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Iden.fica.on	  de	  trois	  hamiltoniens	  équivalents	  	  
pour	  décrire	  ce	  problème	  

Û1 Û2
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Les	  trois	  hamiltoniens	  u8les	  
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Si	  	  	  	  	  	  	  	  	  est	  l’hamiltonien	  dans	  le	  référen9el	  du	  laboratoire,	  alors	  	  	  	  	  	  	  	  est	  
	  l’hamiltonien	  du	  même	  problème	  dans	  le	  référen9el	  accéléré	  
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Mais	  	  	  	  	  	  	  	  peut	  également	  être	  l’hamiltonien	  dans	  le	  référen9el	  du	  laboratoire	  
si	  on	  ajoute	  une	  «	  vraie	  »	  force	  constante	  :	  champ	  électrique	  sur	  un	  électron,	  
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p̂2

2m
+ V [x̂� x0(t)]

Forme	  de	  Bloch	  conservée,	  	  

Hamiltonien	  	  Ĥ1(t) =
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Forme	  de	  Bloch	  conservée	  mais	  avec	  un	  changement	  de	  quasi-‐moment:	  	  

e

ixq

u(x, 0) ! e

ix q(t)
u(x, t)



1.	  

Le	  principe	  des	  oscilla8ons	  de	  Bloch	  



Le	  problème	  de	  Zener	  (1934)	  

électrons	  dans	  	  
un	  cristal	  

champ	  électrique	  uniforme	  

A	  quel	  champ	  se	  produit	  le	  «	  claquage	  »	  ?	  

extrac.on	  irréversible	  des	  électrons	  
depuis	  la	  bande	  de	  conduc.on	  

Exemple	  de	  transposi9on	  	  
avec	  des	  atomes	  	  

mg

Hamiltonien	  «	  de	  type	  	  	  	  	  	  	  	  »	  avec	  une	  force	  constante	  	  
(indépendante	  du	  temps	  et	  de	  l’espace)	  en	  plus	  du	  poten9el	  périodique	  	  	  	  	  	  	  	  	  	  
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Que	  gagne-‐t-‐on	  par	  rapport	  à	  la	  rela9on	  générale	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  	  q(t) = qin +
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L’approxima8on	  adiaba8que	  
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L’approxima9on	  adiaba9que	  consiste	  à	  supposer	  que	  l’état	  de	  l’atome	  	  
reste	  dans	  la	  bande	  de	  départ	  	  
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En	  par9culier,	  au	  bout	  d’une	  période	  de	  Bloch	    (x, ⌧B) /  (x, 0)

égalité	  à	  une	  phase	  près	  :	  dynamique	  +	  géométrique	  (Zak)	  	  



L’approche	  de	  Zener	  (1934)	  

 on January 19, 2013rspa.royalsocietypublishing.orgDownloaded from 

Mélange	  la	  no9on	  de	  bande	  (espace	  des	  quasi-‐impulsions)	  	  
et	  de	  poten9el	  (espace	  des	  posi9ons)	  

«	  spectre	  d’énergie	  local	  »	  

Amplitude	  de	  l’oscilla9on	  dans	  l’espace	  réel	  :	  	  xb � xA = �E/F

�E



La	  vitesse	  de	  groupe	  en	  absence	  de	  force	  	  	   vg,n(q0) =
1

~
dEn

dq

����
q=q0

Développement	  au	  voisinage	  de	  q0	  :	  

On	  considère	  un	  paquet	  d’ondes	  centré	  en	  q0	  avec	  une	  dispersion	  Δq  <<  k  :	  	  	  
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Evolu9on	  générale	  dans	  le	  poten9el	  périodique	  dans	  une	  bande	  n	  :	  

Choisissons	  une	  durée	  t	  telle	  que	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (une	  période	  spa9ale	  du	  réseau)	  	  vg,nt = a
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L’approche	  «	  paquet	  d’ondes	  »	  en	  présence	  de	  la	  force	  F	  	  	  	  

Le	  défilement	  du	  quasi-‐moment	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
entraine	  une	  modifica9on	  de	  la	  vitesse	  de	  groupe	  :	  	  
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où	  encore	  :	  	   iden.que	  à	  la	  prédic.on	  de	  Zener	  

Raisonnement	  semi-‐classique	  qui	  est	  	  valable	  si	   �xin � a�qin ⌧ ⇡/a
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Interpréta8on	  en	  termes	  de	  photons	  
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2.	  

Observa8ons	  expérimentales	  avec	  des	  atomes	  froids	  

Observa9ons	  ini9ales	  avec	  des	  électrons	  dans	  des	  super-‐réseaux	  
(cf.	  ar9cle	  de	  revue	  par	  Mendez	  &	  Bastard)	  



Les	  premières	  expériences	  avec	  des	  atomes	  froids	  

1995-‐97	  :	  groupes	  de	  M.	  Raizen	  (Aus9n,	  Texas)	  et	  C.	  Salomon	  (Paris)	  

Réseau	  accéléré	  dans	  le	  référen8el	  du	  laboratoire	  :	  

pulsa9ons	  instantanées	  	  

!j = ! +
d�j

dt
= ! ± k�t

x

phase �1 phase �2

�1 = k�t2/2 �2 = �k�t2/2

! !

Paris,	  atomes	  de	  133Cs	  

� ⇠ 1 à 30 m/s2

Aus8n,	  atomes	  de	  23Na	  

� ⇠ 1000 à 3000 m/s2

x0(t) = �t

2
/2



Expériences	  de	  Paris	  (1995-‐97,	  groupe	  de	  C.	  Salomon)	  
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FIG. 2. Bloch oscillations of atoms: momentum distributions
in the accelerated frame for equidistant values of the accel-
eration time ta between ta ≠ 0 and ta ≠ tB ≠ 8.2 ms. The
light potential depth is U0 ≠ 2.3ER and the acceleration is
a ≠ 20.85 mys2. The small peak in the right wing of the first
five spectra is an artifact.

