
Chapitre 5

La transition BKT explorée avec des gaz d’atomes
ou de polaritons
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Aux chapitres précédents, nous avons montré l’existence d’une transi-
tion superfluide dans un gaz de Bose 2D. Le régime superfluide obtenu
à basse température est caractérisé par un quasi-ordre à longue portée :
la fonction G1(r) décroît algébriquement avec r ; à haute température, le
régime normal correspond à une décroissance exponentielle de G1. Nous
avons également établi qu’au point de transition, la densité dans l’espace
des phases Ds associée à la fraction superfluide saute de la valeur 4 à la
valeur 0.

Le but de ce chapitre est de montrer comment les gaz dilués formés
d’atomes ou de particules composites matière–lumière permettent de tes-
ter ces différentes propriétés. Nous commençons par revenir sur le forma-
lisme de champ classique pour déterminer la position du point de transi-
tion en termes des variables thermodynamiques "usuelles", densité totale,
température, potentiel chimique. Nous décrivons ensuite une série d’expé-
riences récentes menées sur des gaz d’atomes bosoniques ou fermioniques
(mais pouvant former des molécules diatomiques qui seront donc des bo-
sons) et qui ont permis de tester à la fois la position du point critique et
les propriétés du gaz de part et d’autre de ce point. Nous terminons par la
description de quelques expériences de même nature menées sur les pola-
ritons de cavité.

Notons que nous nous limiterons dans ce chapitre au cas d’un plan
unique ou de plans indépendants. Nous n’aborderons donc pas la question
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LA TRANSITION BKT EXPLORÉE AVEC DES GAZ § 1. Lois d’échelle au point critique

(pourtant intéressante !) de la transition entre la situation 2D et la situation
3D, obtenue par exemple quand on introduit un couplage entre des plans
parallèles entre eux (CAZALILLA, IUCCI et al. 2007).

1 Lois d’échelle au point critique

La relation ρsλ
2
T = 4 reliant la densité superfluide et la température

de transition est universelle, dans la mesure où elle ne dépend pas de la
force des interactions, caractérisée par le paramètre g̃ introduit au chapitre
précédent. Néanmoins cette relation est incomplète car elle ne donne pas
la relation entre la densité totale ρ et la température critique. Il s’agit d’une
relation implicite où ρs dépend elle-même de la température et elle doit
donc être écrite

ρs(Tc) λ
2
Tc

= 4 avec λ2
T =

2π~2

mkBT
. (1)

Pour déterminer la densité totale au point critique, il faut revenir au mo-
dèle microscopique qui régit la dynamique de notre gaz en interaction,
comme cela a été fait initialement par FISHER & HOHENBERG (1988). Nous
décrivons ici l’approche développée par PROKOF’EV, RUEBENACKER et al.
(2001) et PROKOF’EV & SVISTUNOV 2002, qui est basée sur la modélisation
du gaz par un champ classique ψ(r).

1-1 Thermodynamique du champ classique

Nous avons déterminé au chapitre 3 la fonctionnelle d’énergie associée
au champ ψ décrivant le fluide à N particules :

E[ψ] =
~2

2m

∫ [
|∇ψ|2 + g̃ |ψ(r)|4

]
d2r, N =

∫
|ψ(r)|2 d2r, (2)

l’intégrale spatiale étant prise sur une surface L × L. Nous avons montré
que les excitations pouvaient se décrire à l’approximation de Bogoliubov
par des ondes planes de vecteur d’onde q et de pulsation ωq :

ωq =
~

2m

[
q2
(
q2 + 4g̃ρ

)]1/2
avec ρ =

N

L2
. (3)

L’énergie totale du gaz s’écrit alors comme la somme de l’énergie d’inter-
action du gaz au reposE0 et des énergies εq associées aux différents modes
de Bogoliubov :

E ≈ E0 + EBog avec E0 =
~2

2mL2
g̃N2, EBog =

∑
q

εq. (4)

Coupure ultraviolette. Rappelons que cette approche champ classique
nécessite la mise en place d’une coupure ultra-violette pour éviter les di-
vergences de type corps noir. Cette divergence peut être mise à ~ωq,max ∼
kBT , puisque c’est au niveau de ~ω ∼ kBT que l’approche correcte (champ
quantique) vient limiter la contribution des modes par le facteur e−~ω/kBT

(cf. chapitre 3, § 1-2). Dans ce qui suit, nous nous intéresserons à un do-
maine de température tel que kBT � ~2

m g̃ρ. Cela entraîne que la coupure
se situe dans la zone où la relation de Bogoliubov correspond au régime de
particule libre 1, ωq ≈ ~q2/(2m) :

~2q2
max

2m
≡ ζ kBT. (5)

où le nombre sans dimension ζ est d’ordre 1, sans qu’on puisse lui assi-
gner une valeur plus précise. À chaque fois que ζ interviendra ci-dessous
(ce sera à l’intérieur d’un logarithme), il faudra tenir compte de cette im-
précision inévitable de notre approche "champ classique".

Énergie libre et potentiel chimique. Nous cherchons à relier entre elles
différentes variables thermodynamiques, densité, température, potentiel
chimique, pour déterminer la position du point critique en fonction de ces
variables. Nous adoptons pour l’instant le point de vue de l’ensemble ca-
nonique, en travaillant à température et nombre de particule fixés. Le po-
tentiel chimique µ se déduit alors de l’énergie libre F (T,N,L2) :

µ =

(
∂F

∂N

)
T,L2

, (6)

1. Cette hypothèse correspond à la plupart des régimes expérimentaux étudiés jusqu’à
maintenant, mais il ne serait pas difficile de se placer dans le régime opposé d’une coupure
située dans la plage du régime de phonons ωq ≈ c0q.
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l’énergie libre étant elle-même déduite de la fonction de partition Z :

F = −kBT lnZ. (7)

Puisque nous avons décrit (de manière approchée) la dynamique du gaz
comme celle d’une somme d’oscillateurs indépendants formés par les
modes de Bogoliubov, commençons par rappeler la fonction de partition
et l’énergie libre d’un oscillateur de pulsation ω et d’énergie ε(x, p) =
p2

2m + 1
2mω

2x2. Du fait de l’approximation de champ classique, valable si
~ω � kBT , on peut se limiter ici à l’expression classique 2 de cette fonction
de partition :

Z =
1

2π~

∫
e−ε(x,p)/kBT dx dp =

kBT

~ω
. (8)

dont on déduit l’énergie libre :

F = −kBT lnZ = −kBT ln

(
kBT

~ω

)
. (9)

Comme les modes de Bogoliubov sont indépendants, la fonction de par-
tition s’écrit comme le produit des fonctions de partition associées à chaque
mode, et l’énergie libre est obtenue en prenant la somme de ces différentes
contributions :

F (T,N,L) = E0 − kBT
∑
q

ln

(
kBT

~ωq

)
. (10)

Pour obtenir le potentiel chimique, prenons la dérivée de cette fonction par
rapport à N à température T et surface L2 constantes. Pour cela, on utilise
en particulier

∂E0

∂N

∣∣∣∣
T,L2

=
~2

mL2
g̃N

∂ ln(ωq)

∂N

∣∣∣∣
T,L2

=
2g̃

L2

1

q2 + 4g̃ρ
(11)

puis en remplaçant la somme sur q par une intégrale, on arrive à

µ ≈ ~2

m
g̃ρ+

kBT

2π
g̃

∫ qmax

0

2q

q2 + 4g̃ρ
dq

≈ ~2

m
g̃ρ+

kBT

2π
g̃ ln

(
ζ

kBT

2~2g̃ρ/m

)
, (12)

2. On peut bien sûr prendre la version quantique de ce calcul, Z =
∑∞
n=0 e

−εn/kBT avec
εn = (n+ 1

2
)~ω, qui redonne le résultat (8) dans la limite ~ω � kBT .

où nous avons donc exprimé le potentiel chimique µ en fonction de la den-
sité ρ.

Cette relation peut également s’écrire en terme de la densité dans l’es-
pace des phases D = ρλ2

T :

µ

kBT
≈ g̃

2π

[
D + ln

(
ζ
π

g̃D

)]
avec ζ ∼ 1. (13)

Les relations (12) ou (13) constituent une équation d’état du gaz en interac-
tion, équation qui relie ici la variable thermodynamique µ aux deux autres
variables intensives T et ρ.

Remarquons que la validité de l’approximation de Bogoliubov n’est as-
surée que si le deuxième terme de cette expression est plus petit que le
premier. Nous avions en effet trouvé au chapitre 3 que les fluctuations re-
latives de densité avaient pour expression

∆ρ2

ρ2
≈ 2

D ln

(
ζ

2π

g̃D

)
, (14)

ce qui correspond, à un facteur numérique près, au rapport entre les deux
termes de (12). Or, il faut que ∆ρ� ρ pour que le développement à la base
de la méthode de Bogoliubov soit justifié.

1-2 Densité totale et densité superfluide

On peut inverser la relation (13) pour exprimer la densité en fonction du
potentiel chimique, ce qui correspond au choix de variables du point de
vue grand-canonique. Cette inversion se fait simplement dans la mesure
où le deuxième terme de (13) est petit devant le premier :

D ≈ 2π

g̃

µ

kBT
− ln

(
ζ
kBT

2µ

)
. (15)

Nous avons vu au chapitre précédent que le point de transition BKT
est repéré par la valeur qu’y prend la densité superfluide. Pour progresser,
nous devons donc évaluer cette densité superfluide en fonction des para-
mètres du modèle de champ classique. Cela peut se faire en première ap-
proximation en utilisant la formule de Landau (PITAEVSKII & STRINGARI
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2016), adaptée au cas bi-dimensionnel :

ρs = ρ+
1

(2π)2

~2

2m

∫
dN
dε

q2 d2q, (16)

où N (ε) est le nombre d’occupation d’un mode d’excitation ε. Nous consi-
dérons ici les modes de Bogoliubov comme un champ classique à l’équi-
libre thermodynamique et de potentiel chimique nul :

N (ε) =
kBT

ε
→ dN

dε
= −kBT

ε2
= − kBT

(~ωq)2
(17)

L’intégrale sur les modes q donne alors

Ds ≈ D − ln

(
ζ
kBT

2µ

)
. (18)

1-3 Caractérisation du point critique

Supposons qu’il soit légitime d’étendre les résultats (15-18) jusqu’au
point critique où Ds = 4. On arrive alors à l’équation reliant le paramètre
d’interaction g̃ au potentiel chimique et à la température :

point critique : D − ln

(
ζ
kBT

2µ

)
≈ 4, (19)

ou encore

point critique :
µ

kBT
≈ g̃

π

[
ln

(
ζ
kBT

2µ

)
+ 2

]
≈ g̃

π
ln

(
ζ ′
kBT

µ

)
, (20)

où nous avons introduit une constante sans dimension d’ordre unité, ζ ′ =
ζ e2/2. Comme nous l’avons fait ci-dessus, nous pouvons inverser 3 cette

3. Cette inversion se fait de manière rigoureuse en passant par la fonction de Lambert,
w =W (z), oùw est solution de l’équation z = wew , avec ici z = ζ′π/g̃ etw = ln(ζ′ kBT/µ).
Le développement asymptotique aux grands z :

W (z) ∼ ln(z)− ln[ln(z)] +
ln[ln(z)]

ln(z)
+ . . . (21)

conduit alors (22).

relation en remplaçant l’argument du logarithme kBT/2µ par π/4g̃, ce qui
conduit à la loi d’échelle au point critique

µ

kBT

∣∣∣∣
crit.

≈ g̃

π
ln

(
Cµ
g̃

)
. (22)

avec Cµ = πζ ′.

Nous avons donc obtenu la loi d’échelle pour la valeur du paramètre
µ/kBT au point critique en fonction de la force des interactions. Notons
que la valeur précise de la constanteCµ n’est pas accessible dans le cadre de
notre modèle, car la précision de la coupure ultra-violette que nous avons
mise à la main via le paramètre ζ n’est pas suffisante pour déterminer la
valeur correcte de Cµ (i.e. à mieux qu’un facteur 2 ou 3 près).

On peut ensuite injecter ce résultat dans l’expression (15) de la densité
dans l’espace des phases. En utilisant (15), on trouve

point critique : D ≈ 2 ln

(
Cµ
g̃

)
− ln

(
ζ
kBT

2µ

)
≈ 2 ln

(
Cµ
g̃

)
− ln

(
π

2g̃

)
, (23)

où l’on a négligé un terme en ln[ln(g̃)]. On obtient finalement :

D|crit. ≈ ln

(
CD
g̃

)
, (24)

où CD = 2C2
µ/π est une autre constante numérique. Cette loi d’échelle était

absente du résultat du cours précédent, qui ne portait que sur la valeur
de Ds. Comme pour Cµ, l’imprécision amenée par notre coupure ultra-
violette est telle que nous ne pouvons pas faire mieux qu’évaluer l’ordre
de grandeur de cette constante (de l’ordre d’une ou quelques centaines).

Pour déterminer la valeur de ces constantes Cµ et CD, PROKOF’EV,
RUEBENACKER et al. (2001) ont mené des simulations de champ classique
qu’ils ont raccordées de manière précise au résultat quantique asympto-
tique pour une particule libre aux grands ω. Cela leur a permis de caracté-
riser précisément la position du point critique pour une force d’interaction
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g̃ donnée :

D|crit. ≈ ln

(
380

g̃

)
(25)

µ

kBT

∣∣∣∣
crit.

≈ g̃

π
ln

(
13.2

g̃

)
(26)

Le domaine de validité de cette approche de champ classique est limité au
cas de faible interaction g̃ � 1. Une borne supérieure sur les valeurs de g̃
est obtenue en comparant la densité dans l’espace des phases totale donnée
en (25) à la densité superfluide au point critique, Ds = 4. Comme il faut
bien évidemment que D > Ds, ceci impose g̃ < 7. On retrouve ici la critère
d’interactions fortes g̃ & 2π donné précédemment. Pour les expériences
d’atomes froids ou de polaritons usuelles, g̃ varie entre 0.01 et 1, de sorte
que la densité dans l’espace des phases au point critique varie entre 10.5 et
6. La densité superfluide Ds = 4 représente donc entre 40 % et 70 % de la
densité totale en ce point.

