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Un	monde	à	deux	dimensions

De	la	sociologie… …	à	la	physique

Peierls 1907-1985

Que	deviendraient	les	objets	habituels	de	
la	physique,	cristaux,	aimants,	si	nous	
vivions	dans	un	monde	à	deux	dimensions?

R.	Peierls	1907-95
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Objets	physiques	2D	«	du	quo:dien	»

Supraconducteurs	à	haute		
température	cri:que	

Puits	quan:ques	en	électronique,	
diodes	laser,	photodétecteurs,	
composants	électroniques	à	bas	bruit	

Graphène

LANL

wikipedia

wikipedia
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Le	résultat	de	Peierls

En	basse	dimension,	les	fluctua:ons	thermiques	(T ≠ 0)	et	quan:ques	(T = 0)		
jouent	un	rôle	accru,	car	les	contraintes	imposées	par	les	posi:ons	des		
voisins	sont	moins	importantes

Ces	fluctua:ons	empêchent	l’appari:on	d’un	ordre	à	longue	portée		
similaire	à	celui	rencontré	à	trois	dimensions,	comme	l’ordre	cristallin.

Mermin	-	Wagner	-	Hohenberg

Ce	résultat	entraîne-t-il	l’absence	complète	de	transi7on	de	phase		
à	deux	dimensions	pour	les	systèmes	avec	une	symétrie	con7nue	?		

(hypothèses	précisées	dans	la	suite	du	cours)
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L’ordre	topologique

1973,	Kosterlitz	&	Thouless	:		
					Ordering,	metastability	and	phase	transi;ons	in	two-dimensional	systems	

Prix	Nobel	de	physique	2016	pour	«	les	découvertes	théoriques	des	transi;ons		
de	phase	topologiques	et	des	phases	topologiques	de	la	ma;ère	»

D.J.	Thouless F.D.	HaldaneJ.M.	Kosterlitz
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Pourquoi	la	topologie	joue-t-elle	un	rôle	?

Topologie	:	étude	mathéma:que	des	formes,	visant	à	établir	une	équivalence	entre		
des	objets	qui	peuvent	se	transformer	l’un	en	l’autre	par	une	déforma:on	con:nue

Un	changement	de	classe	ne	peut	se	faire	qu’en	passant	par	une	singularité	:	
protec7on	topologique

Nombre	g	d’anses	ou	de	poignées		d’un	objet	:		
																																																«	genre	»	d’une	surface	fermée	dans	l’espace	3D

g = 0 g = 1 g = 2



Le	lien	entre	topologie	et	géométrie

Le	théorème	de	Gauss	-	Bonnet	: 1

4⇡

Z

S
⌦(r) d2r = 1� g

En	géométrie,	on	peut	définir	en	tout	point	d’une	surface	fermée	régulière	et		
orientable	la	courbure												,	avec	par	exemple	pour	une	sphère		⌦(r) ⌦ = 1/R2

Figure extraite de la page web de Scientific American et réalisée par Keenan Crane (Columbia U.)



8

La	protec:on	topologique	en	physique

Si	une	quan:té	physique	peut	s’exprimer	comme
Z

⇤
⌦(�) d�

où								est	une	ligne	ou	une	surface	fermée,	cele	quan:té	peut	être	:			⇤

• quan:fiée	(par	exemple,	la	conduc:vité	de	l’effet	Hall	quan:que)

• protégée	topologiquement	(inchangée	par	une	perturba:on	ou	du	désordre)

Important	à	la	fois	pour	l’aspect	conceptuel	et	l’aspect	pra7que

Réalisa:on	de	standards	«	macroscopiques	»	invariants	d’un	laboratoire	à	l’autre
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Le	gaz	de	Bose	à	deux	dimensions

Fluide	de	par:cules	iden:ques	de	masse	m	obéissant	à	la	sta:s:que	de	Bose-Einstein

On	suppose	que	l’on	peut	décrire	ce	fluide	par	un	champ	«	classique	»	complexe		
(onde	de	ma:ère)	:

 (r) =
p
⇢(r) ei✓(r) ⇢(r) :	densité	spa:ale	du	fluide

La	phase											est	définie	modulo									en	tout	point	où	la	densité	est	non	nulle✓(r) 2⇡

r = (x, y)

C

Invariant	topologique	sur	un	contour	fermé	du	plan	xy	sur	lequel											ne	s’annule	pas⇢(r)

I

C
r✓(r) · dr = n 2⇡ n 2 Z
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Champ	de	vitesses	du	fluide	et	vortex

 (r)Le	champ	de	vitesses	du	fluide	se	déduit	de												: v(r) =
~
m

r✓(r)

Fluide	de	Bose	décrit	par	l’onde	  (r) =
p
⇢(r) ei✓(r)

C
La	circula:on	de	la	vitesse	sur	tout	contour	fermé	
sur	lequel																				est	quan:fiée⇢(r) 6= 0

Un	vortex	(tourbillon)	est	associé	à	un	zéro	de											,	par	exemple (r)

 (r) = (x± iy)F
�
x

2 + y

2
�

= r F (r2) e±i'C
O

I

C
v(r) · dr = ±2⇡~

m

I

C
v(r) · dr = n

2⇡~
m

n 2 Z
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Protec:on	topologique	d’un	vortex
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La	transi:on	de	Kosterlitz	-	Thouless

1971:	Vadim	Berezinskii	(1935-1980)	
1973:	J.	Michael	Kosterlitz	et		David	J.	Thouless

mécanisme	BKT

Transi:on	de	phase	liée	à	l’appariement	des	défauts	topologiques	(vortex):g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

:	vortex

:	vortex

+2⇡

�2⇡

Basse	température	:	
pas	vraiment	un	ordre		
usuel,	mais	un	ordre	

topologique

Haute	température	:	
état	désordonné

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0



Les	buts	de	cele	série	de	cours

• Melre	en	place	les	ou:ls	pour	comprendre	le	résultat	de	Peierls

• Analyser	le	mécanisme	BKT	sur	le	cas	du	gaz	de	Bose	et	des	vortex		

• Discuter	plusieurs	exemples	de	systèmes	bidimensionnels

Liquides	colloïdaux	
photons	dans	des	cavités	électromagné:ques	
films	d’hélium	liquide	
gaz	atomiques	(bosons	ou	fermions)	
par:cules	hybrides	lumière-ma:ère	(polaritons	de	cavité)

Dillmann, Maret & Keim
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Documents	en	ligne

Notes	de	cours	et	copies	des	diaposi:ves	:

Pour	recevoir	les	annonces	liées	au	cours,	envoyer	un	courrier	électronique	à	:

avec	pour	sujet	:	subscribe	chaire-ar.ipcdf	

 listes-diffusion.cdf@college-de-france.fr

hlp://www.phys.ens.fr/~dalibard/2017_CdF.html	

mailto:listes-diffusion.cdf@college-de-france.fr
http://www.phys.ens.fr/~dalibard/2017_CdF.html
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Séminaires

3	mai	2017	:	Yves	Couder,	laboratoire	Ma:ère	et	Systèmes	Complexes,	Université	Paris	
Diderot	:	Une	dualité	onde-par;cule	à	échelle	macroscopique	:	le	rôle	d'une	mémoire	

10	mai	2017	:	Klaus	Moelmer,	Aarhus	University,	Danemark	:	A	relaxed	approach	to	
quantum	state	engineering	

17	mai	2017	:	Alexia	Auffeves,	Ins:tut	Néel	–	CNRS,	Grenoble	:		Contexts,	systems,	
modali;es:	A	physically	realist	framework	for	quantum	mechanics	

24	mai	2017	:	Thierry	Giamarchi,	Université	de	Genève,	Suisse	:		Berezinskii-Kosterlitz-
Thouless	transi;on	and	Sine-Gordon	theory:	from	superconductors	to	cold	atomic	gases	

31	mai	2017	:	Tilman	Pfau,	Université	de	Stulgart,	Allemagne	:	Dipolar	quantum	gases	and	
liquids	

7	juin	2017	:	Isabelle	Bouchoule,	Laboratoire	Charles	Fabry,	Palaiseau	:	Physics	of	one-
dimensional	Bose	fluids:	Using	ultra-cold	gases	as	quantum	simulators	
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Cours	1		

Peierls	et	l'ordre	cristallin	en	basse	dimension
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L’argument	de	Peierls	à	une	dimension

0 a 2a 3a

0 0.2 0.4 0.6 0.8 1
�10

�5

0

5

10

x

U(x)

a

Température	nulle	:	chaîne	ordonnée

Une	version	simple	:	l’empilement	de	défauts

 =
d2U

dx2

����
x=a

Température	non	nulle	:

h�1i = 0 h�21i ⇠
kBT



Fixons	la	posi:on	x0	de	l’atome	j = 0.	La	posi:on	de	l’atome		j = 1 peut	fluctuer	:

x1 = x0 + a+ �1



L’empilement	de	défauts	(suite)

0 1 2 3 .  
.  
.

Si																						,	c’est-à-dire	si																						,	on	a	perdu	toute	informa:on	sur	la		h�2
j i & a2 j & a2

kBT
posi:on	de	l’atome	j	par	rapport	à	la	maille	du	cristal	:	pas	d’ordre	à	longue	portée

{
h�2j i ⇠

kBT



h�21i ⇠
kBT


x1 = x0 + a+ �1

x2 = x1 + a+ �2

xj = xj�1 + a+ �j

�j = �1 + �2 + . . .+ �j

h�2
j i ⇠

kBT


j.Somme	de	variables	indépendantes	:

xj = x0 + ja+�j
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Le	cristal	harmonique	classique	1D

Condi:ons	aux	limites	périodiques

j = 0 ⌘ N

j = 1
j = N � 1

T = 0

u1

u2

u3

T 6= 0

Energie	du	système	: E =
NX

j=1

1

2
mu̇2

j +


2
(uj+1 � uj)

2

Hypothèse	:																																									mais	pas	nécessairement	|uj+1 � uj | ⌧ a |uj | ⌧ a

Equa:ons	du	mouvement	: m üj = (uj+1 � 2uj + uj�1)
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Solu:ons	des	équa:ons	du	mouvement

Passage	dans	l’espace	de	Fourier	: ûq =
1p
N

X

j

e�i qXj uj

nombre	d’onde	q	:	 q = �⇡

a
, . . . ,� 2⇡

Na
, 0,

2⇡

Na
, . . . ,+

⇡

a

N	équa:ons	indépendantes	pour	chaque	nombre	d’onde	q	:

¨̂uq + !2
q ûq = 0 !q = 2

r


m
| sin qa

2
|avec

Pour	les	pe:ts	nombres	d’onde,																			,	on	a	la	rela:on	de	dispersion	linéaire	:q ⌧ ⇡/a

!q = c |q| avec c = a

r


m

Ondes	sonores	(phonons)

Xj = ja



21

L’équilibre	thermodynamique	du	système	1D

Retour	dans	l’espace	des	posi:ons	:	quelle	est	la	corréla:on		
entre	les	déplacements	de	deux	atomes	séparés	de	j	sites	?

uj � u0 =
1p
N

X

q

�
eiqXj � 1

�
ûq

Moyenne	prise	à	l’équilibre	thermique	: hûqû
⇤
q0i = 0 si q 6= q0

1

2
m!2

q h|ûq|2i =
1

2
kBT h|uq|2i =

kBT

m!2
q

huj � u0i = 0

h(uj � u0)
2i = kBT

m

4

N

X

q

sin2 (qXj/2)

!2
q

à	calculer…

Xj = ja
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Es:ma:on	de	 h(uj � u0)
2i

Passage	d’une	somme	discrète	sur	q	à	une	intégrale	et	u:lisa:on	de	 !q ⇡ c |q|

h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/a

0

sin2(qXj/2)

q2
dq

On	coupe	l’intégrale	en	deux	morceaux	sur	lesquels	on	fait	des	approx.	différentes	:

• Modes	de	grand	nombre	d’onde	(i.e.,	courte	longueur	d’onde)	:	 q > ⇡/Xj

0 jXj

sin2(qXj/2) ⇡
1

2

• Modes	de	pe:t	nombre	d’onde	(i.e.,	grande	longueur	d’onde)	:	 q < ⇡/Xj

0 j
sin2(qXj/2) ⇡ (qXj/2)

2
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Es:ma:on	de																								(suite)	h(uj � u0)
2i

Contribu:on	des	deux	types	de	modes

Modes	de	grand	nombre	d’onde	: h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/a

⇡/Xj

1

2q2
dq

⇠ kBT

a
Xj

Modes	de	pe:t	nombre	d’onde	: h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/Xj

0

(qXj/2)2

q2
dq

⇠ kBT

a
Xj

Les	deux	morceaux	sont	similaires	et	redonnent	le	résultat	trouvé	par	l’argument	
fondé	sur	l’empilement	de	défauts.	La	contribu:on	essen:elle	vient	des	modes	:	

q ⇠ ⇡

Xj
responsables	de	la	perte	d’ordre	à	longue	portée
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2.	

Cristaux	à	deux	ou	à	trois	dimensions



25

Ecarts	à	l’équilibre	dans	un	réseau	bi-dimensionnel

Analyse	similaire	au	cas	1D,	passant	
par	la	recherche	des	modes	propres	
caractérisés	par	un	vecteur	d’onde q

L’étude	détaillée	est	compliquée	par	le	fait	que	les	phonons	peuvent	avoir		
deux	états	de	polarisa:ons	:	parallèle	à						ou	perpendiculaire	à	 qq

Nous	allons	nous	contenter	ici	de	lois	d’échelle

j ⌘ (j
x

, j
y

)

q ⌘ (q
x

, q
y

)
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Ecart	à	l’équilibre	à	deux	dimensions

Un	traitement	similaire	au	cas	1D	conduit	à	:

h(uj � u0)
2i ⇠ kBT



2

⇡2

Z

ZB

sin2(q ·Rj/2)

q2
d2q.

où	le	vecteur																											évolue	dans	la	zone	de	Brillouin	q = (q
x

, q
y

)

�⇡

a
< q

x,y

< +
⇡

a

On	coupe	là	aussi	l’intégrale	en	deux	morceaux	:
• Grands	vecteurs	d’onde	:	 q > ⇡/Rj

⇠ 1

⇡2

kBT



Z ⇡/a

⇡/Rj

1

q2
2⇡q dq ⇠ 2

⇡

kBT


log(Rj/a)

• Pe:ts	vecteurs	d’onde	:	 q < ⇡/Rj

⇠ 1

2⇡2

kBT


R2

j

Z ⇡/Rj

0
⇡q dq ⇠ ⇡

4

kBT



dominant
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Absence	d’ordre	à	longue	portée	à	2D

Peierls 1907-1985Bilan	du	calcul	précédent	: h(uj � u0)
2i ⇠ kBT


log(Rj/a)

avec	une	contribu:on	dominante	des	vecteurs	d’onde																							comme	à	1D.q ⇠ ⇡/Rj

0 j

L’ordre	cristallin	à	longue	portée	n’existe	pas	à	2D:

h(uj � u0)
2i ! 1 quand Rj ! 1

mais	la	divergence	n’est	que	logarithmique	alors	qu’elle	était	linéaire	à	1D.

On	qualifie	souvent	ceUe	situa;on	de	«	quasi-ordre	à	longue	portée	»

R.	Peierls
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Et	le	cas	tri-dimensionnel	?

image I. Bloch

Le	même	type	d’analyse	peut	être	mené,	conduisant	
à	une	forme	similaire	pour	les	écarts	à	l’équilibre	:

h(uj � u0)
2i ⇠ akBT



Z

ZB

sin2(q ·Rj/2)

q2
d3q

d3q = q2 dq d2⌦ plus	de	divergence	en	q = 0

h(uj � u0)
2i ⇠ kBT


On	arrive	alors	à																																																		:	résultat	indépendant	de	Rj

kBT


⌧ a2Si																											,	l’ordre	cristallin	peut		

exister	avec	une	portée	infinie.

wikipedia
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Le	théorème	de	Mermin	-	Wagner	-	Hohenberg

Pour	un	système	de	dimension	inférieure	ou	égale	à	2	et	des		
interac7ons	à	courte	portée,	il	ne	peut	pas	y	avoir	de	brisure		
spontanée	d'une	symétrie	con7nue	à	température	non	nulle

• Si	la	portée	est	infinie,	la	théorie	de	champ	moyen	s'applique	et	les	transi:ons		
				de	phase	"standard"	prévues	par	cele	théorie	peuvent	se	produire.

• Symétrie	con:nue	(transla:on,	magné:sme	de	Heisenberg,	condensa:on	de		Bose-
Einstein).	Le	théorème	ne	s'applique	pas	tel	quel	aux	symétries	discrètes	(Ising).

• A	température	nulle,	le	gaz	de	Bose	2D	quan:que	en	interac:on	est	condensé	
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3.	

Fluides	et	cristaux	bi-dimensionnels		
au	laboratoire

Expériences	faites	à	Constance	dans	le		
groupe	de	Georg	Maret	et	Peter	Keim	
sur	des	systèmes	colloïdaux
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Le	montage	expérimental	de	Constance

• Goule	d’eau	(diamètre	8	mm)	suspendue	par	tension	superficielle

• 105	billes	de	polystyrène	de	diamètre	4.5	μm	(densité	1.5)	à	l’interface	eau-air	

• Dopage	des	billes	avec	des	nanopar:cules	d’oxyde	de	fer	+	champ	magné:que	
					ver:cal	:	force	de	répulsion	dipôle-dipôle	entre	les	billes	

• Contrôle	de	l’horizontalité	au	micro	radian	près

Keim et al,  
Phys. Rev. E 75,  
031402 (2007)
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Le	montage	expérimental	de	Constance	(suite)

On	sélec:onne	une	fenêtre	de	1	mm	x	1mm	:	
environ	4000	billes,	avec	une	distance	moyenne	
entre	billes	de	15	μm	

On	enregistre	la	posi:on	de	chaque	bille	avec	
une	précision	submicrométrique	chaque	seconde

Les	constantes	de	temps	pour	aleindre	l’équilibre	
peuvent	dépasser	un	mois	!

Paramètre	de	contrôle	de	l’expérience	: � =
Emag

kBT

Deutschlander et al.,  
2015
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Les	différentes	phases	pour	l’assemblée	de	par:cules

KTHNY	:	Kosterlitz,	Thouless,	Halperin,	Nelson,	Young	(1973-1979)

• T = 0	:	cristal	triangulaire	parfait	(si	on	néglige	les	fluctua:on	quan:ques)

� =
Emag

kBT

• Température	très	basse	:	fluctua:ons	logarithmiques	à	la	Peierls

Quasi-ordre	transla:onnel	:		 h(uj � u0)
2i / log(Rj/a)

Scénario	validé	par	les	expériences	et	les	simula;ons	numériques

Véritable	ordre	orienta:onnel	:																										ne	tend	pas	vers	0	à	l’infinih(✓j � ✓0)
2i

Défauts	locaux	sans	importance	sur		
le	comportement	à	longue	portée

SIMULATION OF MELTING OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 83, 214108 (2011)

thermodynamic variables are collected by generating averages
on each of the 100 parallel threads; then, by using the central
limit theorem, we obtain the total average, as we have 100
independent means.

Although in our preliminary studies we have computed
thermodynamic quantities for a range of densities and temper-
atures, the effects of critical slowing down near the melting
transition and our desire to study the largest possible systems
have led us to focus on a single density 0.873 (all densities
are in units of particles per σ−2). This density was chosen
for several reasons. This is a density that could be readily
compared to prior numerical simulations of Lennard-Jones
melting.15 Also, we wanted a density that is relatively low, but
large enough to avoid the solid-vapor coexistence phase at low
temperatures. Strictly speaking, there is a solid phase in the
zero temperature limit only at densities of 0.9165 (the density
at which the spacing of the triangular lattice is the same as the
position of the Lennard-Jones potential minimum) and above.
Below this density, there is a solid-vapor coexistence phase.
However, the triple point density is roughly 0.82, so at higher
densities the system will in general become solid before the
onset of melting occurs.8

III. ROLE OF DEFECTS

A. Defect types

In two dimensions, the densest packing of particles of
uniform size is achieved in a triangular lattice. In such a
configuration, each particle has exactly six nearest neighbors.
Thermal fluctuations will lead to distortions in the lattice,
or even destroy it completely. To quantify this, we use the
Delaunay triangulation to determine the nearest-neighbor
network of our particle configurations. The nearest-neighbor
network tells us the number of nearest neighbors, or coor-
dination number, of each particle. For a system of particles
in a periodic plane, the average coordination number is
always six.21 Particles in a triangularly ordered region will
be 6-coordinated, while disruptions in the lattice will lead to
particles with coordination numbers greater than or less than
six. A defect is defined as any coordination number other
than six. These non-6-coordinated atoms may be thought of
as disclinations of charge n, with their coordination number
being 6 + n.

The most common type of disruption, or defect, is a
5- or 7-coordinated particle. These may be interpreted as
disclinations of charge plus or minus one. Two oppositely
charged disclinations may be thought of as a dislocation. More
complex arrangements of disclinations are possible, such as
dislocation pairs and grain boundary loops, but in our analysis
we have only considered individual defects. The defect fraction
fd = 1 − N6/N is defined as the fraction of particles that do
not have six neighbors, where N is the number of particles in
the system, and N6 is the number of 6-coordinated particles in
the system. Remembering that dislocations are made of two
bound disclinations of opposite charge, and that dislocations
become unbound above the melting point, we can expect the
defect fraction to experience a jump at the melting point.21

Additionally, at low temperatures, we can expect an energy
gap to occur, which is the energy cost to create a dislocation
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FIG. 1. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.70. Defects are shown in red.

pair. Because the overall disclinicity of the system must be
zero, as well as the net Burgers vector of any dislocations, the
lowest-energy defect excitation is a dislocation pair of opposite
Burgers vectors. In practice, this is usually two pairs of 5- and
7-coordinated particles. This leads to an exponential behavior
in the defect fraction fd = e−β#, where # is the lowest energy
for a defect-type excitation of the system.

B. Unbinding of defects

In Figs. 1, 2, and 3, the Delaunay triangulated configuration
of a 1600 particle system is shown at temperatures 0.7, 0.9,
and 1.1, respectively. The defects are shown in red. At low
temperature as demonstrated in Fig. 1, we see that defects
occur in quadruplets consisting of two 5-coordinated and
two 7-coordinated particles. As the temperature is raised to
0.9 (Fig. 2) ,we can see isolated dislocations (one 5-fold-
coordinated atom bound to a 7-fold-coordinated atom). At
yet higher temperature, such as 1.1 (Fig. 3), we can observe
isolated disclinations.

This can also be seen in the pair distribution functions
g77(r), g55(r), and g57(r) for pairs of 7-coordinated particles,
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FIG. 2. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.90. Defects are shown in red.
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Les	différentes	phases	pour	l’assemblée	de	par:cules	(2)

Première	transi:on	de	phase	à	une	température	Tm	telle	que	

�m =
Emag

kBTm
= 70.3

Appari:on	de	«	disloca:ons	»	:	défauts	de	type	7-5	correspondant	à	l’ajout		
																																																									d’une	demi-ligne	d’atomes

KEOLA WIERSCHEM AND EFSTRATIOS MANOUSAKIS PHYSICAL REVIEW B 83, 214108 (2011)
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FIG. 3. (Color online) The Delaunay triangulation for N = 1600
particles at T = 1.10. Defects are shown in red.

pairs of 5-fold-coordinated atoms, and for (5-fold–7-fold)–
coordinated atoms, respectively. In Fig. 4, a sharp peak in
g77(r) is observed at low temperatures (T = 0.70), indicating
that dislocations are tightly bound. At higher temperatures
(T = 0.90 and 1.10), the peak in g77(r) is greatly diminished,
and dislocations become first weakly bound (T = 0.90)
and then completely unbound (T = 1.10). g55(r), while not
shown, behaves qualitatively similar to g77(r), as both are
representative of the pair distribution of dislocations.