These results can be explained as follows. Bloch states
of quasimomentum q are coherent superpositions of
plane waves, i.e., momentum states jp ≠ h̄sq 1 2jkdl
(j integer). Because of the applied force, q evolves in
time according to (1) with the initial condition qs0d ≠ 0.
In the perturbative case considered here (U0 ø 16ER),
for qstad , 0 the Bloch state jn ≠ 0, qstadl is very
close to the momentum state jp ≠ h̄qstadl: It has very
small populations [,sU0y16ERd2 . 1%] on the jp ≠
h̄qstad 6 2h̄kl momentum states. For qstad close to k, the
Bloch state is mainly a linear superposition of the jp ≠
h̄qstadl and jp ≠ h̄fqstad 2 2kgl momentum states, with
equal amplitudes for qstad ≠ k, i.e., for ta ≠ tBy2. For
tBy2 , ta , tB, qstad scans the g2k, 0f interval of the
Brillouin zone and the momentum distribution is turned
back into the single initial peak.
In order to further illustrate the oscillatory motion of

the atoms, we have deduced from our data the mean
atomic velocity as a function of ta for different val-
ues of the potential depth U0 and for an acceleration
a ≠ 60.85 mys2. We reduce the smoothing effect due to
the width of the quasimomentum distribution as follows:
We slice the initial momentum peak into narrow channels
labeled i, centered at qis0d and of width ky18. Follow-
ing the time evolution of each of these slices, we calculate
the mean velocity for the atoms in momentum channels
h̄qistad, h̄qistad 6 2h̄k where qistd evolves according to
(1). The contributions of the different channels are com-
bined in one curve after a time translation of h̄qis0dyF.
We have plotted in Fig. 3 the results for three values of

FIG. 3. Mean atomic velocity kyl as a function of the
acceleration time ta for three values of the potential depth: (a)
U0 ≠ 1.4ER , (b) U0 ≠ 2.3ER , (c) U0 ≠ 4.4ER . The negative
values of Fta were measured by changing the sign of F. Solid
lines: theoretical prediction.

U0yER. The measured Bloch periods agree with the ex-
pected value (8.2 ms) to within an uncertainty of 4% and
do not depend on U0. For U0 ≠ 0.54ER the amplitude
of the Bloch oscillations is 0.68h̄k and corresponds to an
oscillation in position of 3.1 mm. These amplitudes de-
crease with growing U0 [cf. Fig. 4(a)]: The band flattens
out as a consequence of the smaller tunnel coupling be-
tween neighboring sites of the lattice.
A striking feature of the oscillations presented in Fig. 3

is their asymmetry, which is particularly pronounced for
low values of the optical potential: The slope of the mean
velocity near the edge of the Brillouin zone (Fta ≠ 6h̄k)
is steeper than that near the zone center (Fta ≠ 0, 62h̄k).
This effect can be described in terms of effective masses:
The dynamics of the particle is equivalent to that of a
particle in free space: mpdkylydt ≠ F with an effective
mass mpsqd given by h̄2ymp ≠ d2E0sqdydq2, which is
in general different from the real mass because of the
interaction with the potential. In the center and at the edge
of the Brillouin zone, the energy band is approximately
parabolic, the effective mass is constant, and kyl evolves
linearly in time. By measuring the slope of kylstad around
ta ≠ 0 (q ≠ 0) and ta ≠ 6tBy2 (q ≠ 6k) in Fig. 3,
we deduce these two effective masses. In Fig. 4(b), we
present their variation with the potential depth U0. For
weak potentials (U0 ! 0), mpsq ≠ 0d tends to the free
atom mass m and mpsq ≠ kd tends to 0. With increasing
potential depth the atoms are more tightly bound and
the effective masses increase in absolute value. For

4510

V0 = 2.3Er

Distribu9on	  en	  impulsion	  dans	  le	  référen9el	  du	  réseau,	  
mesurée	  par	  temps	  de	  vol	  
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Vitesse	  atomique	  moyenne	  (Paris,	  1996)	  
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FIG. 2. Bloch oscillations of atoms: momentum distributions
in the accelerated frame for equidistant values of the accel-
eration time ta between ta ≠ 0 and ta ≠ tB ≠ 8.2 ms. The
light potential depth is U0 ≠ 2.3ER and the acceleration is
a ≠ 20.85 mys2. The small peak in the right wing of the first
five spectra is an artifact.

These results can be explained as follows. Bloch states
of quasimomentum q are coherent superpositions of
plane waves, i.e., momentum states jp ≠ h̄sq 1 2jkdl
(j integer). Because of the applied force, q evolves in
time according to (1) with the initial condition qs0d ≠ 0.
In the perturbative case considered here (U0 ø 16ER),
for qstad , 0 the Bloch state jn ≠ 0, qstadl is very
close to the momentum state jp ≠ h̄qstadl: It has very
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h̄qstad 6 2h̄kl momentum states. For qstad close to k, the
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the width of the quasimomentum distribution as follows:
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bined in one curve after a time translation of h̄qis0dyF.
We have plotted in Fig. 3 the results for three values of

FIG. 3. Mean atomic velocity kyl as a function of the
acceleration time ta for three values of the potential depth: (a)
U0 ≠ 1.4ER , (b) U0 ≠ 2.3ER , (c) U0 ≠ 4.4ER . The negative
values of Fta were measured by changing the sign of F. Solid
lines: theoretical prediction.