Le résultat de PROKOF’EV, RUEBENACKER et al. (2001) obtenu à partir
de simulations de champs classiques a ensuite été confirmé (pour g̃ suf-
fisamment petit) par des approches Monte Carlo quantique et par la mé-
thode du groupe de renormalisation non perturbatif (PILATI, GIORGINI et
al. 2008 ; HOLZMANN & KRAUTH 2008 ; RANÇON & DUPUIS 2012).

2 Le point critique d’un gaz atomique piégé

Jusqu’ici, notre analyse de la transition BKT a été menée pour un gaz
homogène et infini. Or la plupart des expériences sur les gaz atomiques
sont menées dans des pièges harmoniques. Le but de ce paragraphe est
d’étudier la connexion entre les deux problèmes, en utilisant l’approxima-
tion de densité locale. Nous pourrons ainsi faire le lien entre la condensation
de Bose–Einstein trouvée au chapitre 2 pour un gaz parfait confiné dans
un potentiel harmonique et la transition BKT obtenue pour un gaz réel. 0 2 4 6 8 10

0

4

8

prolifération de
vortex	isolés

pas	de
vortex	isolés

h`2i
⇠2

Ds

V (r)

r

µ

0

µ� V (r) = µhom

FIGURE 1. Principe de l’approximation de densité locale : l’état d’équilibre du gaz
au point r dans un piège V (r) est similaire à celui d’un gaz homogène de même
température et de potentiel chimique µhom. = µ− V (r).

2-1 L’approximation de densité locale

Nous avons déjà rencontré l’approximation de densité locale au cha-
pitre 2, lors de notre étude du gaz parfait. Son principe se généralise di-
rectement au cas d’un fluide en interaction. Partons d’une assemblée de
particules confinées dans un potentiel V (r) et à l’équilibre thermodyna-
mique. Cet équilibre est caractérisé (par exemple) par les deux variables T
(température) et µ (potentiel chimique). L’approximation de densité locale
consiste à poser que les quantités physiques définies localement, la densité
spatiale ρ(r) par exemple, s’expriment en fonction du résultat connu pour
le gaz homogène (cf. figure 1)

ρ(r) = ρhom.(Thom., µhom.) (27)

avec
Thom. = T µhom. = µ− V (r). (28)

Pour simplifier l’écriture, nous poserons V (0) = 0 dans ce qui suit.

Pour un fluide classique, cette approximation est fondée sur la forme
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de la fonction de partition

Z =

∫
exp

{
−E[{rj ,pj}]/kBT

} ∏
j

d2rj d2pj (29)

avec pour le système homogène

Ehom[{rj ,pj}] =
∑
j

(
p2
j

2m
− µ

)
+

1

2

∑
i 6=j

V(ri − rj) (30)

et pour le système confiné dans le potentiel V (r) :

E[{rj ,pj}] =
∑
j

(
p2
j

2m
+ V (rj)− µ

)
+

1

2

∑
i 6=j

V(ri − rj). (31)

Cette approximation est valable si la portée du potentiel d’interaction V
et le libre parcours moyen sont petits devant l’échelle spatiale de varia-
tion de la densité dans le potentiel de confinement V (r). Pour un fluide de
particules quantiques, il faut en plus passer par une approximation semi-
classique, pour transformer la somme sur les énergies de la fonction de
partition, en une intégrale sur les positions et les vitesses (GIORGINI, PI-
TAEVSKII et al. 1997 ; HOLZMANN, CHEVALLIER et al. 2008) .

2-2 Faibles densités et approche de Hartree–Fock

Dans un piège à "bord mou", un piège harmonique par exemple, la den-
sité décroît graduellement quand on s’éloigne du centre. Les régions les
plus lointaines ont un potentiel chimique local µ − V (r) négatif, et grand
en valeur absolue devant kBT , ce qui correspond à un gaz très dilué. En
première approximation, on peut traiter ce gaz comme un gaz parfait et
utiliser la relation que nous avions obtenue dans le cours 2 :

ρ(r)λ2
T = − ln

(
1− Z e−V (r)/kBT

)
avec Z = eµ/kBT . (32)

On peut améliorer cette approximation en ajoutant à l’énergie de pié-
geage V (r) une estimation de l’énergie εint nécessaire pour insérer une

nouvelle particule du fait des interactions. On sait que l’énergie totale d’in-
teraction pour N particules vaut

Eint =
~2g̃

2m

∫
ρ2(r) d2r =

~2g̃

2m
L2 〈ρ2〉. (33)

Dans le régime très dilué qui nous intéresse ici, les fluctuations de densité
sont telles que [cf. chapitre 2 et cours 2015-16, chapitre 3] :

régime très dilué : 〈ρ2〉 = 2 (〈ρ〉)2 (34)

de sorte que

Eint ≈
~2g̃

mL2
N2 εint =

∂Eint

∂N
= 2

~2g̃

m
ρ. (35)

L’ajout de l’énergie d’interaction εint conduit à une équation implicite, où
la densité locale ρ(r) intervient à la fois dans le membre de gauche et le
membre de droite

ρ(r)λ2
T = − ln

(
1− Z e

−
[
V (r)+2 ~2g̃

m ρ(r)
]
/kBT

)
. (36)

Cette équation est un exemple d’approche de type Hartree–Fock pour le
problème à N corps. On pourra consulter l’article de revue HADZIBABIC

& DALIBARD (2011) et les références qu’il contient pour avoir plus de dé-
tails sur cette approche, en particulier concernant la prise en compte 4 des
niveaux excités selon la direction fortement confinée z.

Cette équation n’admet pas de solution analytique, mais il est aisé de
la résoudre numériquement en tout point r, pour une température T et un
potentiel chimique µ donnés. On peut ensuite trouver le nombre d’atomes
total N(T, µ) dans le piège en intégrant ρ(r).

Le résultat de ce calcul est à première vue très surprenant, car radica-
lement différent du résultat pour un gaz parfait. Dès que g̃ 6= 0, on trouve
dans le cadre de cette approche Hartree–Fock que

4. Cette prise en compte fait apparaître un phénomène intéressant, la condensation trans-
verse. La statistique de Bose conduit à une accumulation de particules dans l’état fondamental
du mouvement selon z, avec un taux d’occupation bien supérieur à ce que l’on attendrait pour
des particules obéissant à la statistique de Boltzmann. Ce phénomène, prédit par DRUTEN &
KETTERLE (1997) a été observé pour un gaz quasi 1D par ARMIJO, JACQMIN et al. (2011), puis
par RUGWAY, MANNING et al. (2013), et pour le cas 2D qui nous intéresse ici par CHOMAZ,
CORMAN et al. (2015).
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— L’équation (36) admet une solution quelle que soit la valeur de µ, alors
que pour le gaz parfait, seules les valeurs négatives de µ sont accep-
tables.

— À température fixée, le nombre d’atomes N(T, µ) peut devenir arbi-
trairement grand si on augmente le potentiel chimique.

En d’autres termes, le phénomène de saturation que l’on avait trouvé pour
un gaz parfait dans un piège harmonique 2D disparaît dès que l’on prend
en compte des interactions répulsives.

Toutefois, le paradoxe n’est qu’apparent (HOLZMANN, BAYM et al.
2007). Lors de notre étude du gaz idéal, nous avions souligné le caractère
singulier de la condensation dans un piège harmonique 2D : le point de
condensation est atteint quand la densité centrale devient infinie, ce qui
est très différent du cas 3D où il suffit que la densité atteigne une valeur de
l’ordre de λ−3

T . Dès que l’on prend en compte les interactions répulsives,
on ne peut plus atteindre une densité infinie au centre du piège et la possi-
bilité de condensation disparaît, au moins dans le cadre de cette approche
Hartree–Fock qui ne prend pas en compte la transition BKT. Au contraire
dans le cas 3D, la présence d’interactions répulsives n’empêche pas d’at-
teindre une densité ∼ λ3

T au centre du piège ; l’approche Hartree-Fock pré-
dit simplement qu’il faut mettre un peu plus d’atomes dans le piège que
pour le cas sans interaction pour atteindre ce seuil.

Régime présuperfluide. Quand on augmente la densité du fluide, les in-
teractions répulsives prennent une importance croissante et viennent ré-
duire fortement les fluctuations de densité, de sorte qu’on a pour ce régime

régime présuperfluide : 〈ρ2〉 ≈ (〈ρ〉)2. (37)

Ce phénomène de gel des fluctuations de densité se produit avant même de
croiser la transition superfluide. On parle alors de régime "quasi-condensé"
(KAGAN, KASHURNIKOV et al. 2000) ou "présuperfluide" (TUNG, LAMPO-
RESI et al. 2010), c’est-à-dire un milieu où les fluctuations de densité sont
réduites par rapport au cas du gaz parfait et pour lequel on peut donc
définir, au moins localement, une phase pour la fonction d’onde macrosco-
pique.

2-3 Le point critique dans un piège harmonique

Nous considérons à partir de maintenant un piégeage harmonique de
pulsation ω dans le plan xy. Commençons par rappeler le résultat trouvé
dans cette situation pour le gaz parfait. Nous avons montré au chapitre 2
que lorsque le nombre d’atomes dans le piège excède la valeur critique :

Nc,ideal =
π2

6

(
kBT

~ω

)2

, (38)

alors la population des états excités est saturée : les atomes en excès s’accu-
mulent nécessairement dans l’état fondamental. Ce scénario est similaire à
celui de la condensation de Bose–Einstein 3D, à une différence importante
près : la densité centrale au point critique est infinie lorsqu’on passe à la
limite thermodynamique N → ∞, ω → 0, Nω2 constant. Nous avions
signalé au chapitre 2 que cette valeur infinie était forcément probléma-
tique en présence d’interactions répulsives et que la condensation de Bose–
Einstein serait donc bloquée dans un piège harmonique à 2D.

L’existence de la transition BKT vient enrichir considérablement la si-
tuation, puisqu’elle se produit pour la densité spatiale donnée en (25),
ρ = 1

λ2
T

ln(380/g̃). Si l’approximation de densité locale est correcte, elle
entraîne que le centre du gaz piégé va devenir superfluide quand la den-
sité en r = 0 atteindra cette valeur critique. En utilisant l’approche "champ
classique" décrite en § 1, HOLZMANN, CHEVALLIER et al. (2010) ont montré
que ce seuil était atteint pour

Nc,BKT

Nc,ideal
≈ 1 +

3 g̃

π3
ln2

(
g̃

16

)
+

3 g̃

8π2

[
15 + ln

(
g̃

16

)]
. (39)

Au delà de sa structure mathématique quelque peu compliquée, cette
équation a le grand mérite de connecter directement la transition super-
fluide BKT à la condensation du gaz parfait : cette condensation appa-
raît comme résultant de la limite g̃ → 0, à température fixée. Dans cette
limite, la densité centrale critique pour atteindre la superfluidité, ρ(0) =
1
λ2
T

ln(380/g̃) devient de plus en plus grande, pour finalement diverger en
g̃ = 0, redonnant ainsi le cas du gaz parfait.

L’étude expérimentale de ce point critique pour un gaz de Bose a été
faite par plusieurs groupes au cours des dix dernières années, avec une
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measurements of the equation of state [22,27], which do not
directly reveal any striking signatures of the infinite-order
BKT transition.
In this Letter, we systematically study the critical point

for the emergence of extended coherence in a harmonically
trapped 2D Bose gas over a wide range of interaction
strengths, 0.05 < ~g < 0.5. We show, without any free
parameters, that Nc generally agrees very well with the
beyond-mean-field calculation ofNBKT

c [38], and converges
onto N0

c of Eq. (1) as ~g → 0. The critical chemical potential
μc, which directly reveals uniform-system conditions for a
phase transition to occur in the trap center, also agrees with
the BKT theory and converges onto the BEC value, μc ¼ 0,
for ~g → 0. Our measurements also reiterate the importance
of the suppression of density fluctuations in the normal
state near the BKT critical point, previously observed in
Refs. [18,19,21–23].
The experiment was carried out using a 39K gas, in the

apparatus described in Ref. [41]. For 2D trapping, the
tight axial (vertical) confinement is provided by two
repulsive “blades” of blue-detuned light, formed by passing
a 532-nm Gaussian beam through a 0-π phase plate [20,42],
while a red-detuned 1064-nm dipole trap provides the
in-plane (horizontal) confinement. The radial and axial
trapping frequencies are ðωr;ωzÞ ≈ 2π × ð38; 4100Þ Hz.
For all of our measurements T ∈ ½140 nK; 190 nK% and
μ=kB < 100 nK, resulting in a small (< 30%) occupation
of the excited axial states. The interaction strength
~g ¼

ffiffiffiffiffiffi
8π

p
a=lz [14], where a is the s-wave scattering length

and lz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðmωzÞ

p
, is controlled via a Feshbach reso-

nance centered at 402.5 G [41,43].
To characterize long-range coherence of a gas we study

its (in-plane) momentum distribution nðkÞ [19]. A change in
the functional form of g1ðrÞ leads to a dramatic change in its
values at distances much larger than the thermal wavelength
λ ¼ h=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πmkBT

p
[14], and an increase of coherence over

some large distance L manifests itself in enhanced pop-
ulation of the low-momentum states k≲ 2π=L. Thus, unlike
the in-trap density distribution, which varies very smoothly
through the BKT critical point [18,19,22,23], nðkÞ can
provide a dramatic signature of the phase transition [19].
As illustrated in Fig. 1, to identify the critical point for a

given ~g, we start with a highly coherent 2D gas and measure
nðkÞ after holding the cloud in the trap for a variable time t.
During the hold time, the atom number N slowly decays
through various inelastic processes [44], while the elastic-
collision rate (≈ 0.2N ~g2 s−1) remains sufficiently high to
ensure that the gas is in quasistatic equilibrium. To measure
nðkÞ, we employ the “momentum focusing” technique
[19,29,45,46]. We turn off just the tight z confinement,
so the rapid vertical expansion (predominantly driven by
the zero-point motion along z) removes all the interaction
energy on a time scale 1=ωz ≪ 1=ωr. The subsequent
horizontal ideal-gas evolution in the remaining in-plane
harmonic potential reveals nðkÞ as the spatial distribution

after a quarter of the trap period. We probe this distribution
by absorption imaging along z [see Fig. 1(a)].
Our k-space imaging resolution, Δk ≈ 0.4 μm−1, sets

the largest distance over which we can probe coherence
to L ¼ 2π=Δk ≈ 15 μm, which is much larger than
λ ≈ 0.7 μm. To probe coherence on this length scale, we
simply monitor the peak value of the momentum distribu-
tion, P0, without making any theoretical assumptions about
the exact shape of nðkÞ at low k. To get the corresponding
atom number N we do a simple summation over the image.
Importantly, we eliminate the systematic error due to the
uncertainty in the absorption-imaging cross section by
independently calibrating our imaging system through
measurements of the BEC critical point in a 3D gas [47].
In Fig. 1(b) we show a typical evolution of P0 and N