The pair distribution function for disclinations g57(r) is
shown in Fig. 5. While the sharp peak at low (T = 0.70)
and intermediate (T = 0.90) temperature is expected, the
peak at T = 1.10, while quite lower, is still very substantial.
This indicates that disclinations have not become completely
unbound, and indeed it is difficult to find isolated disclinations
in the snapshot configurations presented in Fig. 3. When
isolated disclinations do occur, they are still next-nearest
neighbors with at least one other disclination of opposite
charge.
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FIG. 4. (Color online) The pair distribution function for 7-
coordinated particles g77(r). The peak for T = 0.70 extends to ∼ 50.
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FIG. 5. (Color online) The pair distribution function for pairs
consisting of one 5-coordinated particle and one 7-coordinated
particle g57(r). The peak for T = 0.70 extends to ∼ 150.

C. Defect fraction

According to the KTHNY theory, disclinations remain
very tightly bound below Tm. Above Tm, the disclinations are
screened from one another by the presence of free dislocations
yet remain bound, albeit by a weaker logarithmic binding.3

Thus, we expect a proliferation of defects to occur around Tm,
and to continue growing until somewhere above Ti , where a
saturation should occur. In Fig. 6, we show the average defect
fraction as a function of temperature. At low temperature,
there are very few defects, while at high temperature, there
is a considerable fraction of the system that is defected. In
between, there is a region of rapidly increasing defect fraction,
from T = 0.8 to 1.0. This can be quantitatively verified by
calculating the temperature derivative of the defect fraction,
which is indeed found to have a broad peak in this temperature
region. The overall shape of dfd (T )/dT is very similar to that
of the specific heat capacity, to be shown next. Additionally,
we can see some size dependence in the region 0.6 < T < 1.0,

0.5 0.6 0.7 0.8 0.9 1 1.1
T

0

0.05

0.1

0.15

0.2

0.25

f d

N=1600
N=6400
N=25600
N=102400

FIG. 6. (Color online) Fraction of defects fd as defined by the
fraction of non-6-coordinated particles in the Delaunay triangulation
fd = 1 − N6/N . The rapid rise in fd from near zero to almost 25%
is a possible sign that dislocation and/or disclination unbinding is
occurring.
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Wierschem & Manousakis (2011)

• Détruit	le	quasi-ordre	transac:onnel	
					à	la	Peierls

• Un	quasi-ordre	orienta:onnel	subsiste

Phase	hexa7que
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Les	différentes	phases	pour	l’assemblée	de	par:cules	(3)

Deuxième	transi:on	de	phase	à	une	température	Ti	telle	que	

�i =
Emag

kBTi
= 67.3

Appari:on	de	«	disclina:ons	»	:	défauts	isolés	de	type	7	ou	de	type	5

renormalization group analysis of topological defects (18–20). In
the KTHNY formalism, the orientationally long range-ordered
crystalline phase melts at a temperature Tm via the dissociation
of pairs of dislocations into a hexatic fluid, which is unknown in
3D systems. This fluid is characterized by quasi-long-range ori-
entational but short-range translational order. In a triangular
lattice, dislocations are point defects and consist of two neigh-
boring particles with five and seven nearest neighbors, re-
spectively, surrounded by sixfold coordinated particles. At a
higher temperature Ti, dislocations start to unbind further into
isolated disclinations (a disclination is a particle with five or
seven nearest neighbors surrounded by sixfold coordinated par-
ticles), and the system enters an isotropic fluid with short-range
orientational and translational order. A suitable orientational
order parameter is the local bond order field ψ6ð~rj, tÞ=
n−1j

P
ke

i6θjkðtÞ =
!!ψ6ð~rj, tÞ

!!eiΘjðtÞ, which is a complex number with
magnitude

!!ψ6ð~rj, tÞ
!! and phase ΘjðtÞ defined at the discrete par-

ticle positions~rj. ΘjðtÞ is the average bond orientation for a spe-
cific particle. The k-sum runs over all nj nearest neighbors of
particle j, and θjk is the angle of the kth bond with respect to a
certain reference axis. If particle j is perfectly sixfold coordinated
[e.g., all θjkðtÞ equal an ascending multiple of π=3], the local bond
order parameter attains

!!ψ6ð~rj, tÞ
!!= 1. A five- or sevenfold co-

ordinated particle yields
!!ψ6ð~rj, tÞ

!!J 0. The three different
phases can be distinguished via the spatial correlation g6ðrÞ=
hψp

6ð~0Þψ6ð rj!Þi or temporal correlation g6ðtÞ= hψp
6ð0Þψ6ðtÞi of the

local bond order parameter. For large r and t, respectively, each
correlation attains a finite value in the (mono)crystalline phase, de-
cays algebraically in the hexatic fluid, and exponentially∼ expð−r=ξ6Þ
and ∼ expð−t=τ6Þ in the isotropic fluid (20, 21). Unlike second-
order phase transitions where correlations typically diverge alge-
braically, the orientational correlation length ξ6 and time τ6 di-
verge in the KTHNY formalism exponentially at Ti

ξ6 ∼ exp
"
ajej−1=2

#
and τ6 ∼ exp

"
bjej−1=2

#
, [6]

where e= ðT −TiÞ=Ti, and a and b are constants (20, 22). This
peculiarity is the reason why KTHNY melting is named contin-
uous instead of second order. In equilibrium, the KTHNY sce-
nario has been verified successfully for our colloidal system in
various experimental studies (23–25).
To transfer this structural 2D phase behavior into the frame-

work of the Kibble–Zurek mechanism, we start in the high
temperature phase (isotropic fluid) and describe the symmetry
breaking with the spatial distribution of the bond order parameter.
Because in 2D the local symmetry is sixfold in the crystal and the
fluid, the isotropic phase is a mixture of sixfold and equally num-
bered five- and sevenfold particles (other coordination numbers
are extremely rare and can be neglected). During cooling, isolated
disclinations combine to dislocations that, for infinite slow cooling
rates, can annihilate into sixfold particles with a uniform director
field. This uniformity is given by a global phase, characterizing the

orientation of the crystal axis. Spontaneous symmetry breaking
implies that all possible global crystal orientations are degenerated,
and the Kibble–Zurek mechanism predicts that in the presence of
critical fluctuations the system cannot gain a global phase at finite
cooling rates: Locally, symmetry broken domains will emerge,
which will have different orientations in causally separated regions.
The final state is a polycrystalline network with frozen-in defects.
As in the case of superfluid 4He, ψ6ð~rj, tÞ is complex with two
independent components (N = 2). Consequently, we expect to
observe monopoles in two dimensions. The phase of ψ6ð~rj, tÞ is
invariant under a change in the particular bond angles of
ΔθjkðtÞ=±nπ=3 (n∈N), which is caused by the sixfold orientation
of the triangular lattice. Similar to the Higgs field or the superfluid,
one cannot consider a closed (discrete) path in ψ6ð~r, tÞ on which
θjkðtÞ changes by an amount of ±π=3, leaving the orientational field
invariant. Reducing this path to a point, ψ6ð~r, tÞ must tend toward
zero at the center to maintain continuity. Because the orientational
field is defined at discrete positions, the defect is a single particle
marked as a monopole of the high symmetry phase. In fact, this
coincides with the definition of disclinations in the KTHNY for-
malism (20): The particle at the center is an isolated five- or sev-
enfold coordinated site. Fig. 2 illustrates this for a bond on a closed
path. Going counterclockwise around the defect, the bond angle
changes by an amount of +π=3 for a fivefold (Fig. 2A) and by −π=3
for a sevenfold site (Fig. 2B). [In principle, also larger changes in
θjkðtÞ are possible, e.g., for n= 2, a four- or eightfold oriented site,
but these are extremely rare.] In KTHNY theory the monopoles
(disclinations) combine to dipoles (dislocations) that can only an-
nihilate completely if their orientation is exactly antiparallel. At
finite cooling rates, they arrange in chains, separating symmetry
broken domains of different orientation: chains of dislocations can
be regarded as strings or 2D domain walls.

Colloidal Monolayer and Cooling Procedure
Our colloidal model system consists of polystyrene beads with
diameter σ = 4.5 μm, dispersed in water and sterically stabilized
with the soap SDS. The beads are doped with iron oxide nano-
particles that result in a superparamagnetic behavior and a mass
density of 1.7 kg/dm3. The colloidal suspension is sealed within a
millimeter-sized glass cell where sedimentation leads to the for-
mation of a monolayer of beads on the bottom glass plate. The
whole layer consists of >105 particles and in a 1,158 μm × 865 μm
subwindow, ≈ 5,700 particles are tracked with a spatial resolution
of submicrometers and a time resolution in the order of seconds.
The system is kept at room temperature and exempt from density
gradients due to a months-long precise control of the horizontal
inclination down to microradian. The potential energy can be
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Fig. 2. Sketch of a fivefold oriented (A) and sevenfold oriented (B) dis-
clination. The red arrows illustrate the change in bond angle (blue) when
circling on an anticlockwise path around the defect.
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to Eq. 6) and the time t left until the transition temperature is reached for
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Perte	de	l’ordre	orienta7onnel	:	il	ne	subsiste		
aucun	ordre	(ou	quasi-ordre)	à	longue	portée
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Et	le	graphène	?

Feuille	d’atomes	de	carbone	présentant	un	ordre	cristallin	à	deux	dimensions

Compa:bilité	avec	le	théorème	de	Mermin	-	Wagner	-	Hohenberg	?

• Compte	tenu	de	la	raideur	des	liens,	la	perte	de	l’ordre	cristallin	ne	se	
manifeste	que	sur	de	très	longues	distances		

Un	échan;llon	de	taille	finie	raisonnable	peut	présenter	un	ordre	cristallin	

• La	surface	est	plissée	et	le	
couplage	non-linéaire	entre	
fluctua:ons	de	hauteur	et	
déplacements	parallèles	à	la	
surface	induit	une	composante	
effec:ve	à	longue	portée	 Fasolino et al, 2007
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En	résumé,	pour	l’état	cristallin	à	1D	et	2D	…

Résultat	de	Peierls	généralisé	par	le	théorème	de	Mermin-Wagner	-	Hohenberg:

A	température	non	nulle,	il	n’y	a	pas	d’ordre	transla:onnel	à	longue	portée	en	
dimension	réduite.	La	contribu:on	des	phonons	(dominante	à	basse	T)	donne	:

h(uj � u0)
2i ⇠ kBT


log(Rj/a) :	quasi-ordre	

A	plus	haute	température	et	à	2D,	dissocia:on	de	défauts	locaux	de	type																.		
Une	fois	dissociés,	ces	défauts	détruisent	complètement	l’ordre	transla:onnel	

5
57 7

Le	rôle	des	fluctua:ons	quan:ques,	seules	présentes	à	température	nulle	:

1D,	T = 0	: h(uj � u0)
2i ⇠ ~

m!
log(Rj/a)

loi	similaire	aux	fluctua:ons	thermiques	à	2D

! =
p

/m

h(uj � u0)
2i ⇠ kBT



Rj

a
1D	:

2D	:

:	décroissance	rapide	des	corréla:ons
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Chaire	Atomes	et	rayonnement

	Fluides	quan2ques	de	basse	dimension	
et	transi2on	de	Kosterlitz-Thouless

Gaz	quan:que	en	dimension	deux	:		
du	cas	idéal	aux	interac:ons	binaires
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La	physique	en	basse	dimension

Cours	précédent	:	à	température	non	nulle,	il	n’y	a	pas	d’ordre	cristallin		
																																	(ordre	à	longue	portée)	en	dimension	1	ou	2

h(uj � u0)
2i ! 1 quand Rj ! 1

Thème	général	des	cours	qui	vont	suivre	:		
Y	a-t-il	un	ordre	ou	un	quasi-ordre	dans	un	gaz	de	Bose,	l’ordre	étant	caractérisé		
dans	ce	cas	par	une	cohérence	macroscopique	ou	un	comportement	superfluide	?

Transi'on	BKT	(Berezinskii	-	Kosterlitz	-	Thouless)

Peierls,	Mermin-Wagner-Hohenberg
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Les	buts	du	cours	d’aujourd’hui

Traiter	le	problème	du	gaz	parfait	en	dimension	2

• Comment	l’argument	d’Einstein	(1924)	sur	le	gaz	parfait	saturé	est-il	modifié	?

Gaz	uniforme		vs.		gaz	confiné	dans	un	piège	harmonique

• Discuter	une	implémenta:on	a	priori	ina\endue	:	

Un	premier	pas	au	delà	du	gaz	parfait	

• Comment	traiter	le	problème	d’une	collision	
binaire	en	dimension	2	dans	le	cadre	de	la	
mécanique	quan:que	?

Une	assemblée	de	photons	dans	une	cavité	
Bonn,	groupe	de	Mar2n	Weitz

Klaers et al  
Nature 468 545 (2010)
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La	sta:s:que	de	Bose-Einstein

Par:cules	dans	une	boîte	de	côté	L

• Energie	:	 Ep =
p2

2m

• Impulsion	quan:fiée	:	 p =
2⇡~
L

n, n = (n
x

, n
y

) 2 Z2

 p(r) =
1p
L2

eip·r/~
2D

• Fonc:ons	d’onde	:

Np =
1

e(Ep�µ)/kBT � 1

Nombre	moyen	de	par:cules	dans	un	état	d’impulsion	p	à	l’équilibre	thermique	:	

Température	T,	poten:el	chimique	μ				

=
1

1
Z eEp/kBT � 1

Z = eµ/kBT :	fugacité
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La	densité	d’états

Nous	serons	amenés	à	effectuer	des	moyennes	ou	des	sommes	sur	les	états	p			
X

p

F (p)
✓

L

2⇡~

◆2 Z
F (p) dp

x

dp
y

Si	la	quan:té	F(p)	ne	dépend	que	|p|,	donc	de	l’énergie																			,	on	ob:ent						E =
p2

2m
Z +1

0
F (E) D(E) dE

D(E)	:	densité	d’états	autour	de	l’énergie	E,	provenant	du	décompte	du	nombre		
											d’états	dans	la	tranche	d’énergie	comprise	entre	E	et	E+dE					

X

p

F (p)

Dans	une	boîte	à	deux	dimensions,	D(E)	est	une	quan:té	indépendante	de	E	

Pour	rappel,	à	trois	dimensions	:	 D(E) /
p
E
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Pourquoi	la	densité	d’états	est	constante	dans	une	boîte	2D

p =
2⇡~
L

n, n = (n
x

, n
y

) 2 Z2

p
x

py

Points	uniformément	répar:s		
dans	le	plan	 (p

x

, p
y

)

2⇡~/L

E =
p2
x

+ p2
y

2m
:	équa:on	d’un	cercle

p
2m(E + dE)D(E) dE :	nombre	de	points	dans	l’anneau	compris	entre																et			

p
2mE

Aire	de	cet	anneau:	 ⇡
⇣p

2m(E + dE)
⌘2

� ⇡
⇣p

2mE
⌘2

= 2m⇡ dE

indépendante	de	E

On	arrive	ainsi	à	: D(E) = 2m⇡

✓
L

2⇡~

◆2

=
mL2

2⇡~2
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La	satura:on	des	états	excités	d’Einstein

A	température	fixée,	le	nombre	de	par:cules	que		
l’on	peut	placer	dans	les	états	excités	est	borné.

{Nexc

Passage	à	une	intégrale	:	N
exc

(T, µ) <

Z
+1

0

D(E)

eE/kBT � 1
dE

Ce\e	intégrale	a-t-elle	un	sens,	i.e.,	converge-t-elle	en	0	et										?+1

Np =
1

e(Ep�µ)/kBT � 1

n’a	de	sens	que	si	 µ < E0 = 0

N
exc

(T, µ) =
X

p 6=0

1

e(Ep�µ)/kBT � 1

<
X

p 6=0

1

eEp/kBT � 1
correspondant	à	 µ ! 0

En	effet,	la	loi	de	Bose-Einstein	:

E0
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La	satura:on	des	états	excités	d’Einstein	(suite)

{Nexc

N
exc

(T, µ) <

Z
+1

0

D(E)

eE/kBT � 1
dE

Convergence	en																				?	
Pas	de	problème	car	D(E)	varie	doucement	avec	E	

E = +1

Convergence	en	E=0	?	Tout	dépend	du	comportement	de	D(E) :		

A	3D:	 D(E) /
p
E

kBT

Z

0

1p
E

dE est	convergente	en	E=0	

et
1

eE/kBT � 1
⇡ 1⇣

1 + E
kBT

⌘
� 1

=
kBT

E
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La	satura:on	des	états	excités	d’Einstein	à	3D

A	3D,	l’intégrale	qui	majore	la	popula:on	des	états	excités	est	convergente

Son	calcul	exact	donne

N
exc

(T, µ) < 2.612
L3

�3

T
�T =

~
p
2⇡p

mkBT
2.612 =

+1X

n=1

1

n3/2
avec

Une	quan:té	sans	dimension	u:le	:	la	densité	dans	l’espace	des	phases

D =
N

L3
�3
T (densité	spa:ale																			)				⇢ =

N

L3

D
exc

D

Dc

D0

D
exc

Dc

Dc = 2.612 {
D0
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La	non-satura:on	des	états	excités	à	2D

N
exc

(T, µ) <

Z
+1

0

D(E)

eE/kBT � 1
dE

La	densité	d’états	à	deux	dimensions	est	indépendante	de	E.		
L’intégrale	ne	converge	donc	pas	en	E = 0	:

1

eE/kBT � 1
⇡ kBT

E
kBT

Z

0

1

E
dEet																																		diverge

A	T	fixée,	on	peut	me\re	un	nombre	arbitrairement	élevé	
de	par:cules	dans	les	états	excités	quand					

Pas	de	satura:on,	ni	de	popula:on	macroscopique	dans	l’état	fondamental

µ ! 0
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Distribu:on	en	impulsion	du	gaz	de	Bose	à	2D

On	varie	la	densité	dans	l’espace	des	phases	d’une	valeur	<<	1	à	une	valeur	>>1

0 2 4 6 8

10�3

101

105

p�T /h̄

N
(p
) D = 0.1, 0.3, 1, 3, 10

p�T

~ = 1 , p2

2m
=

1

4⇡
kBT

Les	effets	de	sta:s:que	quan:que	sont	toujours	présents,	même	sans	condensa:on	:	
accumula:on	d’une	majorité	des	par:cules	dans	la	zone	de	pe:tes	impulsions

N(p) =
1

e(p2/2m�µ)/kBT ) � 1
⇡ kBT

p2

2m + |µ|
distribu:on	Lorentzienne

�T =
~
p
2⇡p

mkBT
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Cohérence	spa:ale	du	gaz	de	Bose	à	2D

La	cohérence	spa:ale	est	caractérisée	par	la	fonc:on	de	corréla:on	à	un	corps	:

G1(r, r
0) = hr|⇢̂1|r0i

qui	est	la	transformée	de	Fourier	de	la	distribu:on	en	impulsion

0 2 4 6 8

10�3

10�1

101

r/�T

G
1
(r
)

D = 0.1, 0.3, 1, 3, 10

Transformée	de	Fourier	d’une	
lorentzienne	en	impulsion	:

G1(r, 0) / e�r/`

avec	la	longueur	de	cohérence	
qui	augmente	très	vite	avec	

`
D
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2.	

Le	gaz	de	Bose	dans	un	piège	harmonique	2D
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La	densité	d’état	dans	un	piège	harmonique	2D

En = (n
x

+ n
y

+ 1)~!

Oscillateur	isotrope	de	pulsa:on	ω

Densité	d’états	: D(E) / E

~!

~!

Ce\e	densité	d’états	vient	assurer	la	convergence	de
Z +1

0

D(E)

eE/kBT � 1
dE

La	popula:on	des	états	excités	sature	donc	dans	un	piège	harmonique	2D	:

N
exc

< 1.64

✓
k
B

T

~!

◆
2

1.64... =
⇡2

6

On	retrouve	un	condensat	comme	à	3D	quand															mais…µ ! 0
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Ce	condensat	est	«	singulier	»

Descrip:on	du	gaz	piégé	à	l’approxima:on	semi-classique																									:	

N(E) =
1

1
Z eE/kBT � 1

Approxima2on	valable	tant	qu’on	ne	cherche	pas	à	en	extraire	des	informa2ons		
avec	une	résolu2on	en	posi2on	et	en	impulsion	qui	serait	telle	que	 �r �p . ~

W (r,p) / 1

1
Z e

⇣
p2

2m+ 1
2m!2r2

⌘
/kBT � 1

Densité	spa:ale	dans	le	piège	à	la	limite																,	c’est-à-dire																		:	

⇢(r) =

Z
W (r,p) d2p = � 1

�2
T

ln
⇣
1� e�m!2r2/(2kBT )

⌘
µ ! 0 Z ! 1

c’est-à-dire	au	voisinage	du	fond	du	piège																:		r ! 0

⇢(r) ⇡ � 1

�2
T

ln(r2) + constante

diverge	en	 r = 0

(kBT � ~!)
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Ce	condensat	2D	est	«	singulier	»	(suite)

Même	si	la	divergence																																																																				est	compa:ble	avec⇢(r) ⇡ � 1

�2
T

ln(r2) + constante

un	nombre	total	de	par:cules	fini	car																								converge,	elle	sera	probléma:que	

dès	qu’il	y	aura	des	interac:ons	répulsives	entre	atomes

Z
⇢(r) d2r

A	:tre	de	comparaison,	un	gaz	de	Bose	dans	un	piège	harmonique	3D	condense	
quand	la	densité	centrale	a\eint	la	valeur	:

r ! 0 ⇢(r) ! 2.612

�3
T

Ce	«	critère	central	»	est	alors	équivalent	au	critère	trouvé	pour	une	boîte	cubique

Il	n’y	avait	pas	de	condensa2on	dans	une	boîte	à	2D,		
d’où	le	caractère	singulier	du	cas	piégé
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3.	

Un	gaz	2D	presque	idéal	:	les	photons	en	cavité
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Des	photons	massifs	et	piégés	qui	condensent	???

• Les	photons	ne	sont	pas	des	par:cules	massives	dans	l'espace	3D.	
Comment	peuvent-ils	acquérir	une	masse	à	2D	?

• Pour	avoir	un	condensat	à	2D,	il	faut	confiner	les	par:cules,	par	exemple	dans	un	
piège	harmonique.	Comment	ob:ent	ce	piégeage	harmonique	pour	les	photons?

• On	pose	généralement	μ	=	0	pour	les	photons	(nombre	non	conservé).	
Comment	obtenir	μ	non	nul	dans	ce\e	expérience	?

• S’agissant	de	photons,	comment	dis:nguer	condensa:on	de	Bose-Einstein	et	
effet	laser	?
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Le	disposi:f	de	l’expérience	de	Bonn

Entre	les	deux	miroirs,	méthanol		
+	colorant	(Rhodamine	6G)

milieu	d’indice	 n0 = 1.33

L = 1.5µm

Cavité	op:que	de	finesse	105

avec	

Les	photons	«	u:les	»	ont	une	longueur	d’onde	(dans	le	vide)	dans	la	gamme	500-580	nm

L ⇡ N
�

2n0
N = 7

Les	modes	longitudinaux	N = 6	ou	N = 8	correspondent	à	des	longueurs		
d’onde	non	a\eintes	par	la	fluorescence	des	molécules	de	colorant

Le	degré	de	liberté	selon	z	est	figé	pour	les	photons	de	la	cavité

z
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Une	masse	pour	les	photons	?

