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Un	bref	résumé	des	cours	précédents…

Problèmes	périodiques	1D	simples,	comme	le	modèle	de	SSH	(Su,	Schrieffer	et	Heeger)

Iden.fica.on	d’une	classifica.on	topologique	

A AA B B BJ J’
EA = EB = 0

<latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="hy9So9zFhJVHhoil+2SEvUsyZ5Q="></latexit>

Cellule	unité	à	deux	sites	
+	

théorème	de	Bloch

Etats	propres	:	 eiqx uq(x)
<latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="LS2LiwPc3ly17FeAqU1z52QFwFw="></latexit>

périodique

Représenta8on		
par	un		

pseudo-spin	1/2
|u(±)

q i = 1p
2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

�⇡/a  q < ⇡/a
<latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit>

<latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit>

moment	de	Bloch	q:	

Principe	de	ce*e	classifica/on	:



Un	bref	résumé	des	cours	précédents	(suite)

Caractérisa8on	topologique	d’une	bande	d’énergie	fondée	sur	l’enroulement	de	ses	
vecteurs	propres	sur	la	sphère	de	Bloch	quand	le	moment	parcourt	la	zone	de	Brillouin

|u(�)
q i = 1p

2

✓
1

ei�q

◆

<latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="OBLqIgEzIOf66iIGgDJGCE6uZWM="></latexit>

Pour	le	modèle	SSH,																																									reste	sur	l’équateur	de	la	sphère		

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

cas	«	topologique	»

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

cas	«	normal	»

A AA B B BJ J’

Manifesta/on	physique	de	ce*e	classifica/on	topologique	:	états	de	bord	robustes

Normale	 Topologique	
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But	de	ce	cours

Pour	des	situa8ons	uni-dimensionnelles,	explorer	des	problèmes	dépendant	du	temps

Quelle	est	l’influence	de	la	robustesse	topologique	sur	l’évolu.on	du	système	?

Enrichissement	léger	par	rapport	au	modèle	SSH	:	on	relâche	la	contrainte	EA = EB
<latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="CNqfQM3u2qaGz6OZKZvFV+xN5kw="></latexit>

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

On	garde	une	cellule	unité	à	deux	sites	:	l’approche	«	pseudo-spin	1/2	»	reste	valable

Pompe	adiaba/que	et	quan/fica/on	du	déplacement	dans	une	évolu/on	périodique



 5

1.	

Au	delà	de	SSH:	le	modèle	de	Rice-Mele

M.J. Rice and E.J. Mele 
Elementary excitations of a linearly conjugated diatomic polymer  

Phys. Rev. Lett. 49, 1455 (1982)

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>
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Rappel	sur	les	hamiltoniens	«	à	deux	sites	»

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

Chaîne	périodique	infinie	décrite	dans	un	modèle	de	liaisons	fortes

| qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
<latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

<latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

|uqi = ↵q

⇣X

j

|Aji
⌘

+ �q

⇣X

j

|Bji
⌘

<latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="JRIRLetUXmEcfMvLa9R/bditgo0="></latexit>

|uqi =
✓
↵q

�q

◆

<latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit> <latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit>

Hamiltonien	«	périodique	»	permeEant	de	trouver											:	matrice	2x2	hermi8enne	|uqi
<latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="BWXe/2gDkc2ZZplPiAcgRVpGhWM="></latexit>

Ĥq = E0(q) 1̂ � h(q) · �̂
<latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="tGW7M8c2lW4OQ32ANGJU5HeZ+7Q="></latexit>

�̂ = {�̂x, �̂y, �̂z}
<latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="SmVkzgiWcf0wMeEAq8BmQ45qb6w="></latexit>

:	matrices	de	Pauli

h =

0

@
hx

hy

hz

1

A

<latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="4nG5yXcow8QVl/cqmj9894kJGkg="></latexit>

:	trois	composantes	réelles	
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Paramétrisa8on	énergies	-	angles

Le	problème	pour	le	pseudo-spin	1/2	est	en8èrement	caractérisé	par	E0(q),h(q)
<latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="ca6iMy6miUuwL7nVIo6s6rKnQWU="></latexit>

Repérons	le	vecteur								par	son	module		
et	ses	angles	en	coordonnées	sphériques

x

z
✓

<latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="tfdpQqccQOH95iovsf+dcworYr4="></latexit>

�
<latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="fW+jp5Nudzg0kWqK8dsF3rv521Y="></latexit>

y

h
<latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="FTyc1V2Gyee9DDpJbGcnngdsil0="></latexit>

|h|
<latexit sha1_base64="5AwQV40ESFCiFKizthE4dDShwxw="></latexit><latexit sha1_base64="5AwQV40ESFCiFKizthE4dDShwxw="></latexit><latexit sha1_base64="5AwQV40ESFCiFKizthE4dDShwxw="></latexit><latexit sha1_base64="yJWJjIPSF5gXElIdObTr6ibCNC0="></latexit>

✓,�
<latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="jSLuomExHJiKLRt1/su9URUdYUg="></latexit>

h
<latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="FTyc1V2Gyee9DDpJbGcnngdsil0="></latexit>

L’hamiltonien	périodique	devient	:	

Energies	:	 E0 ± |h|
<latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="9QF9fHJeZZdptPGfOySx0H8uf2k="></latexit>

Etats	propres	:
|u(�)i =

✓
cos(✓/2)

ei� sin(✓/2)

◆

<latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="My0QkVV78FszYnOLB5bF0U4K0g8="></latexit>

|u(+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="j1ix1+y93bZ+WVU2CK2PC4ROajI="></latexit>

✓,�

Ĥq = E0(q) 1̂ � |h(q)|
✓

cos ✓q e�i�q sin ✓q
ei�q sin ✓q � cos ✓q

◆

<latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="pNG7l13VfSyg+GuhS6/a/JS2BDU="></latexit>
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La	connexion	de	Berry

Ou.l	pour	calculer	la	phase	géométrique	accumulée	sur	un	contour	fermé

De	même	pour	la	bande	supérieure	:

|u(+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="j1ix1+y93bZ+WVU2CK2PC4ROajI="></latexit>

