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Thème	
  général	
  du	
  cours	
  :	
  le	
  magné?sme	
  

Les	
  phénomènes	
  magné)ques	
  jouent	
  un	
  rôle	
  essen)el	
  en	
  physique	
  quan)que	
  	
  

Invariance	
  de	
  jauge	
  

Effet	
  Hall	
  quan?que	
  

Effet	
  Aharonov-­‐Bohm,	
  SQUIDS	
  

Couplage	
  spin-­‐orbite,	
  spintronique	
  

Isolants	
  et	
  supraconducteurs	
  topologiques,	
  par?cules	
  de	
  Majorana	
  

A	
  la	
  base	
  de	
  ces	
  phénomènes	
  magné?ques,	
  la	
  force	
  de	
  Lorentz	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ...	
  	
  F = q v ⇥B



CeSe	
  ma?ère	
  quan?que	
  magné?que	
  	
  
est-­‐elle	
  accessible	
  aux	
  gaz	
  d’atomes	
  froids	
  ?	
  

Nos	
  gaz	
  d’atomes	
  froids	
  sont	
  composés	
  de	
  par?cules	
  de	
  charge	
  nulle	
  

F = q v ⇥B = 0

perdu	
  d’avance	
  ?	
  

pas	
  forcément...	
  

On	
  peut	
  émuler	
  ce	
  magné?sme	
  par	
  une	
  ingénierie	
  appropriée	
  	
  
des	
  forces	
  qui	
  agissent	
  sur	
  les	
  atomes	
  ou	
  des	
  phases	
  quan?ques	
  
qui	
  apparaissent	
  le	
  long	
  de	
  leurs	
  trajectoires.	
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Le	
  magné?sme	
  d’une	
  par?cule	
  ponctuelle	
  

1.	
  Quelques	
  éléments	
  de	
  magnétosta?que	
  

2.	
  Par?cule	
  classique	
  dans	
  un	
  champ	
  magné?que	
  

3.	
  Par?cule	
  quan?que	
  dans	
  un	
  champ	
  magné?que	
  

4.	
  L’effet	
  Aharonov-­‐Bohm	
  

5.	
  Monopole	
  magné?que	
  et	
  physique	
  quan?que	
  

Poten?el	
  vecteur	
  et	
  invariance	
  de	
  jauge	
  

De	
  la	
  force	
  de	
  Lorentz	
  à	
  l’hamiltonien	
  

Invariance	
  de	
  jauge	
  quan?que	
  

Phase	
  quan?que	
  «	
  géométrique	
  »	
  

Argument	
  de	
  Dirac	
  sur	
  la	
  quan?fica?on	
  de	
  la	
  charge	
  



Le	
  magné?sme	
  d’une	
  par?cule	
  ponctuelle	
  

1.	
  Quelques	
  éléments	
  de	
  magnétosta?que	
  

2.	
  Par?cule	
  classique	
  dans	
  un	
  champ	
  magné?que	
  

3.	
  Par?cule	
  quan?que	
  dans	
  un	
  champ	
  magné?que	
  

4.	
  L’effet	
  Aharonov-­‐Bohm	
  

5.	
  Monopole	
  magné?que	
  et	
  physique	
  quan?que	
  

Poten?el	
  vecteur	
  et	
  invariance	
  de	
  jauge	
  

De	
  la	
  force	
  de	
  Lorentz	
  à	
  l’hamiltonien	
  

Invariance	
  de	
  jauge	
  quan?que	
  

Phase	
  quan?que	
  «	
  géométrique	
  »	
  

Argument	
  de	
  Dirac	
  sur	
  la	
  quan?fica?on	
  de	
  la	
  charge	
  



Les	
  équa?ons	
  de	
  la	
  magnétosta?que	
  

Absence	
  de	
  monopole	
  magné)que	
  	
  

r ·B = 0

Le	
  flux	
  de	
  	
  	
  	
  	
  	
  	
  à	
  travers	
  une	
  surface	
  fermée	
  est	
  toujours	
  nul	
  B

Créa)on	
  d’un	
  champ	
  magné)que	
  à	
  par)r	
  de	
  courants	
  	
  

r⇥B = µ0j

Rappel:	
  pour	
  un	
  champ	
  électrosta?que	
  	
  

r ·E =
⇢elec.(r)