Selon	l’axe	z	de	la	cavité	:																												avec	kz = N⇡/L N = 7

Degrés	de	liberté	transverses	(xy):																																					avecE = ~! =
~c|k|
n0

|k| =
q

k2z + k2
?

⇡ ~!0 +
~2k2

?
2mph

où	l’on	a	posé	: ~!0 =
N⇡~c
n0L

mph =
~n0kz

c

mph ⇡ 0.7⇥ 10�35 kg

100	000	fois	moins	lourd	qu’un	électron

Approxima:on	paraxiale	:	 |k?| ⌧ kz

E ⇡ ~c
n0

kz

✓
1 +

k2
?

2k2z

◆
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Un	poten:el	harmonique	pour	les	photons

L(0)

L(r) L(r) = L0 � 2
⇣
R�

p
R2 � r2

⌘

⇡ L0 �
r2

R

~!0 =
N⇡~c
n0L

que	l’on	injecte	dans	le	résultat	précédent	:

~!0(r) = ~!0(0) +
1

2
mph⌦

2r2

d’où	l’énergie	d’un	photon	écarté	de	r	de	l’axe	op:que

avec	:	 ⌦ =
c

n0

p
L0R/2

⌦/(2⇡) ⇡ 40GHz

Bilan	de	ce\e	analyse	«	corpusculaire	»	: E(r,k?) =
~2k2

?
2mph

+
1

2
mph⌦

2r2



22

Thermodynamique	du	colorant

g

e
e

g

+	1	photon

e

g
pompage

La	relaxa:on	rovibra:onnelle	très	rapide	(femtoseconde)	garan:t	un	équilibre	
thermique	entre	sous-niveaux	de	g	d’une	part,	entre	sous-niveaux	de	e	d’autre	part

Ne(E + ~!)
Ng(E)

= Z e�~!/kBT T ⇡ 300K

En	revanche,	le	rapport	entre	les	popula:ons	des	deux	con:nua	associés	à	e	et	à	g 
n’est	pas	thermique,	mais	imposé	par	la	puissance	du	laser	de	pompage.

Rapport	caractérisé	par	le	paramètre	Z
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Thermodynamique	des	photons

g

e

N (!) :	nombre	de	photons	dans	un	mode	d’énergie ~!

N (!) Ng(E) = [1 +N (!)]Ne(E + ~!)

absorp'on émission	spontanée	+	s'mulée

N (!)

1 +N (!)
=

Ne(E + ~!)
Ng(E)

A	l’équilibre	: = Z e�~!/kBT

Analyse	simplifiée	fondée	sur	le	bilan	détaillé	:

ou	encore	:

Loi	de	Bose-Einstein	avec	une	fugacité	différente	de	1,	donc	un	poten:el		
chimique	non	nul	dépendant	de	la	puissance	du	laser	de	pompage

N (!) =
1

1
Z e~!/kBT � 1
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La	différence	avec	le	rayonnement	du	corps	noir

Dans	le	formalisme	conduisant	à	la	formule	de	Planck,	
on	impose	μ	=	0	pour	les	photons

Cela	est	mo:vé	par	l’existence	de	processus	tels	que	:	

1	photon une	excita:on		
des	parois

2	photons

Non	conserva:on	du	nombre	d’excita:ons	:	 µ = 2µ ) µ = 0

Dans	l’expérience	de	Bonn,	il	y	a	conserva:on	du	nombre	d’excita:ons	:

1	photon	+	1	molécule	g 1	molécule	e

Le	poten2el	chimique	non	nul	rend	compte	de	ceSe	conserva2on

Sur	le	plan	mathéma:que,	descrip:on	à	l’approxima:on	RWA
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La	condensa:on	2D	observée	à	Bonn

Spectre	de	la	lumière	sortant		
de	la	cavité	pour	des	puissance		
de	pompage	croissante

Ajustement	des	courbes	par	une	
loi	de	Bose-Einstein	avec	T=300	K	
et	un	poten:el	chimique	variable

Condensa:on	a\endue	pour	

⇡ 60 000

Bon	accord	avec	les	observa:ons	!

N =
⇡2

3

✓
kBT

~⌦

◆2
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Condensat	ou	laser	?

• Les	fluctua:ons	du	nombre	de	photons	dans	le	mode	d’un	laser	sont	souvent	
poissoniennes.	Elles	sont	ici	ne\ement	plus	importantes	et	correspondent	au	
résultat	a\endu	dans	le	cadre	de	l’ensemble	grand-canonique.

• La	distribu:on	énergé:que	fait	apparaître	un	pic	étroit	au	dessus	d’un	piédestal	
thermique,	généralement	absent	pour	un	laser

• Il	s’agit	d’un	régime	forcé	plutôt	que	d’un	équilibre	thermodynamique	au	sens	strict

Un	critère	plus	contraignant	pourrait	consister	à	vérifier		
certaines	rela:ons	fluctua:on	-	dissipa:on	(Chioche\a	et	al.)
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Bilan	à	ce	stade

Gaz	parfait	de	bosons	à	la	limite	thermodynamique

•Condensa2on	dans	un	piège	harmonique,	mais	singulier	

densité	centrale																			pour	un	piège	de	fréquence		! 1 ! ! 0

•Pas	de	condensa2on	dans	une	boîte	à	la	limite	thermodynamique

Peut-il	y	avoir	une	transi:on	de	phase	sans	que	la	densité	devienne	infinie	?

Oui,	mais	ce\e	transi:on	est	fondamentalement	due	aux	interac:ons	!

Mécanisme	BKT
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4.	

Collisions	binaires	à	deux	dimensions
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Collisions	entre	deux	par:cules

Ĥ =
p̂2
1

2m
+

p̂2
2

2m
+ U(r̂1 � r̂2)

On	supposera	que												ne	dépend	que	de	U(r) r = |r|

Sépara'on	des	variables	: Ĥ = ĤCM + Ĥrel

Centre	de	masse	:	 ĤCM =
P̂ 2

2M
R =

1

2
(r1 + r2) P = p1 + p2

M = 2m

Variable	rela:ve	: Ĥrel =
p̂2

2mr
+ U(r) r = r1 � r2 p =

1

2
(p1 � p2)

mr = m/2

La	physique	de	la	collision	est	décrite	par		Ĥrel
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Barrière	centrifuge	et	collision	en	onde	s

U(r) = �C6/r
6avec	par	exemple																																		+	un	coeur	dur		

On	cherche	les	états	propres	de																																											d’énergie	posi:ve																																												Ĥrel =
p̂2

2mr
+ U(r̂)

Etat	propre	commun	à										et	au	moment	ciné:que,	de	par:e	angulaire	connue.Ĥrel

0 1 2 3 4 5
�2

�1

0

1

2

r

U
(r
)

potentiel dans l’onde s

potentiel dans l’onde p

énergie centrifuge (onde p)

énergie incidente

Pour	un	état	de	moment	ciné:que	non	
nul,	il	apparaît	un	terme	de	barrière	
centrifuge	1/r2	dans	l’hamiltonien	radial

A	basse	énergie,	le	poten:el	d’interac:on	
ne	joue	un	rôle	que	pour	le	canal	de	
collision	de	moment	ciné:que	nul

Collision	en	onde	s,	donc	isotrope	
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Etat	sta:onnaire	de	diffusion

Ĥrel =
p̂2

2mr
+ U(r̂)

On	cherche	un	état	propre																																																avec		Ĥrel  k(r) = Ek  k(r) Ek =
~2k2
2m

et	le	comportement	asympto:que

 k(r) ⇠ eik·r + f(k)
eikrp
kr

onde	plane	
incidente

onde	cylindrique	
sortante

On	cherche	le	comportement	de	l’amplitude	de	diffusion	f (k)	dans	la	limite k ! 0
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Le	cas	tri-dimensionnel

Poten:el												de	portée	b,	limite	de	basse	énergie	:	 kb ⌧ 1U(r)

eikx

Il	existe	donc	une	région	de	l’espace	telle	que	 b < r ⌧ k�1

kr = 1

2b

⇢
e

±ikr

r

�
ou

⇢
sin(kr)

r
,
cos(kr)

r

�

⇢
1,

1

r

�

La	valeur	de	la	longueur	de	diffusion	a	est	imposée	par	la	régularité		
de	la	fonc:on	d’onde	en	r = 0		et	dépend	de			U(r)

a = � lim
k!0

f(k)Amplitude	de	diffusion	:	

R(r) = C0

⇣
1� a

r

⌘
Fonc:on	radiale	:
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Le	cas	bi-dimensionnel

⇢
e

±ikr

p
r

�
ou

⇢
sin(kr)p

r
,
cos(kr)p

r

�

eikx kr = 1

2b

⇢p
r,

1p
r

�
???

Ne	marche	pas	car															n’est	pas	une	solu:on	exacte	dans	le	cas	U = 0,	

mais	simplement	une	limite	asympto:que

e±ikr

p
r

En	revanche	à	3D,													est	bien	une	solu:on	exacte	quand	U = 0	e±ikr

r
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Le	cas	bi-dimensionnel	(suite)

eikx kr = 1

2b

Solu:ons	exactes	pour	U = 0 : fonc:ons	de	Bessel	de	1ère	et	2ème	espèce

J0(kr) Y0(kr)

J0(kr) ⇠
r

2

⇡kr
cos

⇣
kr � ⇡

4

⌘

Y0(kr) ⇠
r

2

⇡kr
sin

⇣
kr � ⇡

4

⌘

J0(kr) ⇠ 1

Y0(kr) ⇠
2

⇡
ln(kr)
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Le	cas	bi-dimensionnel	(fin)

eikx kr = 1

2b

J0(kr) ⇠
r

2

⇡kr
cos

⇣
kr � ⇡

4

⌘

Y0(kr) ⇠
r

2

⇡kr
sin

⇣
kr � ⇡

4

⌘

Fonc:on	radiale	: R(r) = C1 ln(r) + C2 = C1 ln(r/a2)

a2	:	longueur	de	diffusion	à	deux	dimension

Amplitude	de	diffusion	:	 f(k) ⇡ 1

� 1

2⇡
ln(ka2) +

i

4

k ! 0

J0(kr) ⇠ 1

Y0(kr) ⇠
2

⇡
ln(kr)



Collision	dans	une	géométrie	quasi-bidimensionnelle

Petrov	-	Holzmann	-	Shlyapnikov

a
oh

Confinement	harmonique		
selon	l’axe	z	:

a
oh

=

r
~

m!z

Résultat	du	même	type	que	celui	trouvé	pour	le	problème	strictement	2D	:

f(k) ⇡ 1
1

g̃
� 1

2⇡
ln(ka

oh

) +
i

4

g̃ =
p
8⇡

a

a
oh

avec

a	:	longueur	de	diffusion	3D	

Dans	la	plupart	des	cas,	le	terme											domine	le	dénominateur,	ce	qui	donne					1/g̃

mais	il	faudra	se	rappeler	que	cela	ne	peut	pas	être	correct	si							devient	grand																	

f(k) ⇡ g̃g̃ . 1

g̃
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Bilan

Le	gaz	parfait	à	deux	dimensions	peut	être	vu	comme	un	cas	par:culier		
du	théorème	de	Mermin	-Wagner	-Hohenberg

Pas	d’ordre	à	longue	portée	à	la	limite	thermodynamique

Mais	il	est	«	pauvre	»	au	sens	où	il	ne	présente	pas	non	plus	de		
transi:on	de	phase	topologique	à	la	BKT

Les	interac'ons	sont	indispensables	pour	faire	émerger	ceLe	transi'on	de	phase

La	descrip:on	de	ces	interac:ons	peut	se	faire	dans	les	cas	simples	en	terme		
d’un	nombre	sans	dimension							qui	caractérise	l’amplitude	de	diffusion	g̃

g̃ =
p
8⇡

a

a
oh

f(k) ⇡ g̃ si g̃ . 1



Jean	Dalibard

Année	2016-17

Chaire	Atomes	et	rayonnement

	Fluides	quan2ques	de	basse	dimension	
et	transi2on	de	Kosterlitz-Thouless

Le	quasi-ordre	à	longue	portée	
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Bilan	des	cours	précédents

A	température	non	nulle,	il	n’y	a	pas	d’ordre	à	longue	portée	dans	un	système	
de	basse	dimension	(Peierls,	Mermin-Wagner-Hohenberg)	:

• Absence	d’ordre	cristallin	(interacNons	entre	proches	voisins)

• Gaz	de	Bose	idéal	à	2D	:	 G1(r) = h ̂†(r) ̂(0)i / e�r/`

Berezinskii,	Kosterlitz	&	Thouless	ont	néanmoins	montré	qu’une	transiNon	de	phase	
«	topologique	»	pouvait	se	produire	entre	un	état	complètement	désordonné	à	
haute	température	et	un	état	quasi-ordonné	à	basse	température

Aucune	trace	de	ceXe	transiNon	dans	notre	étude	du	gaz	parfait	à	2D

Les	interac2ons	jouent	un	rôle	central	dans	ce=e	transi2on	
contrairement	à	la	condensa2on	de	Bose-Einstein	à	3D
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Buts	du	cours	d’aujourd'hui

Prise	en	compte	des	interacNons	pour	montrer	un	changement	radical		
de	la	cohérence	d’un	fluide	de	Bose	à	deux	dimensions

Basse	température	: G1(r) = h ̂†(r) ̂(0)i / 1

r↵
quasi-ordre	algébrique

Pour	simplifier	notre	étude,	développement	d’une	approche	«	champ	classique	»

• Domaine	de	validité	?	
• Que	reste-t-il	de	quanNque	dans	ceXe	approche	?

Discuter	les	prédicNons	de	ceXe	approche	dans	la	limite	des	peNtes	fluctuaNons	
Ondes	sonores,	spectre	de	Bogoliubov
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1.	

Approche	champ	classique

DescripNon	d’un	système	de	N	parNcules	idenNques	(bosons)	par	un	champ  (r)

�(r1, . . . , rN )  (r1) . . . (rN )
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Analogie	opNque

Un	état	donné	du	champ	électromagnéNque	correspond	à	une	certaine	distribuNon	
d’amplitudes	de	probabilité	des	états	à	nombre	de	photons	donnés	:

X

{nk,✏}

C{nk,✏} |n1 : (k1, ✏1), n2 : (k2, ✏2), . . .i bien	compliqué…

On	uNlise	souvent	une	descripNon	classique	du	champ	électromagnéNque	:	

E(r, t) B(r, t)

CeXe	descripNon	permet	de	décrire	des	phénomènes	qui	semblent		
«	quanNques	»,	comme	le	foncNonnement	d’un	laser

Quelles	sont	ses	limitaNons	?
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LimitaNon	de	l’approche	«	champ	classique	»	en	opNque

• Granularité	de	la	lumière,	qui	se	manifeste	par	exemple	dans	le	mécanisme	
d’émission		spontanée

[âk,✏, â
†
k,✏] 6= 0

Plus	précisément	:

h N : (k, ✏) | âk,✏â†k,✏ | N : (k, ✏) i = N + 1

h N : (k, ✏) | â†k,✏âk,✏ | N : (k, ✏) i = N

N � 1Si																,	ceXe	différence	n’est	généralement	pas	bien	importante

• Le	problème	du	rayonnement	du	corps	noir	:	l’équiparNNon	de	l’énergie	
aXendue	à	l’équilibre	thermodynamique	peut	conduire	à	des	divergences	
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Thermodynamique	d’un	champ	classique

Champ													avec	l’énergie	associéeE(r) E[E ] = ↵

Z
E2(r) d3r

Intégrale	prise	sur	un	volume	L3

DécomposiNon	du	champ	en	«	modes	propres	»	(ou	«	états	propres	»)	indépendants	:

E(r) =
X

q

Eq eiq·r

L’état	du	champ	est	caractérisé	par	la	donnée	des																									{Eq}
|Eq|2 :	populaNon	du	mode	q		

q =
2⇡

L
n n 2 Z3

h|Eq|2i / kBT

Energie	:	 E[E ] = ↵L3
X

q

|Eq|2

Ce=e	varia2on	linéaire	en	température	de	la	popula2on	moyenne	de	chaque	
mode	est	caractéris2que	d’une	approche	«	champ	classique	»	(Rayleigh-Jeans)

P[{Eq}] / e�E[E]/kBT
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Principe	d’une	approche	«	champ	classique	»	pour	la	maNère

On	remplace	la	«	vraie	»	foncNon	d’onde	ou	la	«	vraie	»	matrice	densité	à	N	corps	
par	un	mélange	staNsNque	d’états	à	une	parNcule	:

|N :  i  (r1) . . . (rN )

La	densité	de	probabilité	pour	qu’un	état						apparaisse	est	notée	 P[ ]

Moyenne	d’une	quanNté	physique	A	caractérisée	par	l’observable					:	Â
Z

hN :  |Â|N :  i P [ ] d[ ] intégrale	fonc2onnelle

On	souhaite	que	ceXe	moyenne	soit	aussi	proche	que	possible	du	résultat	exact Tr
⇣
⇢̂Â

⌘

N.B.	:	il	s’agit	(presque)	toujours	d’une	approxima2on	et	pas	d’un	résultat	exact	
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Retour	sur	les	staNsNques	quanNques

Bilan	d’équilibre	à	la	base	des	staNsNques	quanNques

j1

j2

j3

j4

j1 + j2 �! j3 + j4 si E1 + E2 = E3 + E4

Bilan	détaillé	: Nj1 Nj2 = Nj3 Nj4

Le	processus	inverse	est	également	possible	:

j3 + j4 �! j1 + j2

Si	la	foncNon	Nj	ne	dépend	que	de	l’énergie	Ej,	la	foncNon		N(E)	doit	vérifier	la	propriété

N(E1) N(E2) = N(E3) N(E4) si E1 + E2 = E3 + E4

SoluNon	générale	:	N(E) = eaE+b a = �1/kBT b = µ/kBT

N(E) = e(µ�E)/kBTBoltzmann	retrouvé	:
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Retour	sur	les	staNsNques	quanNques	(2)

j1

j2

j3

j4

Prise	en	compte	de	l’émission	sNmulée	:

j1 + j2  ! j3 + j4

Nj1 Nj2 [1 +Nj3 ] [1 +Nj4 ] = Nj3 Nj4 [1 +Nj1 ] [1 +Nj2 ]

ou	encore
Nj1

1 +Nj1

Nj2

1 +Nj2

=
Nj3

1 +Nj3

Nj4

1 +Nj4

N(E)

1 +N(E)
= eaE+bce	qui	est	possible	si	 N(E) =

1

e�(aE+b) � 1

N(E) =
1

e(E�µ)/kBT � 1
ou	encore
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Les	deux	régimes	de	la	loi	de	Bose-Einstein

N(E) =
1

e(E�µ)/kBT � 1

• Aux	grandes	énergies	:

E � µ � kBT

N(E) ⇡ e(µ�E)/kBT ⌧ 1

régime	de	par2cules	classiques	:		
Maxwell	-	Boltzmann

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10

(E � µ)/kBT

N
(E

)

• Aux	peNtes	énergies	: E � µ ⌧ kBT

N(E) ⇡ 1⇣
1 + E�µ

kBT

⌘
� 1

régime	de	champ	classique,	avec	des	nombres	d’occupa2on	grands	devant	1

⇡ kBT

E � µ
� 1
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Le	champ	classique	retrouvé	par	le	bilan	détaillé
j1

j2

j3

j4

Bilan	détaillé	dans	lequel	l’émission	sNmulée	domine	l’émission	spontanée	:

Nj1 Nj2 [1 +Nj3 ] [1 +Nj4 ] = Nj3 Nj4 [1 +Nj1 ] [1 +Nj2 ]

avec	tous	les	Nj	grands	devant	1

Terme	dominant	: Nj1 Nj2 Nj3 Nj4 = Nj1 Nj2 Nj3 Nj4 trivial

Terme	suivant	: Nj1 Nj2 [Nj3 +Nj4 ] = Nj3 Nj4 [Nj1 +Nj2 ]

1

Nj1

+
1

Nj2

=
1

Nj3

+
1

Nj4

si E1 + E2 = E3 + E4qui	peut	aussi	s’écrire	:

1

N(E)
=

E � µ

kBT
! N(E) =

kBT

E � µ
ou	encore	:
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Que	reste-t-il	de	quanNque	?

Assemblée	de	parNcules	décrites	par	le	champ													complexe	: (r)

 (r) =
p
⇢(r) ei✓(r)

Champ	de	vitesse	associé	: v(r) =
~
m
r✓

DéfiniNon	de	la	phase	à	2π	près	:
I

r✓(r) · dr = n 2⇡ n 2 Z

pour	tout	contour	fermé

 (r) = F (r) ei'

I
v(r) · dr = n

2⇡~
m

Quan%fica%on	de	la	circula%on	de	la	vitesse	: I
r✓(r) · dr = 2⇡

'
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2.	

