
Jean	Dalibard

Année	2017-18

Chaire	Atomes	et	rayonnement

La	ma8ère	topologique	et	son	explora8on			
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Physique	et	topologie

D.J. Thouless F.D. HaldaneJ.M. Kosterlitz

Prix	Nobel	de	physique	2016

pour	«	les	découvertes	théoriques	des	transi5ons	de	phase	topologiques		
et	des	phases	topologiques	de	la	ma5ère	»

Cours	2016-17	:	transi8on	de	Kosterlitz-Thouless

Cours	de	ceNe	année	:	phases	topologiques	de	la	ma8ère

Une	classifica5on	radicalement	différente	de	celle	fondée	sur	l’ordre	géométrique
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Géométrie	ou	topologie	?

L’ordre	géométrique	:	apparaît	pour	des	systèmes	possédant	une	certaine	symétrie

Exemple	:	système	invariant	par	rota8on	
On	peut	classer	ses	états	d’énergie	en	fonc8on	de	leur	moment	ciné8que

L = 0

L = 1
……

non	robuste	:		
ordre	brisé	par		
une	perturba5on

L’ordre	topologique	:	défini	par	des	classes	d’objets	stables	quand	on	les	«	déforme	»

Par	essence,	classifica5on	robuste
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Un	exemple	historique	en	physique

Von KlitzingEffet	Hall	quan8que	en8er

Ix Ix
Vy B

Les	plateaux	correspondent	à	une	
quan8fica8on	de	la	résis8vité	de	Hall	ρxy

Robuste	:	les	plateaux	subsistent	(à	la	même	valeur	!)	en	présence	de	désordre

Grand	intérêt	métrologique

⇢xy (k⌦)
<latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="m0rEvW/dVEf400mFTIj3SnIHO60="></latexit>

Magnetic field (T)
<latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="ITnkOlre53YScuK3lEZ658vYZRo="></latexit>
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Lien	entre	topologie	et	physique

George	Gamow,	dans	The	Great	Physicists,	from	Galileo	to	Einstein,	1961	

When Einstein wanted to interpret gravity as the curvature of four-dimensional, 
space-time continuum, he found waiting for him Riemann's theory of curved multidimensional space.  

When Heisenberg looked for some unusual kind of mathematics to describe the motion of electrons 
inside of an atom, noncommutative algebra was ready for him.  

Only the number theory and topology (analysis situs) still remain purely mathematical disciplines 
without any application to physics. Could it be that they will be called to help in our further 
understanding of the riddles of nature?

2016	:	10	nouveaux	manuscrits		
chaque	jour	sur	la	base	de	données		
arXiv-Physics	avec	le	mot	«	topology	»		
dans	son	8tre	ou	son	résumé	
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Objec8f	du	cours	de	ceNe	année

Introduc8on	aux	phases	topologiques	de	la	ma8ère,		
du	point	de	vue	des	gaz	d’atomes	ou	de	photons

• Pas	d’interac8on	entre	par8cules,	sauf	lors	d’une	brève	
incursion	du	côté	des	supraconducteurs	(modes	de	Majorana)

Systèmes	simples	:

• Une	ou	deux	dimensions

• Systèmes	périodiques

Réseaux	op5ques,	arrangement	régulier	de	guides	d’onde

A B A B A B A B
J 0 J J 0 J J 0 J J 0

A

B

Souligner	le	rôle	crucial	des	états	de	bords	et	des	nombres	topologiques
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Documents	en	ligne

Notes	de	cours	et	copies	des	diaposi8ves	:

Pour	recevoir	les	annonces	liées	au	cours,	envoyer	un	courrier	électronique	à	:

avec	pour	sujet	:	subscribe	chaire-ar.ipcdf	

 listes-diffusion.cdf@college-de-france.fr

hNp://www.phys.ens.fr/~dalibard/2018_CdF.html	

Deux articles de revue récents : 
Ozawa, Price, Amo, et al.,Topological Photonics, arXiv :1802.04173  
Cooper, Dalibard, Spielman, Topological Bands for Ultracold Atoms,  arXiv:1803.00249

mailto:listes-diffusion.cdf@college-de-france.fr
http://www.phys.ens.fr/~dalibard/2017_CdF.html
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Séminaires

Mercredi	2	mai	:	La	dynamique	de	la	photo-ionisa5on	à	l’échelle	de	l’aKoseconde	
Anne	L'Huillier,	Université	de	Lund,	Suède	

Mercredi	9	mai	:	Building	quantum	systems	from	scratch		
Tilman	Esslinger,	ETH	Zurich,	Suisse	

