én
er

gi
e

(u
ni

té
J

)

q/k

2J

�2J

0

E(q) = �2J cos(aq)
Tous	les	atomes	s’accumulent	au	bas	de	la		
bande	formant	le	spectre	à	une	par>cule	

NsitesX

j=1

b̂†j |0i

Pour	une	par>cule	la	fonc>on	de	Bloch	q = 0	est	:	

On	met																	dans	cet	état	(condensat	de	Bose-Einstein)	:	

Rappel	:	cet	état	est	très	proche	d’un	état	cohérent	de	Glauber	sur	chaque	site	

:	facteur	de	remplissage	
29	

| q=0i /
NsitesX

j=1

|wji

|↵|2 =
N

atomes

N
sites

| i /

0

@
N

sitesX

j=1

b̂†j

1

A
N

atomes

|0iN
atomes

| i = |site 1 : ↵i ⌦ |site 2 : ↵i ⌦ . . .⌦ |siteNs : ↵i



Interpola>on	entre	les	deux	cas	limites	

Etat	de	Gutzwiller:		

| i =
+1X

n=0

cn |ni

Approxima6on	de	champ	moyen	:	pas	d’intrica>on	entre	les	états	en	différents	sites	

Hypothèses	minimales	sur								:		| i

+1X

n=0

|cn|2 = 1•  Normalisée	:	

•  Fournit	le	bon	nombre	moyen	d’atomes	par	site	:		
+1X

n=0

n |cn|2 =
N

atomes

N
sites
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Permet	d’interpoler	entre	l’état	nombre	sur	chaque	site	trouvé	pour															:		J = 0 cn = �n,n0

et	l’état	cohérent	de	Glauber	pour																:	U = 0 cn =
↵n

p
n!

e�|↵|2/2

| i = |site 1 :  i ⌦ |site 2 :  i ⌦ . . .⌦ |siteNs :  i



La	recherche	de	l’état	fondamental	en	champ	moyen	

Hamiltonien:		Ĥ = �J
X

j

⇣
b̂†j+1b̂j +H.c.

⌘
+

U

2

X

j

n̂j (n̂j � 1)

On	calcule																					avec	l’ansatz	de	Gutzwiller	:		h |Ĥ| i

•  Tunnel	:	 z :	nombre	de	proches	voisins	
2	à	1D,	4	à	2D,	6	à	3D	

•  Interac>ons:	
U

2

X

n

n(n� 1) |cn|2

On	va	caractériser	le	minimiseur	par	l’écart-type	de	la	distribu>on	des	nombres	d’occupa>on	

�n2 = hn2i � n̄2 hn2i =
X

n

n2 |c(n)|2

But	:	minimiser	la	somme	des	deux	termes	pour												donné,	tout	en	gardant	constants		
+1X

n=0

|cn|2 = 1

U/J
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| i =
+1X

n=0

cn |ni

�Jz

�����
X

n

p
n c⇤n�1cn

�����

2

et	 n̄ =
+1X

n=0

n |cn|2 =
N

atomes

N
sites



Fluctua>ons	du	nombre	d’occupa>on	par	site	

On	se	donne														et	on	varie	le	facteur	de	remplissage	U/J

On	trace	la	dispersion	rela>ve	des	nombres	d’occupa>on		�n/
p
n̄

Rappel	:	pour	un	état	cohérent	de	Glauber,	cede	quan>té	vaut	1	(distribu>on	de	Poisson)	

0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

n̄

�
n
/p

n̄

U = zJ Les	interac>ons	répulsives	
tendent	à	produire	des	
distribu>ons	sub-poissoniennes	
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n̄ =
N

atomes

N
sites



0 0.5 1 1.5 2 2.5 3 3.5
0

0.5

1

n̄

�
n
/p

n̄

U = zJ
U = 5 zJ

Quelque	chose	d’intéressant	
apparaît	au	remplissage		
en>er...	
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Fluctua>ons	du	nombre	d’occupa>on	par	site	

On	se	donne														et	on	varie	le	facteur	de	remplissage	U/J

On	trace	la	dispersion	rela>ve	des	nombres	d’occupa>on		�n/
p
n̄

Rappel	:	pour	un	état	cohérent	de	Glauber,	cede	quan>té	vaut	1	(distribu>on	de	Poisson)	

Les	interac>ons	répulsives	
tendent	à	produire	des	
distribu>ons	sub-poissoniennes	

n̄ =
N

atomes

N
sites



0 0.5 1 1.5 2 2.5 3 3.5
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0.5

1

n̄

�
n
/p

n̄

U = zJ
U = 5 zJ
U = 10 zJ

Des	interac>ons	assez	fortes	
gèlent	complètement	la	
distribu>on	pour	des		
remplissages	en>ers	!	