FoncNonnelle	d’énergie	de	Gross-Pitaevskii

V

(3D)
trap (r) = V

(1D)
trap (z) + V

(2D)
trap (x, y)

z

x

y
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L’énergie	du	gaz	3D

L’hamiltonien	à	N	corps	s’écrit	pour	des	interacNons	binaires	:

Ĥ =
NX

j=1

 
p̂2
j

2m
+ V

(3D)
trap (r̂j)

!
+

1

2

X

i 6=j

U(r̂i � r̂j)

Traitement	en	champ	classique	(ou	encore	champ	moyen,	ansatz	de	Hartree)		:

�(r1, . . . , rN ) / �(r1) . . .�(rN )

Z
|�(r)|2 d3r = N

On	calcule	l’énergie	moyenne	: E[�] = h�|Ĥ|�i

E(�) =

Z ✓
~2
2m

|r�|2 + V (3D)
trap (r)|�(r)|2 + g

2
|�(r)|4

◆
d3r

où	on	a	modélisé	le	potenNel	d’interacNon	par	le	potenNel	de	contact	:

U(r � r0) = g �(r � r0) g =
4⇡~2a
m

a :	longueur	de	diffusion	3D
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FactorisaNon	du	mouvement	gelé

z

x

y

Piégeage	harmonique	fort	selon	z			

Les	parNcules	occupent	l’état	fondamental	
de	ce	mouvement:

�0(z) / e�z2 / (2a2

oh

) a
oh

=

r
~

m!z

a
oh

On	écrit	donc	le	champ	classique																					sous	la	forme	factorisée	:	

�(x, y, z) =  (x, y) �0(z)

�(x, y, z)

La	physique	à	deux	dimensions	est	décrite	par	le	champ																	avec	l’énergie (x, y)

E( ) =

Z ✓
~2
2m

|r |2 + V (2D)
trap (r)| (r)|2 + ~2

2m
g̃ | (r)|4

◆
d2r

g̃ =
p
8⇡

a

a
oh

Le	paramètre	sans	dimension																													,	déjà	trouvé	au	cours	2,	caractérise		
la	force	des	interacNons
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L’équaNon	de	Gross-Pitaevskii	à	2D

EquaNon	du	mouvement	pour	le	champ	classique																,	écrite	ici	en	l’absence		
de	potenNel	de	piégeage	dans	le	plan	xy	

 (x, y)

i
@ 

@t
= � ~

2m
r2 +

~
m

g̃ | |2 

QuanNtés	conservées	:	nombre	de	parNcules	et	énergie	totale

N =

Z
| (r)|2 d2r E = Ecin + Eint

Ecin =
~2
2m

Z
|r |2 d2r

Eint =
~2
2m

g̃

Z
| (r)|4 d2r

Etat	fondamental	:	densité	uniforme	dans	la	boîte	L x L 

 (r) =
p
⇢0 avec ⇢0 =

N

L2

Ecin = 0

Eint =
~2
2m

g̃ ⇢20 L2
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Coupure	ultravioleXe	et	longueur	de	cicatrisaNon

L’approche	«	champ	classique	»	n’est	valable	que	pour	des	modes	fortement	peuplés	:
p2

2m
< kBT ou	encore �T <

~
p

La	longueur	d’onde	thermique	représente	l’échelle	de	longueur	minimale	accessible	
dans	le	cadre	de	ceXe	théorie	de	champ	classique

�2
T =

2⇡ ~2
mkBT

r

Les	interacNons	introduisent	une	autre	échelle	de	longueur	:	longueur	de	cicatrisaNon

~2
2m⇠2

=
~2g̃
m

⇢ ⇠ =
1p
2g̃⇢

Selon	la	valeur	de	l’énergie	d’interacNon	(plus	ou	moins	grande	que	kBT ),		
la	longueur	de	cicatrisaNon	sera	accessible	ou	non	à	ceXe	théorie	classique	

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

⇢(r)/⇢0

⇠
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OpNque	non-linéaire	et	physique	à	deux	dimensions

Réflexion	amorcée	par	Pomeau,	Rica	et	al.
Expériences	menées	à	Princeton	(J.	Fleischer)	et	très	récemment	à	Nice	(R.	Kaiser)

Principe	:	étudier	la	propagaNon	d’un	faisceau	lumineux	à	l’approximaNon	paraxiale	
dans	un	milieu	opNquement	non-linéaire,	avec	l’indice	 n0 + n2I

EquaNons	de	Maxwell	:	équaNon	d’onde	pour	les	composantes	du	champ	
électromagnéNque	

r2u� n2
0

c2
@2u

@t2
= 0 Pour	l’instant,	milieu	linéaire	d’indice	n0

SoluNons	en	ondes	planes	:	 u(r, t) = u0 ei(kz�!t) ! = ck/n0

SoluNons	plus	générales	:	 u(r, t) =  (r) ei(kz�!t)

Enveloppe	lentement	variable	:

����
@2 

@z2

���� ⌧ k

����
@ 

@z

����
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L’approximaNon	paraxiale

Partant	de																																									avec	la	forme		r2u� n2
0

c2
@2u

@t2
= 0 u(r, t) =  (r) ei(kz�!t)

on	arrive	à	la	forme	de	l’équaNon	requise	pour	l’enveloppe													:	 (r)

i
@ 

@z
= � 1

2k
r2

? avec r2
? = @2

x

+ @2
y

Même	structure	que	l’équa2on	de	Schrödinger	dépendante	du	temps	à	2D.	

En	posant																									(temps	de	propagaNon),	on	peut	écrire	ceXe	équaNon⌧ = n0z/c

i
@ 

@⌧
= � ~

2m
phot

r2

? m
phot

= n2

0

~!/c2

Ce	raisonnement	ondulatoire	redonne	la	masse	effec2ve	des	photons	à	2D	dans	
l’approxima2on	paraxiale,	trouvée	au	cours	2	par	un	raisonnement	corpusculaire
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OpNque	non-linéaire	et	équilibre	thermique

On	ajoute	une	composante	non-linéaire	à	l’indice	: n0 + n2| |2/k2n0

EquaNon	d’évoluNon	de	l’enveloppe														lors	de	sa	propagaNon (r)

i
@ 

@z
= � 1

2k
r2

? � n2

n0k
| |2 

j1

j2

j3

j4

q = +1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = 0

z

�0(z)
x

y

x

y

z

Faisceau
lumineux

cristal
photo-
réfractif

A	l’entrée	du	cristal,	on	imprime	un	désordre	contrôlé	
en	phase	et	en	amplitude	pour	ajuster	l’énergie	E

On	mesure	la	distribuNon	spaNale	en	sorNe		
du	cristal	:	est-elle	«	thermalisée	»,	i.e.,	

N(k?) /
kBT

E
/ k�2

? ?

Sun et al., Nat. Phys. 8, 470 (2012)
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3.	

FluctuaNons	de	phase	et	quasi-ordre

Comportement	de	la	foncNon	de	corrélaNon	

G1(r) = h (r)  ⇤(0)i à	basse	température	?



La	suppression	des	fluctuaNons	de	densité

Etat	fondamental	:	  (r) =
p
⇢0 avec ⇢0 =

N

L2

A	température	non	nulle,	fluctua2ons	de	phase	et	de	densité

Eint =
~2
2m

g̃ ⇢0N

Pour	un	gaz	fortement	dégénéré,	c’est-à-dire	une	densité	dans	l’espace	des	phases

D � 1

les	fluctuaNons	de	densité	importantes	ont		
un	coût	prohibiNf

Eint/N

kBT
=

g̃

4⇡
D � 1

D = ⇢0�
2
T

Nous	allons	nous	concentrer	dans	un	premier		
temps	sur	les	fluctuaNons	de	phase

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5 | |

x

y
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Energie	liée	aux	fluctuaNons	de	phase

Energie	d’interacNon	gelée	:	 Eint =
~2
2m

g̃

Z
⇢2(r) d2r

Energie	cinéNque	: Ecin =
~2
2m

Z
|r |2 d2r

=
~2
2m

g̃ L2 ⇢2

avec

ce	qui	donne

r = r
⇣p

⇢(r) ei✓(r)
⌘
⇡ p

⇢ (ir✓) ei✓(r)

Ecin ⇡ ~2
2m

⇢

Z
(r✓)2 d2r

Mesure	le	prix	énergé2que	à	payer	pour	tordre	la	phase	
Expression	typique	d’un	superfluide	(cours	2015-16)

Expérience	du	récipient	tournant	:	ceXe	énergie	exprime	le		
fait	qu’il	peut	être	énergéNquement	favorable	pour	le	fluide		
de	rester	au	repos	dans	le	référenNel	galiléen	du	laboratoire	
plutôt	que	tourner	avec	le	récipient	(ref.	non	galiléen).
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Mais	l’approche	champ	classique,	couplée	à	l’hypothèse	de	gel	des	fluctuaNons	
de	densité,	n’est	valable	que	pour	des	échelles	de	longueur	assez	grandes	(	>	λT	).

Hamiltonien	effecNf	à	basse	énergie

Ecin ⇡ ~2
2m

⇢

Z
(r✓)2 d2r

L’expression

signifie	implicitement	que	l’ensemble	du	fluide	(densité	ρ)	est	superfluide.

Un	moyen	heurisNque	pour	prendre	en	compte	la	physique	aux	plus	courtes	échelles	
de	longueur	est	de	remplacer	la	densité	totale	ρ	par	une	densité	«	superfluide	»	ρs	

Permet	de	se	concentrer	simplement	sur	la	physique	à	longue	distance,	en		
absorbant	dans	ρs	les	aspects	non	essen2els	de	la	physique	à	courte	distance.

Ecin ⇡ ~2
2m

⇢s

Z
(r✓)2 d2r
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Analyse	de	Fourier	des	fluctuaNons	de	phase

On	souhaite	calculer	la	foncNon	de	corrélaNon

G1(r) = h (r)  ⇤(0)i = ⇢ hei[✓(r)�✓(0)]i

Développement	de	la	phase	en	série	de	Fourier ✓(r) =
X

q

cq e
iq·r

N.B.	Avec	ce	développement,	on	se	limite	à	des	varia2ons	«	douces	»	de	la	phase.	Il	ne	
convient	pas	pour	un	vortex	avec	un	enroulement	de	2π	sur	une	distance	très	courte.		

Energie	en	foncNon	des	coefficients	de	Fourier	:

Ecin =
~2
2m

⇢s

Z
(r✓)2 d2r = ⇢sL

2
X

q

~2q2
2m

|cq|2

Quelle	valeur	à	l’équilibre	thermique	?
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EquiparNNon	de	l’énergie	et	fluctuaNons	de	phase

Ecin =
X

q

✏q |cq|2

Energie	cinéNque	liée	aux	fluctuaNons	de	phase	:

avec ✏q = ⇢sL
2 ~2q2

m
h|cq|2i =

kBT

✏q

Différence	de	phase	entre	deux	points	: ✓(r)� ✓(0) =
X

q

cq
�
eiq·r � 1

�

h✓(r)� ✓(0)i = 0

q
x

> 0

expression	formellement	idenNque	à	celle	trouvée	lors	de	notre	étude	
d’un	possible	ordre	cristallin	à	deux	dimensions	(Peierls)	

h[✓(r)� ✓(0)]2i ⇡ 2

⇢s�2
T

ln(r/�T )

Croissance	logarithmique	avec	la	distance	:	pas	d’ordre	en	phase

h[✓(r)� ✓(0)]2i = 4
X

q

h|cq|2i sin2(q · r/2)
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Le	quasi-ordre	à	longue	portée

On	revient	au	champ																	lui-même (x, y)

G1(r) = h (r)  ⇤(0)i ⇡ ⇢ hei[✓(r)�✓(0)]i

et	on	uNlise	la	relaNon	pour	une	variable	aléatoire	gaussienne heiui = e�hu2i/2

G1(r) ⇡ ⇢ e
� 1

⇢s�2
T

ln(r/�T )
= ⇢

✓
�T

r

◆↵

avec ↵ =
1

⇢s�2
T

Décroissance	algébrique	de	la	corréla%on	dans	ce	régime	de	basse	température

Décroissance	beaucoup	plus	lente	que	pour	le	gaz	parfait	(exponen2elle)

Quasi-ordre
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Un	exemple	concret	pour	

Gaz	de	Bose	avec	une	densité	dans	l’espace	des	phases D = ⇢�2
T = 10

• Gaz	parfait	:	décroissance	exponenNelle

G1(r) = h ̂†(r) ̂(0)i

G1(r) / e�r/` avec ` ⇡ �Tp
4⇡

eD/2 ` ⇡ 40�T

• Gaz	en	interacNon	:	décroissance	algébrique
G1(r) / 1/r↵ ↵ = 1/D = 1/10avec

Pour	perdre	le	quasi-ordre,		
il	faut	aller	très	très	loin	:

G1(r) = 0.01

pour
r =

�T

(0.01)1/↵
= 1020 �T

0 50 100 150 200 250 300
0

0.2

0.4

0.6

0.8

1

r/�T

G
1
(r
)

gaz	parfait

gaz	en	interacNon

G1(r)

r/�T
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4.	

L’approche	de	Bogoliubov

Aller	au	delà	de	l’approximaNon		du	gel	des	fluctuaNons	de	densité

Adapter	à	2D	le	formalisme	connu	à	3D	
On	ne	peut	pas	faire	simplement	un	développement	
car	on	n’a	pas	de								autour	duquel	on	pourrait	développer

 ⇡  0 + � 
 0
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EquaNons	couplées	amplitude	-	phase

Dans	le	cadre	de	l’approche	champ	classique,	on	pose	:

 (r, t) =
p
⇢0 + �⇢(r, t) ei✓(r,t) |�⇢| ⌧ ⇢0

et	on	fait	un	développement	en	série	de	Fourier	(les	vortex	sont	donc	toujours	exclus)

⇢(r, t) = ⇢0 [1 + 2⌘(r, t)] ⌘(r, t) =
X

q

dq(t) e
iq·r

✓(r, t) =
X

q

cq(t) e
iq·r

L’équaNon	de	Gross-Pitaevskii	s’écrit	en	foncNon	des	coefficients	de	Fourier	:
✓
2m

~

◆
ċq = �

�
q2 + 4 g̃⇢0

�
dq

✓
2m

~

◆
ḋq = q2 cq

c̈q + !2
qcq = 0

d̈q + !2
qdq = 0

avec	la	relaNon	de	dispersion	de	Bogoliubov	:

!q =
~
2m

⇥
q2

�
q2 + 4 g̃⇢0

�⇤1/2



32

Le	spectre	de	Bogoliubov

0 1 2 3 4
0

2

4

6

8

q (unité :
p
g̃⇢0)

!
q

(u
ni

té
:h̄

g̃⇢
0
/m

)

!q =
~
2m

⇥
q2

�
q2 + 4 g̃⇢0

�⇤1/2

• ParNe	de	peNt	vecteur	d’onde q2 ⌧ 4 g̃⇢0

!q = c0q avec c0 =
~
m

p
g̃⇢0

Ondes	sonores

L’existence	de	ceXe	branche	linéaire	assure	la	superfluidité	du	gaz	selon	le	critère	
de	Landau	:	une	impureté	bougeant	à	une	vitesse	v < c0	ne	peut	pas	être	freinée

• ParNe	de	grand	vecteur	d’onde q2 � 4 g̃⇢0

~!q =
~2q2
2m

à	une	constante	addiNve	près

Régime	de	par%cules	libres
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ProducNon	d’un	gaz	d’atomes	à	2D

Gel	de	la	direction	verticale	en	piégeant		
les	atomes	dans	un	noeud		

d’une	onde	lumineuse	stationnaire

10	nK 200	nK

DMD	2

DMD	1

Confinement	dans	le	plan	horizontal	grâce	à	des	
murs	lumineux	dont	le	dessin	est	imprimé	sur	

une	matrice	de	micro-miroirs

30	µm

60	µm

Jean-Loup Ville, Raphaël Saint-Jalm, Monika Aidelsburger, Sylvain Nascimbene, Jérôme Beugnon
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Propagation	d’un	paquet	d’ondes	dans	un	gaz	2D	(CdF	2017)

Modulation	de	la	
densité	atomique	
pendant	une	courte		
durée	(20	ms)	sur		

un	bord

Modulation	de	densité	
juste	après	l’excitation

Rebonds	multiples	du	paquet	d’ondes	
Détermination	précise	de	la		
vitesse	du	son	(ici	2mm/s)

Temps	de	propagation	(ms)

0 100 300200

60µm

Jean-Loup Ville, Raphaël Saint-Jalm, Monika Aidelsburger, Sylvain Nascimbene, Jérôme Beugnon
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FluctuaNons	de	phase		vs.	densité

Dans	le	cadre	de	l’approche	de	Bogoliubov,	nous	avons	décomposé	les	fluctuaNons	en	

⇢(r, t) = ⇢0 [1 + 2⌘(r, t)] ⌘(r, t) =
X

q

dq(t) e
iq·r

✓(r, t) =
X

q

cq(t) e
iq·r

Les	équaNons	coulées	entre	les	amplitudes		cq	et	dq	donnent	les	amplitudes	relaNves

d̄q
c̄q

=
qp

q2 + 4 g̃⇢0

q2 ⌧ 4 g̃⇢0Pour																									,	les	fluctuaNons	relaNves	de	densité	sont	plus	peNtes	que	les	
fluctuaNons	de	phase	:	jusNfie	l’approche	élémentaire	basée	sur	l’énergie	

qui	a	conduit	à	la	noNon	de	quasi-ordre	à	longue	portée.

Ecin ⇡ ~2
2m

⇢s

Z
(r✓)2 d2r
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Bilan	de	ce	cours

Partant	d’une	modélisaNon	du	fluide	en	termes	de	champ	classique,	nous	avons	
analysé	la	dynamique	et	l’équilibre	thermique	par	les	modes	propres	densité-phase

• Approche	valable	si	la	phase	est	décomposable	en	série	de	Fourier
Exclut	les	vortex

• Conduit	à	un	quasi-ordre	à	longue	portée

G1(r) = h (r)  ⇤(0)i / 1/r↵ ↵ = 1/Ds

Ques%ons	ouvertes	:

Que	se	passe-t-il	en	présence	de	fluctuaNons	de	phase	plus	fortes	?

Comment	connecter	ce	résultat	au	domaine	«	haute	température	»,		
où	on	s’aXend	à	retrouver	une	décroissance	exponenNelle	de	G1	?

Radicalement	différent	du	gaz	parfait



Jean	Dalibard

Année	2016-17

Chaire	Atomes	et	rayonnement

	Fluides	quan2ques	de	basse	dimension	
et	transi2on	de	Kosterlitz-Thouless

Le	point	cri;que	de	la	transi;on	BKT



2

Bilan	des	cours	précédents

Quel	type	d’ordre	(cristallin,	magné;que,	superfluide,…)	peut-on		
aLeindre	dans	un	système	de	basse	dimension	(2D	ou	1D)	?

Peierls,	Mermin-Wagner-Hohenberg

A	température	non	nulle	et	pour	des	interac;ons	entre	proches	voisins,	pas		
d’ordre	à	longue	portée,	plus	précisément	pas	de	brisure	d’une	symétrie	con;nue	

Dans	un	réseau	carré	de	par;cules,	on	trouve

h(uj � u0)
2i / T log(Rj/a)
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Bilan	(suite):	le	cas	du	gaz	de	Bose

Approche	champ	classique	:	 �(r1, . . . , rN )  (r1) . . . (rN )

 (x, y) :	champ	complexe	caractérisé	par	une	amplitude	et	une	phase

 (r) =
p
⇢(r) ei✓(r)

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5 | |

x

y

Pour	un	gaz	en	interac;on	répulsive	à	basse	
température,	gel	des	fluctua;ons	de	densité		
pour	les	modes	de	grande	longueur	d’onde

⇢ = N/L2

Développement	de	Fourier	de	la	phase

✓(r) =
X

q

cq e
iq·r

h[✓(r)� ✓(0)]2i / T ln(r/�T ) �2
T =

2⇡ ~2
mkBT
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Bilan	(fin)	:	le	quasi-ordre	à	longue	portée

Connaissant																														,	on	déduit	la	valeur	de	la	fonc;on		G1(r) = h (r)  ⇤(0)ih[✓(r)� ✓(0)]2i

G1(r) ⇡ ⇢

✓
�T

r

◆↵

↵ =
1

⇢�2
T

=
1

D
D : densité	dans		

l’espace	des	phases

Résultat	très	différent	de	celui	d’un	gaz	parfait	:	 G1(r) ⇡ ⇢ e�r/`

G1(r)

0 50 100 150 200 250 300
0

0.2

0.4

0.6

0.8

1

r/�T

G
1
(r
)

gaz	parfait

gaz	en	interac;on

r/�T

D = 10
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But	de	ce	cours

Le	gel	des	fluctua;ons	de	densité	qui	conduit	au	quasi-ordre	algébrique	n’est	
effec;f	qu’à	basse	température

A	haute	température,	les	interac;ons	doivent	jouer	un	rôle	mineur	et	
on	s’aLend	à	retrouver	le	résultat	du	gaz	parfait

Comment	s’effectue	la	transi1on	:

G1(r) ⇡ ⇢

✓
�T

r

◆↵

G1(r) ⇡ ⇢ e�r/` ?

Les	briques	élémentaires	de	ceLe	transi;on	BKT	sont	les	vortex	

 (x, y) Zéro	de	densité	avec	un	enroulement	de	phase	
de	n 2π,	où	n	est	un	en;er	rela;f

En	pra;que	:	 ± 2⇡
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Pourquoi	les	vortex	font	perdre	le	quasi-ordre	en	phase	

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

�

x

y

| (x, y)| On	se	donne	deux	points	A	et	B	entre	lesquels		
il	existe	une	cohérence	de	phase	importante	si		
on	se	limite	à	l’influence	des	phonons	

Si	un	vortex	isolé	a	une	probabilité	significa;ve	
d’apparaître	au	voisinage	du	segment	AB,	la	
phase	rela;ve	va	fluctuer	fortement	:	

� ! �+ ⇡ �1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

�+ ⇡

x

y

| (x, y)|

Si	les	vortex	isolés	peuvent	être	présents	avec	une	densité	ρv ,	on	s’aLend		
à	perdre	tout	ordre	en	phase	sur	une	distance	⇠ ⇢�1/2

v

A B
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1.	

Seuil	d’appari;on	d’un	vortex	isolé
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Les	zéros	du	champ	classique	  (x, y)

On	se	donne	à	un	instant	t	un	champ	classique	fluctuant	et	on	regarde		
sa	par;e	réelle	et	sa	par;e	imaginaire

Re [ (x, y)]

Posi;f

Posi;f

Néga;f

Im [ (x, y)]

Posi;fNéga;f

Deux	vortex	de		
circula;ons	opposées
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Appari;on	et	dispari;on	des	vortex

Im [ (x, y)] = 0Re [ (x, y)] = 0

Pas	de	vortex Un	zéro	double	:	
trou	de	densité	

sans	enroulement	
de	phase

Deux	zéros	simples		
d’enroulements	opposés	:	
une	paire	vortex-an;vortex

Une	paire	de	vortex	peut	apparaître	lors	d’une	fluctua2on	de	densité	importante
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Champ	de	vitesse	d’un	vortex

Exemple	d’un	vortex	en	r = 0	:		 '✓(r) = '

v(r) =
~
m
r✓ =

~
mr

u'

 (r) =
p
⇢(r) ei'

Profil	de	densité	au	voisinage	du	centre	
du	vortex	minimisant	l’énergie	:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

⇢(r)

r

⇠

⇢(r)

r

⇠ =
1p
2g̃⇢

longueur	de	cicatrisa2on

:	modélisa;on	par	une		
		fonc;on	en	escalier

Analogie	magnéto-sta2que	:	champ	magné2que	créé	par	un	fil	rec2ligne	perpendiculaire	au	plan	xy

I
v(r) · dr = 2⇡

~
m
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L’énergie	d’un	vortex

Energie	ciné1que	(vortex	au	centre	d’un	disque	de	rayon	R ):

Ecin =
1

2
m

Z
⇢(r) v2(r) d2r v(r) =

~
mr

= ⇡
~2⇢
m

ln(R/⇠).

⇡ 1

2
m ⇢

~2
m2

Z R

⇠

1

r2
2⇡r dr

Préfacteur	:	robuste	
Argument	du	log	:	dépend	de	la	modélisa;on	du	coeur	

Diverge	avec	la	taille	du	système	!

Energie	d’interac1on	:	il	faut	créer	un	trou	de	taille	ξ	dans	le	fluide

✏0 ⇠ ~2⇢
m

⌧ Ecin
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Densité	totale	et	densité	superfluide

Discussion	déjà	abordée	dans	le	cours	précédent	;	l’expression	

= ⇡
~2⇢
m

ln(R/⇠).

suppose	que	l’ensemble	du	fluide	(de	densité	ρ)	possède	une	rigidité	en	phase	
et	est	donc	superfluide

Mais	ceLe	expression	résulte	d’une	approxima;on	où	l’on	ne	prend	en	compte		
que	les	modes	de	grande	longueur	d’onde	(coupure	à	courte	distance)

Un	moyen	simple	de	réincorporer	la	physique	à	courte	distance		
consiste	à	faire	la	subs;tu;on		ρ             	ρs	

La	densité	superfluide	ρs	est	à	ce	stade	un	paramètre	phénoménologique

Ecin =
~2
2m

⇢

Z R

⇠
|r✓(r)|2 d2r
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L’émergence	d’un	vortex	isolé	est-elle	probable	?