Mercredi	16	mai	:	Entanglement	crea5on	and	characteriza5on	in	a	trapped-ion	quantum	simulator		
Chris8an	Roos,	IQOQUI,	Innsbruck,	Académie	des	Sciences	d'Autriche	

Mercredi	23	mai	:	Des	composants	pour	générer	et	manipuler	les	photons	un	par	un					
Pascale	Senellart-Mardon,	Centre	pour	les	Nanosciences	et	les	Nanotechnologies,	CNRS,	Marcoussis	

Mercredi	30	mai	:	La	mission	spa5ale	MICROSCOPE	pour	le	test	du	principe	d'équivalence			
Gilles	Métris,	Observatoire	de	la	Côe	d’Azur,	Valbonne	

Mercredi	6	juin:	Sonder	les	milieux	opaques	avec	la	lumière	:	de	l’imagerie	aux	études	fondamentales			
Sylvain	Gigan,	Laboratoire	Kastler	Brossel,	Paris



Cours	1	

De	la	phase	de	Berry	à	la	topologie		
d’une	bande	d’énergie
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But	de	ceNe	première	séance

Mise	en	place	des	no8ons	et	des	ou8ls	centraux	pour	l’ensemble	du	cours

• Phase	géométrique	ou	phase	de	Berry

Evolu5on	adiaba5que	d’un	système	contrôlée		
par	un	paramètre	externe

• Par8cule	dans	un	poten8el	périodique	:	bandes	d’énergie

Un	premier	pas	vers	la	topologie	:	le	modèle	SSH

• L’exemple	du	système	à	deux	niveaux	:	pseudo-spin	1/2

Sphère	de	Bloch



Evolu8on	adiaba8que		
en	physique	quan8que

Berry 1984

Pancharatnam (1956)  
Mead & Truhlar (1979)

Système	quan8que	(atome,	molécule,	corps	macroscopique)		
dépendant	d’un	paramètre	extérieur			λ	=	(λ1	,	λ2	,…)

Evolu8on	décrite	par	l’hamiltonien										:	Ĥ�
<latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="TC66JCN4q9FZYqDCflWxBmcqx3o="></latexit>

i~d| (t)i
dt

= Ĥ�(t) | (t)i
<latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="wxuZQKkY4dbgJkY78suiiDkAqfs="></latexit>

Que	se	passe-t-il	quand	:

• Le	paramètre		λ	dépend	lentement	du	temps	?			

• Le	paramètre		λ	décrit	une	trajectoire	fermée	?			

et

�1

�2

C

�1
<latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="tqF05EHucp3EQTTq2+ikX1YBS6o="></latexit>

�2
<latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="bm7AOa0dADH/3hBIYjHJ3GKJKHM="></latexit>
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Phase	dynamique	et	phase	géométrique

Supposons	que	le	système	est	préparé	ini8alement		
dans	un	état	propre	de	l’hamiltonien

t = 0
<latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="nKiQ3sMxGqr8GGpordlknfFRHko="></latexit>

Alors,	si	l’évolu8on	de	λ	est	suffisamment	lente,	l’état	final	s’écrit	(en	absence		
de	dégénérescences)	:	

L’état	ini8al	et	l’état	final	coïncident,	à	une	phase	près

� = �dyn + �geom
<latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="hZhYHg6JH2SrWk5kj7h8dtyLCfs="></latexit>

�dyn /
Z

E(t) dt
<latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="kGAt0NboVIUSw62+aG1P4B8rcVY="></latexit>

phase	dynamique	usuelle

�geom =?
<latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="lMDBD1vyiz3tCMOdUFh6fggSgP8="></latexit>

| (T )i ⇡ ei� | (0)i
<latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="MfD/c7YR5PkX9rqykSVAYoFwuGQ="></latexit>

�1

�2

C
t = T

<latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="9b+V+t6nFHI1HbpdhCmm2s2u0OA="></latexit>

�1
<latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="tqF05EHucp3EQTTq2+ikX1YBS6o="></latexit>

�2
<latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="bm7AOa0dADH/3hBIYjHJ3GKJKHM="></latexit>
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Phase	géométrique	et	connexion	de	Berry

A	chaque	instant	t,	on	introduit	une	base	d’états		
propres	de	l’hamiltonien	Ĥ�

<latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="W730T/cvIGDZnf8Z3OelLSpv0EQ="></latexit>

| (n)
� i

<latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="EaMhdiW+JmkMzWTha1T0eRWCixo="></latexit>

t

E

E(0)

E(1)
E(2)

On	définit	la	connexion	de	Berry	

A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

Alors	la	phase	géométrique	s’écrit	:	 �geom =

Z �(t)

�(0)
A(0)

� · d�
<latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="31rK2QnXAbqAmxDHAMOkdS/Pwlk="></latexit>

Dépend	du	chemin	suivi	pour	aller	de	λ(0)	à	λ(t),		
mais	pas	du	temps	mis	pour	parcourir	ce	chemin

quan8té	réelle	car																			imaginaire	pur	(ou	nul)h |r i
<latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="FiArlz5ZJSVoTRAMNfJELyQ4MNg="></latexit>

|r i =

0

B@

d
d�1

| i
d

d�2
| i
...