A(+)(q) = �1

2

d�q

dq
(1 + cos ✓q)

<latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="f5uCHDQEu4Y55g82WN9cSe+MOLo="></latexit>

Quan.té	qui	dépend	du	choix	de	jauge	:

|ũ(�)i =
✓

e�i� cos(✓/2)
sin(✓/2)

◆

<latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="hiYUYr4dkv1UEX9qtF4+OkGWlR8="></latexit>

Ã(�)(q) =
1

2

d�q

dq
(1 + cos ✓q)

<latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="yBBnrLLeA+3o78GXlu5SsSktH0Y="></latexit>

|u(�)i =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="My0QkVV78FszYnOLB5bF0U4K0g8="></latexit>

Ã(�)(q) = ihu(�)
q |@qu(�)

q i = �d�q

dq
sin2(✓q/2)

<latexit sha1_base64="zAzGjB3CriO+2Dc+X8TtNkKWXLs="></latexit><latexit sha1_base64="zAzGjB3CriO+2Dc+X8TtNkKWXLs="></latexit><latexit sha1_base64="zAzGjB3CriO+2Dc+X8TtNkKWXLs="></latexit><latexit sha1_base64="rOpO0qaqjUw5Y9au4A93IP9/9qc="></latexit>

=
1

2

d�q

dq
(�1 + cos ✓q)

<latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="IQBN0esjrFMvs5AUdWKoDgXeb4o="></latexit>

Pour	la	bande	inférieure	:
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Le	modèle	de	Rice-Mele

Modèle	SSH	«	enrichi	»	: A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

Hamiltonien	périodique	: Ĥq =

✓
EA �(J 0 + J e�iqa)

�(J 0 + J eiqa) EB

◆

<latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="b47rmo8ByY6jFHUuNCGj4b7rlog="></latexit>

=
1

2
(EA + EB) 1̂ �

✓
� J 0 + J e�iqa

J 0 + J eiqa ��

◆

<latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="VP40nRceToss+3eg6D/nXzv4wDo="></latexit>

2� = EB � EA
<latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="Om9CGLy1w5tRwSwRLfDO71qufVc="></latexit>

Nous	prendrons																											,																																pouvant	être	posi.f	ou	néga.f	EA + EB = 0
<latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="jaW9sGre50sRri5Tgc6h7YNI3y8="></latexit>

Ĥq = � h(q) · �̂
<latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="o+5hwbtyRspYXI4kaZs8cTUZSFQ="></latexit>

avec h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

Tout	point	de	la	sphère	de	Bloch	peut	être	désormais	être	a6eint

qa = ⇡, J 0 = J
<latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="V2Pv2ZlREvtA42qPGhCg3+Hrqz4="></latexit>

� > 0
<latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="UHVvoTuYOJ0xvqp4xXDS1ttxhjU="></latexit>
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Quel	diagramme	de	phase	pour	le	modèle	RM	?

Deux	paramètres	sans	dimension	:												etJ 0

J
<latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="XaHYBVZsx8ghtiacp+sFsY4pZDU="></latexit>

�

J
<latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="lzcQRfvcTRqlrOXHcuzXloMqDNs="></latexit>

A AA B B B

��
<latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="wR+9efn654YrZggePdnZS2llUzA="></latexit>

+�
<latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="/7Ecm7v6LLFVFLhaEu/wWdkJ6gE="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0

J
<latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="XaHYBVZsx8ghtiacp+sFsY4pZDU="></latexit>

�

J
<latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="lzcQRfvcTRqlrOXHcuzXloMqDNs="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

1
<latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="hi061tWc+OwXJ9pirgCAvncc9JE="></latexit>

TOPOLOGIQUE NORMALE

Modèle	SSH	:	� = 0
<latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="kDx+vQ9RUynDWtY9HOe/myCnQI8="></latexit>

On	passe	de	la	phase	normale	
à	la	phase	topologique	à	travers		
le	point	singulier																pour	
lequel	le	gap	s’annule.	

J 0 = J
<latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="PD4JzRT7iAHyG5TECzU2TJVq3Yk="></latexit>

Symétrie	de	sous-réseau

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

Modèle	RM	:	le	gap	ne	s’annule	pas,	sauf	en	J 0 = J, � = 0
<latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="GfK7ElU/jVhLyouluNx0iVhhbd0="></latexit>

La	perte	de	la	symétrie	de	sous-réseau	entraîne	la	perte	de	la	robustesse	topologique

E(±)
q = ±|h(q)|

<latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="NTZtMcpu/vCcVJhFONXsjQJ/t1M="></latexit>
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Phase	de	Zak	pour	le	modèle	RM

�(�)
Zak =

Z

BZ
A(�)(q) dq

<latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="9uQvrZqnzThXdAeh1MIzcNiqrbg="></latexit>

A(�)(q) =
1

2

d�q

dq
(�1 + cos ✓q)

<latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="v7TOmT7gkMdjM7vkfLzV7I7nyew="></latexit>

avec

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

= |h|

0

@
sin ✓ cos�
sin ✓ sin�

cos ✓

1

A

<latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="ipItVBbwb+6Chx4pK+lILrI80rE="></latexit>

Les	angles							et							se	calculent	par	:✓q
<latexit sha1_base64="25GbYo6GzwX3WEecyWGSNzkOBJ0="></latexit><latexit sha1_base64="25GbYo6GzwX3WEecyWGSNzkOBJ0="></latexit><latexit sha1_base64="25GbYo6GzwX3WEecyWGSNzkOBJ0="></latexit><latexit sha1_base64="LFF2iUOHusUC5oosBv8Cj69zwHA="></latexit>

�q
<latexit sha1_base64="DP96t+OYyYbS8vGWWeLQUx0O9UU="></latexit><latexit sha1_base64="DP96t+OYyYbS8vGWWeLQUx0O9UU="></latexit><latexit sha1_base64="DP96t+OYyYbS8vGWWeLQUx0O9UU="></latexit><latexit sha1_base64="RBOfgREr+Eq7E4T5STrbljl5b6U="></latexit>

Représenta8on	graphique	de													
par	l’orienta8on	d’un	vecteur	unitaire	

�(�)
Zak

<latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="53XQksSMzhLhTP2I5hjJYP8ZDp8="></latexit>

: �(�)
Zak = 0

<latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="XriafNrIru18RIGQxqi3p3iIMoI="></latexit>

: �(�)
Zak = ⇡

<latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="J/rlYqglPudlUP/xK8WC2cnYY/E="></latexit>

: �(�)
Zak = ⇡/2

<latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="6DC8OYwQMsK8Pum0EF2PoK42VCM="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

J 0/J

�/J

0

0.5

1

�0.5

�1

2

�/J
<latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="FyNw2hrn2KjK9LllcHNOcfSwZ5A="></latexit>

1
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2.	