2R

2⇠

Nombre	de	«	cases	»	indépendantes	où	l’on	peut	
placer	ce	vortex	:

W ⇡ R2

⇠2

Probabilité	pour	qu’un	vortex	existe	dans	une	de	ces	cases	:

p ⇡ e�Ecin/kBT

p ⇡ exp


�Ds

2

log

✓
R

⇠

◆�
=

✓
⇠

R

◆Ds/2

Ecin

kBT
=

1

kBT

⇡~2⇢s
m

ln(R/⇠) =
Ds

2
ln(R/⇠)=

Ds

2
ln(R/⇠)

En	u;lisant	l’expression	de	l’énergie	ciné;que	:

Probabilité	pour	une	«	case	»	donnée	:

Probabilité	totale	:	 P = Wp ⇡
✓
⇠

R

◆�2+Ds/2
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L’émergence	d’un	vortex	isolé	est-elle	probable	(2)	?

2R

2⇠

P ⇡
✓
⇠

R

◆�2+Ds/2

Le	coût	énergé2que	est	supérieur	au	gain	entropique	:	
pas	de	vortex	isolé

• Si																													,	c’est-à-dire																,	alors	

				la	probabilité							tend	vers	0	quand	

�2 +
Ds

2
> 0 Ds > 4

P R ! 1

• Si																		,	alors																!!!					Les	vortex	prolifèrent…Ds < 4 P > 1

Ds = 4 Ds0

pas	de	vortex	isoléproliféra2on	de	
vortex	isolés,	

perte	du	quasi-ordre
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Vortex	isolés	et	perte	de	superfluidité

Ce	courant	est-il	métastable	?

Anneau	parcouru	par	un	courant,	correspondant	à	un	
enroulement	de	2πN	de	la	phase	du	champ	  (r)

Si	des	vortex	isolés	existent	dans	l’anneau,		
ils	peuvent	traverser	cet	anneau	:

N ! N ± 1

Fluctua2ons	du	courant	qui		
va	s’amor2r	et	tomber	à	0

Une	paire	de	vx	de	charges		
opposées	n’a	pas	d’effet	sur		
le	courant	permanent
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2.	

Une	paire	vortex	-	an;vortex



Le	champ	de	vitesse	d’une	paire	de	vortex

`

On	superpose	les	champs	de	vitesse	des	deux	vortex	

Analogie	magné;que	:		
champ	créé	par	deux	fils	parallèles		
parcourus	par	des	courants	opposés	

�1 �0.5 0 0.5 1

0

Champ	de	structure		
dipolaire	:	décroît		
comme		1/r2		à	l’infini	
au	lieu	de	1/r	pour		
un	vortex	isolé
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Energie	d’un	paire	de	vortex

L’énergie	ciné;que	est	maintenant	donnée	par	une	intégrale	bien	définie	:	

v / 1

r2
v2 / 1

r4
r	grand	:

Z
v2(r) d2r converge

Le	calcul	de	l’intégrale	donne	plus	précisément

Ecin(`) ⇡ 2⇡
~2 ⇢s
m

ln

✓
`

⇠

◆

`

Le	coût	en	énergie	d’interac;on	correspond	à	la	créa;on	de	deux	trous	de	taille	ξ		

Eint = 2 ✏0 avec ✏0 ⇠ ~2⇢s
m

Energie	ciné2que	et	énergie	d’interac2on	sont	comparables	si	 ` ⇠ ⇠
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Probabilité	d’appari;on	d’une	paire	de	vortex

Energie	totale	de	la	paire	: 2✏0 + Ecin(`)

Ecin(`) ⇡ 2⇡
~2 ⇢s
m

ln

✓
`

⇠

◆

Poids	de	Boltzmann	pour	l’appari;on	de	la	paire	

P(`) = exp

⇢
�2✏0 + Ecin(`)

kBT

�

Si									n’est	pas	très	grande	devant	1,	probabilité	non	négligeable		
au	moins	pour	des	élonga;ons						comparables	à	ξ

Ds

`

= y20 exp

⇢
�Ecin(`)

kBT

�

= y20

✓
⇠

`

◆Ds

y0 ⌘ exp

✓
� ✏0
kBT

◆
:	fugacité	d’un	vortex

` & ⇠valable	si

`

2R
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Elonga;on	moyenne	d’une	paire	de	vortex

`

2R

Distribu;on	de	probabilité	pour	l’élonga;on	 `

P(`) /
✓
⇠

`

◆Ds

h`2i =
R +1
⇠ `2 P(`) 2⇡` d`
R +1
⇠ P(`) 2⇡` d`

Variance	:

= ⇠2
Ds � 2

Ds � 4
diverge	pour	 Ds ! 4+

Ds

pas	de	vortex	isoléproliféra2on	de	
vortex	isolés

0 2 4 6 8 10
0

2

4

6

8

10

40

h`2i
⇠2 4

8

0

hra � rbi = 0

h(ra � rb)
2i =?

Moyenne	:
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3.	

Champ	de	vitesses	et	énergie		
d’une	assemblée	de	vortex
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Champs	de	vitesses	longitudinaux	et	transverses

On	se	donne	un	champ	de	vitesses v(x, y)

Transformée	de	Fourier	:

On	peut	toujours	décomposer						    	sous	la	forme	:	

v̂(q) =
1

2⇡

Z
e�iq·r v(r) d2r

v̂(q) v̂(q) = v̂k(q) + v̂?(q)

q
x

qy v̂(q)

v̂k(q)
v̂?(q)

v̂k(q) =
1

q2
(q · v̂(q)) q

v̂?(q) = v̂(q)� v̂k(q) r · v?(r) = 0

r⇥ vk(r) = 0

Le	champ	de	vitesses	étudié	au	cours	précédent	et	lié	aux	phonons	

est	purement	longitudinal

v(r) =
~
m
r✓(r)✓(r) =

X

q

cq e
iq·r v̂(q) / i q cq
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Champ	de	vitesses	liés	aux	vortex

On	se	donne	une	assemblée	de	vortex	caractérisée	par	 {Qj , rj}

Qj = ±1
X

j

Qj = 0 Densité	de	vortex	: ⇢v(r) =
X

j

Qj �(r � rj)

Minimisa;on	de	l’énergie	ciné;que	compte	tenu	de	ceLe	contrainte	:

Ecin =
~2⇢s
2m

Z
[r✓(r)]2 d2r r2✓ = 0 équa;on	de	Laplace	2D

Solu;on	obtenue	à	par;r	de	 r2 [ln(r)] = 2⇡ �(r)

• Somme	des	champs	de	vitesses	générés	par	chaque	vortex

• Champ	de	vitesses	purement	transverse	:	 v?(r)

v(r) = � ~
m

r⇥

uz

Z
ln |r � r0| ⇢v(r0) d2r0

�
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Bilan	concernant	le	champ	de	vitesses	superfluide

Nous	avons	iden;fié	deux	composantes	que	nous	traiterons	comme	découplées	:

• Le	champ	de	vitesses	lié	aux	phonons,	purement	longitudinal	et	caractérisé	
par	les	coefficients	de	Fourier	de	la	phase	 ✓(r)

✓(r) =
X

q

cq e
iq·r vk

s(r) = i
~
m

X

q

q cq eiq·r

• Le	champ	de	vitesses	lié	aux	vortex,	purement	transverse	et	caractérisé	
par	la	densité	de	vortex

⇢v(r) =
X

j

Qj �(r � rj)

Probabilité	d’obtenir	une	configura;on	donnée	pour	ceLe	composante	superfluide	:

exp [�E ({cq}, {Qj , rj}) /kBT ]
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4.	

Transi;on	superfluide	dans	un	fluide	2D

Les	deux	propriétés	caractéris1ques	de	la	superfluidité	:

• Rigidité	en	phase,	expérience	du	récipient	tournant

• Existence	de	courants	permanents	métastables
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La	rigidité	en	phase

On	«	tord	»	maintenant	la	phase	des	condi;ons	aux	limites	selon	une	direc;on:

Les	condi;ons	aux	limites	habituelles	(périodiques)	:

 (x+ L, y) =  (x, y + L) =  (x, y)

On	calcule	alors	l’énergie	libre	F (0)

 (x, y + L) =  (x, y) ⇥ ⌧ 1

Interpréta2on	physique	:	passage	dans	un	référen2el	tournant

Quel	est	le	coût	énergé;que	de	ceLe	torsion	en	phase	? F (⇥) = F (0) + ↵⇥2 + . . .

 (x+ L, y) = ei⇥  (x, y)

Par	défini;on	: ⇢s =
m

~2
@2F

@⇥2

����
⇥=0

(énergie	en																																													)~2
2m

⇢s

Z
|r✓(r)|2 d2r

trois	étapes…
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Condi;ons	aux	limites	tordues	et	énergie	ciné;que

Le	champ	de	vitesse	avec	des	condi;ons	aux	limites	tordues	:

peut	être	réalisé	par	un	gradient	de	phase (x+ L, y) = ei⇥  (x, y)

⇥/Luniforme											,	c’est-à-dire	le	champ	de	vitesse	addi;onnel		 v⇥ =
~⇥
mL

u
x

Champ	de	vitesse	total	:	 v = v⇥ + vs vs :	phonons	+	vortex

Choix	d’une	échelle	de	longueur	a	:	les	fluctua;ons	de	phase	et	de	densité	dont	
l’échelle	de	longueur	est	<	a sont	prises	en	compte	par	la	subs;tu;on	 ⇢ ! ⇢(0)s

Ec[⇥,vs] =
m⇢(0)s

2

Z
(v⇥ + vs)

2 d2r

=
mL2⇢(0)s

2
v2⇥ +

m⇢(0)s

2

Z
v2
s d2r +m⇢(0)s v⇥ ·

Z
vs d2r



28

Energie	libre	et	corréla;ons	en	vitesses

Energie	d’une	configura;on	phonons	+	vortex	:

• Fonc;on	de	par;;on	:	

• Energie	libre	: F (⇥) = �kBT ln[Z(⇥)]

avec	l’énergie	ciné;que	sous	la	forme	:

E [⇥, {cq}, {Qj , rj}] = E[⇥,vs]

Z(⇥) =

X

{vs}

exp

✓
�E[⇥,vs]

kBT

◆

[. . .]v2⇥ + [. . .]

Z
v2
s + [. . .] v⇥ ·

Z
vs

Résultat	du	calcul	à	l’ordre	2	inclus	en						:			⇥

F (⇥) ⇡ 1

2

mL2⇢(0)s v2⇥ + F (0) + terme croisé

dont	on	déduit	la	densité	superfluide	prenant	en	compte	les	phonons+vortex	:

Réduc;on	possible																					du	fait	des	phonons	et	des	vortex⇢(0)s ! ⇢s

⇢
s

= ⇢(0)
s

� m(⇢(0)
s

)2

kBT

1

L2

ZZ
hv

s,x

(r) v
s,x

(r0)i d2r d2r0
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Densité	superfluide	et	posi;on	des	vortex

On	part	de	

et	on	u;lise	la	décomposi;on	du	champ	de	vitesses vs(r) = vk
s(r) + v?

s (r)
phonons vortex

Contribu1on	des	phonons	:
Z

vk(r) d2r =
~
m

Z
r✓ d2r = 0

Les	phonons	ne	réduisent	pas	la	densité	superfluide	!

Contribu1on	des	vortex	:	on	a	relié	au	§3	leur	champ	de	vitesse	à	leur	densité	ρv	

⇢s = ⇢(0)s +
⇡2~2
mkBT

(⇢(0)s )2
Z

r2 h⇢v(r) ⇢v(0)i d2r

ou	encore	: Ds = D(0)
s +

⇡

2
(D(0)

s )2
Z

r2 h⇢v(r) ⇢v(0)i d2r

⇢
s

= ⇢(0)
s

� m(⇢(0)
s

)2

kBT

1

L2

ZZ
hv

s,x

(r) v
s,x

(r0)i d2r d2r0
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Calcul	perturba;f

Ds = D(0)
s +

⇡

2
(D(0)

s )2
Z

r2 h⇢v(r) ⇢v(0)i d2rOn	va	évaluer

y0 ⌘ exp

✓
� ✏0
kBT

◆
à	par;r	d’un	développement	en	puissances	de																																									(fugacité	d’un	vx)

Rappel	:	loi	de	probabilité	pour	l’élonga;on	d’une	paire P(r) /
✓
1

r

◆D(0)
s

où	a	représente	l’échelle	de	la	longueur	en	dessous	de	laquelle	les	fluctua;ons	
de	phase	et	de	densité	sont	prises	en	compte	via	 ⇢ ! ⇢(0)s

Ds = D(0)
s � 2⇡2(D(0)

s )2 y20

Z +1

a

⇣a
r

⌘D(0)
s �3 dr

a

On	en	déduit	:

Le	deuxième	terme	représente	la	réduc1on	de	la	densité	superfluide	
due	à	la	présence	de	paires	de	vortex	d’élonga1on	supérieure	à	a

Ecriture	équivalente	:
1

Ds
=

1

D(0)
s

+ 2⇡2y20

Z +1

a

⇣a
r

⌘D(0)
s �3 dr

a
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Le	principe	de	la	renormalisa;on

On	passe	de		a		à		a (1+ε)		pour	intégrer	un	peu	plus	de	fluctua;ons	dans	D(0)
s

1

D̃(0)
s

=
1

D(0)
s

+ 2⇡2y20

Z a(1+")

a

⇣a
r

⌘D(0)
s �3 dr

a

puis	on	fait	une	transforma;on	d’échelle	pour	ramener	a (1+ε) sur a						

ỹ0 = y0 (1 + ")(4�D(0)
s )/2

On	ob;ent	alors	une	évolu;on	couplée	de																				quand	on	répète	ceLe	procédure	
h
D(0)

s , y0
i

d[D(0)
s ]�1

d"
= 2⇡2y20

dy0
d"

=
1

2

⇣
4�D(0)

s

⌘
y0

Vers	quoi	converge-t-on	?



Le	résultat	de	la	renormalisa;on	BKT

2R

2⇠

1/D(0)
s

1/4

Ds ! 0

D(0)
s in

Confirme	la	valeur	cri;que	universelle	Ds = 4

Figure extraite 
de M. Kardar (2007)

• Si	on	part	de																	avec	une	fugacité		y0		assez	pe;te	(un	trou	de	vortex	
coûte	de	l’énergie),	on	finit	avec																		et	y0 = 0	:	les	vortex	sont	effacés.

Ds > 4
Ds > 4

• Si	on	part	de																,	alors	on	finit	avec																:	perte	complète	de	superfluiditéDs < 4 Ds = 0

Les	fonc1ons	thermodynamiques	usuelles	sont	con1nues	au	point	de	transi1on

d[D(0)
s ]�1

d"
= 2⇡2y20

dy0
d"

=
1

2

⇣
4�D(0)

s

⌘
y0

y0 ⌘ exp

✓
� ✏0
kBT

◆
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Les	premières	études	avec	des	fluides	quan;ques

Expériences	menées	à	l’Université	de	Cornell,	groupe	de	J.	Reppy,	1977-89	

Film	d’hélium	de	1	à	10	couches	atomiques	adsorbées		
sur	une	feuille	de	mylar	de	surface	de	l’ordre	du	m2

Détec;on	de	la	frac;on	superfluide	par	une	
expérience	de	«	récipient	tournant	»

Fréquence	d’oscilla;on
⇠ 2.6 kHz

mesurée	avec	une	précision	
rela;ve	de	5 10-9

(2	pico	secondes)
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La	transi;on	superfluide	BKT	avec	un	film	d’hélium

Bishop & Reppy, 
Phys. Rev. Lett. 40, 1727 (1978) 

Phys. Rev. B 22, 5171 (1980)

La	prise	en	compte	de	l’aspect	dynamique	(fréquence	de	mesure	2.6	kHz)		
conduit	à	un	excellent	accord	théorie-expérience

Confirma;on	de	la	loi	concernant	le	saut	universel	

�Ds = 4



En	résumé

La	transi;on	BKT	se	produit	entre	deux	types	d’états

Température	
0 Tc

état	superfluide état	normal
Ds > 4 Ds = 0

G1(r) / 1/r↵ G1(r) / e�r/`

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

Loi	universelle	sur	la	valeur	de	la	densité	superfluide	:

A	ce	stade,	nous	n’avons	pas	d’informa;on	sur	le	lien	entre	Tc	et	la	densité	totale	ρ	

Ds = ⇢s�
2
T / ⇢s

Tc



Jean	Dalibard

Année	2016-17

Chaire	Atomes	et	rayonnement

	Fluides	quan2ques	de	basse	dimension	
et	transi2on	de	Kosterlitz-Thouless

La	transi9on	BKT	explorée	avec		
des	gaz	d’atomes	ou	de	polaritons
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Bilan	des	cours	précédents

Fluide	2D	de	par9cules	de	Bose	en	interac9on	à	courte	portée	

V (ri � rj) =
~2
m

g̃ �(ri � rj)

g̃ :	paramètre	sans	dimension	caractérisant	la	force	des	interac9ons

Théorème	général	de	Mermin-Wagner-Hohenberg

Système	uniforme	:	pas	de	condensa9on	de	Bose-Einstein	à	la	limite	thermodynamique

Mais	il	y	a	malgré	tout	une	transi9on	superfluide	non	conven9onnelle	!

Berezinskii	-	Kosterlitz	-	Thouless

z

x

y

` g̃ / a

`

longueur	de	diffusion	
à	3	dimensions

épaisseur	du	gaz	
dans	la	direc9on	gelée
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Bilan	(suite):	la	transi9on	superfluide	BKT

Température	0 Tc
état	superfluide état	normal

⇢ = ⇢n + ⇢s ⇢ = ⇢n

D = Dn +Ds D = Dn

densité	spa9ale	:

densité	dans	l’espace		
des	phases	:

Ds > 4 Ds = 0g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

Transi9on	induite	par	l’appariement	des	vortex	en	paires	de	circula9ons	opposées

Au	point	de	transi2on,	saut	«	universel	»	de	la	densité	superfluide

D = ⇢�2
T

�2
T =

2⇡ ~2
mkBT
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Bilan	(fin)	:	le	quasi-ordre	à	longue	portée

Ds > 4 Ds = 0

G1(r) / e�r/`

Température	0 Tc
état	superfluide état	normal

ne	dépend	que	de															dans	un	système	uniformer � r0
G1(r, r

0) = hr|⇢̂|r0i = h ̂†(r)  ̂(r0)i

Le	quasi-ordre	(algébrique)	aXendu	à	basse	température	est	compa9ble	avec		
le	théorème	de	Mermin-Wagner-Hohenberg	puisqu’on	a	toujours

G1(r) ! 0 quand r ! 1

Quelle	est	la	densité	totale	en	ce	point	?

La	caractérisa9on	du	point	de	transi9on	par																		est	implicite	:Ds = 4

⇢s(Tc) �
2
Tc

= 4

G1(r) / 1/r⌘⌘ =
1

Ds



5

Buts	de	ce	cours

Caractériser	la	posi9on	du	point	cri9que	en	fonc9on	des	variables		
thermodynamiques	usuelles	:

Résultat	qui	va	dépendre	de	la	force	des	interac2ons

Contraste	avec	le	résultat	3D	pour	la	condensa9on	de	Bose-Einstein:	

⇢�3
T = 2.612

Décrire	les	études	expérimentales	faites	jusqu’à	maintenant	avec		
des	gaz	d’atomes,	de	molécules,	ou	des	systèmes	hybrides		
lumière-ma9ère	(polaritons	de	cavité)

	température	T,	poten9el	chimique	µ,	densité	ρ
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1.	

Lois	d’échelle	au	point	cri9que	BKT

Déterminer	la	valeur	de	la	densité	totale	et	du	poten9el	chimique		
au	point	cri9que,	pour	un	paramètre	d’interac9on						donné	g̃
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Champ	classique	et	modes	de	Bogoliubov

�(r1, . . . , rN )  (r1) . . . (rN )On	modélise	l’état	du	système,																													,	par	l’état	factorisé	

Energie	(fonc9onnelle	de	Gross-Pitaevskii)	:

Descrip9on	de	ce	système	à	l’approxima9on	de	Bogoliubov,	avec	l’hypothèse	de	
fluctua9ons	de	densité	rela9vement	faibles,	ce	qui	exclut	les	vortex

• Etat	fondamental	correspondant	à		    uniforme		  =

r
N

L2 E0 =
~2

2mL2
g̃N2

• Modes	propres	indépendants	caractérisés	par	leur	vecteur	d’onde	q	et	
leur	fréquence	ωq

!q =
~
2m

⇥
q2

�
q2 + 4g̃⇢

�⇤1/2
⇢ =

N

L2

E[ ] =
~2
2m

Z ⇥
|r |2 + g̃ | (r)|4

⇤
d2r

N =

Z
| (r)|2 d2r �1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5 | |

x

y
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Coupure	ultra-violeXe

0 1 2 3 4
0

2

4

6

8

q (unité :
p
g̃⇢0)

!
q

(u
ni

té
:h̄

g̃⇢
0
/m

)

!q =
~
2m

⇥
q2

�
q2 + 4g̃⇢

�⇤1/2

q
0

0

Cours	3	:	l’approche	champ	classique		
n’est	valable	que	si	les	modes	sont		
significa9vement	peuplés	par	les		
fluctua9ons	thermiques	:

n! & 1 ~! . kBT

kBT

q
max

~2q2
max

2m
⇠ k

B

T

~!q

Les	modes																						seront	supposés	non	peuplés	:	
																								coupure	«	ultra-violeXe	»	sur	toutes	les	intégrales

q > q
max
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Thermodynamique	du	gaz	de	Bose	à	l’approx.	de	Bogoliubov

Fonc9on	de	par99on Z =
X

config

e�E
config

/k
B

T

Energie	libre	: F = �kBT lnZ

Fonc9ons	thermodynamiques,	par	exemple	: µ =

✓
@F

@N

◆

T,L2

Bogoliubov	:	on	décrit	le	gaz	comme	une	collec9on	d’oscillateurs	indépendants	

~! . kBTDans	les	deux	cas,	pour	les	modes	de	basse	énergie																							: Z ⇡ kBT

~!

Z =
1

2⇡~

Z
e�✏(x,p)/kBT dx dp

✏(x, p) =
p

2

2m
+

1

2
m!

2
x

2avec

Fonc9on	de	par99on	d’un	oscillateur	(quan9que	ou	classique)	de	pulsa9on	ω

Z =
1X

n=0

e�✏n/kBT

✏n = (n+
1

2
)~!avec
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Thermodynamique	à	l’approxima9on	de	Bogoliubov	(2)

Energie	libre	:	on	somme	la	contribu9on	des	tous	les	modes	indépendants

F (T,N,L) = E0 � kBT
X

q

ln

✓
kBT

~!q

◆

Pour	un	oscillateur	:	 Z =
kBT

~!
F = �kBT lnZ = �kBT ln

✓
kBT

~!