U0yER. The measured Bloch periods agree with the ex-
pected value (8.2 ms) to within an uncertainty of 4% and
do not depend on U0. For U0 ≠ 0.54ER the amplitude
of the Bloch oscillations is 0.68h̄k and corresponds to an
oscillation in position of 3.1 mm. These amplitudes de-
crease with growing U0 [cf. Fig. 4(a)]: The band flattens
out as a consequence of the smaller tunnel coupling be-
tween neighboring sites of the lattice.
A striking feature of the oscillations presented in Fig. 3

is their asymmetry, which is particularly pronounced for
low values of the optical potential: The slope of the mean
velocity near the edge of the Brillouin zone (Fta ≠ 6h̄k)
is steeper than that near the zone center (Fta ≠ 0, 62h̄k).
This effect can be described in terms of effective masses:
The dynamics of the particle is equivalent to that of a
particle in free space: mpdkylydt ≠ F with an effective
mass mpsqd given by h̄2ymp ≠ d2E0sqdydq2, which is
in general different from the real mass because of the
interaction with the potential. In the center and at the edge
of the Brillouin zone, the energy band is approximately
parabolic, the effective mass is constant, and kyl evolves
linearly in time. By measuring the slope of kylstad around
ta ≠ 0 (q ≠ 0) and ta ≠ 6tBy2 (q ≠ 6k) in Fig. 3,
we deduce these two effective masses. In Fig. 4(b), we
present their variation with the potential depth U0. For
weak potentials (U0 ! 0), mpsq ≠ 0d tends to the free
atom mass m and mpsq ≠ kd tends to 0. With increasing
potential depth the atoms are more tightly bound and
the effective masses increase in absolute value. For
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FIG. 2. Bloch oscillations of atoms: momentum distributions
in the accelerated frame for equidistant values of the accel-
eration time ta between ta ≠ 0 and ta ≠ tB ≠ 8.2 ms. The
light potential depth is U0 ≠ 2.3ER and the acceleration is
a ≠ 20.85 mys2. The small peak in the right wing of the first
five spectra is an artifact.

These results can be explained as follows. Bloch states
of quasimomentum q are coherent superpositions of
plane waves, i.e., momentum states jp ≠ h̄sq 1 2jkdl
(j integer). Because of the applied force, q evolves in
time according to (1) with the initial condition qs0d ≠ 0.
In the perturbative case considered here (U0 ø 16ER),
for qstad , 0 the Bloch state jn ≠ 0, qstadl is very
close to the momentum state jp ≠ h̄qstadl: It has very
small populations [,sU0y16ERd2 . 1%] on the jp ≠
h̄qstad 6 2h̄kl momentum states. For qstad close to k, the
Bloch state is mainly a linear superposition of the jp ≠
h̄qstadl and jp ≠ h̄fqstad 2 2kgl momentum states, with
equal amplitudes for qstad ≠ k, i.e., for ta ≠ tBy2. For
tBy2 , ta , tB, qstad scans the g2k, 0f interval of the
Brillouin zone and the momentum distribution is turned
back into the single initial peak.
In order to further illustrate the oscillatory motion of

the atoms, we have deduced from our data the mean
atomic velocity as a function of ta for different val-
ues of the potential depth U0 and for an acceleration
a ≠ 60.85 mys2. We reduce the smoothing effect due to
the width of the quasimomentum distribution as follows:
We slice the initial momentum peak into narrow channels
labeled i, centered at qis0d and of width ky18. Follow-
ing the time evolution of each of these slices, we calculate
the mean velocity for the atoms in momentum channels
h̄qistad, h̄qistad 6 2h̄k where qistd evolves according to
(1). The contributions of the different channels are com-
bined in one curve after a time translation of h̄qis0dyF.
We have plotted in Fig. 3 the results for three values of

FIG. 3. Mean atomic velocity kyl as a function of the
acceleration time ta for three values of the potential depth: (a)
U0 ≠ 1.4ER , (b) U0 ≠ 2.3ER , (c) U0 ≠ 4.4ER . The negative
values of Fta were measured by changing the sign of F. Solid
lines: theoretical prediction.

U0yER. The measured Bloch periods agree with the ex-
pected value (8.2 ms) to within an uncertainty of 4% and
do not depend on U0. For U0 ≠ 0.54ER the amplitude
of the Bloch oscillations is 0.68h̄k and corresponds to an
oscillation in position of 3.1 mm. These amplitudes de-
crease with growing U0 [cf. Fig. 4(a)]: The band flattens
out as a consequence of the smaller tunnel coupling be-
tween neighboring sites of the lattice.
A striking feature of the oscillations presented in Fig. 3

is their asymmetry, which is particularly pronounced for
low values of the optical potential: The slope of the mean
velocity near the edge of the Brillouin zone (Fta ≠ 6h̄k)
is steeper than that near the zone center (Fta ≠ 0, 62h̄k).
This effect can be described in terms of effective masses:
The dynamics of the particle is equivalent to that of a
particle in free space: mpdkylydt ≠ F with an effective
mass mpsqd given by h̄2ymp ≠ d2E0sqdydq2, which is
in general different from the real mass because of the
interaction with the potential. In the center and at the edge
of the Brillouin zone, the energy band is approximately
parabolic, the effective mass is constant, and kyl evolves
linearly in time. By measuring the slope of kylstad around
ta ≠ 0 (q ≠ 0) and ta ≠ 6tBy2 (q ≠ 6k) in Fig. 3,
we deduce these two effective masses. In Fig. 4(b), we
present their variation with the potential depth U0. For
weak potentials (U0 ! 0), mpsq ≠ 0d tends to the free
atom mass m and mpsq ≠ kd tends to 0. With increasing
potential depth the atoms are more tightly bound and
the effective masses increase in absolute value. For
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FIG. 2. Bloch oscillations of atoms: momentum distributions
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Evolu8on	  dans	  le	  référen8el	  du	  laboratoire	  

and we deal with free atoms interacting with two counter-
propagating laser waves having a time-dependent frequency
difference.