Réseaux	et	super-réseaux	op8ques
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Réseau	op8que	à	une	dimension

Onde	lumineuse	sta8onnaire	:	intensité	modulée	dans	l’espace

I(x) = I0 sin
2(kx)

<latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="+Hw978OnFurxhXo4JfbRCvRTDwQ="></latexit>

période	spa8ale	: a = �/2
<latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="LltioelagY1TzJsH/EnywkxbBoQ="></latexit>

k
<latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="07vUviI/xoVDNTNC8D8qiyOHdN0="></latexit>

�k
<latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="SplFvfHNv2To0wsMTTL40rMm0+I="></latexit>

k = 2⇡/�
<latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="dEwd/0ioiyxkYFNhHuS3xCKTxoA="></latexit>

Dipôle	électrique	oscillant	induit	dans	l’atome	:	 D = ↵Elumiere
<latexit sha1_base64="2wGOtNTj/CnERI+qWW2YuZCVrC4="></latexit><latexit sha1_base64="2wGOtNTj/CnERI+qWW2YuZCVrC4="></latexit><latexit sha1_base64="2wGOtNTj/CnERI+qWW2YuZCVrC4="></latexit><latexit sha1_base64="eZ5bqMHfZM7GEz3iMzRAM8ILYKw="></latexit>

Poten8el	dipolaire	:	 V (x) = V0 sin2(kx)
<latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="rTYI9xutreDFQCJRyA7ru7VQHDQ="></latexit>

Unités	naturelles	pour	ce	problème	:

• longueur	:	 � = 2⇡/k
<latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="cXE/R2Xy6/q5PHbzqElWt6HYjoo="></latexit>

• énergie	:	 Erecul =
~2k2
2m

<latexit sha1_base64="9R11HByiGV3m6GjYVr9EQePyABc="></latexit><latexit sha1_base64="9R11HByiGV3m6GjYVr9EQePyABc="></latexit><latexit sha1_base64="9R11HByiGV3m6GjYVr9EQePyABc="></latexit><latexit sha1_base64="AAmYcBF9FtpyWc2Z2dQyvNtAEyY="></latexit>

micron

3-30	kHz	
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Bandes	d’énergie	pour	un	réseau	simple

V (x) = V0 sin2(kx)
<latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="rTYI9xutreDFQCJRyA7ru7VQHDQ="></latexit>

�1 �0.5 0 0.5 1
0

5

10

15

q/k

E
(n

)
q

/E
r

Tracé	pour	 V0 = 6Er
<latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="cP5i5lXnsVC3/pgo46KZnT4kTH4="></latexit>

�1 �0.5 0 0.5 1

2.1

2.2

q/k

E
(0

)
q

/E
r Bande	fondamentale	bien	décrite	par		

un	hamiltonien	de	Hubbard	avec
Eq = �2J cos(qa) + cte.

<latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="/WpNZVWQ5XGsO9q8swdeBcjrA7A="></latexit>

J ⇡ 0.05Er
<latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="N4wrqHSsV76LZcDdAPQFr2MEeNE="></latexit>
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SSH	et	Rice-Mele	:	le	super-réseau	op8que

Deux	ondes	sta8onnaires	à	λ	et	2λ	(typiquement	λ=532	nm)

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
<latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="nmFkaMxAa4KaeQxbPAbqpfzLgKk="></latexit>

L’intensité	du	réseau	principal	(de	courte	longueur	d’onde)	est	grande		
devant	celle	du	réseau	secondaire	(de	grande	longueur	d’onde)

Poten8el	du	réseau	principal	:	minima	en	

�1 �0.5 0 0.5 1
0

2

4

6

x/�
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x = n�/2
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Poten8el	du	super-réseau
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� = ±⇡/2
<latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="8GhLXi1l3uZdg/N0E/sTr2EklN8="></latexit>

� = �⇡/2
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Même	valeur	du		
poten8el	secondaire	
pour	tous	les	minima	
du	poten8el	principal

Augmente	une	
barrière	sur	deux
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Réalise	les	deux		
dimérisa/ons		
du	réseau	SSH

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
<latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="nmFkaMxAa4KaeQxbPAbqpfzLgKk="></latexit>

x/�
<latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="Ci+6ZlM/GlvsMMYrUqLp5MlHIp4="></latexit>



 17

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0
J

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0J

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0J

Poten8el	du	super-réseau V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
<latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="nmFkaMxAa4KaeQxbPAbqpfzLgKk="></latexit>

� = �⇡/2
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� = +⇡/2
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� = 0
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Décale	un	minimum	sur		
deux,	avec	la	même	hauteur		
de	barrière	partout	:

J = J 0, � > 0
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Bandes	d’énergie	du	super-réseau

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
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Vprinc. = 6Er
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� = ⇡/2
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Bon	accord	avec	le	modèle	SSH	(8retés)
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J = 0.07Er
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J 0 = 0.04Er
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Mesure	de	la	phase	de	Zak	dans	un	super-réseau

M. Atala et al., Nat. Phys. 9, 795 (2013)

Rappel	préliminaire	:	pour	une	chaîne	SSH	infinie,	la	phase	de	Zak	n’est	pas	
véritablement	un	invariant	topologique	:	dépend	du	choix	de	paramétrisa8on	A-B