Fluctua>ons	du	nombre	d’occupa>on	par	site	

On	se	donne														et	on	varie	le	facteur	de	remplissage	U/J

On	trace	la	dispersion	rela>ve	des	nombres	d’occupa>on		�n/
p
n̄

Rappel	:	pour	un	état	cohérent	de	Glauber,	cede	quan>té	vaut	1	(distribu>on	de	Poisson)	

Quelque	chose	d’intéressant	
apparaît	au	remplissage		
en>er...	

Les	interac>ons	répulsives	
tendent	à	produire	des	
distribu>ons	sub-poissoniennes	

n̄ =
N

atomes

N
sites



Même	quan>té	en	variant													pour	un	remplissage	donné	U/zJ

0 2 4 6 8 10 12 14
0

0.5

1

U/(zJ)

�
n
/n̄

n̄ = 0.5
n̄ = 1
n̄ = 1.5

Dans	le	cadre	du	traitement	champ	moyen	:	pour	un	remplissage	en>er,	transi>on	de	phase		
du	2ème	ordre	entre	un	état	avec	une	cohérence	étendue	et	un	état	sans	la	moindre	cohérence	

Etat	 |1, 1, . . . , 1i, hb̂†ji = 0hb̂†ji 6= 0Etat	avec	

�np
n̄
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Une	approche	analy>que	simple	
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On	se	limite	à	trois	coefficients	
pour	décrire	l’état	sur	un	site	

•  Même	amplitude	pour										et									,	pour	garan>r	que															:		|c0| n̄ = 1|c2|

•  Energie	minimale	pour			⌘ = 0

•  Energie	indépendante	de							:	brisure	spontanée	de	symétrie	'
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Une	approche	analy>que	simple	
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Etat	pour	un	remplissage	non	en>er	

superfluid interference pattern was recorded as a function
of the momentum modulation amplitude pM. Several
cycles (typically, three to five) of the momentum modula-
tion were applied to obtain a high contrast between the
stable and dissipative regimes [Fig. 2(a)].

Figure 2(a) shows how the transition between superfluid
and dissipative currents became sharper with increasing
number of cycles of the momentum modulation. The criti-
cal momentum was determined from a log-log plot of the
condensate fraction as a function of momentum p
[Fig. 2(c)]. The intersection between two linear fit func-
tions was taken as the critical momentum. Our result was
found to be independent of the time period and number of
cycles of the momentum modulation at a few percent level.

In the MI phase, stable superfluid flow is not possible
and the critical momentum should vanish. However, using
the procedure described above, we measured a small criti-
cal momentum of 0.02 pr for lattice depths Vlatt ! 14, 15,
16 ER. Up to this momentum, the SF-MI phase transition
remained reversible. We interpret the nonzero critical mo-
mentum as a finite-size effect. For our cloud size of

60 !m, the corresponding Heisenberg momentum uncer-
tainty of 0.018 pr agrees with our measured critical mo-
mentum. In cold atom experiments, some sloshing motion
of the cloud in the trapping potential is unavoidable. The
momentum uncertainty determined above indicates how
much sloshing motion can be tolerated without affecting
the observed phase transition.

The critical lattice depth for the SF-MI phase transition
can be determined as the point where the critical momen-
tum vanishes. Using the predicted functional form [9] of
the approach towards zero, pc /

!!!!!!!!!!!!!!!!!!!!
1" u=uc

p
, as a fit func-

tion for the data points close to the SF-MI phase transition
(the data points shown in the inset of Fig. 3) we determined
the critical value uc ! 34:2 (#2:0) corresponding to a
lattice depth of 13:5$#0:2% ER. Our result agrees with the
mean-field theory prediction uc ! 5:8& 6 ! 34:8 forN !
1 SF-MI phase transition [1] and deviates by 2 " from the
predictions of uc ! 29:34$2% of quantum Monte Carlo
(QMC) simulation [26,27], which includes corrections
beyond the mean-field theory. This demonstrates that our
method has the precision to identify non-mean-field cor-
rections. However, to turn precision into accuracy, experi-
ments or QMC simulations [21,26,27] have to address
corrections due to finite size, finite temperature, and finite
time to probe the onset of the instability [27]. In our experi-
ment, these corrections seemed to be small, but have not
been characterized at the level of 1% in lattice depth.