A. Bloch oscillations as adiabatic rapid passage
between momentum states

In the absence of spontaneous emission the atoms mo-
mentum can change by units of \(k12k2)'2\k by absorb-
ing a photon from one wave and emitting it into the other in
a stimulated way, as depicted in Fig. 7. Because the atoms
are initially prepared with a momentum spread much smaller
than 2\k and with a kinetic energy near zero, their possible
states after interaction with the light fields are discrete points
up52 j\k ,E54 j2ER& ( j50,1,2,3 . . . ) on the momentum-
energy parabola of the free particle @26# ~cf. Fig. 7!. The gain
in kinetic energy is provided by the frequency difference
between the two laser waves: the atoms are accelerated in the
direction of the beam with the higher frequency by absorbing
photons from it and reemitting low-frequency photons into
the other. The transition up52 j\k ,E54 j2ER&!up
52( j11)\k ,E54( j11)2ER& is resonant for an angular
frequency difference Dv54(2 j11)ER /\ . As we start with
the atoms at rest ( j50) and Dv50, these resonances are
encountered sequentially and a gain of atomic momentum of
2\k can be expected after each change in the frequency
difference of 8ER /\ , as shown in Fig. 8. For a constant
change in the angular frequency difference Dv with the rate
Dv̇ , the time required for this is

t58ER /\Dv̇54ER /\ka52\k/ma , ~14!

which is equal to the Bloch period for the inertial force
ma5mDv̇/2k . Thus the mean atomic velocity increases by
2\k/m during each Bloch period. As shown in Fig. 8~b!, the
Bloch oscillations in the laboratory frame appear as a peri-
odic deviation of the mean velocity around the linear in-
crease in time at . The method of exciting the transition be-
tween two energy levels with a electromagnetic wave of
variable detuning that is scanned through resonance is well
known under the term adiabatic rapid passage ~ARP! @27#.

For properly chosen parameters ~i.e., a scan range that is
greater than the peak Rabi frequency V and slow enough
rate of change of the detuning Dv̇!V2) the transfer be-
tween the states is complete and the method can be used to
efficiently create an inversion between the levels. In our case
a sequence of transfers between momentum states results in a
coherent acceleration of the atoms in the laboratory frame.
Multiple ARP is a powerful method in quantum physics.

For instance, a sequence of ARP has been used to produce
Rydberg atoms in circular states @28#. Multiple ARP, as a
means of momentum transfer between light and atoms, has
already been proposed long ago, but considering the excita-
tion and deexcitation of an internal state of the atom using a
one-photon transition @29#. For instance, they occur in satu-
ration spectroscopy with curved wave fronts @30#. Our sys-
tem has some peculiarities in comparison with previous stud-
ies of ARP: the states are linked by a two-photon transition;
internal states of the atom are not excited, consequently there
is no relaxation or dissipation; the sequence of levels is infi-
nite, so that a large number of successive transfers can be
made. This dynamical case has to be contrasted with the
single two-photon transfer occuring in the recoil-induced
resonances observed in dissipative optical lattices in which
the atomic momentum spread is larger than 2\k @18,31#.
The two-photon Raman process can be characterized by

an effective Rabi frequency

V5V1V2/2D5U0/2\ , ~15!

which is proportional to the depth of the light-shift potential
(V1 ,V2: Rabi frequencies of the two beams, D: detuning
from the atomic resonance line!. The two ARP conditions
then read Dv̇!V2!64ER

2 /\2 and are well fulfilled for the
conditions of our BO experiment in the fundamental energy
band. The second condition, which is equivalent to the weak
binding limit for the periodic potential, allows us to treat the

FIG. 7. Energy-momentum states in the laboratory frame. In the
chirped standing wave, an initial state ug ,p& is only coupled to
ug ,p62 j\k&, where j is an integer, by stimulated two-photon Ra-
man transitions.

FIG. 8. ~a! Population of momentum states up52 j\k& as a
function of time in the chirped standing wave ~numerical simula-
tion!. ~b! Experimental measurement of the mean atomic velocity in
the laboratory frame as a function of time. Parameters are the same
as in Fig. 4.
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Un	  «	  quizz	  »	  	  

Ini9alement	  :	  réseau	  éteint,	  atomes	  à	  vitesse	  nulle	  ou	  basse	  :	  

On	  branche	  adiaba9quement	  le	  réseau	  avec	  une	  vitesse	  nulle	  

v ⌧ ~k/m

On	  accélère	  le	  réseau	  jusqu’à	  une	  vitesse	  	


On	  éteint	  adiaba9quement	  le	  réseau	  pendant	  qu’il	  bouge	  à	  la	  vitesse	  	  	  

Quelle	  est	  la	  vitesse	  finale	  des	  atomes	  	  
mesurée	  dans	  le	  référen9el	  du	  laboratoire	  ?	  	  

vfin

vfin

vitesse	  du	  réseau	   ẋ0(t)

vfin

t

brancht.	  
adiaba9que	  

débrancht.	  
adiaba9que	  

inspiré	  d’une	  conférence	  de	  W.D.	  Phillips	  



Des	  atomes	  dans	  un	  réseau	  op9que	  en	  mouvement	  	  
ne	  sont	  pas	  comme	  de	  l’eau	  dans	  un	  élévateur	  à	  godets...	  