Une	fois	ce	choix	fait,	on	trouve	:	

Procédure	suivie	à	Munich	:

Mesure	de	la	différence	de	phase												par	une	méthode	interférométrique		
en	inversant	les	valeurs	de	J	et	de	J’	au	cours	de	la	séquence	expérimentale

��
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A AA B B B
J
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J 0
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J 0
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�� ⌘ �[J 0>J]
Zak � �[J 0<J]

Zak = ±⇡
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Expérience	de	Munich	(simplifiée)

q
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qi
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qi +
2⇡

a
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• On	prépare	une	par8cule	dans	un	paquet	d’ondes	autour	du	moment	qi		dans	
un	super-réseau	SSH	avec

• On	applique	une	force	uniforme	F	qui	accélère	la	par8cule	(oscilla8ons	de	Bloch)	

~dq
dt

= F �! q(t) = qi + Ft/~
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• Quand	le	moment	de	Bloch	a	parcouru	une	largeur	de	zone	de	Brillouin,	on	
change	la	dimérisa8on	:																								

� = +⇡/2, J 0 < J
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et	on	inverse	le	signe	de	la	force	F

• On	mesure	la	phase	accumulée	quand	le	moment	a	repris	la	valeur	qi

� = �⇡/2, J 0 > J
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F
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�F
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Expérience	de	Munich	(plus	réaliste)

La	force	qui	induit	les	oscilla8ons	de	Bloch	résulte	d’un	gradient	de	champ	magné8que	:	
on	u8lise	une	technique	d’écho	de	spin	pour	compenser	les	fluctua8ons	du	champ

Mesure	interférométrique	de	la	phase	par	une	série	d’impulsions	micro-ondes	

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.

0

m=-5/2 m=-1/2

1 2 3-2-3 -1 0 1 2 3-2-3 -1

0 1 2 3-2-3 -1 0 1 2 3-2-3 -1

0

k k k

k k k

k k k

1 2 3-2-3 -1 0 1 2 3-2-3 -1

n(
k)

h(
k)

0.2

0.1

-0.1

-0.2

0

0.2

0.1

-0.1

-0.2

0

0

0.2

0.4

0.6

0

0.2

0.4

0.6

m=+3/2

0 1 2 3-2-3 -1

0 1 2 3-2-3 -1

0 1 2 3-2-3 -1

0.2

0.1

-0.1

-0.2

0

0

0.2

0.4

0.6

m=+3/2

m=-1/2

m=-5/2

x

B

+0.079(6) – 0.062(4)+0.018(5)

0 2 4 6 8 10

0.05

0.00

0.05

0.10

J

Ω /t1

x
y

x
y

x
y

-

RESEARCH | REPORTS

 o
n 

Se
pt

em
be

r 2
0,

 2
01

6
ht

tp
://

sc
ie

nc
e.

sc
ie

nc
em

ag
.o

rg
/

D
ow

nl
oa

de
d 

fr
om

 

NATURE PHYSICS DOI: 10.1038/NPHYS2790 ARTICLES

1 2 3

Bloch oscillation
D1, J > J'

MW pulse 
and phase

Bloch oscillation
D2, J < J'

Spin flip and
dimerization change

D1 D2

π/2, 0 π/2, ϕMWπ, 0

0

En
er

gy
 (

a.
u.

)

0

π/2

¬π/2

2.0

1.5

1.0

T
im

e 
(m

s)

0.5

0.0
¬2 ¬1 1 2 ¬2 ¬1 1 2

M
ax

. i
nt

en
si

ty
 (

a.
u.

)

2.0

1.5

1.0

T
im

e 
(m

s)

0.5

0.00
¬2 ¬1 1 2 ¬2 ¬1 1 2

¬1 0

Spin Spin Spin Spin

k (G/2)

k (G/2) k (G/2)

1 ¬1 0
k (G/2)

1 ¬1 0
k (G/2)

1

a

b c

kθ

Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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Noir	:	sans	changement

Bleu	:	avec	changement	de	dimérisa8on	SSH		

en	milieu	de	séquence
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Mesure	étendue	ensuite	au	modèle	Rice-Mele

q q q
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3.	

Pompe	adiaba8que		
dans	le	modèle	de	Rice-Mele
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Le	principe	d’une	pompe	adiaba8que

• Changement	cyclique	des	paramètres	
qui	contrôlent	l’état	d’un	fluide

• Après	un	cycle,	le	fluide	n’est	pas	revenu	
à	son	état	ini8al,	mais	une	certaine	
quan8té	de	ma8ère	a	été	transportée	

• CeEe	quan8té	transportée	ne	dépend	pas	de	la	durée	du	cycle

Version	quan/que	:
Quan/fica/on	de	la	quan/té	transportée	ou	du	déplacement	

D.J. Thouless, Phys. Rev. B 27, 6083 (1983)

Thouless, Kohmoto, Nightingale, den Nijs, Phys. Rev. Lett. 49, 405 (1982)
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Un	premier	exemple	(presque	trop	simple…)

Une	onde	sta8onnaire	translatée			 V (x) = V0 sin
2(kx� �)
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Réseau	très	profond	:	pas	d’effet	tunnel

A	l’instant	ini8al,	 � = 0
<latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="dRC5WWR2Zv3vTtBld6xYCZ+iyfg="></latexit>

La	phase						augmente	lentement	avec	le	temps�
<latexit sha1_base64="moEDPc2zkJT68lf94eIuMQiwUgI="></latexit><latexit sha1_base64="moEDPc2zkJT68lf94eIuMQiwUgI="></latexit><latexit sha1_base64="moEDPc2zkJT68lf94eIuMQiwUgI="></latexit><latexit sha1_base64="ydSzItqanWqRUqP/6BKHscik8G0="></latexit>

� = 0
<latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="ZJatelHJ2mP0H9agTwur9JjVvnw="></latexit><latexit sha1_base64="dRC5WWR2Zv3vTtBld6xYCZ+iyfg="></latexit>