1

CA

<latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="Uek3PJ3Sui9H6kPVe6fXB64RM5Q="></latexit>



Le	cas	d’un	contour	fermé

�1

�2

C

λ:	paramètre	à	1,	2	ou	3	dimensions

�geom =

I

C
A(0)

� · d�
<latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="uQFg4+3h/1jwY5OqYoscfLIQ1lQ="></latexit>

C
<latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="NzDE4tpf+SaLe2Jmje9OB+ZhOsE="></latexit>

Analogie	avec	la	magnétosta<que	:	

A�  ! A(r)
<latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="YPLME4NxmDQq19aRaVCTKM+cCmU="></latexit>

poten8el	vecteur

⌦�  ! B(r)
<latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="MP+N4KiDFSRFSFuvhbySNA/kK04="></latexit>

connexion	de	Berry

courbure	de	Berry champ	magné8que

⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

= i hr (n)
� | ⇥ |r (n)

� i
<latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="I0TwVpoaJ6fE57Or/F0xorjwXUw="></latexit>

Calcul	possible	via	la	formule	de	Stokes	:

�geom =

ZZ

⌃
n ·⌦(n)

� d2�
<latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="mxjaL5IdM4wBe4TRau/qyc/T9MA="></latexit>

Ne	semble	pas	très	intéressant	à	1D	:	simple	aller-retour	?					

Courbure de Berry
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Le	pendule	de	Foucault

Wikipedia

t = 0 t = 6 heures

En	24	heures,	le	paramètre	extérieur		
—	le	point	d’accroche	du	pendule	—	
effectue	une	boucle	fermée

Se	traduit	par	un	changement	du	plan	
d’oscilla8on	pour	un	mouvement	linéaire

Les	deux	modes	propres	d’oscilla8on	circulaire	
(rota8on	dans	le	sens	des	aiguilles	d’une	
montre	et	son	inverse)	accumulent	des	phases	
géométriques	différentes
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Courbure	de	Berry	et	invariance	de	jauge

Un	changement	de	jauge	en	mécanique	quan8que	s’écrit

| (n)
� i �! | ̃(n)

� i = ei�
(n)
� | (n)

� i
<latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="pH+STWpxL5rlypwqTIARRAWHPwI="></latexit>

La	connexion	de	Berry																																											n’est	pas	invariante		
dans	ceNe	transforma8on	:

A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

A(n)
� �! Ã(n)

� = A(n)
� �r�(n)

�
<latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="pcGobd9pS7x0y+AjlwXW8vNPSbo="></latexit>

cf.	magnétosta8que

La	courbure	de	Berry																																						reste	quant	à	elle	inchangée	:⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

⌦(n)
� �! ⌦̃

(n)
� = ⌦(n)

�
<latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ceYGhaH6vaqck6yNOX2XtAkLLmg="></latexit>

ei�̃geom = ei�geom
<latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="HWMKdUkyApf0eZsCJD25yHNSj38="></latexit>

idem	pour	la	phase	géométrique

⌦(n)
<latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="OYQCOZnuHVmZ8q/g+14JBjSAnj8="></latexit>

est	une	quan5té	physiquement	mesurable
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Ordre	suivant	de	l’approxima8on	adiaba8que

On	s’est	intéressé	ici	à	l’ordre	0	:	 | (t)i ⇡ ei� | (0)
� i.

<latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="L3RRl1ssOWmpHLotM4Iukkv6Goc="></latexit>

L’état	du	système	est	à	chaque	instant	colinéaire		
avec		l’état	propre	dont	on	est	par5

t

E

E(0)

E(1)
E(2)

On	aura	également	besoin	de	l’ordre	1	:	

| (t)i ⇡ ei� | (0)
� i+

X

n6=0

cn | (n)
� i

<latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="p99ykVwkv9jfJfqxlF2IGyK+q8Y="></latexit>

On	trouve	après	un	calcul	simple	 c(n)(t) ⇡ i~ �̇ ·
h (n)

� |r (0)
� i

E(n)
� � E(0)

�
<latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="kTy868E223jiWp20mSQfLb990dk="></latexit>

valide	si																							à	chaque	instant	|c(n)| ⌧ 1
<latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="vqg44r2MHzHK2H4TBAjxHV4ryVM="></latexit>

Réponse	linéaire	du	système	au	mouvement	du	paramètre	extérieur
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2.	