Bilan	  d’impulsion	  pour	  un	  réseau	  accéléré	  
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Bilan	  d’impulsion	  (suite)	  

Référen9el	  du	  réseau	  :	  

En,q

Er

Une	  mesure	  d’impulsion	  va	  donner	  :	  	   p(reseau)fin = ~q(T ) + 2N~k
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Oscilla8ons	  de	  Bloch	  dues	  à	  la	  gravité	  

mg

Stanford	  1998,	  Florence	  2004,...	  

	  	  	  	  	  	  est	  maintenant	  l’hamiltonien	  	  
dans	  le	  référen9el	  du	  laboratoire	  
Ĥ1

~!B = amg

Florence	  2011,	  Groupe	  de	  G.	  Tino	  :	  88Sr	  

our data is gatom ¼ 9:804 923 2ð14Þ m=s2 where the uncer-
tainty corresponds to 1 standard deviation.

The reference value for local gravitational acceleration
is provided by an absolute gravimeter based on an optical
interferometer with one arm including a freely falling
corner-cube (FG5, Micro-g LaCoste). The measurement
is performed in the same laboratory at a distance of 1.15 m
from the atomic probe position. The difference in height
of 14(5) cm together with the estimated vertical gravity
gradient value gzz ¼ $3:09% 10$6 s$2 at the laboratory
site is taken into account in the data analysis. The result
is gFG5 ¼ 9:804 921 609ð84Þ m=s2

The comparison of the value obtained with the quantum
mechanical atomic sensor and the one obtained with the
classical gravimeter shows that they agree within the ex-
perimental errors.

With minor modifications of the experimental proce-
dure, in this work we also determine g by measuring the
frequency of the Bloch oscillations of the atoms in the

vertical optical lattice. Because of a better vacuum and
taking advantage of the lattice modulation method to re-
duce the initial momentum distribution of the atoms in the
lattice [19], we considerably improve the visibility of the
oscillations and, as a consequence, the frequency resolu-
tion compared with previous experiments [9]. After the
transfer of the atoms in the vertical optical lattice, an
amplitude-modulation burst with typical duration of
120 cycles at !m ’ !B is applied. The quantum phase of
the atomic wave function induced by the amplitude modu-
lation gives rise to an interference effect which results in an
enhanced visibility of the Bloch oscillations peaks in the
time-of-flight image of the atomic cloud [28]. After turning
off the modulation, we let the atomic cloud evolve for a
time T. Finally, we switch off the optical lattice within
5 "s to measure the momentum distribution of the atoms
in ballistic expansion by taking an absorption picture with
a CCD camera. In order to optimize the visibility through
this quantum interference effect, we set the time of flight to
14 ms. As shown in Fig. 4, we observe Bloch oscillations
with high visibility for &20 s. From the fit of the mean
atomic momentum we can estimate the Bloch frequency
!B with 1:7% 10$7 statistical uncertainty. In comparison
with the determination of !B obtained with the resonant
amplitude-modulation technique, however, we find a con-
siderably larger scattering in repeated measurements,
mainly due to the initial position instability of the atomic
trap and to a higher sensitivity to the timing of the experi-
ment. The value for g obtained with the Bloch oscillation
technique is gBloch ¼ 9:804 88ð6Þ m=s2, which is consis-
tent with the measurement presented above but is affected
by a larger relative uncertainty of 6% 10$6.
In conclusion, we have performed an accurate measure-

ment of gravitational acceleration using ultracold 88Sr
atoms confined in a vertical optical lattice. The result
agrees within 140 ppb with the value obtained with a
classical FG5 gravimeter. This result improves by 1 order
of magnitude in sensitivity and by more than 2 in

TABLE I. Systematic corrections and their associated uncer-
tainties (% 10$7) for the gravity measurement with 88Sr atoms
in the amplitude-modulated optical lattice.

Effect Correction Uncertainty

Lattice wavelength 0 2
Lattice beam vertical align. 0 0.2
Stark shift (beam geometry) 14.3–17.3 0.4
Experiment timing 0 0.2
Tides $1:4–0:9 <0:1
Height difference 4.3 0.2
Refraction index 0 <0:01
Fundamental constants 0 0.7
Systematics total 17.2–22.5 2.2

FIG. 4 (color online). Long-lived Bloch oscillations for Sr
atoms in the vertical lattice under the influence of gravity.
Each picture shows one Bloch cycle in successive time-of-flight
absorption images giving the momentum distribution at the time
of release from the lattice. Displayed are the first (a), the 2900th
(b), the 7500th (c), and the 9800th (d) Bloch cycles.

FIG. 3 (color online). Measurements of g using the amplitude-
modulation technique. Each experimental point is corrected for
the systematic effects presented in Table I. The red dashed line
represents the weighted mean of the 21 measurements. The blue
solid line is the value obtained with the classical absolute FG5
gravimeter.
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3.	  

L’approxima8on	  adiaba8que	  et	  au	  delà	  



Validité	  de	  l’approxima8on	  adiaba8que	  

Déjà	  abordée	  au	  cours	  2	  :	  	  
Hamiltonien	  dépendant	  d’un	  paramètre	  f	  	  

f

En(f)

A	  l’instant	  ini9al,	  le	  système	  est	  dans	  un	  état	  propre	  par9culier	   |�n[f(0)]i

Etats	  propres	  	  |�n(f)i
Energies	   En(f)

Le	  système	  suit	  cet	  état	  propre	  si	  	  :	  

On	  suppose	  que	  f	  dépend	  du	  temps.	  