(here ~g ¼ 0.28). While N decays smoothly, P0 shows two
distinct regimes, which allows us to identify the critical
hold time tc and the corresponding Nc. We note that even
for N significantly below Nc the peak of nðkÞ rises above a
Gaussian fitted to the wings of the distribution, indicating
some coherence on a length scale > λ [18,21]. The smooth
evolution of such non-Gaussian “peakiness” of nðkÞ does
not reveal a phase transition [21], and only P0 corres-
ponding to L ≫ λ shows a clear change in behavior at a
well-defined Nc [51]. Our large L is still small compared
to the thermal diameter of the cloud, 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT=ðmω2

rÞ
p

≈
50 μm, so the observed Nc is closely linked to the
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FIG. 1 (color online). Determination of the critical point for the
onset of coherence, for ~g ¼ 0.28 and T ≈ 140 nK. (a) Evolution
of the momentum distribution nðkÞ with the hold time t (see text).
Extended coherence is revealed as a sharp peak in nðkÞ. Each
image is an average of three experimental realizations. (b) Evo-
lution of the momentum-distribution peak P0 and the smoothly
decaying total atom number N. We associate the thresholdlike
behavior of P0 with the critical time tc and deduce the
corresponding Nc. The solid line is a heuristic piecewise fit
function used to determine tc [47].
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FIGURE 2. Méthode utilisée par FLETCHER, ROBERT DE SAINT VINCENT et
al. (2015) pour mesurer le point critique de la transition BKT dans un piège har-
monique 2D (νxy = 38 Hz). Le gaz est ≈ dans le régime 2D car la température
T ∼ 150 nK est telle que kBT < hνz , avec νz = 4.1 kHz.

précision croissante dans la détermination du point de transition (KRÜGER,
HADZIBABIC et al. 2007 ; CLADÉ, RYU et al. 2009 ; TUNG, LAMPORESI et al.
2010 ; FLETCHER, ROBERT DE SAINT VINCENT et al. 2015). Nous décrirons
ici les résultats de l’expérience de FLETCHER, ROBERT DE SAINT VINCENT

et al. (2015), menée à Cambridge sur un gaz d’atomes de 39K (bosons). Le
principe est d’effectuer une expansion ballistique 5 du gaz, en coupant sou-
dainement le potentiel harmonique de confinement. Si un superfluide est
présent dans la région centrale du piège, la fonction de corrélationG1(r; r′)

5. L’expansion se fait ici à trois dimensions, c’est-à-dire que l’on relâche à la fois le confi-
nement (faible) dans le plan xy et le confinement (fort) le long de l’axe z. Du fait de la relation
de Heisenberg, l’expansion selon z est beaucoup plus rapide que dans le plan xy. La den-
sité atomique chute donc très vite et les interactions ne jouent pas de rôle significatif dans la
dynamique en xy à plus long temps.

occurrence of a phase transition in the center of the
trap [47].
For comparisons with theory, we also fit μ and T to each

nðkÞ image. Unlike in three dimensions, in two dimensions
interactions affect nðkÞ appreciably even in the normal
state, and near the critical point it is in general insufficient
to treat them at a mean-field (MF) level. However, beyond-
MF correlations primarily affect the highly populated low-k
states [38]. We restrict our fits to the high-k wings of
the distribution (ℏ2k2 > 2~gmkBT), where we expect the
beyond-MF effects to be small, and still carefully include
the effects of interactions at a MF level [47]. Following
Ref. [37], we also account for the residual thermal
occupation of the axial excited states and the interaction-
induced deformation of the axial eigenstates.
In Fig. 2 we summarize our measurements of the critical

atom number for a wide range of interaction strengths. To
compare our data with the strictly 2D theoretical calcula-
tions, we correct the observed “raw” Nc by subtracting the
calculated population of the excited axial states [47]. We
scale this corrected critical number N̄c to the BEC critical
atom number N0

c of Eq. (1) and plot it versus ~g. Our Δk-
limited value of L imposes a lower bound on ~g for which we
can reliably identify the critical point. In the absence of
any phase transition, in a weakly interacting degenerate gas
g1ðrÞ ∼ expð−r=l0Þ, with l0 ¼ λ expðD=2Þ=

ffiffiffiffiffiffi
4π

p
[14].

We thus do not expect our measurements to reliably identify
Nc if l0 > L for some D < DBKT. This occurs for
~g < 380λ2=ð4πL2Þ ≈ 0.06, indicated by the shaded area
in Fig. 2. Our measurements also stop being reliable for
~g≳ 0.5; in that regime our MF temperature fits are
restricted to very high k values, which are affected by the

anharmonicity of the optical trap. The error bars in Fig. 2 are
statistical, while the systematic uncertainty in N̄c=N0

c is
≲0.2 [47].
Without any free parameters, we find generally excellent

agreement with the prediction of Ref. [38]:

NBKT
c

N0
c

≈ 1þ 3~g
π3

ln2
"

~g
16

#
þ 6~g
16π2

$
15þ ln

"
~g
16

#%
; ð2Þ

which is based on fixing the phase-space density in the trap
center to DBKT and integrating a uniform-system equation
of state over the trap, using the classical-field results
of Ref. [39].
The agreement with Eq. (2) over a very broad range of

interaction strengths and the proximity of our lowest
reliable ~g values to zero allow us to conclude that the
critical atom number, without any free parameters, indeed
smoothly converges onto the BEC result of Eq. (1).
It is instructive to also compare our data with the

approximation NBKT
c =N0

c ¼ 1þ3~gD2
BKT=π

3 [10,12], shown
by the dashed line in Fig. 2. Here, the critical phase-space
density is again set toDBKT, but the suppression of bosonic
fluctuations in the normal state is neglected; i.e., the density
profile is calculated using MF theory with an interaction
potential 2gnðrÞ, where g ¼ ðℏ2=mÞ~g. Our data strongly
exclude this result, confirming the importance of the
suppression of density fluctuations near the critical point
even for our lowest ~g values.
For a more direct comparison with the uniform-system

theory, we also consider the critical chemical potential for
the onset of coherence. Like Nc in Fig. 1, μc is exper-
imentally defined via the critical hold time tc. The classical-
field simulations [7] predict DBKT to be reached for
μBKTc ¼ kBTð~g=πÞ ln ð13.2=~gÞ, which reduces to the BEC
prediction, μc ¼ 0, for ~g ¼ 0.
In Fig. 3 we plot ~μc ¼ μc=ðkBTÞ versus ~g, and again

observe generally good agreement with the classical-field
prediction (solid line), all the way down to ~g ≈ 0.06, i.e.,
very close to the expected BEC limit. The small systematic
difference between the data and the theory is comparable
to our systematic uncertainty in ~μc of ∼0.05 [47].
We also compare our data with two intuitive approx-

imations to ~μc. We consider interaction potentials γgn with
γ ¼ 2, corresponding to a fully fluctuating Bose gas, and
γ ¼ 1, corresponding to a complete suppression of density
fluctuations. In both of these extremes one can analyti-
cally write Dγð ~μÞ ¼ − ln ½1 − exp ð~μ − γgn=ðkBTÞÞ& [14].
Defining ~μγc so that Dγð ~μ

γ
cÞ ¼ DBKT we obtain the dashed

(γ ¼ 2) and dotted (γ ¼ 1) lines in Fig. 3. Generally,
γ ¼ 1 provides a better approximation, highlighting how
strong the suppression of density fluctuations in the normal
state is.
Finally, we note that in previous experiments [22,27], on

the in-trap equation of state, ~μc was deduced by defining it
so as to satisfy the theoretical expectation [7,39] that the
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FIG. 2 (color online). Critical atom number as a function of the
interaction strength ~g. All numbers are scaled to the ideal-gas
BEC critical number N0

c, defined in Eq. (1). The solid line is the
classical-field BKT prediction of Eq. (2), without any free
parameters. The dashed line is an approximation that neglects
suppression of density fluctuations in the normal state. The star
ð⋆Þ denotes the critical point for BEC, which only occurs in the
ideal-gas limit. The shaded region, ~g < 0.06, indicates the regime
in which our measurements stop being reliable (see text). The
error bars are statistical.
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FIGURE 3. Nombre critique d’atomes pour la transition BKT, ramené au nombre
critique d’atomes pour la condensation du gaz parfait, en fonction du paramètre
d’interaction g̃. Dans la zone colorée, la densité dans l’espace des phases au point
critique D = ln(380/g̃) devient grande. De ce fait, la longueur de cohérence du
gaz ` ∼ λT eD/2 (chapitre 2) est elle aussi très grande avant même d’atteindre
le point critique, ce qui rend la détermination du point critique imprécise [figure
extraite de FLETCHER, ROBERT DE SAINT VINCENT et al. (2015)].

dans cette zone décroît lentement 6 . La distribution en impulsion associée
à cette composante superfluide est donc étroite, ce qui se manifeste par
un pic central dans la distribution spatiale mesurée après temps de vol.
L’intérêt de mener cette expérience sur l’espèce atomique 39K est que l’on
dispose d’une résonance de Feshbach qui permet de varier les interactions
élastique entre atomes. Les chercheurs de Cambridge ont ainsi pu explorer
le régime g̃ allant de 0.05 à 0.5.

La méthode utilisée par FLETCHER, ROBERT DE SAINT VINCENT et
al. (2015) est la suivante. On part d’un assez grand nombre d’atomes
(N ≈ 40 000) dans un piège à température T donnée, de l’ordre de 150 nK,
et un paramètre d’interaction donné g̃. Une expansion ballistique initiée à
cette instant montre un pic étroit, signature d’une fraction centrale super-
fluide ; le nombre d’atomes est donc plus grand que Nc,BKT(T, g̃) (figure

6. Rappelons que la décroissance serait algébrique avec un exposant < 1/4 si le gaz était
uniforme.
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2). Si on laisse les atomes dans le piège pendant un certain temps avant
d’effectuer l’expansion ballistique, leur nombre va décroître sous l’effet de
divers processus inélastiques (constante de temps de l’ordre de la dizaine
de secondes). En repérant l’instant où le pic étroit de l’expansion ballis-
tique disparaît, on détermine la valeur critique Nc,BKT(T, g̃) du nombre
d’atomes pour la transition superfluide. Cette série d’expériences est en-
suite refaite pour différentes valeurs de g̃ et la variation de Nc,BKT/Nc,ideal

est reproduite sur la figure 3. Elle montre un excellent accord avec la pré-
diction (39) et confirme le fait que le cas singulier de la condensation 2D du
gaz parfait peut être vu comme la limite de la transition BKT pour g̃ → 0.

2-4 Le cas d’un potentiel désordonné

Dans ce qui précède, nous nous sommes intéressés au cas d’un gaz dans
un potentiel uniforme ou harmonique. Une troisième catégorie concerne le
cas de potentiels désordonnés. La situation est alors enrichie par le fait
qu’une transition de type localisation d’Anderson peut également se pro-
duire.

L’étude de la dynamique d’un fluide quantique en présence de désordre
déborde largement du thème de ce cours et nous nous contenterons donc
de signaler quelques travaux récents menés sur ce sujet dans le cadre des
gaz atomiques 2D. L’influence du désordre sur le point de transition BKT a
été abordée expérimentalement par le groupe de Thomas Bourdel à Pa-
laiseau (ALLARD, PLISSON et al. 2012) [voir aussi BEELER, REED et al.
(2012) au NIST-Gaithersburg et KRINNER, STADLER et al. (2013) à Zurich].
Le désordre est créé par la figure de tavelure (speckle) d’un faisceau lumi-
neux additionnel, superposé au piège harmonique. Pour le régime de pa-
ramètres étudiés expérimentalement, les résultats obtenus indiquent que
l’addition du désordre résulte toujours en une réduction de la cohérence
du gaz. Une étude théorique menée par BOURDEL (2012) à partir d’un trai-
tement du potentiel désordonné par l’approximation de densité locale (va-
lable pour un désordre variant lentement à l’échelle des paramètres mi-
croscopiques du gaz) est venue tempérer quelque peu cette conclusion né-
gative ; en effet, son bilan est qu’un désordre faible peut être favorable à
l’apparition d’un superfluide, alors qu’un désordre plus fort le fait dispa-
raître.

CARLEO, BOÉRIS et al. (2013) ont utilisé une méthode de Monte Carlo
quantique pour prouver la robustesse de la transition BKT vis à vis d’un
désordre de type speckle : cette transition survit même en présence de
fortes fluctuations de densités induites par le désordre, et ne disparaît que
lorsque l’amplitude du désordre devient de l’ordre de la valeur du poten-
tiel chimique. CARLEO, BOÉRIS et al. (2013) ont par ailleurs montré que
la disparition de la composante superfluide survient alors même que le
gaz reste connecté avec une densité supérieure à la densité critique (25) :
le désordre en ce point n’est pas encore suffisant pour correspondre à la
transition de percolation classique. Mentionnons également qu’au point
critique, la fonctionG1 présente toujours une décroissance algébrique avec
un exposant compatible avec 1/4, ce qui indique que la classe d’univer-
salité de la transition en présence de désordre est la même que celle du
système « propre ».