L’exemple	du	spin	1/2



Système	«	à	deux	états	»

Espace	des	états	de	dimension	2	:	 | i = ↵|+i + �|�i =
✓
↵
�

◆

<latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S4CUbRTBPgvgMqjF/HsxyE4LtbE="></latexit>

Hamiltonien	le	plus	général	pour	ce	type	de	système	:	matrice	2x2	hermi8enne

Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

E0, (hx, hy, hz)
<latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="ya2uUkUxFjyTd4xjwQ86HkGHkus="></latexit>

:	réels
:	matrices	de	Pauli�̂j

<latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9fDMIQ6pW8ce72dRne4H9BuuQgM="></latexit>

�̂x =

✓
0 1
1 0

◆
, �̂y =

✓
0 �i
i 0

◆
, �̂z =

✓
1 0
0 �1

◆
.

<latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="viJA+Ev1lFe1063qVDd6oclulQI="></latexit>

Exemple:	moment	magné8que	de	spin	1/2	dans	un	champ	magné8que

B
<latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="qH4fs7HCCI7iik9mSfAcl1dEiDA="></latexit> µ

<latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="/Z8tVBMnz+3j02cb7GVerrbkTdw="></latexit>

µ̂ = µ�̂
<latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="f7Uz+rdYKGMmEPOkKGlg4g3xQJk="></latexit>

Ĥ = �µ̂ ·B
<latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="Lyq2fw0WAOlXelmuBXn/ginwpUM="></latexit>

:	opérateur	«	moment	magné8que	»

h = µB
<latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="/W5q1LbWHX4FTWB9pUz9++8h8/g="></latexit>

|↵|2 + |�|2 = 1
<latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="STH9iIXVRWoKmTEbuoBw+bSI3uM="></latexit>



✓,�
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La	sphère	de	Bloch

Energies	et	vecteurs	propres	de	l’hamiltonien																																						?Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

Avec	ceNe	paramétrisa8on	:	 Ĥ = E0 1̂ � |h|
✓

cos ✓ e�i� sin ✓
ei� sin ✓ � cos ✓

◆

<latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="V+9Uemm5bFv8m4Nasm21/4WcQH8="></latexit>

Energies	propres	: E(±) = E0 ± |h|
<latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="nx9IzutmrVcYWSxUEqjMEFgHd1k="></latexit>

Vecteurs	propres	:	

| (�)i =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="ELCeev+2vroQ/NwLCZuURQW1TEg="></latexit>

| (+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="tChr2FE7lGoICwFM7/EMPs0ansc="></latexit>

✓
1
0

◆

<latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="zNmsSM9wozPBepc4KmNi5llRBF4="></latexit>

✓
0
1

◆

<latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="X288h2KkkEdD86qFYjyftT+79ck="></latexit>

x

z
✓

<latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="tfdpQqccQOH95iovsf+dcworYr4="></latexit>

�
<latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="fW+jp5Nudzg0kWqK8dsF3rv521Y="></latexit>

y

n
<latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="oR3I4HVckGtrxBSPkRDlxwCB/ko="></latexit>

vecteur	unitaire	de	coordonnées	sphériquesn =
h

|h|
<latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="0T7un5d0xh3C6WNMo+XqoFbspUU="></latexit>

n =

0

@
cos� sin ✓
sin� sin ✓

cos ✓

1

A

<latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="AyoLv6XrX7LTm9Nu/TmM/KpoSZg="></latexit>

(✓,�)
<latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="nW7bAET8BNSB2gWNBdcz9+bclE8="></latexit>
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Courbure	de	Berry	et	phase	géométrique

Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

Situa8on	où	le	vecteur								varie	dans	le	temps	et	décrit	une	boucle	fermée	h
<latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="SrjYvHsIOvTFkWN4cHdBlAmvQ8Q="></latexit>

Quelle	est	la	phase	géométrique	accumulée	par	l’état		
du	système	s’il	suit	adiaba8quement															?		| (�)i

<latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="jBoBjm6oR8zh/+tBsRt63u3ae1A="></latexit>