~
����h�n0 | d

dt
|�ni

���� ⌧ |En0 � En| , 8n0 6= n,

Ici,	  le	  quasi-‐moment	  q	  joue	  	  
le	  rôle	  du	  paramètre	  f	
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Transi8on	  de	  Landau-‐Zener	  	  

Liaisons	  faibles	  :	  modèle	  de	  croisement	  évités	  entre	  deux	  niveaux	  (Zener	  1932)	  
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cf.	  modèle	  de	  Gamow	  pour	  la	  radioac9vité	  (1931)	  

L’électron	  «	  tente	  sa	  chance	  »	  	  	  	  	  	  	  	  	  	  fois	  	  par	  seconde	  ;	  
probabilité	  d’être	  encore	  dans	  la	  bande	  de	  départ	  :	  

⇧(t) ⇡ Pj
= exp

h
j ln

⇣
1� e�Fc/F

⌘i
⇡ exp(�t/⌧)

⌧ = ⌧B eFc/F

⌧B

j = t/⌧B



Mise	  en	  évidence	  expérimentale	  	  
des	  transi9ons	  de	  Landau-‐Zener	  

Paris,	  Aus9n	  1997	  

tem was close to the Brillouin zone edge, tunneling to the
upper band became increasingly likely. At t ¼ tLZ the
acceleration was abruptly reduced to asep " aLZ and the
lattice depth was increased to Vsep in a time tramp " TB.

These values were chosen in such a way that at t ¼ tLZ the
probability for LZ tunneling from the lowest to the first
excited energy band dropped from between # 0:1–0:9
(depending on the initial parameters chosen) to less than
# 0:01, while the tunneling probability from the first ex-
cited to the second excited band remained high at about
0.95. This meant that at t ¼ tLZ the tunneling process was
effectively interrupted and for t > tLZ the measured sur-
vival probability PðtÞ ¼ N0=Ntot (calculated from the num-
ber of atoms N0 in the lowest band and the total number of
atoms Ntot) reflected the instantaneous value Pðt ¼ tLZÞ.

The lattice was then further accelerated for a time tsep
such that aseptsep # 2nprec=M (typically n ¼ 2 or 3). In
this way, atoms in the lowest band were accelerated to a
final velocity v # 2nprec=M, while atoms that had tun-
neled to the first excited band before t ¼ tLZ tunneled to

higher bands with a probability>0:95 and were, therefore,
no longer accelerated. At tsep the lattice and dipole trap
beams were suddenly switched off and the expanded
atomic cloud was imaged after 23 ms. In these time-of-
flight images the two velocity classes 0 and 2nprec=M were
well separated, from which N0 and Ntot could be measured
directly. Since the populations were ‘‘frozen’’ inside the
energy bands of the lattice, which represent the adiabatic
eigenstates of the system’s Hamiltonian, this experiment
effectively measured the time dependence of Pa in the
adiabatic basis. A typical result is shown in Fig. 1(b).
One clearly sees two ‘‘steps’’ at times t ¼ 0:5TB and t ¼
1:5TB, which correspond to the instants at which the atoms
cross the Brillouin zone edges, where the lowest and first
excited energy bands exhibit avoided crossings. For com-
parison, the result of a numerical simulation (integrating
the linear Schrödinger equation for the experimental pro-
tocol) as well as an exponential decay as predicted by LZ
theory are also shown.
The LZ tunneling probability can be calculated by con-

sidering a two-level system with the adiabatic Hamiltonian

Ha ¼ Hd þ V ¼ !t"z þ
!E

2
"x; (1)

where "i are the Pauli matrices. The eigenstates of the
diabatic Hamiltonian Hd, whose eigenenergies vary line-
arly in time, are mixed by the potential V characterized by
the energy gap !E. Applying the Zener model [8] to our
case of a BEC crossing the Brillouin zone edge leads to a
band gap !E ¼ V0=2 and to ! ¼ 2vrecMaLZ ¼
2F0E

2
rec=ð#@Þ, with Erec ¼ @2#2=ð2Md2LÞ the recoil energy

and F0 ¼ MaLZdL=Erec the dimensionless force. The
limiting value of the adiabatic and diabatic LZ survival
probabilities (for t going from '1 to þ1) in the eigen-
states of Ha and Hd, respectively, is

Paðt ! þ1Þ ¼ 1' Pdðt ! þ1Þ ¼ 1' PLZ; (2)

where the standard LZ tunneling probability is

PLZ ¼ e'#=$ (3)

with the adiabaticity parameter $ ¼ 4@!ð!EÞ'2 [20].
Figure 2(a) shows the first LZ tunneling step for differ-

ent lattice depths V0, measured in units of Erec at a given
acceleration. The steps can be well fitted with a sigmoid
function

PaðtÞ ¼ 1' h

1þ exp½ðt0 ' tÞ=!tLZ)
; (4)

where t0 is the position of the step (which can deviate
slightly from the expected value of 0:5TB, e.g., due to a
nonzero initial momentum of the condensate), h is the step
height, and !tLZ represents the width of the step.
Equations (2) and (3) correctly predict the height h of the
step, as tested in the experiment for a variety of values of
V0 and F0 [see Fig. 2(b)].
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FIG. 1. Time-resolved measurement of LZ tunneling.
(a) Experimental protocol [shown in the band-structure repre-
sentation of energy EðqÞ versus quasimomentum q]. Left: The
lattice is accelerated, (partial) tunneling occurs. Right: The
acceleration is then suddenly reduced and the lattice depth
increased so as to freeze the instantaneous populations in the
lowest two bands; finally, further acceleration is used to separate,
and measure, these populations in momentum space. (b) Experi-
mental results for V0 ¼ 1Erec and F0 ¼ 0:383 (aLZ ¼
13:52 ms'2), giving TB ¼ 0:826 ms. The solid and dashed lines
are a numerical simulation of our experimental protocol and an
exponential decay curve for our system’s parameters, respec-
tively.
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Probabilité	  de	  survie	  d’atomes	  de	  rubidium	  	  
dans	  la	  bande	  n = 0	  d’un	  réseau	  accéléré	  	  
de	  période	  	  

V0 = Er

~!B = 0.4Er

a = 421 nm



Un	  séparateur	  de	  faisceau	  à	  base	  d’oscilla8ons	  de	  Bloch	  

On	  branche	  adiaba9quement	  un	  réseau	  immobile	  	  
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band index. Therefore, if an atom passes through the cross-
ing at a given speed, the probability to make an adiabatic
transition (to stay in the same band) will be higher for low
value of the band index.