� = ⇡
<latexit sha1_base64="une0luDOI151WsMpJ9ptUGFWcgo="></latexit><latexit sha1_base64="une0luDOI151WsMpJ9ptUGFWcgo="></latexit><latexit sha1_base64="une0luDOI151WsMpJ9ptUGFWcgo="></latexit><latexit sha1_base64="BicsgxSlS9cluua4Fz+8cbKRn0A="></latexit>



 25

Un	deuxième	exemple	(un	peu	moins	simple…)

Super-réseau	profond	:	pas	d’effet	tunnel		
à	travers	les	barrières	hautes

A B

� = 0

⇡/2

⇡

3⇡/2
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Une	par8cule	ini8alement	en	A1	finit	en	A2

Une	par8cule	ini8alement	en	B1	finit	en	…	B0
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Schéma	général	pour	une	pompe	adiaba8que
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L’expérience	de	Kyoto

Les	expériences	d’atomes	froids	ont	permis	la	réalisa8on	pra8que	
de	la	proposi8on	de	Thouless	(1983)	:	Kyoto,	Munich,	Maryland

S. Nakajima et al., Nature Phys. 12, 96 (2016)

10	000	atomes	de	171Yb	(fermions)

Série	de	tubes	ver8caux	indépendants

Un	super-réseau	op8que	le	long		
de	chaque	tube	(périodes	266	et	532	nm)

Taux	de	remplissage	:	0.7	atome/cellule
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Déplacement	après	plusieurs	cycles	de	pompe

posi8on	[a]

Densité	atomique
t = 0
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Nombre	de	cycles

Rouge	:	simple	transla/on	du	réseau

Bleu	:	boucle	dans	le	plan	(J’,Δ)	
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Robustesse	topologique	de	la	pompe	adiaba8que

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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(c)

Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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line. Data show mean 6 s.d. for at least six pairs of measurements.
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Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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30. Grushin, A. G., Gómez-León, A. & Neupert, T. Floquet fractional Chern insulators.
Phys. Rev. Lett. 112, 156801 (2014).

Supplementary Information is available in the online version of the paper.

Acknowledgements WethankH.Aoki fordrawingour attention to the relevanceof their
proposal for optical lattices and N. Cooper, S. Huber, L. Tarruell, L. Wang and A. Zenesini
for discussions. We acknowledge the SNF, the NCCR-QSIT and the SQMS (ERC
advanced grant) for funding.

Author Contributions The data were measured by G.J., M.M., R.D. and D.G. and
analysed by G.J., M.M., R.D., T.U. and D.G. The theoretical framework was developed by
G.J. and M.L. All work was supervised by T.E. All authors contributed to planning the
experiment, discussions and the preparation of the manuscript.

Author Information Reprints and permissions information is available at
www.nature.com/reprints. The authors declare no competing financial interests.
Readers are welcome to comment on the online version of the paper. Correspondence
and requests for materials should be addressed to T.E. (esslinger@phys.ethz.ch).

a

b c

–180° –135° –90° –45° 0° 45° 90 135° 180°
M

–1,500

–1,000

–500

0

500

1,000

1,500

–0.06

–0.03

0.0

0.03

0.06

–180° –90° 0° 90° 180°
M

–0.04

–0.02

0.00

0.02

0.04

D
iff

er
en

tia
l d

rif
t, 

   
 (q

B
)

  AB ≈ 0

Differential
drift,     (qB)

1 2

3

4

1 2

3

4

A
B
/h

 (H
z)

Δ

Δ

Figure 4 | Drift measurements. a, Differential drift D in quasi-momentum.
Each pixel corresponds to at least one pair of measurements, where the modulation
frequency was set to 3.75 kHz. Data points for Q 5 6120u, DAB/h 5 503(7) Hz
were not recorded and are interpolated. b, All topological regimes are
explored and the expected momentum-space drifts caused by the Berry
curvature are sketched for selected parameters. c, Cut along the DAB/h 5 15(7) Hz
line. Data show mean 6 s.d. for at least six pairs of measurements.
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access the full parameter space of the Haldane model using a fermionic
quantum gas, by extending the proposal to elliptical modulation of the
lattice position and additionally breaking IS through a deformation of
the lattice geometry.

The starting point of our experiment is a non-interacting, ultracold
gas of 4 3 104 to 6 3 104 fermionic 40K atoms prepared in the lowest band
of a honeycomb optical lattice created by several laser beams at wave-
length l5 1,064 nm, arranged in the x2y plane as depicted in Fig. 1c
and detailed in ref. 8. The two lowest bands have a total bandwidth of
h3 3.9(1) kHz (where h is Planck’s constant), with a gap of h3 5.4(2) kHz
to the next higher band, and contain two Dirac points at opposite quasi-
momenta; see Fig. 1d. After loading the atoms into the honeycomb lat-
tice, we ramp up a sinusoidal modulation of the lattice position along the
x and y directions with a final amplitude of 0.087(1)l, frequency 4.0 kHz
and phase difference Q. This gives access to linear (Q 5 0u or 180u), cir-
cular (Q 5 690u) and elliptical trajectories.

The effective Hamiltonian of our system in the phase-modulated hon-
eycomb lattice is computed using analytical and numerical Floquet theory
(see the Methods and Supplementary Information for a detailed dis-
cussion). It is well described by the Haldane model1

Ĥ~
X

ijh i
tijĉ

{
i ĉjz

X

ijh ih i
eiWij t0ijĉ

{
i ĉjzDAB

X

i[A

ĉ{i ĉi ð1Þ

where tij and t’ij are real-valued nearest- and next-nearest-neighbour
tunnelling amplitudes, and the latter contain additional phases Wij defined
along the arrows shown in Fig. 1a. The fermionic creation and anni-
hilation operators are denoted by ĉ{i and ĉi. The energy offset DABwv0
between sites of the A and B sublattice breaks IS and opens a gap jDABj
(ref. 8). TRS can be broken by changing Q. This controls the imaginary
part of the next-nearest-neighbour tunnelling, whereas its real part, as
well as tij and DAB, are mostly unaffected (Methods). Breaking only
TRS opens an energy gap jDTjat the Dirac points, given by a sum of the
imaginary part of the three next-nearest-neighbour tunnel couplings
connecting the same sublattice

DT~{
X

l

w lt’l sin Wlð Þ~Dmax
T sin Qð Þ ð2Þ

with weights w l of order unity, which depend on the position of the Dirac
points in the Brillouin zone. The sum is taken over the different types
of next-nearest-neighbour bond, and the origin of the second equality
is discussed in the Supplementary Information. Circular modulation
(Q 5 690u) leads to a maximum gap (h|88z10

{34 Hz for our parameters),
whereas the gap vanishes for linear modulation (Q 5 0u, 6180u), where
TRS is preserved.