✏0
r⇥E = 0

j



Poten?el	
  vecteur	
  et	
  changement	
  de	
  jauge	
  

r ·B = 0 B(r) = r⇥A(r)

Le	
  poten?el	
  vecteur	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  n’est	
  pas	
  défini	
  de	
  manière	
  unique	
  A(r)

A0(r) = A(r) +r�(r)

Si	
  deux	
  poten?els	
  vecteurs	
  sont	
  tels	
  que	
  	
  

où	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est	
  une	
  fonc?on	
  scalaire	
  suffisamment	
  régulière,	
  alors	
  ils	
  correspondent	
  
au	
  même	
  champ	
  magné?que	
  

�(r)

Exemple	
  pour	
  un	
  champ	
  magné?que	
  uniforme	
  dans	
  l’espace	
  	
  B = B uz

A(r) =

0

@
�By/2
+Bx/2

0

1

AA(r) =

0

@
�By
0
0

1

A A(r) =

0

@
0
Bx

0

1

A

jauge	
  symétrique	
   jauge	
  de	
  Landau	
  (2)	
  jauge	
  de	
  Landau	
  (1)	
  

�(r) = Bxy/2�(r) = �Bxy/2



Exemple	
  d’un	
  solénoïde	
  infini	
  
B

A

A

⇢0

Solu?on	
  dans	
  l’hypothèse	
  d’un	
  champ	
  nul	
  
à	
  l’infini	
  dans	
  le	
  plan	
  xy :	



B = B0 uz à	
  l’intérieur	
  du	
  solénoïde	
  

B = 0 à	
  l’extérieur	
  

Un	
  choix	
  de	
  jauge	
  possible:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  azimutal	
  A(r)

A(r) = A(⇢)u'

A(⇢) = B0
⇢20
2⇢

si ⇢ > ⇢0

A(⇢) = B0
⇢

2
si ⇢ < ⇢0

z

x

y

u⇢

u'

uz

Limite	
  d’un	
  solénoïde	
  de	
  rayon	
  nul,	
  en	
  gardant	
  constant	
  le	
  flux	
  	
  	
  	
  	
  � = ⇡⇢20B0

A(r) =
�

2⇡⇢
u' B(r) = � �(x)�(y)uz.

ligne	
  de	
  flux	
  



Solénoïde	
  (semi-­‐)	
  infini	
  et	
  monopole	
  magné?que	
  

B

A

A

A(r) =
�

2⇡⇢
u'

z

x

y

u⇢

u'

uz

z

x

y

u'

u✓

ur

⇢
r

✓

A(r) =
�

2⇡

1

r sin ✓
u'

coordonnées	
  cylindriques	
   coordonnées	
  sphériques	
  

Que	
  penser	
  de	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  	
  A(1)
m (r) =

qm
4⇡

1� cos ✓

r sin ✓
u'

En	
  dehors	
  du	
  demi-­‐axe	
  z	
  <0,	
  on	
  trouve	
  	
  Bm = r⇥A(1)
m =

qm
4⇡r2

ur

monopole	
  magné)que	
  ???	
  

Singularité	
  sur	
  le	
  demi-­‐axe	
  z<0	
  qui	
  ajoute	
  	
   qm ⇥(�z)�(x)�(y)uz

champ	
  créé	
  par	
  un	
  solénoïde	
  semi-­‐infini	
  d’axe	
  z	
  



Monopole	
  magné?que	
  (suite)	
  

B(1)(r) =
qm

4⇡r2
ur + qm ⇥(�z)�(x)�(y)uz

A(1)
m (r) =

qm
4⇡

1� cos ✓

r sin ✓
u'

Une	
  manière	
  de	
  «	
  simuler	
  »	
  un	
  monopole	
  magné?que	
  dans	
  	
  
une	
  région	
  de	
  l’espace	
  (en	
  dehors	
  du	
  demi-­‐axe	
  z < 0)	
  consiste	
  	
  
à	
  prendre	
  	
  

On	
  peut	
  également	
  considérer	
  

A(2)
m (r) = �qm

4⇡

1 + cos ✓

r sin ✓
u'

B(2)(r) =
qm

4⇡r2
ur � qm ⇥(z)�(x)�(y)uz

Les	
  deux	
  poten?els	
  vecteurs	
  ne	
  sont	
  pas	
  reliés	
  par	
  une	
  transforma?on	
  de	
  jauge	
  	
  
valable	
  sur	
  	
  l’espace	
  en?er	
  (mais	
  ça	
  peut	
  être	
  le	
  cas	
  localement...)	
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Par?cule	
  classique	
  dans	
  un	
  champ	
  magné?que	
  	