◆

!q =
~
2m

⇥
q2

�
q2 + 4g̃⇢

�⇤1/2

Passage	d’une	somme	discrète	à	une	intégrale	:
X

q

[...] ! L2

4⇡2

Z
[...] d2q

A	par9r	de	ceXe	expression	de	l’énergie	libre,	on	peut	calculer	les	autres	fonc9ons	
thermodynamiques,	par	exemple	:	

µ

kBT
⇡ g̃

2⇡


D +

Z q
max

0

2q

q2 + 4g̃⇢
dq

�

ou	encore	:
µ

kBT
⇡ g̃

2⇡


D + ln

✓
⇡

g̃D

◆�
validité	:	 D > ln

✓
⇡

g̃D

◆

invariance	d’échelle
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Densité	totale	et	densité	superfluide

On	calcule	la	densité	superfluide	en	u9lisant	la	formule	de	Landau	(cours	2015-16)	
qui	décrit	la	réponse	du	fluide	quand	on	met	en	mouvement	son	récipient	:

⇢s = ⇢+
1

(2⇡)2
~2
2m

Z
dN
d✏

q2 d2q

N (✏) : occupa9on	d’un	mode	d’énergie	ε (ici	les	modes	de	Bogoliubov)

(version	2D)

On	arrive	à	: Ds ⇡ D � ln

✓
kBT

2µ

◆

avec	au	point	cri9que																			(résultat	lié	aux	vortex,	en	dehors	de	Bogoliubov)	Ds = 4

µ

kBT
⇡ g̃

2⇡


D + ln

✓
⇡

g̃D

◆�
Le	résultat	au	point	cri9que																																										,	couplé	à	l’équa9on	d’état	D ⇡ 4 + ln

✓
kBT

2µ

◆

permet	de	caractériser	ce	point	cri9que,	en	par9culier	ses	lois	d’échelle	
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Lois	d’échelle	au	point	cri9que

Combinaison	de	l’équa9on	d’état	et	de	 Ds = 4

D|crit. ⇡ ln

✓
CD
g̃

◆
Densité	dans	l’espace	des	phases	totale	au	point	cri9que	:

CD : constante	numérique

Poten9el	chimique	au	point	cri9que	:
µ

kBT

����
crit.

⇡ g̃

⇡
ln

✓
Cµ
g̃

◆

Cµ : constante	numérique

Pour	déterminer	le	plus	précisément	possible	les	constantes										et								,	il	faut		
affiner	le	traitement	des	modes	peu	peuplés	et	aller	au	delà	de	l’approx	de	Bogoliubov

CµCD

Prokofev	&	Svistunov	(méthode	Monte	Carlo	avec	un	champ	classique)	:
CD ⇡ 380 Cµ ⇡ 13.2
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Validité	de	ce	résultat	obtenu		
par	l’approche	«	champ	classique	»

Au	point	cri9que	: D ⇡ ln

✓
380

g̃

◆
Ds = 4

densité	totale densité	superfluide

Une	condi9on	nécessaire	pour	la	validité	de	ce	traitement	est	bien	sûr	:		

D > Ds g̃ < 7

En	pra9que	pour	des	gaz	atomiques	:	 g̃ ⇠ 0.01 à 1

pour	les	polaritons	de	cavité	: g̃ ⇠ 0.01 à 0.05

Pour	aller	au	delà,	approches	Monte	Carlo	quan9ques	:		
											Holzmann	&	Krauth,	Rançon	&	Dupuis,	Pila9,	Giorgini	&	Prokofev
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2.	

Le	point	cri9que	dans	un	gaz	atomique	piégé

V (r) =
1

2
m!2r2

r

2 = x

2 + y

2



Condensa9on	dans	un	piège	harmonique	2D

Cours	2	:	pour	un	gaz	parfait	dans	un	piège	harmonique,	la	satura9on	des	
																états	excités	se	produit	pour	

Nc,ideal =
⇡2

6

✓
kBT

~!

◆2

N > Nc,ideal

A	la	limite	thermodynamique N ! 1 ! ! 0 N!2
= constant

ce	point	est	aXeint	pour	la	densité	centrale ⇢(0) = 1

Impossible	à	réaliser	pour	un	gaz	en	interac2on	
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L’approxima9on	de	densité	locale

Gaz	à	l’équilibre	dans	un	piège,	de	température	T	et	de	poten9el	chimique	µ

V (r)

r

µ

0

µ� V (r) = µ
hom

On	relie	la	densité	en	un	point	du	piège	et	celle	d’un	gaz	homogène	caractérisé	par

T
hom. = T µ

hom. = µ� V (r)

Validité	:	libre	parcours	moyen,	longueur	de	cicatrisa9on		<<			extension	du	gaz
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Le	point	cri9que	BKT	dans	un	piège

Quel	nombre	d’atomes	faut-il	meXre	dans	un	piège	pour	que	le	gaz	au	centre		
de	ce	piège	devienne	superfluide	?

⇢(0)�2
T = Dc = ln

✓
380

g̃

◆
Approxima9on	de	densité	locale	:

Quan2té	finie,	contrairement	au	seuil	de	la	condensa2on	de	Bose-Einstein

En	u9lisant	l’équa9on	d’état	trouvée	plus	haut,	on	trouve	(Holzmann	et	al.)	:

Nc,BKT

Nc,ideal
⇡ 1 +

3 g̃

⇡3
ln2

✓
g̃

16

◆
+

3 g̃

8⇡2


15 + ln

✓
g̃

16

◆�

Quand	le	paramètre	des	interac9ons														,	on	trouveg̃ ! 0
Nc,BKT

Nc,ideal
! 1

La	condensa2on	d’un	gaz	parfait	2D	dans	un	piège	harmonique	peut		
être	vu	comme	le	cas	limite	de	la	transi2on	plus	générale	de	type	BKT.
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Expérience	de	Cambridge	(groupe	de	Z.	Hadzibabic)

Détec9on	de	la	composante	superfluide	centrale	via	la	distribu9on	en	impulsion

pic	étroit	dans		
la	distribu9on		
en	impulsion

Expérience	faite	avec	39K	:	
une	résonance	de	Feschbach	
permet	de	varier	la	longueur	
de	diffusion	3D,	et	donc	 g̃

measurements of the equation of state [22,27], which do not
directly reveal any striking signatures of the infinite-order
BKT transition.
In this Letter, we systematically study the critical point

for the emergence of extended coherence in a harmonically
trapped 2D Bose gas over a wide range of interaction
strengths, 0.05 < ~g < 0.5. We show, without any free
parameters, that Nc generally agrees very well with the
beyond-mean-field calculation ofNBKT

c [38], and converges
onto N0

c of Eq. (1) as ~g → 0. The critical chemical potential
μc, which directly reveals uniform-system conditions for a
phase transition to occur in the trap center, also agrees with
the BKT theory and converges onto the BEC value, μc ¼ 0,
for ~g → 0. Our measurements also reiterate the importance
of the suppression of density fluctuations in the normal
state near the BKT critical point, previously observed in
Refs. [18,19,21–23].
The experiment was carried out using a 39K gas, in the

apparatus described in Ref. [41]. For 2D trapping, the
tight axial (vertical) confinement is provided by two
repulsive “blades” of blue-detuned light, formed by passing
a 532-nm Gaussian beam through a 0-π phase plate [20,42],
while a red-detuned 1064-nm dipole trap provides the
in-plane (horizontal) confinement. The radial and axial
trapping frequencies are ðωr;ωzÞ ≈ 2π × ð38; 4100Þ Hz.
For all of our measurements T ∈ ½140 nK; 190 nK% and
μ=kB < 100 nK, resulting in a small (< 30%) occupation
of the excited axial states. The interaction strength
~g ¼

ffiffiffiffiffiffi
8π

p
a=lz [14], where a is the s-wave scattering length

and lz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðmωzÞ

p
, is controlled via a Feshbach reso-

nance centered at 402.5 G [41,43].
To characterize long-range coherence of a gas we study

its (in-plane) momentum distribution nðkÞ [19]. A change in
the functional form of g1ðrÞ leads to a dramatic change in its
values at distances much larger than the thermal wavelength
λ ¼ h=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πmkBT

p
[14], and an increase of coherence over

some large distance L manifests itself in enhanced pop-
ulation of the low-momentum states k≲ 2π=L. Thus, unlike
the in-trap density distribution, which varies very smoothly
through the BKT critical point [18,19,22,23], nðkÞ can
provide a dramatic signature of the phase transition [19].
As illustrated in Fig. 1, to identify the critical point for a

given ~g, we start with a highly coherent 2D gas and measure
nðkÞ after holding the cloud in the trap for a variable time t.
During the hold time, the atom number N slowly decays
through various inelastic processes [44], while the elastic-
collision rate (≈ 0.2N ~g2 s−1) remains sufficiently high to
ensure that the gas is in quasistatic equilibrium. To measure
nðkÞ, we employ the “momentum focusing” technique
[19,29,45,46]. We turn off just the tight z confinement,
so the rapid vertical expansion (predominantly driven by
the zero-point motion along z) removes all the interaction
energy on a time scale 1=ωz ≪ 1=ωr. The subsequent
horizontal ideal-gas evolution in the remaining in-plane
harmonic potential reveals nðkÞ as the spatial distribution

after a quarter of the trap period. We probe this distribution
by absorption imaging along z [see Fig. 1(a)].
Our k-space imaging resolution, Δk ≈ 0.4 μm−1, sets

the largest distance over which we can probe coherence
to L ¼ 2π=Δk ≈ 15 μm, which is much larger than
λ ≈ 0.7 μm. To probe coherence on this length scale, we
simply monitor the peak value of the momentum distribu-
tion, P0, without making any theoretical assumptions about
the exact shape of nðkÞ at low k. To get the corresponding
atom number N we do a simple summation over the image.
Importantly, we eliminate the systematic error due to the
uncertainty in the absorption-imaging cross section by
independently calibrating our imaging system through
measurements of the BEC critical point in a 3D gas [47].
In Fig. 1(b) we show a typical evolution of P0 and N

(here ~g ¼ 0.28). While N decays smoothly, P0 shows two
distinct regimes, which allows us to identify the critical
hold time tc and the corresponding Nc. We note that even
for N significantly below Nc the peak of nðkÞ rises above a
Gaussian fitted to the wings of the distribution, indicating
some coherence on a length scale > λ [18,21]. The smooth
evolution of such non-Gaussian “peakiness” of nðkÞ does
not reveal a phase transition [21], and only P0 corres-
ponding to L ≫ λ shows a clear change in behavior at a
well-defined Nc [51]. Our large L is still small compared
to the thermal diameter of the cloud, 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT=ðmω2

rÞ
p

≈
50 μm, so the observed Nc is closely linked to the

0

1

0 10 20 30
0

4

(b)
tc

P
0

(a
.u

.)

(a)

16 s11 s6 s

NcN
(1

04 )

Hold time (s)

FIG. 1 (color online). Determination of the critical point for the
onset of coherence, for ~g ¼ 0.28 and T ≈ 140 nK. (a) Evolution
of the momentum distribution nðkÞ with the hold time t (see text).
Extended coherence is revealed as a sharp peak in nðkÞ. Each
image is an average of three experimental realizations. (b) Evo-
lution of the momentum-distribution peak P0 and the smoothly
decaying total atom number N. We associate the thresholdlike
behavior of P0 with the critical time tc and deduce the
corresponding Nc. The solid line is a heuristic piecewise fit
function used to determine tc [47].
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Expérience	de	Cambridge	(suite)

occurrence of a phase transition in the center of the
trap [47].
For comparisons with theory, we also fit μ and T to each

nðkÞ image. Unlike in three dimensions, in two dimensions
interactions affect nðkÞ appreciably even in the normal
state, and near the critical point it is in general insufficient
to treat them at a mean-field (MF) level. However, beyond-
MF correlations primarily affect the highly populated low-k
states [38]. We restrict our fits to the high-k wings of
the distribution (ℏ2k2 > 2~gmkBT), where we expect the
beyond-MF effects to be small, and still carefully include
the effects of interactions at a MF level [47]. Following
Ref. [37], we also account for the residual thermal
occupation of the axial excited states and the interaction-
induced deformation of the axial eigenstates.
In Fig. 2 we summarize our measurements of the critical

atom number for a wide range of interaction strengths. To
compare our data with the strictly 2D theoretical calcula-
tions, we correct the observed “raw” Nc by subtracting the
calculated population of the excited axial states [47]. We
scale this corrected critical number N̄c to the BEC critical
atom number N0

c of Eq. (1) and plot it versus ~g. Our Δk-
limited value of L imposes a lower bound on ~g for which we
can reliably identify the critical point. In the absence of
any phase transition, in a weakly interacting degenerate gas
g1ðrÞ ∼ expð−r=l0Þ, with l0 ¼ λ expðD=2Þ=

ffiffiffiffiffiffi
4π

p
[14].

We thus do not expect our measurements to reliably identify
Nc if l0 > L for some D < DBKT. This occurs for
~g < 380λ2=ð4πL2Þ ≈ 0.06, indicated by the shaded area
in Fig. 2. Our measurements also stop being reliable for
~g≳ 0.5; in that regime our MF temperature fits are
restricted to very high k values, which are affected by the

anharmonicity of the optical trap. The error bars in Fig. 2 are
statistical, while the systematic uncertainty in N̄c=N0

c is
≲0.2 [47].
Without any free parameters, we find generally excellent

agreement with the prediction of Ref. [38]:

NBKT
c

N0
c

≈ 1þ 3~g
π3

ln2
"

~g
16

#
þ 6~g
16π2

$
15þ ln

"
~g
16

#%
; ð2Þ

which is based on fixing the phase-space density in the trap
center to DBKT and integrating a uniform-system equation
of state over the trap, using the classical-field results
of Ref. [39].
The agreement with Eq. (2) over a very broad range of

interaction strengths and the proximity of our lowest
reliable ~g values to zero allow us to conclude that the
critical atom number, without any free parameters, indeed
smoothly converges onto the BEC result of Eq. (1).
It is instructive to also compare our data with the

approximation NBKT
c =N0

c ¼ 1þ3~gD2
BKT=π

3 [10,12], shown
by the dashed line in Fig. 2. Here, the critical phase-space
density is again set toDBKT, but the suppression of bosonic
fluctuations in the normal state is neglected; i.e., the density
profile is calculated using MF theory with an interaction
potential 2gnðrÞ, where g ¼ ðℏ2=mÞ~g. Our data strongly
exclude this result, confirming the importance of the
suppression of density fluctuations near the critical point
even for our lowest ~g values.
For a more direct comparison with the uniform-system

theory, we also consider the critical chemical potential for
the onset of coherence. Like Nc in Fig. 1, μc is exper-
imentally defined via the critical hold time tc. The classical-
field simulations [7] predict DBKT to be reached for
μBKTc ¼ kBTð~g=πÞ ln ð13.2=~gÞ, which reduces to the BEC
prediction, μc ¼ 0, for ~g ¼ 0.
In Fig. 3 we plot ~μc ¼ μc=ðkBTÞ versus ~g, and again

observe generally good agreement with the classical-field
prediction (solid line), all the way down to ~g ≈ 0.06, i.e.,
very close to the expected BEC limit. The small systematic
difference between the data and the theory is comparable
to our systematic uncertainty in ~μc of ∼0.05 [47].
We also compare our data with two intuitive approx-

imations to ~μc. We consider interaction potentials γgn with
γ ¼ 2, corresponding to a fully fluctuating Bose gas, and
γ ¼ 1, corresponding to a complete suppression of density
fluctuations. In both of these extremes one can analyti-
cally write Dγð ~μÞ ¼ − ln ½1 − exp ð~μ − γgn=ðkBTÞÞ& [14].
Defining ~μγc so that Dγð ~μ

γ
cÞ ¼ DBKT we obtain the dashed

(γ ¼ 2) and dotted (γ ¼ 1) lines in Fig. 3. Generally,
γ ¼ 1 provides a better approximation, highlighting how
strong the suppression of density fluctuations in the normal
state is.
Finally, we note that in previous experiments [22,27], on

the in-trap equation of state, ~μc was deduced by defining it
so as to satisfy the theoretical expectation [7,39] that the

0.0 0.1 0.2 0.3 0.4 0.5
0

1

2

g

BKT
BEC

N
c/N

0 c

FIG. 2 (color online). Critical atom number as a function of the
interaction strength ~g. All numbers are scaled to the ideal-gas
BEC critical number N0

c, defined in Eq. (1). The solid line is the
classical-field BKT prediction of Eq. (2), without any free
parameters. The dashed line is an approximation that neglects
suppression of density fluctuations in the normal state. The star
ð⋆Þ denotes the critical point for BEC, which only occurs in the
ideal-gas limit. The shaded region, ~g < 0.06, indicates the regime
in which our measurements stop being reliable (see text). The
error bars are statistical.
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Nc,BKT

Nc,ideal
⇡ 1 +

3 g̃

⇡3
ln2

✓
g̃

16

◆
+

3 g̃

8⇡2


15 + ln

✓
g̃

16

◆�
Données	expérimentales	en	excellent	accord	avec	la	loi	:

Nc,BKT

Nc,ideal

Confirme	l’idée	que	la	condensa9on	à	2D	d’un	gaz	idéal	est	la	limite	(singulière)	
de	la	transi9on	BKT	pour	un	gaz	en	interac9on.

Fletcher et al. 
Phys. Rev. Lett. 114  

255302 (2015)
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3.	

Quasi-ordre	en	phase	et	superfluidité	
dans	un	gaz	atomique
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La	fonc9on	G1( r , r’)	dans	un	piège

Pour	un	gaz	2D	uniforme	dans	le	régime	superfluide,	on	sait	que

G1(r, r
0) = h ̂†(r)  ̂(r0)i

Dans	un	piège,	la	varia9on	spa9ale	de	la	densité	totale	et	de	la	densité	superfluide	
vient	compliquer	l’analyse

Petrov, Holzmann, Shlyapnikov (2000)

On	doit	se	contenter	la	plupart	du	temps	d’une	analyse	semi-quan9ta9ve…

/ 1

|r � r0|⌘ ⌘ =
1

Ds
=

1

⇢s�2
T



approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0

BEC and TF, respectively. The crossover parameter lnðkFa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðkFa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðkFa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span

0.1

1 ln(kFa2D) ∼ -0.5

t = 0.31
t = 0.42
t = 0.45
t = 0.47
t = 0.57

0

10

20

30

40

50
Power-law
Exponential

10 100

0.1

1

Fi
rs

t-o
rd

er
co

rr
el

at
io

n
fu

nc
tio

n
g

1(
r)

ln(kFa2D) ∼ 0.5

t = 0.37
t = 0.44
t = 0.47
t = 0.49
t = 0.58

r (µm) BEC

0.4 0.6

0

10

20

30

Tc

Tc

Power-law
Exponential

χ2
(a

rb
itr

ar
y

un
its

)

T/T0

(a) (b)

FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
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value at the critical temperature. For ~g ¼ 0.60 [lnðkFa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðkFa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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• par	une	exponen9elle

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum kF and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðkFa2DÞ [25]. For
lnðkFa2DÞ ≪ −1 and lnðkFa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πkBÞ ≈ 140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
hϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ hϕ̂†ðrÞϕ̂ð0Þi, mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼ 1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈ 6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðkFa2DÞ≃ −0.5 (upper left panel) and
lnðkFa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝ r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðkFa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0

BEC and TF, respectively. The crossover parameter lnðkFa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðkFa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðkFa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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Les	données	à	basse	température	semblent	privilégier	
un	comportement	algébrique	en	r-η,	mais….

Murthy et al. 
Phys. Rev. Lett. 115 010401 (2015)

…	l’exposant		η	que	l’on	déduit	des	ajustements	peut	aXeindre	1.5,	alors		
que	la	théorie	BKT	prédit																																				???	

BoeXcher	&	Holzmann	2016	:	contribu9on	importante	de	la	zone	périphérique	
du	piège,	dans	laquelle	le	gaz	n’est	pas	superfluide,	même	si	le	centre	l’est.		

⌘ = 1/Ds < 1/4
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Mouvement	d’une	impureté

Sonde	locale	de	la	superfluidité,	avec	une	impureté	formée	par	un	«	trou	de		
poten9el	»	créé	par	un	faisceau	laser

• ENS	2012	pour	des	atomes	de	rubidium	

• Hambourg	2015	(groupe	de	H.	Moritz)	pour	des	molécules	6Li2	en	interac9on	forte

Weimer et al. 
Phys. Rev. Lett.  

114 095301 (2015)

Excellent	accord	avec	la	prédic9on	théorique	 µloc
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Un	mode	collec9f	par9culier	:	le	mode	«	ciseaux	»

Idée	issue	de	la	physique	nucléaire	:		
Pour	tester	la	superfluidité	des	noyaux	lourds,		
on	cherche	un	mode	d’oscilla9on	par9culier		
des	protons	et	des	neutrons	

Adapté	au	cas	des	gaz	atomiques	piégés	par		
Guery-Odelin	&	Stringari	(1999)	

Piège	harmonique	non	isotrope	:	 !
x

> !
y

On	étudie	l’oscilla9on	de	 hxyi

x

y

• Pour	un	gaz	thermique,	ce	mouvement	fait	intervenir	deux	fréquences,	
par	exemple																					pour	un	gaz	quasi-idéal|!

x

± !
y

|

• Pour	un	gaz	superfluide,	mouvement	non	amor9	et	monofréquence	(!2
x

+ !2
y

)1/2
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Mode	ciseaux	localisé

Paris-Nord	Villetaneuse	(2016),	groupe	de	Hélène	Perrin

Analyse	de	la	moyenne	locale	de	hxyi

De Rossi et al. 
New Jour. Phys. 18  

062001 (2016)

Bon	accord	avec	l’approxima9on	de	densité	locale µ
loc
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4.	

Les	polaritons	de	cavité
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Les	deux	composantes	en	présence

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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• Lumière	dans	une	cavité	de	faible	épaisseur	à	l’approxima9on	paraxiale	(cf.	cours	2	)

Cavité	de	facteur	de	qualité	104

Rela9on	de	dispersion	:

~!ph(k?) ⇡ ~!0, ph +
~2k2

?
2mph

mph ⇠ quelques 10�5 me

durée	de	vie	d’un	photon	dans	la	cavité	:	quelques	dizaines	de	picosecondes

• Ma9ère	:	paires	liées	électron-trou	(excitons)	dans	un	puits	quan9que	
d’épaisseur	<	10	nm	:	gel	du	mouvement	selon	la	direc9on	z

~!
ex

(k?) = ~!
0, ex +

~2k2

?
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ex

m
ex

= me +mh

considéré	ici	comme	une	par2cule	bosonique

Kasprzak et al., 
Nature 443 409 (2006)
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Kasprzak et al., 
Nature 443 409 (2006)

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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Le	fluide	de	polaritons

• Irradia9on	laser	qui	crée	en	permanence	des	paires	électron	-	trou
• Les	photons	s’échappent	de	la	cavité	après	quelques	dizaines	de	picosecondes	

AXeinte	d’un	régime	sta9onnaire	bien	décrit	par	une	équa9on	de	
Gross-Pitaevskii	généralisée	:
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Le	terme	de	pompage	peut	décrire	un	processus	cohérent	ou	incohérent

systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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Régime	«	forcé	»	:
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Le	quasi-ordre	à	longue	portée	avec	des	polaritons

• 2010,	Marcoussis	(groupe	de	J.	Bloch)	:	cohérence	dans	un	système	1D

• 2012	-	2014,	Stanford	&	Tokyo	(groupe	de	Y.	Yamamoto)	:	étude	de	gaz	2D

and a band-pass interference filter, which reject scattered laser
light without distorting the LP spectrum.

We confirmed that the sample disorder potential is weak in two
ways (see SI Appendix). First, the lineshape of the luminescence
at low excitation power is Lorentzian, which is characteristic of a
homogeneously broadened line. Second, we measured a 2D map
of the disorder potential with resolution approximately 1 μm and
found that its spatial fluctuations are indeed weaker than the
homogeneous broadening and also much weaker than the energy
shift due to polariton–polariton interactions. Therefore, we can
ignore the sample disorder in our experiment. The condensate is
still localized in space, though, following the shape of the laser
excitation spot.