Signalons pour finir l’analyse de CHERRORET, KARPIUK et al. (2015),
basée sur une analyse en champ classique, qui pointe un autre effet pos-
sible du désordre : en réduisant la densité d’états à une particule au voisi-
nage de l’énergie nulle, ce désordre peut faire apparaître un phénomène de
condensation dans un gaz 2D uniforme, alors qu’on sait que cette conden-
sation est exclue pour un système non désordonné. Il reste toutefois à étu-
dier le type d’ordre qui peut alors émerger pour la fonction G1(r).

3 Le quasi-ordre en phase dans un gaz atomique

3-1 La fonction G1 dans un piège

Une fois le point critique dépassé, soit en baissant la température, soit
en augmentant le nombre d’atomes, un superfluide se forme au centre du
piège. Ce superfluide n’est pas stricto sensu un condensat, puisque sa phase
n’est pas la même en tout point. Si le gaz était uniforme, on sait que la
fonction

G1(r, r′) = 〈ψ̂†(r) ψ̂(r′)〉
∝ 〈ei[θ(r)−θ(r′)]〉 = e−

1
2 〈[θ(r)−θ(r′)]

2〉 (40)
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décroitrait algébriquement avec la distance |r − r′|, avec l’exposant

η =
1

ρs λ2
T

, (41)

la denisté superfluide étant telle que η est toujours inférieur à 1/4. Nous
avons supposé dans la deuxième ligne de (40) que les fluctuations de den-
sité étaient gelées, ce qui est une approximation raisonnable comme nous
l’avons vu dans les chapitres précédents.

L’analyse du comportement de la fonction G1 peut se faire en généra-
lisant l’approche de Bogoliubov au cas non homogène (PETROV, HOLZ-
MANN et al. 2000). Puisque les fluctuations de densité sont gelées, le profil
de densité du superfluide ρs(r) reste voisin du profil de Thomas–Fermi
attendu dans le cas d’un "vrai" condensat :

r < RTF : V (r) +
~2g̃

m
ρs(r) = µ, (42)

et s’annule au rayon de Thomas-Fermi 7 défini par V (rTF) = µ. Les fluc-
tuations en phase 〈[θ(r)− θ(r′)]2〉 peuvent se caractériser en comparant
la phase centrale et la phase au voisinage du bord du superfluide, et on
trouve (PETROV, HOLZMANN et al. 2000)

∆θ2 ≡ 〈[θ(RTF)− θ(0)]
2〉 ≈

(
g̃

4π

)1/2
T

Tc
ln(N). (44)

En prenant N = 105 atomes, T ∼ Tc et un paramètre d’interaction typique
pour des gaz atomiques g̃ = 0.1, on arrive à ∆θ ∼ 1, donc des fluctuations
de phase significatives mais pas considérables. Le régime ∆θ � 1 n’ap-
paraît que pour des nombres d’atomes exponentiellement grands ou alors
pour le régime d’interactions fortes g̃ & 1, ce qui est possible en profitant
d’une résonance de diffusion (MURTHY, BOETTCHER et al. 2015).

7. Un calcul simple permet de relierRTF et µ au nombre d’atomesNs dans la composante
superfluide :

RTF = aoh

(
4

π
g̃Ns

)1/4

, µ = ~ω
(
1

π
g̃Ns

)1/2

avec aoh =

(
~
mω

)1/2

, (43)

où ω est la pulsation du piégeage harmonique dans le plan xy, et où on a négligé toute inter-
action entre la composante superfluide et la composante normale.

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].

PRL 115, 010401 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending
3 JULY 2015

010401-2
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regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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given by T0

BEC and TF, respectively. The crossover parameter lnðkFa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðkFa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðkFa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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FIGURE 4. (a) Interférences entre deux plans atomiques indépendants, de même
température et de même potentiel chimique. La mesure du contraste de l’interfé-
rence observée après expansion selon l’axe z permet d’accéder au module carré de
la fonction de corrélationG1. (b-c) Figures d’interférence obtenues pour deux tem-
pératures différentes, en imageant le nuage d’atomes le long de la direction y. (d)
Exemple de dislocation de la figure d’interférence révélant la présence d’un vor-
tex dans l’un des deux plans. Figures extraites de HADZIBABIC, KRÜGER et al.
(2006).

3-2 Fluctuations de phase et interférométrie atomique

Une caractéristique importante de l’état superfluide à deux dimensions
réside dans la distribution spatiale de la phase du champ ψ(r) décrivant le
fluide, décrite par la fonction de corrélation G1(r, r′). Lors du cours 2015-
16 (chapitre 2), nous avions passé en revue un certain nombre de méthodes
développées au cours des années pour mesurer G1. Nous allons décrire ici
la mise en œuvre de de certaines d’entre elles dans le contexte des gaz 2D.

La première caractérisation de la transition BKT a été faite par HAD-
ZIBABIC, KRÜGER et al. (2006) en utilisant deux plans d’atomes indépen-
dants, décrits par des champs ψa(x, y) et ψb(x, y), séparés par une distance
dz (figure 4). En relâchant le confinement selon les trois directions d’es-
pace, les nuages d’atomes issus des deux plans s’étalent et se recouvrent,
de sorte qu’on observe des interférences d’ondes de matière. La densité
totale est modulée le long d’une ligne parallèle à l’axe z avec la période
Dz = ht/mdz :

ρ(r) ∝ |ψa|2 + |ψb|2 +
(
ψaψ

∗
b ei2πz/Dz + c.c.

)
. (45)

Pour simplifier, nous avons négligé ici un facteur d’enveloppe global dé-
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crivant la variation de la densité selon z. Par ailleurs, nous avons négligé
l’expansion dans le plan xy, beaucoup plus lente que celle selon selon z.
Une mesure de la densité permet alors d’accéder au contraste complexe de
l’interférence

C(r) = ψa(r) ψ∗b (r). (46)

La valeur moyenne de cette quantité est nulle puisque les deux gaz sont in-
dépendants l’un de l’autre. En revanche, la fonction de corrélation obtenue
après moyenne sur de nombreuses réalisations de l’expérience

〈C(r) C∗(r′)〉 = 〈ψa(r) ψ∗b (r) ψ∗a(r′) ψb(r
′) 〉

= 〈ψa(r) ψ∗a(r′) 〉 〈ψ∗b (r) ψb(r
′) 〉 (47)

permet d’accéder à la fonction G1 recherchée, ou plus exactement son mo-
dule carré :

〈C(r) C∗(r′)〉 = |G1(r, r′)|2 . (48)

L’expérience de HADZIBABIC, KRÜGER et al. (2006) a permis d’observer
une variation rapide du comportement de G1 au voisinage du point de
transition. Elle a également mis en évidence de manière directe les vortex
libres qui apparaissent autour de la transition BKT. Ces vortex se mani-
festent en effet comme des dislocations dans le profil d’interférence. Une
simulation Monte Carlo en terme de champs classiques fluctuants, menée
par FOSTER, BLAKIE et al. (2010), a permis de valider de manière quanti-
tative cette procédure d’interférences entre plans indépendants [voir aussi
BISSET, DAVIS et al. (2009)]. L’observation de vortex thermiquement activés
a également été faite dans le groupe de Séoul, avec une imagerie perpen-
diculaire au plan du gaz (CHOI, SEO et al. 2013) ; les vortex apparaissent
alors comme des trous de densité.

Une méthode voisine consiste à faire interférer le gaz avec lui-même
(CLADÉ, RYU et al. 2009). Partant d’un nuage atomique 2D où tous les
atomes sont dans un état interne |1〉, un processus Raman "absorption -
émission stimulée" fait basculer la moitié des atomes vers un autre état in-
terne |2〉, tout en leur conférant une vitesse v0 de l’ordre de la vitesse de
recul (impulsion π/2). Après ce processus, la partie du nuage encore en |1〉
est globalement au repos, alors que la partie en |2〉 se déplace. Après un
temps t ajustable, un deuxième pulse π/2 mélange de nouveau les ampli-
tudes des deux états internes tout en communiquant la vitesse v0− v1 lors
de la transition 1 → 2. Si on mesure alors la distribution de densité dans

l’état |2〉, on obtient des franges d’interférences entre l’état initial du nuage
et l’état déplacé de R = v0t

ρ(r) ∝ |ψ(r)|2 + |ψ(r −R)|2 +
(
ψ(r) ψ∗(r −R) eimv1·R/~ + c.c.

)
, (49)

ce qui permet de remonter à la fonction G1 à partir du contraste complexe
de ces interférences C(r) = ψ(r) ψ∗(r − R). Cette méthode présente un
avantage notable par rapport à la précédente : un seul plan est suffisant
et les interférence sont visibles en imagerie perpendiculaire à ce plan. En
revanche, elle repose sur l’hypothèse que les collisions entre atomes jouent
un rôle négligeable pendant le temps t, qui risque d’être invalidée pour des
gaz avec des paramètres d’interaction g̃ élevés.

La dernière méthode que nous signalerons brièvement consiste à effec-
tuer une courte expansion balistique au cours de laquelle les fluctuations
de phase initiales sont transformées en fluctuations de densité. Cette mé-
thode a initialement été proposée par IMAMBEKOV, MAZETS et al. (2009),
puis mise en œuvre par le groupe de Seoul, CHOI, SEO et al. (2012) et SEO,
CHOI et al. (2014) [voir également DESBUQUOIS (2013) ainsi qu’une analyse
critique des premières expériences de Séoul par MAZETS (2012)]. L’ana-
lyse théorique récente de SINGH & MATHEY (2014) a montré qu’il était
en principe possible, à partir de la fonction de corrélation densité-densité
après temps de vol, 〈ρ(r1) ρ(r2)〉, d’accéder à l’exposant η caractérisant
la décroissance algébrique de G1 dans le régime superfluide. Toutefois, il
semble que le rôle joué par les interactions durant l’expansion ballistique a
empêché le groupe de Seoul d’atteindre ce but (SEO, CHOI et al. 2014).

3-3 La distribution en impulsion d’un gaz piégé

Nous avons déjà eu plusieurs fois l’occasion de rappeler le lien étroit
entre la fonction G1(r, r′) = 〈r|ρ̂1|r′〉 qui nous intéresse ici et la distribu-
tion en impulsion N(p) du fluide. Pour un système homogène, donc inva-
riant par translation, la fonction G1 ne dépend que de la distance r − r′ et,
en posant G1(r) ≡ G1(r, 0), on a la relation 8 en terme de transformée de
Fourier déjà énoncée au chapitre 2

G1(r) =
1

L2

∫
eir·p/~ N(p) d2p. (50)

8. N(p) est supposée normalisée ici selon la relation
∫
N(p) d2p = N .
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach
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a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼
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of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of
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A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
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constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
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interacting regime. This rapid ramp technique—along with
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sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].

PRL 115, 010401 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending
3 JULY 2015

010401-2

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0

BEC and TF, respectively. The crossover parameter lnðkFa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðkFa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðkFa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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FIGURE 5. Fonction Ḡ1(r) obtenue par transformée de Fourier de la distribu-
tion en impulsion, pour un gaz de molécules bosoniques 6Li2, avec un paramètre
d’interaction g̃ ≈ 2.76. Les températures sont repérées par rapport à la tem-
pérature de condensation d’un gaz parfait dans ce piège : t = T/Tc,ideal avec
Tc,ideal = 140 nK. A droite : coefficient χ2 de l’ajustement par une loi algébrique
(α r−η) ou exponentielle (α e−ηr). Figures extraites de MURTHY, BOETTCHER

et al. (2015).

La mesure de la distribution en impulsion dans un gaz 2D uniforme,
comme cela été fait par CHOMAZ, CORMAN et al. (2015), devrait donc
permettre en principe de remonter à la décroissance algébrique de G1(r),
pourvu que la résolution en impulsion soit suffisante.

Pour un gaz confiné dans un piège harmonique, la situation est plus
compliquée. La fonction G1 dépend séparément des deux positions r et r′

et on a la relation

Ḡ1(r) =

∫
eir·p/~ N(p) d2p, (51)

où on a posé

Ḡ1(r) =

∫
G1

(
R +

r

2
, R− r

2

)
d2R. (52)

Comme nous l’avons vu en § 3-1, il est utile d’aller vers le régime d’in-
teraction forte (g̃ > 1) si l’on souhaite que les fluctuations de phase jouent
un rôle important. MURTHY, BOETTCHER et al. (2015) ont ainsi considéré
un gaz de fermions (6Li) et se sont placés au voisinage d’une résonance
de Feshbach. Le gaz est donc la zone du cross-over entre la physique de
type BCS (fermions appariés dans l’espace des impulsions, à la Bardeen–
Cooper-Schrieffer) et le régime de condensation de Bose–Einstein, où les

fermions se sont appariés dans l’espace des positions et forment des molé-
cules Li2, qui sont des bosons. Nous n’allons pas étudier la physique très
riche de ce cross-over et nous renvoyons les lecteurs intéressés à l’article
de revue de LEVINSEN & PARISH (2015) qui traite spécifiquement de ses
aspect bi-dimensionnels. Le point qui compte ici est que l’on dispose côté
BEC d’un gaz de bosons dont le paramètre d’interaction g̃ peut être arbi-
trairement élevé si on se rapproche de la résonance. MURTHY, BOETTCHER

et al. (2015) ont ainsi étudié des valeurs de g̃ allant de ≈ 0.6 à 2.8 du côté
BEC de la résonance.

Après mesure de la distribution en impulsion et transformation de Fou-
rier inverse, MURTHY, BOETTCHER et al. (2015) ont analysé la variation de
la fonction Ḡ1(r) dans leur système. Les données obtenues pour g̃ ≈ 2.8
sont reportées sur la figure 5 pour différentes températures. L’ajustement
des données par une loi algébrique (α r−η) ou exponentielle (α e−ηr) in-
dique clairement deux régimes. Aux basses températures, la variation al-
gébrique de G1(r) est privilégiée, alors que l’ajustement exponentiel de-
vient bien meilleur à plus haute température. La bascule d’un ajustement
à l’autre se fait pour Tc ≈ 0.5Tc,ideal pour les données de la figure 5. La
densité dans l’espace des phases centrale en ce point est≈ 5, en bon accord
avec la prédiction ln(380/g̃).