On	note	α	l’angle	solide	sous-tendu	par		
la	trajectoire								du	vecteur	h

<latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="m4ASV+t51JqMrzCkAGK6NMDZF8M="></latexit><latexit sha1_base64="SrjYvHsIOvTFkWN4cHdBlAmvQ8Q="></latexit>

C
<latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="Kb6rT8hOAHNsko8dFbU9keLl85A="></latexit>

C
<latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="Kb6rT8hOAHNsko8dFbU9keLl85A="></latexit>

�geom.(C) = ±↵

2
<latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="u8YnhdfyGvRbb0MQg8CH8pukAmk="></latexit>

Trajectoire	qui	fait	le	tour	de	l’équateur	:

↵ = 2⇡
<latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="q1Kla6yLWRijuK3LWcO6q23S9D4="></latexit>

�geom.(C) = ±⇡
<latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="JZ1CMFSLhcx5WL/a60L88adr9/8="></latexit>
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3.	

Poten8el	périodique	en	mécanique	quan8que
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Le	théorème	de	Bloch

Mouvement	d’une	par8cule	de	masse						dans	le	poten8el	périodique		m
<latexit sha1_base64="j7jfIRzu2U0f4OJZSUdgnhY8a7s="></latexit><latexit sha1_base64="j7jfIRzu2U0f4OJZSUdgnhY8a7s="></latexit><latexit sha1_base64="j7jfIRzu2U0f4OJZSUdgnhY8a7s="></latexit><latexit sha1_base64="baYNQ8HIwmBA8l698FxvjFNuRb4="></latexit>

V (x)
<latexit sha1_base64="qPrZIqtCqZDpHgoaSFalvfsqfpI="></latexit><latexit sha1_base64="qPrZIqtCqZDpHgoaSFalvfsqfpI="></latexit><latexit sha1_base64="qPrZIqtCqZDpHgoaSFalvfsqfpI="></latexit><latexit sha1_base64="j1QNGFakR0+C8VC7xz/9a+n8vsI="></latexit>

x

V (x)
a

Ĥ =
p̂
2

2m
+ V (x̂)

<latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="VpQFt0ytCWg7Gbx44g4qWh/275E="></latexit>

On	peut	chercher	les	fonc8ons	propres	de								sous	la	forme	

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

Ĥ
<latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="VB57N1U0pBIshoVbdV72m2lIAc4="></latexit>

onde	plane	
de	moment	q

fonc8on	périodique
uq(x+ a) = uq(x)

<latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="nOnLfYKVHihQN9mjDuUc7Dl0dew="></latexit>

p̂ = �i~ @x
<latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="f3E77VO8U7xSd1+kz2cGXniF8uU="></latexit>
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L’hamiltonien	«	périodique	» Ĥq
<latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="Ar7IsLjmr5stGYzG4oGzOi3+Bj8="></latexit>

On	reporte	la	forme	de	Bloch																																											dans	l’équa8on	aux	valeurs		
propres	de	l’hamiltonien	

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

Ĥ  q(x) = Eq  q(x)
<latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="IuvsQihI/RDK98NPdFJWuM2axfc="></latexit>

Ĥq uq(x) = Eq uq(x)
<latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="wMcig+9JHSN56hiFYRSLIVRtNDw="></latexit>

:	hamiltonien	pour	la	par8e	périodique	Ĥq
<latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="Ar7IsLjmr5stGYzG4oGzOi3+Bj8="></latexit>

uq(x)
<latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="zoLBu+3Vb2siuAdlAurHPkAo8Rk="></latexit>

C’est	un	exemple	d’hamiltonien	dépendant	d’un	paramètre,	en	l’occurrence	 q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

La	no8on	de	phase	géométrique	va	apparaître	naturellement	si	on	est	
capable	de	changer	le	moment							à	volonté	dans	une	expérienceq

<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

Principe	des	oscilla5ons	de	Bloch

Ĥq =
~2
2m

(�i@x + q)2 + V (x)
<latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="ZrHKhdLav0hUfpGJTVpJCmj5Ly8="></latexit>

Ĥ =
~2
2m

(�i@x)
2 + V (x)

<latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="FGMbCv8/AfzlWKtNbRtQGjbf+0w="></latexit>
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La	zone	de	Brillouin

Le	moment						peut	prendre	n’importe	quelle	valeur,		mais	elles	ne	sont	pas	toutes	indépendantesq
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

Considérons							et			q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q +
2⇡

a
<latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="vefd6xIa1wMSd8r6FizOJorXIsI="></latexit>

= eiqx
⇣
ei2⇡x/a uq+2⇡/a(x)