We will first present measurements which confirm that breaking either
symmetry is sufficient to open a gap in the band structure. For this, we
restrict ourselves to either Q 5 0uor DAB 5 0, corresponding to the two
axes of the Haldane diagram of Fig. 1b. Subsequently we will present
measurements in which we explore the topology of the lowest band in
the same parameter regime by probing the Berry curvature. To probe
the opening of gaps in the system, we drive Landau–Zener transitions
through the Dirac points8,22. Applying a constant force along the x
direction by means of a magnetic field gradient causes an energy offset
DE/h 5 103.6(1) Hz per site, thereby inducing a Bloch oscillation. After
one full Bloch cycle the gradient is removed and the fraction of atoms j
in the second band is determined using a band-mapping procedure
(Methods). For broken IS, a gap given by jDABjopens at both Dirac points.
In this case, jreaches a maximum at DAB 5 0, which indicates a vanishing
energy gap, and decays symmetrically around this point as expected; see
Fig. 2a. In the case of broken TRS (Fig. 2b), a reduction in transfer versus
modulation phase is observed. This signals an opening gap, which is found
to be largest for circular modulation, as expected from equation (2).

Breaking either IS or TRS gives rise to similar, gapped band structures
which remain point-symmetric around quasi-momentum q 5 0. How-
ever, the energy spectrum itself is not sufficient to reveal the different
topology of the band, which is given by the associated eigenstates. These
are characterized by a local geometrical property: the Berry curvature V(q)
(ref. 6). In q-space, V(q) is analogous to a magnetic field and corresponds
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Figure 2 | Probing gaps and Berry curvature. a, b, Fraction of atoms in
the second band jafter one Bloch oscillation in the qx direction. We break
either IS (a) by introducing a sublattice offset DAB or TRS (b) via elliptical
modulation (see diagrams below). This corresponds to scanning either of the
two axes of the Haldane model. A gap opens at both Dirac points, given by
| DAB | or Dmax

T sin Qð Þ
!! !!, respectively, thereby reducing j. c, d, Differential driftD

obtained from Bloch oscillations in opposite qy directions. For broken IS (c),

the opposite Berry curvatures at the two Dirac points cancel each other, while
for broken TRS (d) the system enters the topological regime, where opposite
drifts for Qwv0 are expected. Data show mean 6 s.d. of at least 6 (a–c) or 21
(d) measurements, and the Bloch momentum qB 5 2p/l. The numbers in
parentheses are the standard deviations of the calibrations of the parameters
used for those plots. e, Sketches illustrating gaps and Berry curvature in
different regimes. Red (blue) indicates positive (negative) Berry curvature.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.
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Figure 3 | Topological aspects of cRM pumping. a, Charge pumped during a simple cRM pumping (b), topologically nontrivial pumping (c), topologically
trivial pumping (d), and negative sweep cRM pumping (e). The vertical error bars denote the standard error of the mean of ten CoM measurements.
b–e, Schematic pumping sequences in the �–� plane (top), the corresponding band structures in the k–t Brillouin zone (middle), and the Berry curvatures
of the pumping cycles (bottom). The indices w in the top figures indicate the winding number of each trajectory around the origin. � and � are in units of
the recoil energy ER.

as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).

298

© 2016 Macmillan Publishers Limited. All rights reserved

NATURE PHYSICS | VOL 12 | APRIL 2016 | www.nature.com/naturephysics

LETTERS NATURE PHYSICS DOI: 10.1038/NPHYS3622

−15
−20
−25
−30
−35
−40

0 1/4 1/2 3/4 0 1/4 1/2 3/4 1 −π 0 1/4 1/2 3/4 1
−π1 0 1/4 1/2 3/4 1 −π

t/T

0 0 0

0

∆ ∆ ∆ ∆

w = +1

0.85 0.85 0.85

8.5−8.5
−7.5 7.5

8.5−8.5 −8.5 −8.5 8.5−7.5 7.5 8.5

−0.85 w = +1
−0.51

t/T t/T

w = 0

t /
T

En
er

gy
 E

(k
, t

) (
E R)

0.8
0.6
0.4
0.2

2.4

1.8

1.2

0.6

0.0

0.8
0.0
−0.8
−1.6
−2.4

−0.2
−0.4
−0.6
−0.8

π
kd

t/T

π
kd

ππ
kdkd

kd kd kd kd

w = −1

0.85

−0.85

a b c d e

Ce
nt

re
 o

f m
as

s p
os

iti
on

 z 
(d

)

Berry curvature (a.u.)

−4

−2

0

2

4

Time t (T)

b (forward cRM pump)
e (backward cRM pump)
c
d

543210

δ δ δ δ

0.51

0

1

−π

−π π −π π −π π −π π

 = +1ν

 = −1ν
 = 0ν

Figure 3 | Topological aspects of cRM pumping. a, Charge pumped during a simple cRM pumping (b), topologically nontrivial pumping (c), topologically
trivial pumping (d), and negative sweep cRM pumping (e). The vertical error bars denote the standard error of the mean of ten CoM measurements.
b–e, Schematic pumping sequences in the �–� plane (top), the corresponding band structures in the k–t Brillouin zone (middle), and the Berry curvatures
of the pumping cycles (bottom). The indices w in the top figures indicate the winding number of each trajectory around the origin. � and � are in units of
the recoil energy ER.

as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
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sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
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pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
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a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
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are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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Hamiltonien	cyclant	et	théorème	de	Bloch
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?