Les données de MURTHY, BOETTCHER et al. (2015) révèlent néanmoins
une surprise importante. Alors que selon la théorie BKT, l’exposant η de la
décroissance algébrique ne peut dépasser 0.25 dans un gaz de Bose homo-
gène, les exposants mesurés par l’ajustement deG1(r) en r−η sont considé-
rablement plus grands. Les valeurs reportées sur la figure 6 montrent une
plage de valeurs qui s’étend jusqu’à η = 1.5, ce qui est 6 fois le maxi-
mum attendu! Ce facteur 6 est obtenu aussi bien pour les interactions
fortes (g̃ = 2.76) que pour des interactions plus faibles (g̃ = 0.60), ce qui
montre que cet effet n’est pas lié à des effets en dehors de la validité de
l’approche "champ classique" de la transition BKT. Par ailleurs, une simu-
lation Monte Carlo quantique similaire à celle menée par HOLZMANN &
KRAUTH (2008), reproduit assez bien ces résultats quand la résolution im-
parfaite du système d’imagerie est prise en compte.

L’explication de ce désaccord apparent concernant l’ordre algébrique
susceptible d’apparaître dans un gaz de Bose 2D a été donnée par BOETT-
CHER & HOLZMANN (2016). L’effet le plus important est la contribution
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
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FIGURE 6. Cercles : exposant η obtenu par ajustement des données expérimen-
tales avec une loi algébrique α r−η , pour les paramètres d’interaction g̃ = 0.60
(rouge), 1.07 (vert) et 2.76 (bleu). Triangles pleins : résultats d’une simulation
Monte Carlo quantique pour g̃ = 0.60. Triangles évidés : idem avec en plus la
prise en compte de la résolution finie du système d’imagerie. Figure extraite de
MURTHY, BOETTCHER et al. (2015).

de la composante normale (non superfluide) qui réside dans la partie pé-
riphérique du piège, et qui se mélange à la composante superfluide lors
de l’expansion ballistique. Cette contribution vient augmenter considéra-
blement l’exposant η. Cette modification est artificielle, dans le sens où la
décroissance de fonction de corrélation G1 dans la zone normale n’est pas
algébrique, mais exponentielle. Par une analyse précise des deux contri-
butions, superfluide et normale, BOETTCHER & HOLZMANN (2016) ont re-
trouvé le facteur 5 à 6 mesuré expérimentalement. Ils ont également mon-
tré que, pour des paramètres typiques des expériences actuelles, la mesure
de la quantité non moyennée G1(r, 0) permettrait de retrouver l’exposant
attendu dans le cas homogène, pourvu qu’on limite la mesure à la zone
centrale r < 0.2RTF. Ils ont par ailleurs proposé une approximation de cor-
rélation locale, qui consiste à remarquer que lorsque les deux points r et r′

sont dans la zone superfluide, la décroissance de G1(r, r′) entre ces deux
points est à peu près algébrique, avec un exposant qui est la moyenne géo-
métrique de deux exposants η(r) et η(r′) que l’on déduirait des densités
aux points r et r′ en utilisant la loi (41).

3-4 Mouvement d’une impureté et modes collectifs

Un moyen naturel pour tester la superfluidité est de s’appuyer sur le
critère de Landau : est-ce qu’une impureté ponctuelle bougeant dans le
fluide à une vitesse inférieure à la vitesse du son c0 subit une force de fric-
tion et dissipe de l’énergie (ASTRAKHARCHIK & PITAEVSKII 2004)? Ce cri-
tère a été testé avec succès sur des gaz 3D dès le début du développement
des gaz quantiques d’atomes (RAMAN, KÖHL et al. 1999 ; ONOFRIO, RA-
MAN et al. 2000) et il a été transposé récemment aux gaz de Bose à deux
dimensions. En déplaçant un trou microscopique (rayon ∼ 1µm) créé par
un faisceau laser focalisé, DESBUQUOIS, CHOMAZ et al. (2012) ont observé
un comportement superfluide pour une valeur du paramètre µ/kBT en re-
lativement bon accord avec la prédiction (26). Le léger écart a été expliqué
dans une publication très récente de SINGH, WEITENBERG et al. (2017), étu-
diant la dynamique de la thermalisation du gaz d’atomes après le passage
du trou créé par le laser. Toujours avec des bosons, KWON, KIM et al. (2016)
ont observé l’allée de von Karman composée de vortex, dans le sillage du
trou créé par un laser bougeant à une vitesse supersonique.

Ces expériences ont récemment été reprises à Hambourg pour un gaz
quasi-2D de fermions 6Li au voisinage d’une résonance de Feschbach, pour
explorer toute la région de transition entre un condensat de molécules
bosoniques 6Li2 (longueur de diffusion 3D positive) et une assemblée de
paires de Cooper (longueur de diffusion 3D négative) (WEIMER, MORGE-
NER et al. 2015). Là encore, une « impureté laser » était en mouvement dans
le superfluide, mais au contraire des deux expériences que nous venons de
citer, le potentiel créé par le laser était attractif et l’impureté consistait donc
en une bosse de densité plutôt qu’un trou. Un exemple de comportement
superfluide est visible sur la figure 7 (haut) : l’impureté bougeant dans la
zone centrale (superfluide) à une vitesse suffisamment basse ne crée au-
cun chauffage, et la densité centrale du gaz reste inchangée. Au contraire,
si l’impureté bouge dans la région périphérique, un chauffage se produit
quelle que soit la vitesse de l’impureté. Cette expérience a été reproduite
pour différentes valeurs de la longueur de diffusion. La valeur de la vitesse
critique est reportée sur la figure 7 (bas), de même que la vitesse du son
mesurée en excitant un paquet d’ondes central et en mesurant sa vitesse
d’expansion.

Pour terminer cette section, mentionnons une dernière méthode pour
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FIGURE 7. Comportement superfluide d’un gaz de fermions (6Li). Haut : varia-
tion de la densité centrale (i.e. chauffage) induit par une impureté bougeant à
vitesse v dans la partie superfluide ou la partie normale du gaz. Bas : vitesse cri-
tique (points verts) et vitesse du son (points rouges) en unité de la vitesse de Fermi
vF dans la zone de transition entre le condensat de molécules 6Li2 et le régime de
paires de Cooper. Figure extraite de WEIMER, MORGENER et al. (2015).

FIGURE 8. Mode « ciseaux » observé sur un gaz 2D de rubidium en utilisant
une analyse de la moyenne locale de la quantité xy, moyenne prise sur un anneau
fin. Selon la position de l’anneau, on sonde (i) la région centrale superfluide, avec
une seule fréquence d’oscillation ; (ii) la région périphérique normale, avec deux
fréquences d’oscillation non nulles. Figure extraite de DE ROSSI, DUBESSY et al.
(2016).

détecter la superfluidité ; elle passe par l’étude de modes collectifs, en par-
ticulier le mode « ciseaux » initialement considéré en physique nucléaire
pour mettre en évidence la superfluidité de noyaux déformés (GUÉRY-
ODELIN & STRINGARI 1999 ; MARAGO, HOPKINS et al. 2000). Les proprié-
tés de ce mode et sa pertinence pour l’étude de la superfluidité de gaz
atomiques ont fait l’objet de cours au Collège de France par C. Cohen-
Tannoudji (2001-02) et nous n’en rappelons ici que les principales caracté-
ristiques. On considère un piège harmonique légèrement anisotrope dans
le plan xy, ωx > ωy , le gaz à l’équilibre étant donc lui aussi anisotrope. On
tourne légèrement les axes propres du nuage par rapport à leur position
d’équilibre et on regarde l’évolution du système, par exemple en regardant
l’évolution de la quantité moyenne 〈xy〉. Si le gaz est superfluide, on ob-
serve un mouvement non amorti à une seule fréquence, (ω2

x +ω2
y)1/2. Pour

un gaz normal, deux fréquences contribuent à l’évolution (|ωx ± ωy| si le
gaz est dans le régime ballistique), avec en plus un amortissement notable.

Il y a toutefois une difficulté qui apparaît immédiatement quand on
cherche à exploiter ce mode : dans le cadre de l’approximation de densité

Cours 5 – page 14



LA TRANSITION BKT EXPLORÉE AVEC DES GAZ § 4. Les polaritons de cavité

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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FIGURE 9. Géométrie utilisée pour les expériences sur les fluides de polaritons
de cavité. La lumière est stockée entre deux miroirs plans de grande réflectivité
formant une cavité Fabry–Perot résonante. Les excitons sont produits dans un
puits quantique. Un polariton est un boson composite, superposition d’un exci-
ton et d’un photon. On sonde les propriétés du fluide de polaritons en analysant
les propriétés de la lumière sortant de la cavité. Figure extraite de KASPRZAK,
RICHARD et al. (2006).

locale, le centre du gaz est superfluide mais l’extérieur ne l’est pas. Les
deux types d’évolution sont alors mélangés, ce qui rend difficile l’exploi-
tation quantitative de l’évolution du gaz. DE ROSSI, DUBESSY et al. (2016)
ont récemment contourné cette difficulté de manière élégante. En s’intéres-
sant à la valeur moyenne de xy calculée sur un anneau fin, ils ont montré la
transition attendue entre le régime mono-fréquence au centre (superfluide)
et le régime bi-fréquence à l’extérieur (normal). La position de la zone de
transition est en bon accord avec les prédictions de champ classique pré-
sentées en § 1.

4 Les polaritons de cavité

4-1 L’hybridation lumière–matière

Les polaritons de cavité sont des particules hybrides mi-lumière, mi-
matière que nous avons déjà rencontrées plusieurs fois dans les cours et
les séminaires des années précédentes. Commençons par présenter sépa-
rément les deux blocs permettant de construire ces polaritons. Nous nous

limitons ici aux quelques concepts indispensables et nous renvoyons le lec-
teur aux articles de revue de CARUSOTTO & CIUTI (2013) et de AMO &
BLOCH (2016) pour approfondir les différentes notions.

— La partie "lumière" d’un polariton correspond à un photon stocké
entre deux miroirs plans, dans une cavité de type Fabry-Perot d’axe
optique z et de longueur L (figure 9). Comme nous l’avons vu au
chapitre 2, un photon résonnant avec la cavité a un vecteur d’onde
(k⊥, kz) avec kz multiple entier de π/L. Si on se limite à des photons
faisant un angle faible avec l’axe z, |k⊥| � kz , l’énergie de ces photons
dans un milieu d’indice n0 s’écrit

~ωph(k⊥) =
~c
n0

(
k2
z + k2

⊥
)1/2 ≈ ~ω0, ph +

~2k2
⊥

2mph
(53)

où ω0, ph = ckz/n0 et où la masse effective du photon pour le mouve-
ment dans le plan xy vaut :

mph =
~n0kz
c

= n2
0

~ω0

c2
. (54)

En pratique, on utilise des miroirs de Bragg 9 formés de quelques di-
zaines de paires de couches GaxAl1−xAs/GayAl1−yAlAs, avec des
facteurs de qualité Q de plusieurs 104. Pour des photons de longueur
d’onde 10 ∼ 800 nm, ceci conduit à une masse de quelques 10−5me, où
me est la masse de l’électron libre. La durée de vie τph d’un photon
dans ces cavités varie d’une dizaine à quelques dizaines de picose-
condes.

— La partie "matière" d’un polariton est un exciton, c’est-à-dire une
paire électron–trou liée par l’interaction coulombienne dans un semi-
conducteur Ga As. Ces excitons sont créés dans une zone active (BAS-
TARD & SCHULMAN 1992) placée au centre de la cavité optique et de
faible épaisseur 11, inférieure à 10 nm (figure 9). Dans cette zone ac-
tive, le bas de la bande de conduction se situe à une énergie infé-
rieure à celle de l’environnement : le mouvement des excitons selon

9. Contrairement à l’hypothèse qui a conduit à (53), les miroirs de Bragg ont une épais-
seur bien supérieure à la longueur d’onde. Toutefois on peut montrer que le résultat (53) se
généralise au cas de miroirs épais (Savona, 1999).

10. Indice de réfraction ≈ 3.7 pour Ga As.
11. En pratique on peut placer plusieurs zones actives parallèles les unes aux autres au

voisinage du centre de la cavité optique, pour augmenter le signal.

Cours 5 – page 15



LA TRANSITION BKT EXPLORÉE AVEC DES GAZ § 4. Les polaritons de cavité

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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FIGURE 10. Relation de dispersion (k, ~ωex) pour le mouvement d’un polariton
dans le plan xy, résultant de l’hybridation entre la relation de dispersion d’un ex-
citon, quasiment plate à cette échelle, et celle d’un photon, qui acquiert une masse
effective (très faible) du fait de son confinement dans la cavité Fabry–Perot. Figure
extraite de KASPRZAK, RICHARD et al. (2006).

z est donc gelé et ces excitons se déplacent seulement dans le plan
xy. Nous n’aborderons pas ici le détail de la structure d’un exciton 12

et nous le considérerons comme une particule bosonique, de masse
mex = me + mh où me et mh sont les masses effectives d’un électron
et d’un trou, avec une énergie :

~ωex(k⊥) = ~ω0, ex +
~2k2

⊥
2mex

(55)

Grosso modo, cette approximation reste valable tant que la distance
entre excitons voisins reste grande devant leur rayon de Bohr ; nous
renvoyons le lecteur souhaitant approfondir ce point vers l’article de
COMBESCOT, BETBEDER-MATIBET et al. (2008).

L’interaction matière-lumière conduit à un mélange de ces deux types
d’états. Partant de la zone active vide d’excitons avec un photon présent
dans la cavité, ce photon peut être absorbé par le semi-conducteur : un

12. Dans les puits quantiques de GaAs utilisés en pratique, le rayon de Bohr de l’exciton
est ∼ 5 nm.

exciton est alors créé. Le processus inverse est également possible : si un
exciton est présent dans le semi-conducteur et qu’il n’y a pas encore de
photon dans la cavité, l’exciton peut disparaître (recombinaison particule-
trou) en émettant un photon dans le mode de la cavité. On obtient ainsi
une oscillation de Rabi possible entre ces deux états. Le point important
est que l’impulsion dans le plan xy est conservée lors de cette oscillation
de Rabi : le couplage matière lumière se fait à k⊥ constant.