The first order spatial correlation function is defined as

gð1Þðr1; t1; r2; t2Þ ¼
hψ †

1ψ2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ †

1ψ1ihψ †
2ψ2i

q [1]

where ψ †
i and ψ i are the creation and annihilation field operators

at space-time point ðri; tiÞ. To measure this function, we built a
Michelson interferometer setup. A schematic is shown in Fig. 1A.
It includes a mirror in one arm, and a right angle prism in the
other. We overlap the condensate real-space image with its
reflected version, so that fringes similar to that of Fig. 1B are
observed on the camera. By changing the length of one interfe-
rometer arm, as shown in Fig. 1A, the relative phase of the two
beams is shifted. As a result, the intensity measured at one pixel
point shows a sinusoidal modulation (Fig. 1C). From the data of
Fig. 1C, we extract the phase difference of the two images at a

particular pixel point, as well as the fringe visibility. The latter is
proportional to the first order correlation function, which is the
physical quantity we are interested in in this experiment.

The prismM2 in Fig. 1A forms the reflection of the condensate
image along the prism axis. Therefore, point ðx; yÞ overlaps with
either ð−x; yÞ, or ðx; −yÞ on the camera, depending on the orien-
tation of the prism. This allows us to measure

gð1Þðx; −x; τÞ ≡ hgð1Þðx; y; tþ τ;−x; y; tÞit; [2]

or

gð1Þðy; −y; τÞ ≡ hgð1Þðx; y; tþ τ; x; −y; tÞit; [3]

where hit denotes time average. In this experiment, we are mainly
interested in interference at τ ¼ 0, so when the time argument is
not mentioned explicitly, we imply τ ¼ 0.

We repeat the procedure explained in Fig. 1 for every pixel, so
that we measure the phase difference between the two interfering
images in addition to the correlation function across the whole
spot. Representative data are shown in Fig. 2. Recording both
these quantities allows us to identify useful signal from systematic
or random noise. Because the prism displaces the beam that is
incident on it, the images from the mirror and the prism are
focused on the camera from different angles, so the two phase
fronts are tilted with respect to each other. As a consequence, we
expect to measure a constant phase tilt. This is the case in Fig. 2B,
in which the laser power is above threshold and a condensate has
formed. We conclude that our measurement of the correlation
function in Fig. 2D is reliable over this whole area. On the other
hand, at a pump rate below threshold, only short-range correla-
tions exist. Fig. 2A shows that in this case the phase difference is
measured correctly only over a small area around the center,
(jxj ≤ 1 μm). So the measured values of gð1Þðx; −xÞ outside this
area are not reliable and give an estimate of our measurement
uncertainties. As is clear from Fig. 2C, the experimental error
can be suppressed down to 0.01.

Phase maps such as those in Fig. 2 have been used to identify
localized phase defects—namely, quantum vortices (19). The
data of Fig. 2B show that such localized defects are not present
in our sample. At points with large fringe visibility (near
x ¼ 0 μm), fringes are perfectly parallel, whereas defects that ap-
pear for large jxj could be due to a numerical uncertainty in the
measurement of the local phase due to the small fringe visibility.
In any case, localized stationary phase defects cannot influence
gð1ÞðrÞ, because it is their motion that destroys spatial correlations
and not their mere presence. It has been found that vortices
appear in large disorder samples (19), when a direct external
perturbation is introduced (20), before the condensate reaches
its steady state (21), or when the condensate moves against an
obstacle (22, 23). None of these conditions is satisfied in our ex-
periment. On the other hand, we have found that, under the same
conditions as the current experiment, mobile bound vortex pairs
appear spontaneously due to the special form of the pumping
spot and the pumping and decay noise (18). In ref. 18), we found
that a single mobile bound vortex–antivortex pair is visible in a
small condensate. In the current experiment, we probe larger
condensate sizes, so it is likely that several vortex pairs are pre-
sent at the same time. Mobile bound vortex pairs are in general
invisible in time-integrated phase maps, like the one in Fig. 2B,
and they are consistent with a power-law decay of gð1ÞðrÞ.

Fig. 3A shows the short-distance dependence of gð1Þðx; −xÞ for
the same pumping power as in Fig. 2A andC. Every dot in Fig. 3A
corresponds to one pixel on the camera, and the x axis is its
distance from the axis of reflection (slightly tilted with respect to
the columns of the charge-coupled device array). Data at dis-
tances jxj > 1 μm is noise, because the measured phase in this
area is random (Fig. 2A). At shorter distances, we can measure
gð1Þðx; −xÞ reliably, and we find that the correlation function has a
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Fig. 1. Michelson interferometer. (A) Schematic of the setup for measure-
ment of the correlation function. The laser is linearly polarized, and we re-
cord luminescence of the orthogonal linear polarization through a polarizing
beamsplitter (PBS). We then employ a 50-50 nonpolarizing beamsplitter
(NPBS), a mirror (M1) and a right-angle prism (M2). The latter creates the re-
flection of the original image along one axis, depending on the prism orien-
tation. A two-lens microscope setup overlaps the two real space images of
the polariton condensate on the camera. (B) Typical interference pattern ob-
served above the polariton condensation threshold along with a schematic
showing the orientation of the two overlapping images. (C) Blue circles: mea-
sured intensity on one pixel of the camera as a function of the prism (M2)
position in normalized units. Red line: fitting to a sine function.
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gaussian form. This is the same functional dependence as for a
thermalized Bose gas when the temperature is sufficiently high or
the density sufficiently small (2, 4). In that equilibrium case,
the width of the gaussian decay is proportional to the thermal
de Broglie wavelength. Although our nonequilibrium system is
quite different than the thermalized Bose gas, we will use this
analogy to define a thermal de Broglie wavelength and therefore
also a temperature. We note that the temperature measured from
the short-distance behavior of gð1Þðx; −xÞ is a measure of the
occupation of the higher energy part of the spectrum (i.e., the
particle-like part of the spectrum). For an insufficiently therma-
lized system, it is quite possible that excitations in different energy
ranges have different effective temperatures. Therefore, the tem-
perature measured this way will not necessarily agree with other
measures of temperature.

In Fig. 3B we plot the effective wavelength λeff as a function of
pumping power. If σ is the standard deviation of the gaussian fit
for gð1Þðx; −xÞ, λeff ¼ 2

ffiffiffiffiffiffi
2π

p
σ in analogy to the thermal de Broglie

wavelength. λeff shows a smooth increase for increasing pumping

power with no obvious threshold, analogous to the theory of
equilibrium noninteracting 2D Bose gas as the particle density is
increased (4). We performed the same experiment for two ortho-
gonal prism orientations as shown in the legend of Fig. 3B. In
one case we measured gð1Þðx; −xÞ, whereas in the other case we
measured gð1Þðy; −yÞ. We found that λeff is shorter along the y axis
and attribute this difference to a small asymmetry of the laser
pumping spot. The occupation of excited states (which deter-
mines λeff) depends on their spatial overlap with the laser pump-
ing spot, so states of equal energy are not always equally
populated. This asymmetry shows that λeff is not simply related
to the cryostat temperature and depends on the spatial and
energy profiles of the high-energy states involved in producing
this correlation length. We also note that the resolution limit of
our imaging setup is approximately 1 μm, hence the measure-
ment of λeff at small pumping power is resolution-limited.

It is known that an ideal autocorrelation measurement with a
Michelson interferometer provides the same information as an
ideal measurement of the spectrum. In particular, gð1Þðx; −x; tÞ
is the Fourier transform of the power spectrum in momentum
space Sðk; ωÞ (24). However, systematic noise in measurement of
Sðk; ωÞ currently makes the direct measurement of gð1Þðx; −x; tÞ
the only way to reliably extract λeff of Fig. 3B as well as the power-
law decay at long distances to be explained later. The Fourier-
transform relationship between gð1Þðx; −x; tÞ and Sðk; ωÞ is illu-
strated in Fig. 4. The measured gð1Þðx; −x; tÞ at very low pumping
power is shown in Fig. 4A. At time delay t ¼ 0, it has a gaussian
form as a function of x, but for increasing t it broadens and
acquires a multipeak structure. This unusual space-time depen-
dence is reproduced by the numerical Fourier transform (Fig. 4C)
of measured Sðk; ωÞ (Fig. 4B). As explained in SI Appendix,
measurement of the time dependence of gð1Þðx; −x; tÞ is limited by
inhomogeneous broadening due to time-integrated data, so it
cannot provide an estimate of the homogeneous dephasing time.

At long distances, the behavior of the correlation function at
zero time delay t ¼ 0 is no longer gaussian. We found that it is
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Le	quasi-ordre	à	longue	portée	avec	des	polaritons	(2)

gaussian form. This is the same functional dependence as for a
thermalized Bose gas when the temperature is sufficiently high or
the density sufficiently small (2, 4). In that equilibrium case,
the width of the gaussian decay is proportional to the thermal
de Broglie wavelength. Although our nonequilibrium system is
quite different than the thermalized Bose gas, we will use this
analogy to define a thermal de Broglie wavelength and therefore
also a temperature. We note that the temperature measured from
the short-distance behavior of gð1Þðx; −xÞ is a measure of the
occupation of the higher energy part of the spectrum (i.e., the
particle-like part of the spectrum). For an insufficiently therma-
lized system, it is quite possible that excitations in different energy
ranges have different effective temperatures. Therefore, the tem-
perature measured this way will not necessarily agree with other
measures of temperature.

In Fig. 3B we plot the effective wavelength λeff as a function of
pumping power. If σ is the standard deviation of the gaussian fit
for gð1Þðx; −xÞ, λeff ¼ 2

ffiffiffiffiffiffi
2π

p
σ in analogy to the thermal de Broglie

wavelength. λeff shows a smooth increase for increasing pumping

power with no obvious threshold, analogous to the theory of
equilibrium noninteracting 2D Bose gas as the particle density is
increased (4). We performed the same experiment for two ortho-
gonal prism orientations as shown in the legend of Fig. 3B. In
one case we measured gð1Þðx; −xÞ, whereas in the other case we
measured gð1Þðy; −yÞ. We found that λeff is shorter along the y axis
and attribute this difference to a small asymmetry of the laser
pumping spot. The occupation of excited states (which deter-
mines λeff) depends on their spatial overlap with the laser pump-
ing spot, so states of equal energy are not always equally
populated. This asymmetry shows that λeff is not simply related
to the cryostat temperature and depends on the spatial and
energy profiles of the high-energy states involved in producing
this correlation length. We also note that the resolution limit of
our imaging setup is approximately 1 μm, hence the measure-
ment of λeff at small pumping power is resolution-limited.

It is known that an ideal autocorrelation measurement with a
Michelson interferometer provides the same information as an
ideal measurement of the spectrum. In particular, gð1Þðx; −x; tÞ
is the Fourier transform of the power spectrum in momentum
space Sðk; ωÞ (24). However, systematic noise in measurement of
Sðk; ωÞ currently makes the direct measurement of gð1Þðx; −x; tÞ
the only way to reliably extract λeff of Fig. 3B as well as the power-
law decay at long distances to be explained later. The Fourier-
transform relationship between gð1Þðx; −x; tÞ and Sðk; ωÞ is illu-
strated in Fig. 4. The measured gð1Þðx; −x; tÞ at very low pumping
power is shown in Fig. 4A. At time delay t ¼ 0, it has a gaussian
form as a function of x, but for increasing t it broadens and
acquires a multipeak structure. This unusual space-time depen-
dence is reproduced by the numerical Fourier transform (Fig. 4C)
of measured Sðk; ωÞ (Fig. 4B). As explained in SI Appendix,
measurement of the time dependence of gð1Þðx; −x; tÞ is limited by
inhomogeneous broadening due to time-integrated data, so it
cannot provide an estimate of the homogeneous dephasing time.

At long distances, the behavior of the correlation function at
zero time delay t ¼ 0 is no longer gaussian. We found that it is
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• 2012	:	ordre	algébrique	mais	avec	un	
exposant	beaucoup	trop	grand

avec

dépasse	la	borne	trouvée	pour	la	théorie	BKT	:	

Explica9on	proposée	:	ceXe	borne	ne	s’applique	pas	aux	systèmes	ouverts

Roumpos et al,  
PNAS 109 6467 (2012)G1(r,�r) / 1

r⌘
⌘ = 1.2

⌘ =
1

Ds
<

1

4

• 2014	par	le	même	groupe,	avec	une	modifica9on	de	la	forme	du	faisceau	
de	pompe	produisant	les	excitons	:

⌘
max

. 0.25
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Quelle	limite	thermodynamique	pour		
les	fluides	de	polaritons	?

Altman	et	al	(2015)	:		
				Le	fait	que	le	système	soit	ouvert	change	radicalement	la	nature	du	problème	BKT

Equa9on	d’évolu9on	pour	la	phase	:	

@✓

@t
= Dr2✓ +

�

2
(r✓)2 + ⇣(r, t)

• Si	λ=0,	on	ob9ent	une	équa9on	de	diffusion	ordinaire	et	la	théorie	BKT	s’applique

• Si	λ	n’est	pas	nul	(ce	qui	est	généralement	le	cas),	équa9on	KPZ	(Kardar-Parisi-Zhang)

Lors	du	passage	par	le	groupe	de	renormalisa9on,	le	terme	non	linéaire	en	λ	finit	
toujours	par	dominer	:	destruc9on	du	quasi-ordre	à	longue	portée

On	aXend	alors	une	décroissance	exponen9elle	de	G1(r)	à	longue	distance

⇣ : bruit	«	blanc	»	
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Polaritons	autour	d’un	obstacle

2009	:	LKB-UPMC	(groupe	de	A.	Brama9	et	E.	Giacobino)

Créa9on	du	fluide	de	polariton	avec	une	vitesse	non	nulle	(pompage	cohérent	
avec	un	angle	d’incidence	non	nul)

vitesse	:	6	105	m/s

Ecoulement	autour	d’un	défaut	sta9que	apparu	lors	de	la	croissance	de	l’échan9llon

basse	densité	:	1	μm-1 haute	densité	:	40	μm-1

Absence	de	sillage	
à	haute	densité,	signe	
d’un	écoulement	

superfluide.

vitesse	du	son	:	2	106	m/s	
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En	résumé	

Les	fluides	quan9ques	à	base	d’atomes,	de	molécules	ou	de		
polaritons	permeXent	d’étudier	quan9ta9vement	plusieurs	
caractéris9ques	importantes	de	la	physique	2D

• La	posi9on	du	point	cri9que
• La	démonstra9on	d’un	comportement	superfluide

-	mouvement	d’une	impureté		
-	mode	collec2f	(ciseaux)

L’étude	quan9ta9ve	du	quasi-ordre	à	longue	portée,	avec	la	mesure	de	l’exposant	
caractérisant	la	décroissance	algébrique	de	G1,	est	revanche	plus	délicate

Prolongements	importants	:
• Influence	d’un	poten9el	désordonné	(cf.	texte	écrit	du	cours	5)
• Equa9on	d’état	du	fluide	(cf.	cours	6)

Invariance	d’échelle,	«	anomalies	quan9ques	»	

• La	visualisa9on	des	vortex



Jean	Dalibard

Année	2016-17

Chaire	Atomes	et	rayonnement

	Fluides	quan2ques	de	basse	dimension	
et	transi2on	de	Kosterlitz-Thouless

Invariance	d’échelle	classique,	
anomalies	quan@ques
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Bilan	des	cours	précédents

Fluide	2D	de	par@cules	de	Bose	en	interac@on	à	courte	portée	

Descrip@on	du	fluide	en	termes	de	champ	classique

�(r1, . . . , rN )  (r1) . . . (rN )

Une	transi@on	superfluide	peut	se	produire	dans	ce	milieu,	en	dépit		
du	théorème	de	Mermin-Wagner-Hohenberg.

Transi@on	pilotée	par	les	défauts	topologiques	:	appariement	des	vortex
g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0
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Bilan	(suite)	:	le	point	de	transi@on

Densité	dans		
l’espace	des	phases

0 état	superfluideétat	normal Dcrit

Dcrit ⇡ ln

✓
380

g̃

◆

D = ⇢�2
T

:	paramètre	sans	dimension	caractérisant	
		la	force	des	interac@ons	à	2D

g̃

µ

kBT

����
crit.

⇡ g̃

⇡
ln

✓
13.2

g̃

◆

La	caractérisa@on	du	point	de	transi@on	se	fait	uniquement		
				en	fonc@on	du	paramètre	sans	dimension	 µ/kBT

�2
T =

2⇡~2
mkBT
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Bilan	(fin)	:	l’équa@on	d’état

Equa@on	d’état	du	fluide	de	Bose	à	2D	établie	dans	deux	régimes	limites

• Régime	très	dilué,	interac@ons	négligeables

D = � ln
⇣
1� e�µ/kBT

⌘

• Régime	dense,	approxima@on	de	Bogoliubov

D =
2⇡

g̃

µ

kBT
� ln

✓
kBT

µ

◆
+ . . .

Dans	les	deux	régimes,						est	fonc@on	de																	seulement,		
et	pas	de	µ	et	Τ	séparément	comme	c’est	le	cas	à	1D	et	3D.					

µ/kBTD

Hasard	?	Non,	conséquence	d’une	invariance	d’échelle	!
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But	de	ce	cours

Comprendre	l’origine	de	ce]e	invariance	d’échelle

Valable	pour	une	catégorie	de	poten2els	d’interac2on	

V (ri � rj) /
1

|ri � rj |2
V (ri � rj) / �(2)(ri � rj)

Poten@el	δ	à	deux	dimensions	et	mécanique	quan@que	?

Nécessité	d’une	régularisa2on,	anomalie	quan2que

Aspect	dynamique	de	l’invariance	d’échelle	:	le	mode	de	respira@on	d’un	gaz	piégé
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1.	

Invariance	d'échelle	à		
l'équilibre	thermodynamique



7

Les	poten@els	thermodynamiques	

Ensemble	canonique

système	de	N	par@cules	
et	de	volume	(ou	d’aire)	V

Réservoir	à		
température	T

Variables	thermodynamiques	per@nentes	:	T, N, V

Poten@el	thermodynamique	correspondant	:	énergie	libre	de	Helmoltz

F (T,N, V ) différen@elle	: dF = �S dT + µ dN � P dV

Exemple	:	défini@on	de	la	pression	 P = �
✓
@F

@V

◆

T,N

échange	d’énergie
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Les	poten@els	thermodynamiques	

Ensemble	grand-canonique

système	de	volume		
(ou	d’aire)	V

Réservoir	de	
température	T et	

de	poten@el	chimique	µ

échange	d’énergie	et	de	par9cules

Variables	thermodynamiques	per@nentes	:	T, µ, V

Poten@el	thermodynamique	correspondant	:	énergie	libre	de	Landau

différen@elle	:

Exemple	:	défini@on	de	la	pression	

⌦(T, µ, V ) = F (T,N, V )� µN Transforma@on	de	Legendre

d⌦ = �S dT �N dµ� P dV

P = �
✓
@⌦

@V

◆

T,µ



9

Equa@on	d’état	d’un	système	thermodynamique

Exprime	une	grandeur	physique	(par	exemple	la	pression)	en	fonc@on	des	variables	
thermodynamiques	d’un	des	ensembles	(canonique,	grand-canonique,	etc.)	

Exemple	:	gaz	parfait	dans	l’ensemble	canonique	(T, N, V )

P =
NkBT

V

Connaissant	une	grandeur,	on	en	déduit	les	autres	en	u@lisant	les	dérivées	croisées	
(rela@ons	de	Maxwell)	:

@2F

@T@V
=

@2F

@V @T
dF = �S dT + µ dN � P dV

✓
@P

@T

◆

N,V

=

✓
@S

@V

◆

T,N

dont	on	déduit	l’entropie…
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Loi	d’échelle	homogène

Une	première	invariance	d’échelle…
Fluide	homogène	1D,	2D,	3D,…	avec	des	interac@ons	à	courte	portée
Descrip@on	dans	l’ensemble	grand-canonique,	de	variables	T, µ, V	

T, µ T, µ

Volume	V Volume	λV

L’énergie	libre	de	Landau	Ω	doit	être	propor@onnelle	au	volume,	à	T	et	µ	fixés

⌦(T, µ, V ) = �V P (T, µ)

�⌦(T, µ, V ) = ⌦(T, µ,�V ) ⌦ = V
@⌦

@V
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Invariance	d’échelle	en	µ / kBT :	le	cas	du	gaz	parfait	

La	densité	dans	l’espace	des	phases	du	gaz	parfait	ne	dépend	que	du	rapport	µ / kBT							

Invariant	dans	le	changement	:	 T �! 1

�2
T µ �! 1

�2
µ

Si	l’on	fait	le	changement	d’échelle	sur	les	posi@ons	et	les	impulsions

rj �! �rj pj �! 1

�
pj

et	chaque	terme	de	la	somme	sur	N	est	inchangé	dans	 ZGC

alors	 E({rj ,pj}) �! 1

�2
E({rj ,pj})

Explica@on	au	niveau	de	la	fonc@on	de	par@@on	grand-canonique	(classique)	:

avec	pour	le	gaz	parfait	:	 E({rj ,pj}) =
X

j

p2
j

2m

ZGC =

X

N

1

N !

Z Y

j

d

2rjd2pj
(2⇡~)2 exp


�
E({rj ,pj}) � µN

kBT

�
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Invariance	d’échelle	en	µ / kBT :	le	cas	du	fluide	en	interac@on	

Extension	du	raisonnement	précédent	en	présence	d’interac@ons	binaires	:

E =
NX

j=1

p2
j

2m
+

1

2

X

i 6=j

V (ri � rj)

On	conservera	l’invariance	d’échelle	trouvée	pour	le	gaz	parfait	si	et	seulement	si	:

Eint �! 1

�2
Eint c’est-à-dire V (�r) =

1

�2
V (r)

= Ecin + Eint

rj �! �rj

pj �! 1

�
pj

Comment	se	comporte	le	terme	d’interac@on	dans	la	loi	d’échelle	posi@on	-	impulsion

Ecin �! 1

�2
Ecin



Quels	sont	les	fluides	invariants	d’échelle	?

Eint �! 1

�2
Eint V (�r) =

1

�2
V (r)On	veut	que																																							,	qui	s’ob@ent	en	prenant	

• Le	gaz	parfait,	à	1D,	2D,	3D,…

• Un	fluide	avec	des	interac@ons	en									1

r2

Lien	avec	les	modèles	de	Calogero	-	Sutherland	-	Moser	

• Interac@on	de	contact	à	deux	dimensions	

V (r) =
~2
m

g̃ �(2)(r) �(2)(� r) =
1

�2
�(2)(r)

Dans	tous	ces	cas,	l’invariance	de	la	fonc@on	de	par@@on	entraîne	l’invariance		
de	la	densité	dans	l’espace	des	phases	:

T �! 1

�2
T µ �! 1

�2
µ D �! Det entraîne D = f

✓
µ

kBT

◆
i.e.,



Gaz	2D	:	invariance	d’échelle	et	analyse	dimensionnelle

Dans	un	gaz	3D,	l’interac@on	de	contact	est	caractérisée	par	la	longueur	de	diffusion

V (r1 � r2) =
4⇡~2
m

a �(3)(r1 � r2)

a

Echelle	d’énergie	: ✏ =
~2
ma2

La	densité	dans	l’espace	des	phases	peut	alors	s’écrire	comme	:

D(T, µ) = F
✓
kBT

✏
,
µ

✏

◆

A	2D,	l’interac@on	de	contact	est	caractérisée	par	le	nombre	sans	dimension g̃

V (r1 � r2) =
~2
m

g̃ �(2)(r1 � r2) pas	d’échelle	d’énergie	associée

) D(T, µ) = F
✓
kBT

µ
, g̃

◆

L’invariance	d’échelle	est	liée	à	l’absence	de	longueur	intrinsèque	dans	le	problème



15

Un	autre	exemple	d’invariance	d’échelle

Gaz	3D	de	fermions	de	spin	1/2	avec	des	interac@ons	binaires	
au	voisinage	d’une	résonance	de	Feshbach	

V (ri � rj)

Amplitude	de	diffusion	:	 f(k) =
�a

1 + ika

Situa@on	«	normale	»	:							est	finie	et	on	prend	la	limite	a lim
k!0

f(k) = �a

Mais	une	résonance	de	diffusion	peut	conduire	à	 |a| = +1

f(k) =
i

k
:	limite	unitaire

Perte	de	l’échelle	de	longueur	associée	aux	interac@ons	:	invariance	d’échelle

A"en%on	:	cela	ne	marche	pas	pour	les	bosons	car	le	problème	bosonique		
à	trois	corps	vient	réintroduire	une	échelle	de	longueur	via	les	états	d’Efimov
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2.	