The principle of the large momentum transfer beam
splitter consists in creating a superposition of two wave
packets separated by 2 recoil velocities using, in our ex-
periment, a Raman transition. The atoms are then loaded in
the optical lattice so that one wave packet is in the first
band (A, see Fig. 1) and the second in the third band (B).
This is the case when the velocity of the lattice is chosen
such that the relative velocity of the first wave packet lies
between 0 and vr and of the second between 2vr and 3vr.
A constant acceleration (which acts like a force in the
frame of the lattice) is then applied. It is chosen small
enough so that the atoms in the first band have a large
probability to make an adiabatic transition but high enough
so that the atoms in the third band change band. Each
oscillation increases the momentum of the atoms by 2@k.
On the other hand, the atoms in the third band (atoms that
change band) are not accelerated.

Figure 2 depicts the probability for an atom to stay in its
band as a function of the lattice amplitude for the first and
third band (solid/blue and dashed/red line, respectively).
There is clearly an intermediate regime where the proba-

bility !11 for an atom to stay in the first band is high
whereas the probability !34 for an atom to leave the third
band (and reach the fourth one) is also high. For an
acceleration of 4 recoils in 200 "s, the total probability
(! ¼ !11!34, diamond) presents a maximum aroundU0 ¼
8Er. The value of the maximum (97%) depends on the
duration of the acceleration and increases with this
parameter.
We have plotted on the right side of Fig. 2 the total

efficiency ! as a function of the initial momentum p0. This
efficiency is computed including the loading and unloading
of the atoms in the lattice: it is initially ramped up during a
time tadiab, then accelerated during Tacc and ramped down
during tadiab. By switching adiabatically up and down the
lattice amplitude, the atoms from plane wave states are
transferred to Bloch states and vice versa. As this process is
not fully adiabatic, the efficiency of the LMT is reduced. At
the center and the edge of the first Brillouin zone (q0 ¼ 0
and q0 ¼ 1), the efficiency is strongly reduced because the
atoms cannot be loaded adiabatically in the lattice (those
points are initially degenerate). For the chosen parameters
(tadiab ¼ 150 "s, Tacc ¼ 200 "s, N ¼ 2 oscillations,
U0 ¼ 8Er), we see that the efficiency is larger than 95%
on a large zone. An important issue is to maximize the
width in initial momentum where the process is very
efficient. Indeed the atoms used in the interferometer
have an initial velocity distribution selected by the
Raman beam. The wider is the initial velocity distribution
loaded into the LMT pulse, the higher is the number of
atoms that contributes to the interferometer and so is the
signal to noise ratio. We have optimized the efficiency by
varying the amplitude and the temporal parameters keep-
ing the total time 2tadiab þ Tacc ¼ 500 "s constant.
One of the main drawbacks of the LMTBS based on

Bloch oscillations is the light shift of the atoms in the
lattice. In the case of a blue detuned lattice, the atoms in
the first band are in a dark region and are almost not
shifted, whereas the nonaccelerated atoms in excited bands
see an average shift corresponding to the mean value of the
potential of the lattice. For typical parameters, this light
shift, much larger than 2#, must be canceled in order to run
the interferometer. This cancellation occurs in the Mach-
Zehnder configuration described on Fig. 3(a). The configu-
ration used for the Raman pulses is similar to a regular
interferometer with four #=2-pulses and the LMT pulses
are added inside each pair of #=2 pulses used either for
selection or measurement (see the temporal sequence of
Fig. 3(a)]. With this scheme, the LMT pulses are applied
symmetrically on each arm of the interferometer; i.e., one
arm of the interferometer is initially in the first band and
then in an excited band and vice versa for the other arm.
Therefore, the phase shift accumulated on each arm is the
same and there is no systematic effect if the laser intensity
seen by the atoms is constant. However, this is not the case
because of temporal fluctuations of the laser intensity
(leading to a phase noise in the interference pattern) or
motion of the atoms through the spatial profile of the laser

FIG. 2 (color online). Left: transfer probability as a function of
the maximal optical depth U0 of the lattice. U0 is in units of 8Er.
The acceleration is of 4 recoils in 200 "s. Solid line (blue):
transfer probability for the first band !11; dashed line (red): for
the third band (!33 # 1$ !34); diamond: Efficiency of the LMT
pulse, ! ¼ !11!34. Right: efficiency of the LMT pulse as a
function of the initial momentum p0, for Tacc ¼ 200 "s and
U0 ¼ 8Er.

FIG. 1 (color online). Band structure of the optical lattice.
Trajectories of the accelerated (A) and nonaccelerated atoms
(B).
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4.	  

Les	  oscilla8ons	  de	  Bloch	  dans	  la	  limite	  des	  liaisons	  fortes	  	  



La	  fonc8on	  d’onde	  oscillante	  

Hamiltonien	  en	  liaisons	  fortes	  (de	  type	  	  	  	  	  	  	  )	  :	  

Ĥ = �J
⇣
T̂ + T̂ †

⌘
� Fa

X

j

j |wjihwj |

Ĥ1

j

j � 1

j + 1

J

J

T̂ =
X

j

|wj+1ihwj |

Si	  F=0,	  fonc9ons	  de	  Bloch	  :	  | qi =
X

j

ei jaq |wji E(q) = �2J cos(aq)

Si	  F≠0,	  la	  forme	  de	  Bloch	  est	  préservée	  avec	   q(t) = qin + Ft/~