4-2 La relation de dispersion des polaritons de cavité

Les gaz quantiques de polaritons sont obtenus en se plaçant dans le ré-
gime de couplage fort, pour lesquels le couplage cohérent décrit ci-dessus,
caractérisé par une fréquence de Rabi Ω, est beaucoup plus grand que
l’inverse des temps de relaxation du système, en particulier τph. Dans
ce régime, l’excitation hybride appelée polariton correspond aux modes
propres de l’hamiltonien (figure 10)

Ĥ(k⊥) = ~
(
ωph(k⊥) Ω

Ω ωex(k⊥)

)
(56)

couplant les deux branches photoniques et excitoniques, pour une impul-
sion k⊥ donnée. Le régime le plus intéressant en terme de fluide quantique
est obtenu pour ω0, ph ≈ ω0, ex, et il correspond aux deux branches de va-
leur propres E±(k⊥) (cf. figure 10) :

E± =
~
2

(ωph + ωex)± ~
2

[
(ωph − ωex)

2
+ 4Ω2

]1/2
(57)

Plaçons-nous dans le cas où ωph ≈ ωex, pour lequel on a en k⊥ = 0
la relation E± = ~(ωph ± Ω). Les modes de polaritons correspondants ont
alors une amplitude égale pour la partie photonique et la partie excito-
nique, du moins tant que ~2k2

⊥/2mph � Ω. La courbure des deux branches
au voisinage de k⊥ = 0 est dominée par l’aspect photonique, avec une
masse effective meff ≈ 2mph, ce qui est donc très faible devant la masse
d’un exciton. Cette masse effective très faible a une conséquence directe
pour l’obtention du régime de dégénérescence quantique : la densité dans
l’espace des phases D = ρλ2

T fait intervenir le carré de la longueur d’onde
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thermique

λ2
T =

2π~2

meffkBT
, (58)

ce qui entraîne que pour une densité et une température données, D est
augmentée par 5 ordres de grandeur par rapport à un gaz d’excitons purs !
Un point tout aussi remarquable de cette hybridation est que l’interaction
polariton-polariton est très significative du fait de l’amplitude significative
de la branche excitonique. On arrive ainsi avec ces polaritons à fabriquer
des quasi-particules de très faible masse, de l’ordre de celle des photons
dans la cavité, mais notablement couplées entre elles, ce qui est indispen-
sable pour atteindre un état superfluide. Dans ce qui suit, nous allons nous
concentrer sur la branche inférieure E−, appelée lower polariton sur la fi-
gure 10.

Les polaritons sont créés grâce à une irradiation laser qui crée des paires
électron-trou. Ces paires ont une énergie nettement plus grande que kBT ,
mais elles refroidissent par l’émission de phonons. Du fait de la durée de
vie finie d’un polariton, on atteint un régime stationnaire avec une densité
spatiale qui est une fonction croissante de l’intensité du laser de pompe.
On est donc en présence d’un système dissipatif ouvert, ce qui est a priori
très différent des gaz d’atomes que nous avons rencontrés jusqu’à mainte-
nant. Toutefois ce gaz de polaritons peut atteindre un régime stationnaire,
et ce régime sera proche d’un état d’équilibre thermique si le temps carac-
téristique de thermalisation est court devant la durée de vie d’un polariton.

4-3 Quasi-condensat de polaritons

Le premier fluide de polaritons de cavité présentant les signes d’une
condensation de Bose–Einstein a été décrit par KASPRZAK, RICHARD et
al. (2006) [voir aussi BALILI, HARTWELL et al. (2007)]. Le schéma de l’expé-
rience est représenté sur la figure 11. Le spot illuminé par le laser de pompe
a un diamètre de 35µm et un profil plat pour que la production de polari-
tons soit uniforme dans ce disque. L’excitation est faite avec une énergie ~ω
nettement supérieure (de 100 meV) à l’énergie du fondamental. Le seuil de
condensation est atteint en augmentant la puissance de pompe : au dessus
d’un certain seuil, la lumière émise par la cavité provient presque exclu-
sivement du voisinage de k⊥ = 0 (figure 11). Une analyse plus précise

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
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where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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Michelson interferometer to study phase spatial correlations. Exper-
iments discussed in this work were performed for a slightly positive
cavity–exciton detuning (3 to 8meV).

Thermalization and condensation
Under non-resonant and high excitation, the polariton emission in
CdTe-based microcavities becomes highly nonlinear18,27–30. We first
analyse the spectral and angular distribution of the emission as a
function of the excitation power. Figure 2a displays pseudo-3D
images of the angular distribution of the spectrally integrated
emission. Below threshold (left), the emission exhibits a smooth
distribution around vx ¼ v y ¼ 08, that is, around kk ¼ 0. When the
excitation intensity is increased, the emission from the zero momen-
tum state becomes predominant at threshold (centre) and a sharp
peak forms at kk ¼ 0 above threshold (right). Figure 2b shows the
energy and angle-resolved emission intensities. The width of the
momentum distribution shrinks with increasing excitation intensity,
and above threshold, the emission mainly comes from the lowest
energy state at kk ¼ 0. The polariton occupancy has been extracted
from such emission patterns by taking into account the radiative
lifetime of polaritons.
Figure 3a shows the occupancy of the ground state, as well as its

emission energy and linewidth as a function of excitation power.
With increasing excitation power, the occupancy first increases
linearly, then exponentially, with sharp threshold-like behaviour. It
should be noted that the occupancy at threshold is close to unity,
consistent with a polariton relaxation process stimulated by the
ground-state population: a specific feature of bosons. The emission
blue shift was measured to be less than a tenth of the Rabi splitting at
a pumping level ten times above the nonlinear threshold, confirming
that the microcavity is still in the strong coupling regime. We
measured the ordinary lasing excitation threshold and found it to
be 50 times higher than the condensation threshold (not shown).
The linewidth of the kk ¼ 0 emission shows significant narrowing

at the nonlinear threshold29,30, down to half of the polariton line-
width in the linear regime (Fig. 3a). The line broadening observed at
higher excitation is due to decoherence induced by polariton self-
interaction31. We studied the coherence time more directly using a
Michelson interferometer (not shown). This measurement gives a
coherence time of 1.5 ps below the nonlinear threshold, and 6 ps
above threshold, consistent with the spectral narrowing observed at
threshold.
Signatures of polariton coherence in CdTe-based microcavities

have been previously reported28,29. Macroscopic coherence in the
momentum plane was observed above the nonlinear threshold28.
However, the use of a small excitation spot (3 mm diameter) pre-
vented relaxation into the lowest polariton energy states: polariton
stimulation occurred in excited states and was thus only remotely
connected with BEC. An experiment under conditions more favour-
able to BEC (25-mm-diameter spot), in which polaritons could
condense into the lowest energy state, indirectly showed the build-
up of macroscopic coherence in real space above threshold29. How-
ever, that measurement was obtained under pulsed excitation (150-fs
pulses), thus precluding steady state in the system and mixing high
polariton densities at short times and low densities at long times on
the same spectra.
Figure 3b displays the occupancy of polaritons as a function of

their energy. The occupancy is computed by measuring the intensity
of the signal, taking into account the polariton radiative recombina-
tion rate and the efficiency of the collection set-up. The uncertainty
may be estimated to be roughly a factor of two. The estimation has
been performed for different detunings and the threshold is always
observed for occupancies of the order of one, in agreement with all
previous measurements. For the sake of simplicity, we have arbitra-
rily adjusted the ground-state occupancy to be one at threshold. At
very low excitation power, the polariton occupancy is not therma-
lized29,32,33. Close to threshold, the occupancy can be fitted with a
Maxwell–Boltzmann distribution, indicating a polariton gas in

Figure 3 |Polariton occupancymeasured at 5K. a, Occupancy of the kk ¼ 0
ground state (solid black diamonds), its energy blue shift (solid green
circles) and linewidth (open red triangles) versus the excitation power. The
blue shift is plotted in units of the Rabi splitting Q ¼ 26meV. At low
excitation densities, the ground-state occupancy increases linearly with the
excitation and then, immediately after threshold, increases exponentially
before becoming linear again. This sharp transition is accompanied by a
decrease of the linewidth by about a factor of two, corresponding to an
increase of the polariton coherence. Further increase in linewidth is due to
interaction between polaritons in the condensate. The polariton ground
state slightly blue shifts, by less than 7% of the Rabi splitting for densities up
to seven times the threshold density, staying well below the uncoupled
exciton (EX) and photon mode (Eph) energies. This provides clear evidence
of the strong coupling regime. b, Polariton occupancy in ground- and
excited-state levels is plotted in a semi-logarithmic scale for various

excitation powers. For each excitation power, the zero of the energy scale
corresponds to the energy of the kk ¼ 0 ground state. The occupancy is
deduced from far-field emission data (see Fig. 2b), taking into account the
radiative lifetime of polaritons. At the excitation threshold, the polariton gas
is fully thermalized, as indicated by the Boltzmann-like exponential decay of
the distribution function. Above threshold, the ground state becomes
massively occupied, whereas the excited states are saturated, which is typical
of BEC. The polariton thermal cloud is found to be at 19K without
significant changes when increasing the excitation to twice the threshold
power. The low-energy part of the polariton occupancy cannot usually be
properly fitted by a Bose distribution function, as expected for BEC of
interacting particles. The error bars indicate standard deviation for each
point; and the absolute uncertainty in occupation factor and polariton
energy is given as the black scale bars.
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FIGURE 11. Spectre de la lumière émise par la micro-cavité quand on varie la
puissance de pompe. Au dessus d’un certain seuil, la lumière émise est concen-
trée autour de k⊥ = 0, signalant l’accumulation macroscopique de polaritons au
voisinage de ce point. La population des états de grande énergie est saturée. L’ex-
périence est faite à 5 K. Figure extraite de KASPRZAK, RICHARD et al. (2006).
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montre qu’à partir du seuil, les états excités sont pratiquement saturés et
les polaritons en excès s’accumulent dans l’état k⊥ = 0 ou en son voisi-
nage immédiat. La résolution en énergie de ces mesures n’est toutefois pas
suffisante pour déterminer s’il s’agit d’un vrai condensat (pic de Dirac en
k⊥ = 0) ou du quasi-condensat (quasi-ordre algébrique) attendu à 2D.

La description générale de l’interaction polariton-polariton est com-
plexe. Les excitons peuvent exister dans 4 états de spin, caractérisés par
leur projection le long de l’axe z : σ = ±1,±2. Pour les expériences que
nous décrivons ici, seuls les états σ = ±1 sont pertinents. Dans le cas par-
ticulier où la lumière incidente utilisée pour créer les excitons est polari-
sée circulairement, seule une des deux valeurs possibles de σ est réalisée
et l’interaction entre polaritons peut se décrire comme une interaction de
contact répulsive, avec un coefficient de couplage g̃ constant. Nous nous
limiterons à ce cas pour simplifier la discussion.

Une modélisation en terme de champ classique ψ(r, t) à deux dimen-
sions d’espace conduit alors à une équation du mouvement proche de
l’équation de Gross–Pitaevskii utilisée pour des gaz atomiques :

∂ψ

∂t
= − ~2

2meff
∇2ψ +

~2g̃

meff
|ψ|2ψ − i

γ

2
ψ + Γpump. (59)

Le facteur sans dimension g̃ caractérisant la force des interactions se situe
dans la plage 0.01 – 0.05, ce qui est comparable aux gaz atomiques en inter-
action faible. Les deux derniers termes de cette équation décrivent respecti-
vement (i) la décroissance du champ de polariton du fait de la durée de vie
finie des quasi-particules et (ii) l’alimentation de ce champ par le laser de
pompe. Cette alimentation peut prendre des formes différentes selon que
le pompage est cohérent, auquel cas le laser de pompe impose sa phase
au champ de polariton, ou incohérent quand la cohérence de la pompe est
effacée lors de la relaxation des polaritons. Cette deuxième situation est
voisine du cas des gaz d’atomes, la cohérence éventuelle n’étant pas im-
posée de l’extérieur, mais résultant d’une accumulation macroscopique de
polaritons dans des états de basse énergie cinétique, accumulation favori-
sée par la stimulation bosonique.
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FIGURE 12. Un fluide de polaritons est créé dans un milieu très allongé. En fai-
sant interférer la lumière issue de deux points séparés d’une distance a, on sonde
la cohérence en phase du fluide. La figure de droite obtenue pour a = 200µm,
c’est-à-dire entre les deux extrémités de l’échantillon, montre que la cohérence en
phase reste très bonne malgré l’éloignement de ces deux points. Figure extraite de
WERTZ, FERRIER et al. (2010).

4-4 Expériences montrant un quasi-ordre en phase

Un avantage majeur des condensats de polaritons par rapport aux
condensats atomiques réside dans le fait que le champ électromagnétique
qui s’échappe de la cavité du fait de la réflexivité imparfaite des miroirs
porte l’information de la phase du champ de polariton ψ. Avec des atomes,
nous avons vu que l’on est obligé de recourir à des techniques relativement
élaborées pour accéder à la fonction de corrélationG1. Avec des polaritons,
il "suffit" de faire l’analyse des corrélations en phase du champ électroma-
gnétique sortant de la cavité.