  

Force	
  de	
  Lorentz	
   F L = q v ⇥B

M r̈ = q ṙ ⇥B

Pour	
  un	
  champ	
  B	
  uniforme,	
  mouvement	
  cyclotron	
  	
  
de	
  pulsa?on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  dans	
  le	
  plan	
  xy	
  et	
  	
  
mouvement	
  rec?ligne	
  uniforme	
  le	
  long	
  de	
  l’axe	
  z 	
  	
  

!c = qB/M

B	



Pour	
  préparer	
  le	
  passage	
  à	
  la	
  mécanique	
  quan?que,	
  nous	
  allons	
  présenter	
  
ceSe	
  dynamique	
  dans	
  le	
  cadre	
  des	
  formalismes	
  lagrangien	
  et	
  hamiltonien	
  	
  



Le	
  formalisme	
  lagrangien	
  pour	
  une	
  par?cule	
  ponctuelle	
  

On	
  se	
  donne	
  une	
  fonc?on	
  de	
  Lagrange	
   L(r, ṙ, t)

Pour	
  toute	
  trajectoire	
  con?nue	
  dans	
  l’espace	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  
on	
  calcule	
  l’ac?on	
  	
  

(r(t), ṙ(t))

S =

Z t2

t1

L [r(t), ṙ(t), t] dt

La	
  (ou	
  les)	
  trajectoire	
  effec?vement	
  suivie	
  par	
  la	
  par?cule	
  rend	
  l’ac?on	
  extrémale	
  

@L

@ri
=

d

dt

✓
@L

@ṙi

◆
, ri = x, y, zEqua?ons	
  de	
  Euler-­‐Lagrange	
  :	
  

x	



t	



t1	

 t2	



x2	



x1	



Equivalence	
  de	
  deux	
  fonc)ons	
  de	
  Lagrange:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

L(r, ṙ, t) L(r, ṙ, t) +
d

dt
⌦(r, t) conduisent	
  aux	
  même	
  équa?ons	
  de	
  Euler-­‐Lagrange	
  et	
  

On	
  peut	
  ajouter	
  au	
  lagrangien	
  une	
  dérivée	
  totale	
  par	
  rapport	
  au	
  temps	
  



Lagrangien	
  pour	
  une	
  par?cule	
  dans	
  un	
  champ	
  magné?que	
  

Rappel:	
  si	
  le	
  champ	
  est	
  nul,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est	
  le	
  choix	
  le	
  plus	
  simple	
  (mvt.	
  uniforme)	
  	
  Llibre(r, ṙ) =
1

2
M ṙ2

Si	
  le	
  champ	
  magné?que	
  est	
  non	
  nul,	
  le	
  choix	
  	
  	
  

L(r, ṙ) =
1

2
M ṙ2 + q ṙ ·A(r)

Ce	
  choix	
  dépend	
  du	
  poten;el	
  vecteur	
  :	
  semble	
  briser	
  l’invariance	
  de	
  jauge	
  !	
  	
  

conduit	
  à	
  la	
  «	
  bonne	
  »	
  équa?on	
  du	
  mouvement	
  (force	
  de	
  Lorentz)	
  

Heureusement,	
  dans	
  un	
  changement	
  de	
  jauge	
  	
  

A(r) �! A0(r) = A(r) +r�(r)

L(r, ṙ) �! L�(r, ṙ) = L(r, ṙ) + q ṙ ·r�(r)le	
  changement	
  de	
  lagrangien	
  

L�(r, ṙ) = L(r, ṙ) +
d

dt
⌦(r) avec ⌦(r) = q �(r)

peut	
  s’écrire	
  	
  

Les	
  deux	
  lagrangiens	
  sont	
  donc	
  bien	
  équivalents	
  



Hamiltonien	
  pour	
  une	
  par?cule	
  dans	
  un	
  champ	
  magné?que	
  

Pour	
  passer	
  du	
  point	
  de	
  vue	
  de	
  Lagrange	
  au	
  point	
  de	
  vue	
  de	
  Hamilton,	
  on	
  effectue	
  une	
  
transforma?on	
  de	
  Legendre.	
  On	
  introduit	
  les	
  moments	
  canoniques	
  

pi =
@L

@ṙi

et	
  on	
  construit	
  la	
  fonc?on	
  de	
  Hamilton	
   H(r,p, t) = p · ṙ � L(r, ṙ, t)