On	part	à	l’instant	t	=	0	d’un	état	
de	Bloch	de	la	bande	fondamentale.		

Quel	est	l’état	de	la	par8cule	après		
un	cycle	de	la	pompe	de	durée	T	?

| (�)
q i
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• A	tout	instant	t,	l’hamiltonien	reste	périodique	d’espace.	L’état	de	la	par8cule	
peut	donc	s’écrire eiqx u(x)
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• Si	les	paramètres																						varient	lentement	dans	le	temps	et	s’il	n’y	a	
jamais	de	dégénérescence	(pas	de	fermeture	de	gap),	suivi	adiaba8que	
de	l’état	de	la	bande	fondamentale	:
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Hamiltonien	cyclant	et	phase	géométrique
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connexion	de	Berry	«	temporelle	»

où	l’on	a	introduit	l’opérateur	«	moment	de	Bloch	»						:		q̂
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Le	déplacement	du	centre	du	paquet	d’ondes

Opérateur	posi8on	dans	le	réseau						,		
conjugué	de	l’opérateur	moment	 q̂
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Point	de	vue	de	Heisenberg	:

x̂(T ) = Û †(T ) x̂ Û(T ) = x̂� @q�(q̂)
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Déplacement	durant	un	cycle	de	pompe,	après	moyenne	sur	la	distribu8on	
ini8ale											du	moment	de	Bloch				:	⇧(q)
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<latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="SQDpyF2zBtw461+jST6M3rfF7K4="></latexit>

soit	pour	une	popula8on	uniforme	de	la	bande	: �x = � a

2⇡

Z +⇡/a

�⇡/a
@q�(q) dq

<latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="9xdhK6BpKRN/zcH9CEw9T+++DP4="></latexit>

�x = �
Z +⇡/a

�⇡/a
@q�(q) ⇧(q) dq

<latexit sha1_base64="nf2tqgsEir61QomZGLVnpY2B1ls="></latexit><latexit sha1_base64="nf2tqgsEir61QomZGLVnpY2B1ls="></latexit><latexit sha1_base64="nf2tqgsEir61QomZGLVnpY2B1ls="></latexit><latexit sha1_base64="FcE304K847g5TaMygnE+SZfgfok="></latexit>
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Déplacement	du	centre	de	masse	et	phase	géométrique

�(q) = �dyn(q) + �geom(q)
<latexit sha1_base64="iTSCJEyHd9l5hf61vpihophEyLw="></latexit><latexit sha1_base64="iTSCJEyHd9l5hf61vpihophEyLw="></latexit><latexit sha1_base64="iTSCJEyHd9l5hf61vpihophEyLw="></latexit><latexit sha1_base64="gIBWWdmBWMGngq8i1CYmUKLDl7I="></latexit>

�x = � a

2⇡

Z +⇡/a

�⇡/a
@q�(q) dq

<latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="7p/Dg5GxODMhghKtHiPsWlSO/X8="></latexit><latexit sha1_base64="9xdhK6BpKRN/zcH9CEw9T+++DP4="></latexit>

x
<latexit sha1_base64="sV0iKB37WaIEl9r1rKAa7pwkymQ="></latexit><latexit sha1_base64="sV0iKB37WaIEl9r1rKAa7pwkymQ="></latexit><latexit sha1_base64="sV0iKB37WaIEl9r1rKAa7pwkymQ="></latexit><latexit sha1_base64="+B1/ALA+DeIUQcBJ3TSiPMlXfKo="></latexit>

t = 0
<latexit sha1_base64="eSyrhKQLTe4+H8pFf156VJm+hE8="></latexit><latexit sha1_base64="eSyrhKQLTe4+H8pFf156VJm+hE8="></latexit><latexit sha1_base64="eSyrhKQLTe4+H8pFf156VJm+hE8="></latexit><latexit sha1_base64="Bm8wOR6cJ8/dvWm9KTPC+1rYAhg="></latexit> t = T

<latexit sha1_base64="i9JMVMtGT2V5i/2y+NSO2+Cr0nA="></latexit><latexit sha1_base64="i9JMVMtGT2V5i/2y+NSO2+Cr0nA="></latexit><latexit sha1_base64="i9JMVMtGT2V5i/2y+NSO2+Cr0nA="></latexit><latexit sha1_base64="qSrp5JX5/Dl6y6NoRzEmyuiIB4A="></latexit>

�x
<latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="Wnjr2br78nAfa22+BCgYb14GIdo="></latexit><latexit sha1_base64="SQDpyF2zBtw461+jST6M3rfF7K4="></latexit>

• La	contribu8on	de	la	phase	dynamique	s’annule	du	fait	de	la	périodicité	
de	l’énergie								avec					sur	la	zone	de	Brillouin		Eq

<latexit sha1_base64="XtPmc3UPCT2xn5V1sERMzGyQbLo="></latexit><latexit sha1_base64="XtPmc3UPCT2xn5V1sERMzGyQbLo="></latexit><latexit sha1_base64="XtPmc3UPCT2xn5V1sERMzGyQbLo="></latexit><latexit sha1_base64="FLbObdvU+D2vey6J0QYrAWRa234="></latexit>

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

• Contribu8on	de	la	phase	géométrique	:

�x = � a

2⇡

Z +⇡/a

�⇡/a

d�geom

dq
dq

<latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="jJX9zx1uyNcZxlw0GmH6cVkwyJM="></latexit>

= � a

2⇡
[�geom(+⇡/a)� �geom(�⇡/a)]

<latexit sha1_base64="7K6n7FEz7qT+HfF014qhXOMQS04="></latexit><latexit sha1_base64="7K6n7FEz7qT+HfF014qhXOMQS04="></latexit><latexit sha1_base64="7K6n7FEz7qT+HfF014qhXOMQS04="></latexit><latexit sha1_base64="nhaplwPXDW9S0683d0ePwu43tSY="></latexit>

vigilance	nécessaire	du	fait	de	singularités	mathéma/ques	possibles

On	va	faire	ici	une	évalua8on	géométrique	de	 �geom(+⇡/a)� �geom(�⇡/a)
<latexit sha1_base64="83cGnOKKjOjTMtA4g6Qh0Va5uys="></latexit><latexit sha1_base64="83cGnOKKjOjTMtA4g6Qh0Va5uys="></latexit><latexit sha1_base64="83cGnOKKjOjTMtA4g6Qh0Va5uys="></latexit><latexit sha1_base64="HYx+Iot1jAcnQ3Xf1oU5ZJIVRw4="></latexit>
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J 0/J