Mesures	de	l’équa@on	d’état
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V (r)

r 0

µ

µ� V (r) = µ
hom

V (r)

r 0

Ailes	de	la	distribu@on	
dans	le	piège	:	gaz	dilué	

dans	lequel	les	interac@ons	
jouent	un	rôle	mineur

L’approxima@on	de	densité	locale

T
hom. = T µ

hom. = µ� V (r)

Grâce	aux	ailes	de	la	distribu@on,	on	détermine	T	et	µ en	les	ajustant	par	la	loi	

��2
T / T

µ
loc

(r) = µ� V (r)
⇢(r) = ���2

T ln
⇣
1� e�µ

loc

(r)/k
B

T
⌘
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Vérifica@on	de	l’invariance	d’échelle

Chicago	&	ENS,	2011-2014

Tous	les	profils	de	densité	mesurés	pour	différents	couples	(T	,	µ	)	se	superposent	
quand	on	trace	la	densité	dans	l’espace	des	phases	en	fonc@on	de	

Excellent	accord	avec	la	prédic2on	de	champ	classique

Thèse	de		
Tarik	Yefsah	

(2011)

g̃ ⇡ 0.1

µ
loc

/k
B

T

[µ� V (r)]/kBTr (µm)
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Le	cas	des	interac@ons	fortes

Expérience	de	Heidelberg	(2016)	avec	des	molécules	6Li2

g̃ ⇡ 0.6

g̃ ⇡ 1.1

g̃ ⇡ 2.3

Champ	classique	:	@rets
Expérience	:	symboles	pleins

Monte	Carlo	quan@que	:		
																			symboles	évidés

• Dévia@on	significa@ve	des	résultats	expérimentaux	par	rapport	à	la	théorie	
de	champ	classique

• Bon	accord	avec	les	simula@ons	Monte	Carlo	quan@ques
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Universalité	autour	du	point	cri@que

Chicago	2011 Dcrit ⇡ ln

✓
380

g̃

◆
µ

kBT

����
crit.

⇡ g̃

⇡
ln

✓
13.2

g̃

◆

Relie	entre	eux	les	résultats	obtenus	pour	différentes	forces	d’interac@on		̃g

D �Dc

1

g̃


µ

kBT
�

✓
µ

kBT

◆

c

�

g̃ = 0.05, 0.13, 0.19, 0.26
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3.	

Le	poten@el	de	contact		δ		à	deux	dimensions

L’invariance	d’échelle	est	liée	à	l’absence	d’échelle		
de	longueur	de	la	distribu@on	de	Dirac	

Mais	est-ce	correct	dans	le	cadre	de	la	mécanique	quan@que	?

Non	:	anomalie	quan9que
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Diffusion	par	un	poten@el	δ

Collision	à	deux	corps	
avec	 V (r1 � r2)

Diffusion	de	la	par@cule	rela@ve	
par	le	poten@el	 V (r)

Equa@on	de	Schrödinger	indépendante	du	temps	:

Ĥ  (r) = E  (r)
E =

~2k2
2mr

mr = m/2

V (r) =
~2
m

g̃ �(2D)(r)

�
r2 + k2

�
 (r) = g̃ �(r) (r)Ce]e	équa@on	différen@elle	s’écrit	:

Passage	dans	l’espace	de	Fourier	:	 TF

(q2 � k2)�(q) = �g̃  (0)

 (r)  ! �(q)
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Amplitude	de	diffusion	à	2D		pour	le	poten@el	de	contact

Equa@on	de	Schrödinger	en	point	de	vue	de	Fourier	: (q2 � k2)�(q) = �g̃  (0)

Pour	une	onde	plane	ini@ale,	ce]e	équa@on	se	résout	en	:

�(q) = (2⇡)2 �(q � k) � g̃  (0)

q2 � k2 � i"

onde	incidente eik·r onde	cylindrique	sortante	:�i"

Equa9on	d’autocohérence	sur											:	 (0)

 (0) =
1

(2⇡)2

Z
�(q) d2qTransformée	de	Fourier	inverse	:

et													s’exprime	elle-même	en	fonc@on	de													:	 (0)�(q)

 (0) = 1 � g̃  (0)

(2⇡)2

Z
1

q2 � k2 � i"
d2q

amplitude	de	diffusion	:	f(k) = g̃  (0)
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Pourquoi	il	faut	régulariser	la	distribu@on	de	Dirac	à	2D

 (0) = 1 � g̃  (0)

(2⇡)2

Z
1

q2 � k2 � i"
d2qEqua@on	d’autocohérence	:	

A	deux	ou	trois	dimensions,	ce]e	intégrale	diverge	aux	grandes	valeurs	de	q			

On	met	donc	une	coupure	«	ultraviole]e	»	à	la	valeur	Q		

1

(2⇡)2

Z
1

q2 � k2 � i"
d2q ⇡ 1

2⇡
ln(Q/k) +

i

4

On	peut	alors	calculer											et	l’amplitude	de	diffusion	 (0) f(k) = g̃  (0)

f(k) =
1

1

2⇡
ln(1/ka2) +

i

4

a2 =
e�2⇡/g̃

Q

Brise	l’invariance	d’échelle

Introduc@on	d’une	échelle	de	longueur								liée	aux	interac@ons						a2
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Exemple	(simple)	d’une	«	anomalie	quan@que	»

Phénomène	bien	connu	en	théorie	quan@que	des	champs	

• On	part	d’un	système	qui	possède	une	symétrie	exacte	au	niveau	classique

Ici,	l’invariance	d’échelle	pour	un	gaz	avec	l’interac2on g̃

Z
| (r)|4 d2r

• On	quan@fie	le	problème

• Ce]e	quan@fica@on	nécessite	une	régularisa@on	pour	éliminer	certaines	divergences

Ici,	la	régularisa2on	de	l’interac2on	de	contact	 g̃ �(r)

• Dans	la	version	régularisée,	la	symétrie	ini@ale	est	perdue
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Equa@on	d’état	du	gaz	2D	à	température	nulle

Dans	le	cadre	de	la	théorie	de	champ	classique	:

D = f

✓
µ

kBT

◆
⇢ / T f

✓
µ

kBT

◆

limite																:		T ! 0 ⇢ / µ loi	de	Thomas-Fermi

Au	delà	de	l’approxima@on	de	champ	classique,	développement	en	fonc@on	du	paramètre	

✏ =
1

ln(E2/µ)
E2 =

~2
ma22

a2 :	longueur	de	diffusion	2D

valable	dans	la	limite													,	c’est-à-dire		✏ ⌧ 1 µ ⌧ E2

⇢ =
mµ

4⇡~2 ln

✓
E2

µ

◆
(voir par exemple Mora-Castin 2009)

Correc@on	mesurée	à	Chicago	(2013)



4.	

Le	mode	de	respira@on	d’un	gaz	piégé

V (r) =
1

2
m!2r2

Pitaevskii & Rosch (1997)
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Le	point	de	vue	«	ondulatoire	»

On	part	d’une	solu@on	sta@que	de	l’équa@on	de	Gross-Pitaevskii

µ 0(r) = � ~2
2m

r2 0 +
1

2
m!2r2  0(r) +

~2
m

g̃ | 0(r)|2  0(r)

On	peut	alors	fabriquer	une	famille	infinie	de	solu@ons	exactes	de	l’équa@on	
dépendant	du	temps,	ces	solu@ons	vérifiant	

�̈(t) = !2


1

�3(t)
� �(t)

�
⇢(r, t) =

1

�2(t)
⇢0

✓
r

�(t)

◆

• Pas	d’amor@ssement

• valable	quelle	que	soit	l’amplitude	de	 �

Spécifique	du	cas	2D	:	comportement	iden@que		
de	Ecin	et	Eint dans	le	changement	d’échelle	

⇢0(r) = | 0(r)|2
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Le	point	de	vue	«	algébrique	»

Les	trois	énergies	en	présence

Ĥcin =
X

j

p̂2
j

2m
Ĥint =

X

i<j

U (r̂i � r̂j) Ĥtrap =
X

j

1

2
m!2r̂2j

On	construit	les	trois	opérateurs	:

L̂1 =
1

2!

⇣
Ĥcin + Ĥint � Ĥtrap

⌘

L̂2 =
1

4

X

j

(r̂j · p̂j + p̂j · r̂j)

L̂3 =
1

2!

⇣
Ĥcin + Ĥint + Ĥtrap

⌘
1

2!
Ĥ

tot

On	a	alors	une	algèbre	par@culièrement	simple	si

[L̂1, L̂2] = �i~L̂3 [L̂2, L̂3] = i~L̂1 [L̂3, L̂1] = i~L̂2

«	Presque	»	un	moment	ciné@que	:				SO(3)													SO(2,1)

U(�r) =
1

�2
U(r)
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Le	point	de	vue	«	algébrique	»	(suite)

[L̂1, L̂2] = �i~L̂3 [L̂2, L̂3] = i~L̂1 [L̂3, L̂1] = i~L̂2Partant	de	
on	adopte	une	technique	similaire	à	celle	u@lisée	pour	le	moment	ciné@que	

L̂± = L̂1 ± iL̂2 [L̂3, L̂±] = ±~ L̂±

Partant	d’un	état	propre	de																														,	c’est-à-dire	L̂
3

= Ĥ
tot

/2! L̂3| i =
E

2!
| i,

on	construit	par	ac@on	répétée	de									une	«	tour	»	d’états	d’énergieL̂+ E + n 2~!

L̂3

⇣
L̂+| i

⌘
= L̂+

⇣
L̂3| i

⌘
+ ~L̂+| i

=

✓
E

2!
+ ~

◆⇣
L̂+| i

⌘

Cet	ensemble	d’états	indépendants	correspond	au		
mode	monopolaire	avec	une	amplitude	arbitraire
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L’anomalie	quan@que

La	régularisa@on	du	poten@el	en	δ(r)	entraîne	que	l’algèbre	des	trois	opérateurs	
																										n’est	plus	ferméeL̂1 , L̂2 , L̂3

Le	mode	monopolaire	ne	se	produit	plus	à	la	pulsa@on		2!

Olshanii	et	al.,	2010: �!
monop.

2!
=

g̃

8⇡
p
2

g̃ ⌧ 1pour

L’oscilla@on	de	ce	mode	monopolaire	est	amor@e		

[L̂i, L̂j ] 6= ±i~L̂k si	 U(�r) 6= 1

�2
U(r)
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Recherche	expérimentale	de	ce]e	anomalie

ENS	(2001):	expériences	sur	un	cigare	allongé

interac2ons	faibles	:		
pas	de	trace	d’anomalie

!
monop. = 2! et	très	grand	facteur	de	qualité	(>	2000)

Taylor	&	Randeria	(2012)	:	compensa2on	«	fortuite	»	de	deux	contribu2ons	
différentes	à	l’effet	de	l’anomalie	quan2que	sur	ce	mode	monopolaire

!
monop.

!

ln(kFa2)

Gaz	d’atomes	fermioniques	40K	
au	voisinage	d’une	résonance		
de	Feshbach	:	interac@on	forte	
et	pourtant… !

monop. ⇡ 2!

Cambridge	(2012),	groupe	de	M.	Köhl

VOLUME 88, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 24 JUNE 2002

FIG. 1. Variation of A!t" ! R2
x!t" 1 R2

y!t", after a strong exci-
tation of the transverse breathing mode. The line is a sinusoidal
fit of the data (v 0

!#2p ! 250 Hz, t ! 800 ms).

Within the Thomas-Fermi approximation, the evolu-
tion of the trapped condensate after the excitation of the
transverse breathing mode is well described by a time-
dependent scaling transformation [24,28,29]. The spatial
density r!r, t" at time t is deduced from the spatial den-
sity at time 0 (i.e., just after the transverse frequency is set
back to its value v!) by

r!x, y, z, t" !
1

l2
!lz

r

µ

x
l!

,
y

l!
,

z
lz

, 0
∂

.

The evolution of the scaling parameters l! and lz is given
by [28,29]:

l̈! !
v2

!

l3
!lz

2 v2
!l! l̈z !

v2
z

l2
!l2

z
2 v2

z lz . (1)

We start our analysis with the evolution for relatively
short times t ø 2p#vz . In this case one can neglect the
variation of lz and integrate the equation for l! as follows:

l!!t" ! $cosh!a" 1 sinh!a" sin!2v!t 2 b"%1#2,

where the parameters a and b depend on the initial con-
ditions. One remarkable consequence of this solution is
that the quantity A!t" ! R2

x!t" 1 R2
y !t" ! l2

!!t"A!0" al-
ways undergoes a sinusoidal oscillation at frequency 2v!,
irrespective of the strength of the excitation [30]. This is
confirmed by the results of Fig. 1, where we observe a si-
nusoidal oscillation of A!t" with a factor of 3 between the
maxima and the minima. The frequency of the oscillation
is indeed found to be equal to 2v!, within our experimen-
tal uncertainty (60.5%).

At longer times one has, in principle, to take into ac-
count the variation of lz . We restrict our analysis to
small amplitude oscillations and write li ! 1 1 ei, where
e!, ez ø 1. The linearized equations of motion

ë! 1 v2
!!4e! 1 ez" ! 0, ëz 1 v2

z !2e! 1 3ez" ! 0

give rise to two modes [2,4,31]. One is a fast mode of fre-
quency &2v! corresponding to e!#ez ! v!#vz. The
other one is a slow mode of frequency

p

5#2 vz with
e!#ez ! 21#4. Our excitation scheme corresponds to
"e! fi 0 at time 0 while the three other quantities e!, ez ,
and "ez are approximately zero at initial time. Under these
conditions, we mainly excite the fast mode 2v! since
the relative weight of the slow mode in the evolution of
l! is only vz#!

p
40 v!" , 0.01. For this fast mode, the

condensate dynamics consists essentially in a transverse
monopole oscillation since ez ø e!.

We investigate the oscillation and the damping of this
mode on a long time scale (up to 0.7 s). An example is
given in Fig. 2 for T ! 40 !620" nK (note that for such
cold clouds, corresponding to a quasipure condensate, the
temperature can be inferred only from the final rf used
for the evaporation). The evolution of A!t" is well fitted
by a damped sinusoidal function, A0 1 dA0 cos!v0t 1
f"e2g0t , with dA0#A0 ! 0.063 !4", v0#2p !
366.3 !5" Hz, and g0 ! 1.2 !2" s21. This corresponds to
a quality factor Q ! v0#g0 & 2000 much larger than any
previously reported for other eigenmodes of a BEC. For
instance, measurements performed with a time-averaged
orbiting potential trap (vz ! 2

p
2 v!) gave Q & 200

for the lowest m ! 0 mode [7]. For a cigar shaped trap,
measurements of the low frequency mode discussed above
(v !

p

5#2 vz) led to Q ' 80 [8]. A smaller value
(Q & 25) was measured for the scissors mode [9]. The
present quality factor is also 1 order of magnitude larger
than what we find for the transverse quadrupole mode
under the same experimental conditions [32].

We measure the oscillation frequency and the damping
rate over a large temperature range compatible with the
detection of a condensate. The results are given in Fig. 3,
together with the total number of atoms N . The mea-
surement of g0 is made from the decay of the oscillation

FIG. 2. Time evolution of A!t"#Ā at low temperature (40 nK), where Ā is the average of A!t" over each time interval [0,9 ms],
$200 ms, 209 ms% . . . . The oscillation is well fitted by a damped sinusoid. Here v 0

!#2p ! 230 Hz and t ! 75 ms.

250402-2 250402-2
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Bilan	global	pour	ce]e	série	de	cours

De	Peierls	à	Berezinskii	-	Kosterlitz	-	Thouless

Peierls 1907-1985

Vadim L'vovich Berezinskii (Obituary)
A. A. Abrikosov, L. P. Gor'kov, I. E. Dzyaloshinskii, A. I. Larkin, A. B. Migdal, L. P. Pitaevskii,
and I. M. Khalatnikov
Usp. Fiz. Nauk 133, 553-554 (March 1981]

PACS numbers: 01.60. + q

Vadim L'vovich Berezinskii, a talented theoretical
physicist, died on June 23, 1980 after a long difficult
illness.

V. L. Berezinskii was born on July 15, 1935, in Kiev.
Having graduated in 1959 from the Physics Department
at Moscow State University, and then completing
graduate work at MIFI, he was directed in 1963 to work
at the Moscow Textile Institute. Starting in 1968, he
worked in the Scientific Research Institute for Heat
Instrumentation, and in 1977, he tranferred to the
L. D. Landau Institute of Theoretical Physics at the
Academy of Sciences of the USSR.

V. L. Berezinskii had a wide range of interests:
from problems in hydrodynamics and solid state
physics to problems in elementary particle physics and
gravitation. He was one of those few people who
tackled difficult problems and solved them. His talent
was revealed most clearly and fully when he encoun-
tered problems in which a clear physical statement of
the problem required at the same time overcoming
considerable mathematical difficulties. For such
problems, he was unique. Here, together with his
talent as a theoretical physicist, his endowments,
which allowed everyone around him to see in him an
outstanding mathematician, were revealed.

For the few years that were given to him by fate,
he had time to accomplish much. His name will always
remain in the world physics literature primarily in
connection with the solution of two fundamental prob-
lems: theory of phase transitions in two-dimensional
systems and theory of localization in disordered one-
dimensional conductors.

Recently, a large number of two-dimensional systems
has been discovered experimentally. These include
He4 films and smectic liquid crystals, submonoatomic
layers, adsorbed on crystal surfaces, layered mag-
netic substances, dichalcogenides of transition metals,
and others. Interest in these systems is to a large
extent explained by the many unusual physical proper-
ties of such systems, predicted by V. L. Berezinskii.
In the past, it was known that long-range order in such
systems is destroyed by thermal fluctuations at any
temperature. V. L. Berezinskii first showed that, in
spite of this, a thin (of the order of several angstroms)
film of liquid helium at low temperatures has the
property of superfluidity. Two-dimensional crystals,
which do not have long-range order, have a finite shear
modulus. Two-dimensional magnetic substances show
a resistance to a nonuniform rotation of spins. V. L.
Berezinskii understood the general nature of all these
phenomena and called them transverse rigidity, which
is now adopted in world literature. He showed that in

VADIM L'VOVICH
BEREZINSKII
(1935-1980)

systems having transverse rigidity correlations drop
off slowly (as a power law) with temperature, which is
what determines the fundamental properties of the new
low-temperature phase, Berezinskii's phase.

V. L. Berezinskii first discovered the important role
of topological defects in this phase: vortices in a film
of superfluid He4, dislocations in a two-dimensional
crystal, and vortical configurations in magnetic sub-
stances. At low temperatures, such defects form
molecules. At some definite temperature, these mole-
cules begin to dissociate, leading to destruction of
Berezinskii's phase. A quantitative calculation of the
dissociation of defect molecules was carried out two
years later in other papers. An experiment on a film
of He4 brilliantly confirmed the predictions of the the -
ory.

V. L. Berezinskii's ideas were fruitful in many areas.
His ideas on topological defects, which gave rise to
many interesting applications both in the physics of the
condensed state as well as in elementary particle
physics, gave rise to special interest.

The last decade was marked by an increased interest
in problems of electron transport in linear organic con-
ductors. In this connection, it was necessary to de-
termine the extent of the validity of the qualitative
arguments of Mott and Twose (1961), predicting that in
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D.J.	ThoulessJ.M.	Kosterlitz

Peierls	suivi	de	Mermin	-	Wagner	-Hohenberg	:	absence	de	brisure	d’une	symétrie		
con@nue	dans	un	système	de	basse	dimension	à																(inter.	à	courte	portée)	T 6= 0

Pas	de	cristal,	pas	de	condensat	de	Bose-Einstein,…

BKT	:	il	y	a	malgré	tout	possibilité	d’une	transi@on	de	phase	non	conven@onnelle	
en	présence	d’interac@ons

Ordre	orienta2onnel,	gaz	de	Bose	2D	superfluide

R.	Peierls	1907-95
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La	transi@on	BKT	dans	un	fluide	de	bosons

Etude	faite	dans	le	cadre	d’une	approxima@on	de	champ	classique

 (r) =
p
⇢(r) ei✓(r)

Modélisa@on	des	interac@ons	entre	par@cules	par	un	poten@el	de	contact

V (r1 � r2) =
~2
m

g̃ �(r1 � r2)

champ	de	vitesse	:	 v(r) =
~
m

r✓(r)

En	dépit	de	l’u@lisa@on	d’un	méthode	de	champ	classique,	il	reste	une	quan@fica@on	
dans	ce]e	étude	:	

I
v(r) · dr =

~
m

2⇡ n n 2 Z

No2on	de	«	défaut	topologique	»	(vortex)	sur	laquelle	la	théorie	BKT	se	construit



L’appariement	des	défauts	topologiques

Température	0 Tc
état	superfluide état	normal

Ds > 4 Ds = 0g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

Au	point	de	transi@on,	saut	«	universel	»	de	la	densité	superfluide

Caractérisa@on	du	point	cri@que	à	par@r	de	l’équa@on	d’état	du	gaz	:

Dcrit ⇡ ln

✓
380

g̃

◆
µ

kBT

����
crit.

⇡ g̃

⇡
ln

✓
13.2

g̃

◆
Bon	accord	avec	
les	expériences

Plus	généralement,	ce]e	équa@on	d’état	présente	une	invariance	d’échelle	:

D(T, µ) = F
✓
kBT

µ

◆
Bon	accord	avec	
les	expériences

quasi-ordre	à		
longue	portée
G1(r) / 1/r⌘

aucun	ordre	à		
longue	portée



36

Au	delà	de	l’approche	champ	classique

Il	faut	alors	régulariser	le	poten@el	de	contact

Introduc2on	d’une	échelle	de	longueur	qui	vient	briser	l’invariance	d’échelle

La	transi@on	BKT	est	toujours	présente,	mais	sa	descrip@on	théorique	précise		
passe	alors	par	des	méthodes	de	simula@ons	Monte	Carlo	quan@ques

Existence	d’une	manifesta@on	dynamique	simple	de	l’invariance	d’échelle	:	
le	mode	de	respira@on	d’un	gaz	piégé

A	priori	un	bon	candidat	pour	détecter	l’anomalie	quan2que,	
mais	reste	pour	l’instant	en	deçà	des	précisions	de	mesure…

Nécessaire	quand	le	paramètre						devient	de	l’ordre	de	1	g̃



Et	la	suite	?		Cours	2017-18

	La	ma@ère	topologique	et		
son	explora@on	avec	les	gaz	quan@ques	

Deuxième	volet	du	prix	Nobel	2016

Comment	fabriquer	l’équivalent	de	l’effet	Hall	quan@que,	d’isolants	
topologiques,	de	supraconducteurs	topologiques	et	les	fermions	de	

Majorana	associés	avec	des	gaz	d’atomes	ou	de	photons
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