On	  cherche	  une	  solu9on	  sous	  la	  forme	  :	   | (t)i = e�i�(t)
X

j

ei ja q(t)|wji

cf.	  cours	  n°4	  :	   �(t) = �(0) +
1

~

Z t

0
E[q(t0)] dt0 =

⌫

2
{sin [aq(t)]� sin[aqin]}

jj � 1 j + 1
J J



La	  fonc8on	  d’onde	  oscillante	  (suite)	  

�(t) = �(0) +
1

~

Z t

0
E[q(t0)] dt0 =

⌫

2
{sin [aq(t)]� sin[aqin]}

=
⌫

2
{sin [aq(t)]� sin[aqin]}

Phase	  globale	  d’une	  fonc9on	  de	  Bloch	  :	  	  | (t)i = e�i�(t)
X

j

ei ja q(t)|wji

⌫ =
4J

aF
=

�E

~!B
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:	  nombre	  de	  sites	  entre	  les	  points	  A	  et	  B	  

Connaissant	  l’évolu9on	  de	  chaque	  fonc9on	  de	  Bloch,	  on	  peut	  alors	  déterminer	  
l’opérateur	  d’évolu9on	  

h q0 |Û(t)| qi / �(q0 � q � Ft/~)

Û(t)

base	  des	  ondes	  de	  Bloch	  :	  

base	  des	  fonc8ons	  de	  Wannier	  :	   hwj0 |Û(t)|wji / Jj0�j [⌫ sin(!Bt/2)]

E(q) = �2J cos(aq)



Exemples	  d’évolu8on	  en	  modèle	  de	  liaisons	  fortes	  

Point	  de	  départ	  :	  	  
paquet	  localisé	  sur	  un	  site	  donné	  (j=0)	  

Hartmann	  et	  al,	  2004	  
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Figure 3. Breathing mode for a state initially localized at n = 0 (left) and
oscillatory mode for an extended Gaussian distribution (22) with β = 0.01 (right)
in the tight-binding model with γ = 15.8. Shown is a colour map of |〈n|ψ(t)〉| as
a function of t/TB and n.

In the basis of Wannier states one obtains the propagator as [33, 36]

Unn′(t) = 〈n|U(t)|n′〉 =
∑

l

〈n|$l〉e−iElt/h̄〈$l|n′〉

= Jn−n′

(
2γ sin

ωBt

2

)
ei(n−n′)(π−ωBt)/2−in′ωBt, (18)

the Fourier image of (13). Here ωB = 2π/TB = dF/h̄ is the Bloch frequency. The time evolution
operator is periodic with the Bloch period TB = 2πh̄/(dF ). It should be noted that this analysis
can also be extended to the case of a time-dependent force F(t) [33, 37, 38].

Let us consider two illustrating limits of the dynamics generated by (18). For an initial state

|ψ(t)〉 =
∑

n

cn(t)|n〉,
∑

n

|cn|2 = 1, (19)

which is strongly localized in co-ordinate space, e.g. in the extreme case cn(0) = δn0 where a
single Wannier state n = 0 is populated at time t = 0, the time dependence is

cn(t) = Un0(t) = Jn

(
2γ sin

ωBt

2

)
ein(π−ωBt)/2. (20)

In such a breathing mode, the wavepackets widen and shrink periodically populating an interval

|n| < 2γ
∣∣∣sin

ωBt

2

∣∣∣ (21)

(index of the Bessel function smaller than its argument). Figure 3 shows such a breathing
oscillation, again for parameter γ = 15.8 used already in figure 2.

In the other extreme of a broad Gaussian wavepacket,

cn(0) = g exp(−βn2 + inκ0d) (22)

New Journal of Physics 6 (2004) 2 (http://www.njp.org/)

6 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

t/T
B

n

0 0.5 1 1.5 2
−40

−30

−20

−10

0

10

20

30

40

t/T
B

n

0 0.5 1 1.5 2
−60

−50

−40

−30

−20

−10

0

10

20

Figure 3. Breathing mode for a state initially localized at n = 0 (left) and
oscillatory mode for an extended Gaussian distribution (22) with β = 0.01 (right)
in the tight-binding model with γ = 15.8. Shown is a colour map of |〈n|ψ(t)〉| as
a function of t/TB and n.

In the basis of Wannier states one obtains the propagator as [33, 36]

Unn′(t) = 〈n|U(t)|n′〉 =
∑

l

〈n|$l〉e−iElt/h̄〈$l|n′〉

= Jn−n′

(
2γ sin

ωBt

2

)
ei(n−n′)(π−ωBt)/2−in′ωBt, (18)

the Fourier image of (13). Here ωB = 2π/TB = dF/h̄ is the Bloch frequency. The time evolution
operator is periodic with the Bloch period TB = 2πh̄/(dF ). It should be noted that this analysis
can also be extended to the case of a time-dependent force F(t) [33, 37, 38].

Let us consider two illustrating limits of the dynamics generated by (18). For an initial state

|ψ(t)〉 =
∑

n

cn(t)|n〉,
∑

n

|cn|2 = 1, (19)

which is strongly localized in co-ordinate space, e.g. in the extreme case cn(0) = δn0 where a
single Wannier state n = 0 is populated at time t = 0, the time dependence is

cn(t) = Un0(t) = Jn

(
2γ sin

ωBt

2

)
ein(π−ωBt)/2. (20)

In such a breathing mode, the wavepackets widen and shrink periodically populating an interval

|n| < 2γ
∣∣∣sin

ωBt

2

∣∣∣ (21)

(index of the Bessel function smaller than its argument). Figure 3 shows such a breathing
oscillation, again for parameter γ = 15.8 used already in figure 2.

In the other extreme of a broad Gaussian wavepacket,

cn(0) = g exp(−βn2 + inκ0d) (22)

New Journal of Physics 6 (2004) 2 (http://www.njp.org/)

hwj |Û(t)|w0i / Jj [⌫ sin(!Bt/2)]
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