The mean-field prediction for stable superfluid flow in
1D is similar to that for the 3D system [9]. However, it is
well known that fluctuations play a much more important
role in 1D. For studying a 1D system, we prepared an array
of one-dimensional gas tubes by ramping two pairs of
optical lattice beams up to lattice depths of Vx ! Vy !
30 ER suppressing hopping between the tubes. After a hold
time of 10 ms, a moving optical lattice was ramped up
along the z axis. As in our 3D experiment, a momentum
modulation was applied, after which the moving optical
lattice was ramped down to zero, followed by the other two
optical lattices. The condensate fraction was determined
after 33 ms of ballistic expansion as a function of the
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FIG. 2 (color online). Determination of the critical momentum
of superfluid flow. Shown is the condensate fraction as a function
of a momentum p. (a) Condensate fraction with u=uc ! 0:61 for
a variable number of cycles of the momentum modulation (one
cycle: & and blue line, two cycles: ! and purple line, three
cycles: " and red line). A dashed vertical line indicates the
critical momentum where instability begins to occur. The two
and three-cycle data are offset vertically for clarity. These data
were fitted with an error function to guide the eye. (b) Images of
interference patterns released from an optical lattice at u=uc !
0:61 moving with variable momentum. Instability occurred
between p ! 0:31pr and 0:32pr. Some of the triangular data
points in (a) were obtained from these images. (c) Condensate
fraction on a log-log scale for two different interaction strengths.
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FIG. 3 (color online). Critical momentum for a condensate in a
3D lattice. The solid line shows the theoretical prediction for the
superfluid region. The horizontal solid line is a fit to the data
points in the MI phase. (Inset) Fit of critical momenta near the
SF-MI phase transition.
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superfluid interference pattern was recorded as a function
of the momentum modulation amplitude pM. Several
cycles (typically, three to five) of the momentum modula-
tion were applied to obtain a high contrast between the
stable and dissipative regimes [Fig. 2(a)].

Figure 2(a) shows how the transition between superfluid
and dissipative currents became sharper with increasing
number of cycles of the momentum modulation. The criti-
cal momentum was determined from a log-log plot of the
condensate fraction as a function of momentum p
[Fig. 2(c)]. The intersection between two linear fit func-
tions was taken as the critical momentum. Our result was
found to be independent of the time period and number of
cycles of the momentum modulation at a few percent level.

In the MI phase, stable superfluid flow is not possible
and the critical momentum should vanish. However, using
the procedure described above, we measured a small criti-
cal momentum of 0.02 pr for lattice depths Vlatt ! 14, 15,
16 ER. Up to this momentum, the SF-MI phase transition
remained reversible. We interpret the nonzero critical mo-
mentum as a finite-size effect. For our cloud size of

60 !m, the corresponding Heisenberg momentum uncer-
tainty of 0.018 pr agrees with our measured critical mo-
mentum. In cold atom experiments, some sloshing motion
of the cloud in the trapping potential is unavoidable. The
momentum uncertainty determined above indicates how
much sloshing motion can be tolerated without affecting
the observed phase transition.

The critical lattice depth for the SF-MI phase transition
can be determined as the point where the critical momen-
tum vanishes. Using the predicted functional form [9] of
the approach towards zero, pc /

!!!!!!!!!!!!!!!!!!!!
1" u=uc

p
, as a fit func-

tion for the data points close to the SF-MI phase transition
(the data points shown in the inset of Fig. 3) we determined
the critical value uc ! 34:2 (#2:0) corresponding to a
lattice depth of 13:5$#0:2% ER. Our result agrees with the
mean-field theory prediction uc ! 5:8& 6 ! 34:8 forN !
1 SF-MI phase transition [1] and deviates by 2 " from the
predictions of uc ! 29:34$2% of quantum Monte Carlo
(QMC) simulation [26,27], which includes corrections
beyond the mean-field theory. This demonstrates that our
method has the precision to identify non-mean-field cor-
rections. However, to turn precision into accuracy, experi-
ments or QMC simulations [21,26,27] have to address
corrections due to finite size, finite temperature, and finite
time to probe the onset of the instability [27]. In our experi-
ment, these corrections seemed to be small, but have not
been characterized at the level of 1% in lattice depth.

The mean-field prediction for stable superfluid flow in
1D is similar to that for the 3D system [9]. However, it is
well known that fluctuations play a much more important
role in 1D. For studying a 1D system, we prepared an array
of one-dimensional gas tubes by ramping two pairs of
optical lattice beams up to lattice depths of Vx ! Vy !
30 ER suppressing hopping between the tubes. After a hold
time of 10 ms, a moving optical lattice was ramped up
along the z axis. As in our 3D experiment, a momentum
modulation was applied, after which the moving optical
lattice was ramped down to zero, followed by the other two
optical lattices. The condensate fraction was determined
after 33 ms of ballistic expansion as a function of the
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FIG. 2 (color online). Determination of the critical momentum
of superfluid flow. Shown is the condensate fraction as a function
of a momentum p. (a) Condensate fraction with u=uc ! 0:61 for
a variable number of cycles of the momentum modulation (one
cycle: & and blue line, two cycles: ! and purple line, three
cycles: " and red line). A dashed vertical line indicates the
critical momentum where instability begins to occur. The two
and three-cycle data are offset vertically for clarity. These data
were fitted with an error function to guide the eye. (b) Images of
interference patterns released from an optical lattice at u=uc !
0:61 moving with variable momentum. Instability occurred
between p ! 0:31pr and 0:32pr. Some of the triangular data
points in (a) were obtained from these images. (c) Condensate
fraction on a log-log scale for two different interaction strengths.
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FIG. 3 (color online). Critical momentum for a condensate in a
3D lattice. The solid line shows the theoretical prediction for the
superfluid region. The horizontal solid line is a fit to the data
points in the MI phase. (Inset) Fit of critical momenta near the
SF-MI phase transition.
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