Le	
  mouvement	
  de	
  la	
  par?cule	
  est	
  alors	
  déterminé	
  par	
  les	
  équa?ons	
  de	
  Hamilton	
  

ṙi =
@H

@pi
, ṗi = �@H

@ri

Pour	
  une	
  par)cule	
  dans	
  un	
  champ	
  magné)que	
  :	
  

p = rṙL(r, ṙ) = M ṙ + qA(r)

impulsion	
   quan?té	
  de	
  mouvement	
  :	
  
grandeur	
  physique,	
  indépendante	
  de	
  la	
  jauge	
  

H(r,p) =
(p� qA(r))2

2M
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Quan?fica?on	
  canonique	
  

Des	
  crochets	
  de	
  Poisson	
  classiques	
  aux	
  commutateurs	
  quan)ques	
  :	
  	
  

opérateurs	
  posi;on	
  et	
  impulsion	
  :	
   [r̂j , r̂k] = 0, [r̂j , p̂k] = i~ �j,k, [p̂j , p̂k] = 0

Quelle	
  ac?on	
  sur	
  une	
  fonc?on	
  d’onde	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  	
   (r) P(r) = | (r)|2

On	
  pose	
  pour	
  l’ac?on	
  de	
  l’opérateur	
  posi?on	
   r̂[ (r)] = r  (r)

Ceci	
  garan?t	
  que	
  	
   r̂j r̂k[ (r)] = r̂kr̂j [ (r)]

Deuxième	
  rela?on	
  de	
  commuta?on	
  :	
   r̂j p̂k[ (r)] = p̂k[rj (r)] + i~ �j,k  (r)

p̂ = �i~r+X(r)La	
  solu?on	
  générale	
  s’écrit	
  :	
  

où	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est	
  à	
  ce	
  stade	
  un	
  champ	
  de	
  vecteur	
  quelconque.	
  X(r)



Quan?fica?on	
  canonique	
  (suite)	
  

opérateurs	
  posi;on	
  et	
  impulsion	
  :	
   [r̂j , r̂k] = 0, [r̂j , p̂k] = i~ �j,k, [p̂j , p̂k] = 0

p̂ = �i~r+X(r)r̂ : mul?plica?on	
  par	
  	
  	
  r

Troisième	
  rela?on	
  de	
  commuta?on	
  :	
   p̂j p̂k[ (r)] = p̂kp̂j [ (r)]

@Xj

@xk
=

@Xk

@xj
) r⇥X = 0 ) X = r⌦(r)

En	
  résumé,	
  la	
  quan?fica?on	
  canonique	
  revient	
  à	
  prendre	
  pour	
  les	
  opérateurs	
  	
  
posi?on	
  et	
  impulsion	
  	
  

r̂[ (r)] = r  (r)

p̂[ (r)] = �i~r (r) + (r⌦(r)) (r)

La	
  fonc?on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est-­‐elle	
  importante	
  ?	
  ⌦(r)



A	
  ce	
  stade,	
  pas	
  de	
  lien	
  avec	
  un	
  changement	
  de	
  jauge	
  électromagné;que	
  

 (r) �! ˆT (r), avec

ˆT = exp[i⌦(

ˆr)/~]

On	
  effectue	
  un	
  changement	
  de	
  fonc?on	
  d’onde	
  qui	
  ne	
  modifie	
  pas	
  la	
  densité	
  de	
  probabilité	
  

transforma;on	
  unitaire	
  

Dans	
  ceSe	
  transforma?on,	
  les	
  opérateurs	
  posi?on	
  et	
  impulsion	
  deviennent	
  

r̂ �! ˆ̃r = T̂ r̂T̂ † = r̂

p̂ = �i~r+r⌦(r) �! ˆ̃p = T̂ p̂T̂ † = �i~r

On	
  peut	
  donc	
  éliminer	
  la	
  fonc?on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  grâce	
  à	
  une	
  transforma?on	
  unitaire	
  appropriée	
  ⌦(r)

Dans	
  la	
  suite,	
  l’opérateur	
  impulsion	
  	
  	
  	