Un premier exemple de cette analyse des corrélations en phase est
présenté sur la figure 12, tirée de l’article de WERTZ, FERRIER et al.
(2010). Les polaritons peuvent évoluer dans ce cas dans un milieu quasi-
unidimensionnel, de largeur Lx entre 2 et 4µm et de longueur Ly de
200µm. Ils sont produits par un faisceau pompe de très faible diamètre,
de 2 µm environ, et se propagent ensuite dans l’échantillon. Un disposi-
tif de fentes d’Young permet de faire interférer la lumière émise par des
points distants (jusqu’à Ly) et de vérifier qu’un degré de cohérence élevé
existe entre ces points si la puissance de pompe est au dessus d’un certain
seuil. Comme attendu dans un gaz de Bose 1D dégénéré, la longueur de
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of

0.10 0.12 0.14 0.16 0.18 -8 -6 -4 -2 0 20.3 0.4 0.5 0.6 0.7

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8 ln(kFa2D)

0.5
1.3
1.7

T/TF

C
rit

ic
al

ex
po

ne
nt

η c

ln

BEC BCS

(kFa2D)

(b) (c)
ln(kFa2D)

-0.5
-3.4
-7.3 Exp
-7.3 QMC
-7.3 QMC
+ Imaging

S
ca

lin
g

ex
po

ne
nt

η

T/T0

(a)

BEC

FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0
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and a band-pass interference filter, which reject scattered laser
light without distorting the LP spectrum.

We confirmed that the sample disorder potential is weak in two
ways (see SI Appendix). First, the lineshape of the luminescence
at low excitation power is Lorentzian, which is characteristic of a
homogeneously broadened line. Second, we measured a 2D map
of the disorder potential with resolution approximately 1 μm and
found that its spatial fluctuations are indeed weaker than the
homogeneous broadening and also much weaker than the energy
shift due to polariton–polariton interactions. Therefore, we can
ignore the sample disorder in our experiment. The condensate is
still localized in space, though, following the shape of the laser
excitation spot.

The first order spatial correlation function is defined as

gð1Þðr1; t1; r2; t2Þ ¼
hψ †

1ψ2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ †

1ψ1ihψ †
2ψ2i

q [1]

where ψ †
i and ψ i are the creation and annihilation field operators

at space-time point ðri; tiÞ. To measure this function, we built a
Michelson interferometer setup. A schematic is shown in Fig. 1A.
It includes a mirror in one arm, and a right angle prism in the
other. We overlap the condensate real-space image with its
reflected version, so that fringes similar to that of Fig. 1B are
observed on the camera. By changing the length of one interfe-
rometer arm, as shown in Fig. 1A, the relative phase of the two
beams is shifted. As a result, the intensity measured at one pixel
point shows a sinusoidal modulation (Fig. 1C). From the data of
Fig. 1C, we extract the phase difference of the two images at a

particular pixel point, as well as the fringe visibility. The latter is
proportional to the first order correlation function, which is the
physical quantity we are interested in in this experiment.

The prismM2 in Fig. 1A forms the reflection of the condensate
image along the prism axis. Therefore, point ðx; yÞ overlaps with
either ð−x; yÞ, or ðx; −yÞ on the camera, depending on the orien-
tation of the prism. This allows us to measure

gð1Þðx; −x; τÞ ≡ hgð1Þðx; y; tþ τ;−x; y; tÞit; [2]

or

gð1Þðy; −y; τÞ ≡ hgð1Þðx; y; tþ τ; x; −y; tÞit; [3]

where hit denotes time average. In this experiment, we are mainly
interested in interference at τ ¼ 0, so when the time argument is
not mentioned explicitly, we imply τ ¼ 0.

We repeat the procedure explained in Fig. 1 for every pixel, so
that we measure the phase difference between the two interfering
images in addition to the correlation function across the whole
spot. Representative data are shown in Fig. 2. Recording both
these quantities allows us to identify useful signal from systematic
or random noise. Because the prism displaces the beam that is
incident on it, the images from the mirror and the prism are
focused on the camera from different angles, so the two phase
fronts are tilted with respect to each other. As a consequence, we
expect to measure a constant phase tilt. This is the case in Fig. 2B,
in which the laser power is above threshold and a condensate has
formed. We conclude that our measurement of the correlation
function in Fig. 2D is reliable over this whole area. On the other
hand, at a pump rate below threshold, only short-range correla-
tions exist. Fig. 2A shows that in this case the phase difference is
measured correctly only over a small area around the center,
(jxj ≤ 1 μm). So the measured values of gð1Þðx; −xÞ outside this
area are not reliable and give an estimate of our measurement
uncertainties. As is clear from Fig. 2C, the experimental error
can be suppressed down to 0.01.

Phase maps such as those in Fig. 2 have been used to identify
localized phase defects—namely, quantum vortices (19). The
data of Fig. 2B show that such localized defects are not present
in our sample. At points with large fringe visibility (near
x ¼ 0 μm), fringes are perfectly parallel, whereas defects that ap-
pear for large jxj could be due to a numerical uncertainty in the
measurement of the local phase due to the small fringe visibility.
In any case, localized stationary phase defects cannot influence
gð1ÞðrÞ, because it is their motion that destroys spatial correlations
and not their mere presence. It has been found that vortices
appear in large disorder samples (19), when a direct external
perturbation is introduced (20), before the condensate reaches
its steady state (21), or when the condensate moves against an
obstacle (22, 23). None of these conditions is satisfied in our ex-
periment. On the other hand, we have found that, under the same
conditions as the current experiment, mobile bound vortex pairs
appear spontaneously due to the special form of the pumping
spot and the pumping and decay noise (18). In ref. 18), we found
that a single mobile bound vortex–antivortex pair is visible in a
small condensate. In the current experiment, we probe larger
condensate sizes, so it is likely that several vortex pairs are pre-
sent at the same time. Mobile bound vortex pairs are in general
invisible in time-integrated phase maps, like the one in Fig. 2B,
and they are consistent with a power-law decay of gð1ÞðrÞ.

Fig. 3A shows the short-distance dependence of gð1Þðx; −xÞ for
the same pumping power as in Fig. 2A andC. Every dot in Fig. 3A
corresponds to one pixel on the camera, and the x axis is its
distance from the axis of reflection (slightly tilted with respect to
the columns of the charge-coupled device array). Data at dis-
tances jxj > 1 μm is noise, because the measured phase in this
area is random (Fig. 2A). At shorter distances, we can measure
gð1Þðx; −xÞ reliably, and we find that the correlation function has a
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Fig. 1. Michelson interferometer. (A) Schematic of the setup for measure-
ment of the correlation function. The laser is linearly polarized, and we re-
cord luminescence of the orthogonal linear polarization through a polarizing
beamsplitter (PBS). We then employ a 50-50 nonpolarizing beamsplitter
(NPBS), a mirror (M1) and a right-angle prism (M2). The latter creates the re-
flection of the original image along one axis, depending on the prism orien-
tation. A two-lens microscope setup overlaps the two real space images of
the polariton condensate on the camera. (B) Typical interference pattern ob-
served above the polariton condensation threshold along with a schematic
showing the orientation of the two overlapping images. (C) Blue circles: mea-
sured intensity on one pixel of the camera as a function of the prism (M2)
position in normalized units. Red line: fitting to a sine function.
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gaussian form. This is the same functional dependence as for a
thermalized Bose gas when the temperature is sufficiently high or
the density sufficiently small (2, 4). In that equilibrium case,
the width of the gaussian decay is proportional to the thermal
de Broglie wavelength. Although our nonequilibrium system is
quite different than the thermalized Bose gas, we will use this
analogy to define a thermal de Broglie wavelength and therefore
also a temperature. We note that the temperature measured from
the short-distance behavior of gð1Þðx; −xÞ is a measure of the
occupation of the higher energy part of the spectrum (i.e., the
particle-like part of the spectrum). For an insufficiently therma-
lized system, it is quite possible that excitations in different energy
ranges have different effective temperatures. Therefore, the tem-
perature measured this way will not necessarily agree with other
measures of temperature.

In Fig. 3B we plot the effective wavelength λeff as a function of
pumping power. If σ is the standard deviation of the gaussian fit
for gð1Þðx; −xÞ, λeff ¼ 2

ffiffiffiffiffiffi
2π

p
σ in analogy to the thermal de Broglie

wavelength. λeff shows a smooth increase for increasing pumping

power with no obvious threshold, analogous to the theory of
equilibrium noninteracting 2D Bose gas as the particle density is
increased (4). We performed the same experiment for two ortho-
gonal prism orientations as shown in the legend of Fig. 3B. In
one case we measured gð1Þðx; −xÞ, whereas in the other case we
measured gð1Þðy; −yÞ. We found that λeff is shorter along the y axis
and attribute this difference to a small asymmetry of the laser
pumping spot. The occupation of excited states (which deter-
mines λeff) depends on their spatial overlap with the laser pump-
ing spot, so states of equal energy are not always equally
populated. This asymmetry shows that λeff is not simply related
to the cryostat temperature and depends on the spatial and
energy profiles of the high-energy states involved in producing
this correlation length. We also note that the resolution limit of
our imaging setup is approximately 1 μm, hence the measure-
ment of λeff at small pumping power is resolution-limited.

It is known that an ideal autocorrelation measurement with a
Michelson interferometer provides the same information as an
ideal measurement of the spectrum. In particular, gð1Þðx; −x; tÞ
is the Fourier transform of the power spectrum in momentum
space Sðk; ωÞ (24). However, systematic noise in measurement of
Sðk; ωÞ currently makes the direct measurement of gð1Þðx; −x; tÞ
the only way to reliably extract λeff of Fig. 3B as well as the power-
law decay at long distances to be explained later. The Fourier-
transform relationship between gð1Þðx; −x; tÞ and Sðk; ωÞ is illu-
strated in Fig. 4. The measured gð1Þðx; −x; tÞ at very low pumping
power is shown in Fig. 4A. At time delay t ¼ 0, it has a gaussian
form as a function of x, but for increasing t it broadens and
acquires a multipeak structure. This unusual space-time depen-
dence is reproduced by the numerical Fourier transform (Fig. 4C)
of measured Sðk; ωÞ (Fig. 4B). As explained in SI Appendix,
measurement of the time dependence of gð1Þðx; −x; tÞ is limited by
inhomogeneous broadening due to time-integrated data, so it
cannot provide an estimate of the homogeneous dephasing time.

At long distances, the behavior of the correlation function at
zero time delay t ¼ 0 is no longer gaussian. We found that it is
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influenced by the edge of the condensate. In Fig. 5, we plot the
measured gð1ÞðΔxÞ ¼ gð1Þðj2xjÞ ≡ gð1Þðx; −xÞ at pumping power
P ∼ 3 × Pth for increasing pumping spot radius. The measured
gð1ÞðΔxÞ at long distances decreases as the spot size is increased
and eventually converges to a power-law decay for large con-
densates.

We note that the condensate size is slightly smaller than the
pump laser spot radius (3–4 μm smaller from each side for a large
spot). Because of the repulsive interaction between polaritons,
and between polaritons and reservoir excitons, the large density
of the condensate and reservoir creates an antitrapping potential
that pushes LPs away from the center. This effect is stronger for a
gaussian or a very small pumping spot and in long-lifetime sam-
ples (16, 25), whereas in the present experiment it only influences
LPs that are close to the edge.

In the case of a large condensate, we should recover the limit
of (infinitely large) homogeneous polariton gas. Therefore, we
consider a pumping spot radius R0 ¼ 19 μm. In Fig. 6A, we plot
the correlation function gð1ÞðΔxÞ versus Δx as the pumping power
is increased. Only short-range correlations exist for small pump-

ing power, whereas above the condensation threshold of approxi-
mately 55 mW (4.8 kW∕cm2), substantial phase coherence
appears across the whole spot. The functional form of the long-
distance decay is measured to be a power law over about one
decade, as can be seen in Fig. 6B, in which we plot the data at
one specific laser power. We fit the data to a function gð1ÞðΔxÞ ¼
ðλp∕ΔxÞap and plot the exponent ap as a function of pumping
power in Fig. 6C. It is found to be in the range 0.9–1.2. λp is
a parameter with units of length and is not related to λeff , which
is plotted in Fig. 3B*.

It has been claimed that a criterion for polariton condensation
is the appearance of a second threshold as the pumping power is
increased (26, 27). The state after the first threshold was called a
“polariton BEC,” “polariton laser,” or “polariton condensate,”
whereas the state after the second threshold has not been fully
understood yet. It might be a Bardeen–Cooper–Schrieffer (BCS)
crossover (28, 29), photon BEC (30), or photon laser (26). This
double threshold behavior has been observed in micropillar struc-
tures (26), and using a stress trap (27). In the supplementary
information of ref. 18, we also reported the observation of double
threshold using the same sample and excitation conditions as in
the present experiment. We found that in our sample the window
of intensities between the two thresholds is not very wide, and
can only be witnessed using a flat laser excitation spot. This spot
creates a uniform polariton density over a large area, as opposed
to the more common gaussian spot, where the density changes a
lot across the pumping spot.

Finally, we repeated the same measurement of gð1Þðx; −xÞ
using an identical sample at a temperature of 200 K. Because
of the small binding energy, the GaAs excitonic effect is weak
at this temperature. Also, the lasing energy was well above the
bandgap. Therefore, only standard photon lasing was possible.
In this case, we only found exponential decay of the correlation
function and no power law. The details of this measurement are
reported in SI Appendix. This suggests that the interactions of
the strongly coupled exciton-polaritons are essential in the obser-
vation of the reported phenomena
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influenced by the edge of the condensate. In Fig. 5, we plot the
measured gð1ÞðΔxÞ ¼ gð1Þðj2xjÞ ≡ gð1Þðx; −xÞ at pumping power
P ∼ 3 × Pth for increasing pumping spot radius. The measured
gð1ÞðΔxÞ at long distances decreases as the spot size is increased
and eventually converges to a power-law decay for large con-
densates.

We note that the condensate size is slightly smaller than the
pump laser spot radius (3–4 μm smaller from each side for a large
spot). Because of the repulsive interaction between polaritons,
and between polaritons and reservoir excitons, the large density
of the condensate and reservoir creates an antitrapping potential
that pushes LPs away from the center. This effect is stronger for a
gaussian or a very small pumping spot and in long-lifetime sam-
ples (16, 25), whereas in the present experiment it only influences
LPs that are close to the edge.