⌘

<latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="tOQuej6htX8H2JSDI6F2DCmb088="></latexit>

fonc8on	périodique

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

 q+2⇡/a(x) = ei(q+2⇡/a)x uq+2⇡/a(x)
<latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="H9EjHUBc+an+t22BNQGqt83872Q="></latexit>

Pour	éviter	le	double	comptage,	il	faut	restreindre						à	une	zone	de	Brillouin	:q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q
�⇡/a +⇡/a

�⇡/a +⇡/a



 26

Bandes	d’énergie

�1 �0.5 0 0.5 1
0

5

10

aq/⇡

E
(n

)
q

/E
r

Exemple	du	poten8el	créé	par	une	onde	sta8onnaire	lumineuse	sur	des	atomes

V (x) = V0 sin2(⇡x/a)
<latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="4cIbiBdhHYm/GV68hRQFxLn5jno="></latexit>

Pour	chaque	valeur	de					,	
on	trouve	un	ensemble	discret	
d’énergies	propres	:	

E(0)
q  E(1)

q  E(2)
q  . . .

<latexit sha1_base64="yv72pnSSmt3XTS5Motg+n2jbFH4="></latexit><latexit sha1_base64="yv72pnSSmt3XTS5Motg+n2jbFH4="></latexit><latexit sha1_base64="yv72pnSSmt3XTS5Motg+n2jbFH4="></latexit><latexit sha1_base64="kn17zJFtgpgzjduiDXtGmMrjEGI="></latexit>

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

Quand	on	regroupe	les	énergies	trouvées	pour	toutes	les	valeurs	de					,		
on	trouve	des	bandes	d’énergie	permises,	séparées	par	des	gaps	interdits

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>
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La	phase	de	Zak

Une	première	incursion	dans	le	domaine	de	la	topologie…

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

L’aller	simple	de															à															revient	à	effectuer		
une	boucle	fermée	dans	l’espace	des	paramètres.

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

Que	devient	la	phase	de	Berry	dans	ce	cas	? �geom =

Z +⇡/a

�⇡/a
i huq|@quqi dq

<latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="3DYPm/Dgo/dGc8QL2IpHmFnjzMw="></latexit><latexit sha1_base64="2lEmzZ1ZJvj/LTz+oH9X5jY2GNk="></latexit>

Zak, 1989« we have here, for the first time, the appearance of Berry’s 
phase for a one-dimensional parameter space »

Nécessite que          ait une partie complexe non nulle |uqi
<latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="BWXe/2gDkc2ZZplPiAcgRVpGhWM="></latexit>
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4.	

Le	modèle	SSH

Su, Schrieffer & Heeger  
Solitons in Polyacetylene  

Phys. Rev. Lett. 42, 1698 (1979)



Le	modèle	de	Hubbard

Le	modèle	le	plus	simple	d’un	cristal	à	1D

• Tous	les	sites	sont	équivalents	(énergie	nulle	par	conven8on)

• Uniquement	des	couplages	entre	proches	voisins	: Ĥ = �J

X

j

|j + 1ihj|+ h.c.

<latexit sha1_base64="M3dVjXk1CiTyrIgQsXcINA2/mLQ="></latexit><latexit sha1_base64="M3dVjXk1CiTyrIgQsXcINA2/mLQ="></latexit><latexit sha1_base64="M3dVjXk1CiTyrIgQsXcINA2/mLQ="></latexit><latexit sha1_base64="RTXVeWi+2P/oQB9sR/qifPtIHEk="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>1 2 30-1 J

<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Applica8on	du	théorème	de	Bloch	:	une	seule	fonc8on	périodique |ui /
X

j

|ji
<latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="wHQurEiSEV4ArRvNeyMpMV5k7Rk="></latexit>

Fonc8on									réelle	:	phase	de	Zak	nulle	(pas	de	propriétés	topologiques)|ui
<latexit sha1_base64="fmM9iTAijZzPgj9CGnsz/jjCfBM="></latexit><latexit sha1_base64="fmM9iTAijZzPgj9CGnsz/jjCfBM="></latexit><latexit sha1_base64="fmM9iTAijZzPgj9CGnsz/jjCfBM="></latexit><latexit sha1_base64="RRR83BkApTWawWLzNeDsojW8gNo="></latexit>

| qi =
X

j

eijqa |ji
<latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="r+A/+lOy0v/Io9tafL3I1yOiQNw="></latexit>