  	
  	
  	
  désignera	
  toujours	
  	
  	
  p̂[ (r)] = �i~r (r)p̂

Comment	
  éliminer	
  la	
  fonc?on	
  	
  ⌦(r)



Hamiltonien	
  dans	
  un	
  champ	
  magné?que	
  

Principe	
  de	
  correspondance:	
  à	
  toute	
  quan?té	
  physique	
  fonc?on	
  de	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  on	
  associe	
  	
  
un	
  opérateur	
  fonc?on	
  de	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (avec	
  la	
  symétrisa?on	
  appropriée)	
  

r,p
r̂, p̂

Ĥ =
(p̂� qA(r̂))2

2M
=

(�i~r� qA(r))2

2M

Opérateur	
  qui	
  (comme	
  son	
  équivalent	
  classique)	
  fait	
  intervenir	
  explicitement	
  le	
  poten;el	
  vecteur	
  

i~@ (r, t)
@t

= Ĥ (r, t)

Comment	
  garan)r	
  l’invariance	
  de	
  jauge	
  de	
  la	
  théorie	
  ?	
  

Si	
  on	
  fait	
  simultanément	
  les	
  changements	
  

A(r) �! A0(r) = A(r) +r�(r)

 (r, t) �!  0
(r, t) = exp[iq�(ˆr)/~] (r, t)

alors	
  la	
  fonc?on	
  d’onde	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est	
  bien	
  solu?on	
  de	
  l’équa?on	
  de	
  Schrödinger	
  pour	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
   0(r, t) A0(r)

i~@ 
0

@t
=

(�i~r� qA0(r))2

2M
 0(r, t)

Lien	
  profond	
  entre	
  la	
  symétrie	
  de	
  jauge	
  quan;que	
  et	
  l’invariance	
  de	
  jauge	
  de	
  la	
  magnétosta;que	
  	
  



Le	
  magné?sme	
  d’une	
  par?cule	
  ponctuelle	
  

1.	
  Quelques	
  éléments	
  de	
  magnétosta?que	
  

2.	
  Par?cule	
  classique	
  dans	
  un	
  champ	
  magné?que	
  

3.	
  Par?cule	
  quan?que	
  dans	
  un	
  champ	
  magné?que	
  

4.	
  L’effet	
  Aharonov-­‐Bohm	
  

5.	
  Monopole	
  magné?que	
  et	
  physique	
  quan?que	
  

Poten?el	
  vecteur	
  et	
  invariance	
  de	
  jauge	
  

De	
  la	
  force	
  de	
  Lorentz	
  à	
  l’hamiltonien	
  

Invariance	
  de	
  jauge	
  quan?que	
  

Phase	
  quan?que	
  «	
  géométrique	
  »	
  

Argument	
  de	
  Dirac	
  sur	
  la	
  quan?fica?on	
  de	
  la	
  charge	
  



La	
  géométrie	
  de	
  Aharonov	
  et	
  Bohm	
  

1959,	
  A&B	
  :	
  Significance	
  of	
  Electromagne;c	
  Poten;als	
  in	
  the	
  Quantum	
  Theory	
  

(voir	
  aussi	
  Ehrenberg	
  et	
  Siday,	
  1949)	
  

r0

Ecran	
  

B

 g(r)

 d(r)

Interférence	
  à	
  deux	
  ondes	
  

Les	
  par?cules	
  ne	
  peuvent	
  pas	
  
pénétrer	
  dans	
  le	
  solénoïde	
  
et	
  ne	
  ressentent	
  donc	
  pas	
  de	
  	
  
champ	
  magné?que	
  le	
  long	
  de	
  
leur(s)	
  trajectoire(s)	
  	
  
(pas	
  de	
  force	
  de	
  Lorentz)	
  

Peut-­‐on	
  détecter	
  qu’on	
  a	
  branché	
  un	
  courant	
  dans	
  	
  
le	
  solénoïde	
  en	
  observant	
  les	
  franges	
  d’interférence	
  ?	
  