In the case of a large condensate, we should recover the limit
of (infinitely large) homogeneous polariton gas. Therefore, we
consider a pumping spot radius R0 ¼ 19 μm. In Fig. 6A, we plot
the correlation function gð1ÞðΔxÞ versus Δx as the pumping power
is increased. Only short-range correlations exist for small pump-

ing power, whereas above the condensation threshold of approxi-
mately 55 mW (4.8 kW∕cm2), substantial phase coherence
appears across the whole spot. The functional form of the long-
distance decay is measured to be a power law over about one
decade, as can be seen in Fig. 6B, in which we plot the data at
one specific laser power. We fit the data to a function gð1ÞðΔxÞ ¼
ðλp∕ΔxÞap and plot the exponent ap as a function of pumping
power in Fig. 6C. It is found to be in the range 0.9–1.2. λp is
a parameter with units of length and is not related to λeff , which
is plotted in Fig. 3B*.

It has been claimed that a criterion for polariton condensation
is the appearance of a second threshold as the pumping power is
increased (26, 27). The state after the first threshold was called a
“polariton BEC,” “polariton laser,” or “polariton condensate,”
whereas the state after the second threshold has not been fully
understood yet. It might be a Bardeen–Cooper–Schrieffer (BCS)
crossover (28, 29), photon BEC (30), or photon laser (26). This
double threshold behavior has been observed in micropillar struc-
tures (26), and using a stress trap (27). In the supplementary
information of ref. 18, we also reported the observation of double
threshold using the same sample and excitation conditions as in
the present experiment. We found that in our sample the window
of intensities between the two thresholds is not very wide, and
can only be witnessed using a flat laser excitation spot. This spot
creates a uniform polariton density over a large area, as opposed
to the more common gaussian spot, where the density changes a
lot across the pumping spot.

Finally, we repeated the same measurement of gð1Þðx; −xÞ
using an identical sample at a temperature of 200 K. Because
of the small binding energy, the GaAs excitonic effect is weak
at this temperature. Also, the lasing energy was well above the
bandgap. Therefore, only standard photon lasing was possible.
In this case, we only found exponential decay of the correlation
function and no power law. The details of this measurement are
reported in SI Appendix. This suggests that the interactions of
the strongly coupled exciton-polaritons are essential in the obser-
vation of the reported phenomena
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(C) Fourier transform of the experimental data shown in B. The result indeed
reproduces accurately A. In B and C, the data is plotted in linear color scale in
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10
−1

10
0

10
1

10
−2

10
−1

10
0

∆x (µm)

g(1
) (∆

x)

R
0
=7µm

R
0
=12µm

R
0
=19µm

R
0
=22µm

Fig. 5. Measured gð1ÞðΔxÞ vs.Δx for various pumping spot radii R0. All data is
taken above threshold and is chosen such that λeff ∼ 4.1 μm. As the conden-
sate size increases, gð1ÞðΔxÞ converges to a power-law decay.

10
−1

10
0

10
1

10
−3

10
−2

10
−1

10
0

∆x (µm)

g(1
) (∆

x)

 

 
 37mW
 48mW
 60mW
 76mW
 95mW
118mW
134mW
149mW
170mW
190mW
214mW
237mW
260mW
283mW
343mW

10
−1

10
0

10
1

10
−2

10
−1

10
0

∆x (µm)

g(1
) (∆

x)

134 mW

 

 

x>0
x<0
fit

0 100 200 300 400
0.9

0.95

1

1.05

1.1

1.15

1.2

1.25

Pumping power (mW)

A

B C

Fig. 6. (A) gð1ÞðΔxÞ vs. Δx for increasing laser power. The laser pumping spot
radius is R0 ¼ 19 μm and the threshold power Pth ¼ 55 mW. (B) gð1ÞðΔxÞ vs.
Δx for one particular laser power and for x both positive (blue circles) and
negative (red squares). Dashed line is a power-law fit. (C) Exponent ap of the
power-law decay as a function of laser power.

*See SI Appendix for a discussion of λp , data at different detunings, the orthogonal prism
orientation, as well as for time-resolved data.
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FIGURE 13. Pour sonder la cohérence en phase d’n fluide de polaritons bi-
dimensionnel, on fait interférer la lumière émise avec son image miroir, ce qui
permet de reconstruire la fonction de corrélation G1(r,−r). Figure extraite de
ROUMPOS, LOHSE et al. (2012).

cohérence est donc beaucoup plus grande que λT ∼ 4µm.

Des expériences portant sur la géométrie 2D ont été faites par ROUM-
POS, LOHSE et al. (2012), puis par NITSCHE, KIM et al. (2014) (il s’agit dans
les deux cas du groupe dirigé par Y. Yamamoto). Nous avons représenté
sur la figure 13 l’interféromètre de Michelson utilisé par cette équipe. Il
permet de faire interférer le champ issu de la cavité avec son image mi-
roir, ce qui donne accès à la fonction de corrélation G1(r,−r). L’expérience
de ROUMPOS, LOHSE et al. (2012) a été menée avec un pompage incohé-
rent et uniforme 13 d’un disque relativement étendu, de diamètre ∼ 40µm,
alors que celle de NITSCHE, KIM et al. (2014) a été faite avec un faisceau de
pompe gaussien de largeur totale à mi-hauteur de 15µm.

Dans les deux expériences, on trouve que G1 décroît algébriquement
avec la distance quand la puissance de pompage est au dessus d’un cer-
tain seuil. Cette décroissance algébrique est bien sûr en accord avec ce
qui est attendu pour le régime superfluide 2D. Toutefois, pour l’expérience
de ROUMPOS, LOHSE et al. (2012), l’exposant mesuré était nettement trop
élevé par rapport aux prédictions théoriques puisqu’il atteignait 1.2, c’est-

13. Profil d’intensité en forme de "chapeau haut de forme" (top hat).

WOLFGANG H. NITSCHE et al. PHYSICAL REVIEW B 90, 205430 (2014)

IV. MEASURED COHERENCE AND ITS
INTERPRETATION

A typical result [Fig. 4(a)–4(c)] for the measured phase and
fringe visibility shows three distinct regions: The visibility
over short distances (region I) decays according to a Gaussian
law. This is similar to the correlation function decay of a Bose
gas in thermal equilibrium [25], where the width of the Gaus-
sian is proportional to the de Broglie wavelength. However,
in our system, the population of energetically higher modes
depends primarily on their overlap with the Gaussian pump
profile; therefore, we cannot deduce an accurate temperature
from this Gaussian width [24].

In the region of intermediate distances (region II), the decay
of the visibility follows a power law as theoretically predicted
for the BKT state. From this, we determine the exponent ap
by fitting a power law proportional to |x|−ap to the measured
fringe visibility in this region. For even larger distances (region
III), the visibility starts to decay faster, which we attribute to
the decrease of the superfluid fraction towards the edge of
the condensate. The intensity of the Gaussian pump decreases
towards the edge, which is expected to lead to a decrease
of the superfluid fraction ns/n. According to Eq. (2) (and as
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FIG. 8. (Color online) Pump-power dependence. Upper row:
Pump-power dependence of the exponent ap for two detuning values.
The symbols show the measured exponents as determined by a
power-law fit as shown in Fig. 4(c). The gray horizontal line at
0.25 shows the theoretically predicted exponent at the threshold.
The black continuous line shows the estimated inverse superfluid
phase-space density 1/(nsλ

2
T ), and as predicted by the theory, it

matches the measured exponents ap. Filled symbols correspond to the
x < 0 region. Lower row: Pump-power-dependent peak intensity, as
determined by an energy and momentum resolved measurement. The
threshold pump powers defined by the critical exponent ap = 0.25
(upper traces) are indicated by the black arrows.

shown in Fig. 5), this picture can explain the fast drop of
g(1). To demonstrate this, we simulated the visibility (Fig. 5)
by assuming a condensate with a radius of 15 µm, where
the superfluid fraction is constant for r < 10 µm and slowly
decreases to a small value at r = 15 µm, where it jumps to
0%. In Fig. 4(c), we see that the power law (region II) ends
at a “cutoff” length beyond which a faster decay (region III)
is observed. These data have been extracted close to y = 0 in
Fig. 4(b). By performing the same evaluation for different y
values, we see that the cutoff points seem to lie on a circle
(Fig. 6), which confirms our interpretation that the fast decay
of the visibility is caused by a decrease of the condensation
fraction towards the edge of the condensate.

In Fig. 7, three decay functions are tested against the
measured visibility. The power-law decay function gives the
best match after the individual minimization of the root-mean-
square (RMS) deviation, which strongly indicates that the
coherence decays with a power law, as theoretically predicted.
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above the expected threshold of 0.25 is shaded in gray. Although
we did not change the temperature during the measurement, the
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B ns!2), and the BKT phase transition occurs at

the dimensionless temperature of 0.25 in these units.

205430-6

FIGURE 14. Variation avec la puissance de pompe de l’exposant ap de la loi algé-
brique G1(r) ∝ r−ap . L’exposant mesuré au seuil de la transition est compatible
avec la borne supérieure 0.25. Figure extraite de NITSCHE, KIM et al. (2014).

à-dire une valeur qui dépassait par un facteur 5 la borne supérieure pré-
dite (η = 1/Ds ≤ 1/4). La raison mise en avant par ROUMPOS, LOHSE et al.
(2012) était le caractère hors d’équilibre du gaz de polaritons [voir aussi
l’article de revue de ROUMPOS & YAMAMOTO (2012)].

Cette explication a été modifiée dans l’article de NITSCHE, KIM et al.
(2014), qui montre quant à lui des valeurs compatibles avec la borne su-
périeure η = 0.25 (figure 14). Selon NITSCHE, KIM et al. (2014), la valeur
élevée de l’exposant mesuré dans les expériences de 2012 serait due à la
forme particulière du faisceau pompe, qui aurait favorisé une fragmenta-
tion du quasi-condensat. La leçon à retenir de ces deux mesures ainsi que
de la recherche équivalente sur les gaz d’atomes (MURTHY, BOETTCHER et
al. 2015) est la difficulté à mesurer des lois algébriques avec des exposants
aussi petits que 0.25. Toute imperfection expérimentale conduisant à une
mauvaise homogénéité du gaz risque d’augmenter la vitesse de décrois-
sance de G1 et de montrer une violation apparente de la borne supérieure
de 1/4 prédite dans le cadre de la théorie BKT.
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Quelle limite thermodynamique? L’article théorique récent de ALT-
MAN, SIEBERER et al. (2015) est venu montrer que la situation des systèmes
ouverts comme les gaz de polaritons de cavité était en fait fondamenta-
lement différente de celle des systèmes fermés, comme les gaz d’atomes.
La conclusion de ce travail est qu’à grande échelle, le quasi-ordre à longue
portée ne peut pas exister dans un gaz de polaritons : la fonctionG1(r) doit
toujours décroître exponentiellement avec la distance r.

Le point de départ de ALTMAN, SIEBERER et al. (2015) est l’équation
d’évolution de la phase θ(r, t) du champ ψ(r, t). Moyennant des approxi-
mations raisonnables, cette équation s’écrit pour un système ouvert

∂θ

∂t
= D∇2θ +

λ

2
(∇θ)

2
+ ζ(r, t), (60)

qui a la structure de l’équation KPZ (Kardar–Parisi–Zhang). Le terme D
représente un coefficient de diffusion, λ caractérise la force du couplage
non-linéaire et ζ représente un bruit blanc. À partir d’une analyse par le
groupe de renormalisation, ALTMAN, SIEBERER et al. (2015) ont montré
que le terme non-linéaire finit toujours par devenir dominant, ce qui si-
gnifie que la fonction θ(r, t) devient de plus en plus "rugueuse". Le quasi-
condensat est donc toujours détruit à l’issue de cette étape de renormalisa-
tion, d’où la décroissance exponentielle de G1.

Toutefois ALTMAN, SIEBERER et al. (2015) expliquent également que la
distance caractéristique ` de cette décroissance exponentielle de G1 peut
être très grande. La situation réalisée expérimentalement sonde donc une
échelle de longueur intermédiaire � ` sur laquelle on peut linéariser
l’équation KPZ. On retrouve alors la décroissance en loi de puissance pour
G1, ainsi que la transition BKT pilotée par la dissociation des paires de
vortex [voir par exemple CHIOCCHETTA & CARUSOTTO (2013)].

4-5 Polaritons autour d’un obstacle

La mise en évidence directe de la superfluidité d’un fluide de polari-
tons de cavité a été faite par AMO, LEFRÈRE et al. (2009). Dans cette expé-
rience, on produit les polaritons avec une énergie donnée au moyen d’un
pompage cohérent et résonant. En choisissant un angle d’incidence non
nul (entre 2 et 4 degrés) pour le laser de pompe, on crée les polaritons

FIGURE 15. Écoulement d’un fluide de polaritons de vitesse ∼ 6 105 m/s autour
d’un obstacle statique. À basse densité (image de gauche), une trainée claire appa-
raît dans le sillage de l’objet. À haute densité, ce sillage disparaît, indication d’un
écoulement superfluide. La vitesse du son pour l’image de droite est de l’ordre de
2 106m/s. Figure extraite de AMO, LEFRÈRE et al. (2009).

avec une vitesse vp non nulle, en l’occurence de l’ordre de 6 105 m/s. On
peut en particulier les produire au voisinage d’un défaut du matériau 14.
L’écoulement du fluide polaritonique autour du défaut renseigne sur son
caractère superfluide. À basse densité du fluide, ∼ 1µm−2, la vitesse du
son c0 = ~

m

√
g̃ρ est inférieure à vp et on voit clairement une trainée lors du

passage du fluide sur l’objet. À plus haute densité, 40µm−2 pour l’image
de droite de la figure 15, cette trainée disparaît, signe d’un écoulement su-
perfluide. Pour ces expériences, le paramètre g̃ est de l’ordre de 10−3, cor-
respondant à une vitesse du son cs = 2 106m/s pour l’expérience à haute
densité. Le caractère superfluide de l’écoulement est confirmé la mesure
de la distribution en impulsion, qui n’est pas affectée par la présence de
l’obstacle dans le régime de haute densité.

14. Ces défauts apparaissent naturellement dans le processus de croissance des échantillons
et on s’intéresse ici à un défaut de petite taille, que l’on peut considérer comme un objet
ponctuel.
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