Eq = �2J cos(qa)
<latexit sha1_base64="DqZW99CJIMryFBj7J72cic37LrM="></latexit><latexit sha1_base64="DqZW99CJIMryFBj7J72cic37LrM="></latexit><latexit sha1_base64="DqZW99CJIMryFBj7J72cic37LrM="></latexit><latexit sha1_base64="jtdWaACACpwtrSB1nfOp9yPVH40="></latexit>

une	seule	bande	d’énergie �1 �0.5 0 0.5 1

�2

0

2

aq/⇡

E
q
/J

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>

Eq/J
<latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="OHgTYX2BcOCAO6842yQTilenPyE="></latexit>
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Le	problème	posé	par	SSH

Descrip8on	d’ondes	de	densité		
électroniques	de	nature	«	solitonique	»		
le	long	d’une	chaîne	de	polymère

C C C C

C C C C

H H H H

H H H H

…
…

Forme	dimérisée	: C C C C

C C C C

H H H H

H H H H

…
…

C C C C C C

C C C C C C

H H H H H H

H H H H H H

Que	se	passe-t-il	à	la	jonc8on	entre	les	deux	dimérisa8ons	?
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Modélisa8on	du	problème	SSH

Généralisa8on	du	problème	de	Hubbard	avec	deux	valeurs	possibles	de	«	saut	»	

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

1 20-1

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit> J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit> AA A AB BBB

Cellule	unité	à	deux	sites	A	et	B

Fonc8on	périodique	: |uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A =

✓
↵q

�q

◆

<latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="a9b/iYQwWJyZGlrxBtcLbwKWTnY="></latexit>

Pseudo-spin	1/2	pour	chaque	valeur	du	moment	q	

|↵q|2 + |�q|2 = 1
<latexit sha1_base64="sWYddXZrXhbDabx/Kf1+QyBUDpc="></latexit><latexit sha1_base64="sWYddXZrXhbDabx/Kf1+QyBUDpc="></latexit><latexit sha1_base64="sWYddXZrXhbDabx/Kf1+QyBUDpc="></latexit><latexit sha1_base64="3nNQXjoVVEaBJhr3Q666rzKiIwA="></latexit>

↵q,�q complexes,
<latexit sha1_base64="etVMKyz1hz5WT4Cq1QOKZFE0z7w="></latexit><latexit sha1_base64="etVMKyz1hz5WT4Cq1QOKZFE0z7w="></latexit><latexit sha1_base64="etVMKyz1hz5WT4Cq1QOKZFE0z7w="></latexit><latexit sha1_base64="fqoqx8FnhkQYQEcDi5DJ6Smnlmg="></latexit>
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Fonc8on	de	Bloch	correspondante	:	 | qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
<latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

L’hamiltonien	périodique	

|uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A =

✓
↵q

�q

◆

<latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="hc0EGtw/y/B61KGHo0ULDuYOzNo="></latexit><latexit sha1_base64="a9b/iYQwWJyZGlrxBtcLbwKWTnY="></latexit>

Solu8on	de																																			avec		Ĥ| qi = Eq | qi
<latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="rdLoZVAuUVf1CuXSQyqaokK2ZJA="></latexit><latexit sha1_base64="aTdxvRzLFjn+L4p/NkK29I1Lrro="></latexit>

Ĥ = �J
0
X

j

|BjihAj |� J

X

j

|Bj�1ihAj | + h.c.

<latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="RARXaZsvjKvStgXjOWVySGHOBnE="></latexit><latexit sha1_base64="HEIMp7eYfxGVA9KlEYKlPHJX11Q="></latexit>

jj - 1

A AA B B BJ J’

Pour	chaque	q,	on	ob8ent	un	système	2x2	pour	les	coefficients													:	↵q,�q
<latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="zSvPr5D3DPNIEMGMnJ2tjy1qNqE="></latexit><latexit sha1_base64="LuY3z8+ZGmpimAPFpwSGc+16+0I="></latexit>

Ĥq

✓
↵q

�q

◆
= Eq

✓
↵q

�q

◆

<latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="g4mDwQBp6T5q9dYswsg4gZn9Qyc="></latexit>

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

avec

Hamiltonien	périodique	du	type	général	vu	pour	un	spin	1/2
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Structure	de	l’hamiltonien	périodique

A AA B B BJ J’

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆
= �h(q) · �̂

<latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="AfKnOcaopQgwqa1j0uEV2HEwxWs="></latexit>

Hamiltonien	périodique	:

avec	le	vecteur	 h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
0

1

A

<latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="pDHj9OlMIARCFIwi29t/YzpK6kU="></latexit>