�/J

0

0.5

1

�0.5

�1

2

�/J
<latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="0ZuIgVaQ32wmrvOWOKmXpHFVlE4="></latexit>

J 0/J
<latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="Xx8GLjH4gd9aLjzNNviaOa/N3fs="></latexit>

cos ✓q =
�

|h(q)|
<latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="wcHMkrSDmsVFM92mdzpXzh6ojos="></latexit>

ei�q sin ✓q =
J 0 + J eiqa

|h(q)|
<latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="Gtc46mTULmM/xdUenM0KpiLdtCY="></latexit>

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

t
<latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="gWAT2JmyRgavuYE85QHV/9udxHU="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

T
<latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="KVYFrogTDNlxJI54ggBu+vzokVc="></latexit>

Phase	géométrique	et	sphère	de	Bloch

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

qa = 0 : ei�q sin ✓q réel > 0, pôles non atteints
<latexit sha1_base64="XC3HvPM8cIUgZZI59L+iE/gIATY="></latexit><latexit sha1_base64="XC3HvPM8cIUgZZI59L+iE/gIATY="></latexit><latexit sha1_base64="XC3HvPM8cIUgZZI59L+iE/gIATY="></latexit><latexit sha1_base64="fQ1xEIKxeJqPLx5wQ04gMMN3RAM="></latexit>

qa = ±⇡ : ei�q sin ✓q réel changeant de signe, pôles atteints
<latexit sha1_base64="qBDiPMwaRssRN14VEtzk9ZDdr2w="></latexit><latexit sha1_base64="qBDiPMwaRssRN14VEtzk9ZDdr2w="></latexit><latexit sha1_base64="qBDiPMwaRssRN14VEtzk9ZDdr2w="></latexit><latexit sha1_base64="0tsRj3ymuJuh5tFOXs0p8eTMmJ8="></latexit>



Bilan	de	ces	«	enroulements	»	sur	la	sphère

J 0/J

�/J

0

0.5

1

�0.5

�1

2

�/J
<latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="0ZuIgVaQ32wmrvOWOKmXpHFVlE4="></latexit>

J 0/J
<latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="Xx8GLjH4gd9aLjzNNviaOa/N3fs="></latexit>

• Tous	les	points	de	la	sphère	de	Bloch	sont	
aEeints	pour	au	moins	un	couple	 (q, t)

<latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="1M5sfXqx7/9DNQih1NgNqsnZhLc="></latexit>

La	sphère	de	Bloch	est	«	enveloppée	»	
d’une	manière	«	indéfroissable	»

�x = � a

2⇡
[�geom(+⇡/a)� �geom(�⇡/a)]

<latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="8VALYbA/sx1iJdNRvjedjEkSAeA="></latexit>

• Par	con8nuité,	on	a	donné	un	sens	à	l’équa8on	

= � a

2⇡
[(+⇡)� (�⇡)] = �a

<latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="r/CwDq0OcvQd7a+hbmjEUr4dMWM="></latexit>

Déplacement	quan/fié	!

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1
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�
g
eo

m
/⇡

�geom/⇡
<latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="O6JXFXDT74/hHdsFph/UKYX43qU="></latexit>

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>
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Lien	avec	la	courbure	de	Berry

Nous	avons	introduit	ici	deux	connexions	de	Berry	:

A1(q, t) = ihuq,t|@quq,ti
<latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="Vg7/uVkr+gtVp2g4Gr40Wg67ZcY="></latexit>

calcul	de	la	phase	de	Zak

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

t
<latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="gWAT2JmyRgavuYE85QHV/9udxHU="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

T
<latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="KVYFrogTDNlxJI54ggBu+vzokVc="></latexit>

A2(q, t) = ihuq,t|@tuq,ti
<latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="8kQLL7e5IQg9s93yFxvPGFIEkfU="></latexit>

calcul	de	la	phase	géométrique		
sur	un	cycle	de	pompe	à	q	fixé

Courbure	de	Berry	pour	ce	problème	effec8vement	bi-dimensionnel	:

⌦(q, t) =

✓
@q
@t

◆
⇥

✓
A1

A2

◆

<latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="iMJZfNrndMbvrzWVxOrzXmOoDoo="></latexit>

= i (h@quq,t|@tuq,ti � h@tuq,t|@quq,ti)
<latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="zvc956fV7LPWNWDRvYNvnJkULqE="></latexit>

réelle

Intégra8on	par	par8es	:

�x = � a

2⇡

Z +⇡/a

�⇡/a

Z T

0
⌦(q, t) dq dt

<latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="eOV5u1zCs/hPtLYrQHSh1TvHzxs="></latexit>

�x = � a

2⇡

Z +⇡/a

�⇡/a

d�geom

dq
dq

<latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="jJX9zx1uyNcZxlw0GmH6cVkwyJM="></latexit>

ROBUSTE	!



Conclusions

Pompe	adiaba8que	:	premiers	pas	vers	des	problèmes	bi-dimensionnels	:

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q, t
<latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="OGZXCYt6nt+5Hx4yN2XxGeLWocg="></latexit>

qx, qy
<latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="9adn6O+nkgp0UnGB52p3VTjj8Ak="></latexit>

Quan.fica.on	du	transport	dans	un	cycle	de	pompe		[0,T	]

Nouvel	invariant	topologique	:	comment	«	envelopper	»	la	sphère	de	Bloch

Appari8on	de	la	courbure	de	Berry	pour	calculer	la	quan8té	quan8fiée:
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Intégrale	prise	sur			ZoneBrillouin	x	[0,T	]