:	on	reste	sur	l’équateur		
de	la	sphère	de	Bloch

hz(q) = 0
<latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="2RvioEkDLAobjBvxpdPKy0SCsWY="></latexit><latexit sha1_base64="B3gSO5QiW8PbPi97u5COcG394Ns="></latexit>

|u(�)
q i

<latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="D7x0+jUaZeCcsJjjS/08ibyXSdM="></latexit>

|u(+)
q i

<latexit sha1_base64="8gJo6vN0ziE0oqJPTaJIqw6tJlA="></latexit><latexit sha1_base64="8gJo6vN0ziE0oqJPTaJIqw6tJlA="></latexit><latexit sha1_base64="8gJo6vN0ziE0oqJPTaJIqw6tJlA="></latexit><latexit sha1_base64="6Pqvg+6812p3CqrQHFyGYqhYOZA="></latexit>

Energies	associées	:	E(±)
q = ±|J 0 + J eiqa|

<latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="xoxfG/OvTBI8EqqUxVPl6iggtt0="></latexit>

Deux	bandes	d’énergie	disjointes,	sauf	si	 J = J 0
<latexit sha1_base64="V2MvcdmPOMhoKJafaT5kyi6/b+U="></latexit><latexit sha1_base64="V2MvcdmPOMhoKJafaT5kyi6/b+U="></latexit><latexit sha1_base64="V2MvcdmPOMhoKJafaT5kyi6/b+U="></latexit><latexit sha1_base64="Zo+XVq2GLcGIuScwOwvSHIlGyUE="></latexit>
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Bandes	d’énergie	pour	le	modèle	SSH

A AA B B BJ J’

E(±)
q = ±|J 0 + J eiqa|

<latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="xoxfG/OvTBI8EqqUxVPl6iggtt0="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

�1 �0.5 0 0.5 1

�2

0

2

Eq/J
<latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="OHgTYX2BcOCAO6842yQTilenPyE="></latexit>

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>

J 0 =
3

2
J

<latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="LNYPl75k2h7mYcaAihy2PIn65Nk="></latexit>

J 0 =
2

3
J

<latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="QVXx6C/Jnxa0DWMnlPp1tMsLE1Y="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

J 0 = J
<latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="PD4JzRT7iAHyG5TECzU2TJVq3Yk="></latexit>
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Etats	propres	et	topologie	pour	le	modèle	SSH

A AA B B BJ J’

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

|u(±)
q i = 1p

2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

où	la	phase									est	définie	par	 ei�q =
J 0 + J eiqa

|J 0 + J eiqa|
<latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="K4UhvjEuitJpvSNZpQfDXBnirzI="></latexit>

�q
<latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="p+rSiwYE+U0wvU2XlAEFuWpvN1k="></latexit><latexit sha1_base64="d/79yzEehQyNvRMLQZT6HJAQnAk="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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La	phase	géométrique	de	Berry	-	Zak

Trajectoire	d’un	des	deux	états	propres,	par	exemple														,	sur	la	sphère	de	Bloch|u(�)
q i

<latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="D7x0+jUaZeCcsJjjS/08ibyXSdM="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

hx

hy

J 0

J
qa

|h(q)|

�q

|u(�)
q i = 1p

2

✓
1

ei�q

◆

<latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="lwO9/3zKKeJTaejNt/jJATNRfvg="></latexit>

�Zak = ⇡
<latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="MN66mWrtXgYmjan8K+ir61mpicw="></latexit>

�Zak = 0
<latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="2H81d/jcqQEXPH6M5qBGv/Rey7g="></latexit>

Le	nombre	d’enroulement																														est	un	invariant	topologiqueN = �Zak/⇡
<latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="PeBnJ2JknA7Dj0FfvR7B0BIg3gI="></latexit>

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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Quelle	réalité	physique	pour	ceNe	topologie	?

Dans	ce	qui	précède,	J’	désigne	le	couplage	à	l’intérieur	d’une	cellule	et	J	entre	cellules

jj - 1

J J’

Pour	une	chaîne	infinie,	on	peut	changer	l’indexa8on	et	échanger	les	rôles	de	J	et	J’

jj - 1

J J’

La	dis8nc8on	entre																		et																		n’est-elle	qu’un	ar8fice	mathéma8que	?	[J 0 < J ]
<latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="bWe8JGsfA/ZQP7wPpKAvyz4l3RI="></latexit>

[J 0 > J ]
<latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="0djugh/E5/EUZ+vmm99UjZhL874="></latexit>

Non	!	Mais	elle	n’acquiert	son	sens	physique	que	lorsqu’on		
considère	la	fron5ère	entre	deux	zones	de	topologie	différentes.

Rôle	crucial	des	états	de	bord	dans	le	lien	«	Physique	&	Topologie	»