L’argument	
  de	
  Aharonov	
  &	
  Bohm	
  (1)	
  

Les	
  par?cules	
  circulent	
  dans	
  une	
  région	
  où	
  le	
  champ	
  magné?que	
  est	
  nul	
  :	
  	
  r⇥A(r) = 0

Dans	
  une	
  région	
  simplement	
  connexe	
  (i.e.,	
  sans	
  trou),	
  un	
  poten?el	
  vecteur	
  qui	
  vérifie	
  :	
  	
  

r⇥A(r) = 0

A(~r) = r�(r) �(r) = �(0) +

Z r

0
A(r) · drpeut	
  s’écrire	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  avec	
  	
  

En	
  effet,	
  la	
  quan?té	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  est	
  alors	
  définie	
  de	
  manière	
  unique:	
  elle	
  ne	
  dépend	
  pas	
  

du	
  chemin	
  suivi	
  pour	
  aller	
  de 0 à	
  r	
  	
  

Z r

0
A(r) · dr

0	
  

r	
  	
  
C1

C2

Mais	
  ce	
  raisonnement	
  ne	
  s’applique	
  pas	
  tel	
  quel	
  à	
  la	
  géométrie	
  de	
  A&B	
  car	
  il	
  y	
  a	
  un	
  trou...	
  

=

ZZ
uz · (r⇥A) d2r = 0

Z r

0,C1

A(r) · dr �
Z r

0,C2

A(r) · dr =

I

C1�C2

A(r) · dr = 0



L’argument	
  de	
  Aharonov	
  &	
  Bohm	
  (2)	
  

Pour	
  appliquer	
  l’argument	
  précédent	
  malgré	
  le	
  trou	
  représenté	
  par	
  le	
  solénoïde,	
  on	
  va	
  	
  
considérer	
  des	
  zones	
  (patchs)	
  qui	
  évitent	
  ce	
  solénoïde.	
  

Vue	
  de	
  dessus:	
   source	
  

écran	
  

zone	
  I:	
  	
  AI(~r) = r�I(r) zone	
  II:	
  	
  AII(~r) = r�II(r)

Branchement	
  du	
  courant	
  =	
  changement	
  de	
  jauge	
  pour	
  chaque	
  région	
  simplement	
  connexe	
  

A(r) = 0 �! AI(r) = r�I(r)

 (0)
g (r) �!  g(r) = exp[iq�I(r)/~]  (0)

g (r)

A(r) = 0 �! AII(r) = r�II(r)

 (0)
d (r) �!  d(r) = exp[iq�II(r)/~]  (0)

d (r)



L’argument	
  de	
  Aharonov	
  &	
  Bohm	
  (3)	
  

r0

Ecran	
  

B

 g(r)

 d(r)

Le	
  signal	
  d’interférence	
  s’écrit	
  :	
  

P(r) = | d(r) +  g(r)|2

= | d|2 + | g|2 +  ⇤
d  g +  d  

⇤
g

Le	
  branchement	
  du	
  courant	
  entraine	
  

 (0)
d �!  d = exp[iq�II/~]  (0)

d

 (0)
g �!  g = exp[iq�I/~]  (0)

g

 ⇤
d(r) g(r) = exp([iq(�I(r)� �II(r))/~]  (0)

d

⇤
(r) (0)

g (r)

ce	
  qui	
  provoque	
  une	
  modifica?on	
  du	
  terme	
  d’interférence:	
  

� = �I(r)� �II(r) =

Z r

0,CI

A(r) · dr �
Z r

0,CII

A(r) · dr

=

Z

C
A(r) · dr =

ZZ
uz ·B(r0) d2r0

Ce	
  changement	
  de	
  phase	
  correspond	
  à	
  un	
  décalage	
  des	
  franges	
  d’interférence	
  

flux	
  du	
  champ	
  magné?que	
  
dans	
  le	
  solénoïde:	
  	
  
• 	
  détectable	
  
• 	
  géométrique	
  



Analyse	
  de	
  l’effet	
  A-­‐B	
  fondé	
  sur	
  l’intégrale	
  de	
  chemin	
  

x	



t	



t1	

 t2	



x2	



x1	



Propagateur	
  quan?que	
  :	
  

S� =

Z t2

t1

L[r(t), ṙ(t), t] dt

K(r1, t1; r2, t2) /
X

chemins �

exp(iS�/~)

En	
  absence	
  de	
  courant	
  dans	
  le	
  solénoïde	
  :	
   L(0)(r, ṙ)

En	
  présence	
  de	
  courant	
  :	
   L(0)(r, ṙ) + q ṙ ·A(r)

Terme	
  addi?onnel	
  dans	
  l’ac?on	
  pour	
  un	
  chemin	
  	
  Γ	
  donné	
  allant	
  de	
  la	
  source	
  
en	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vers	
  un	
  point	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  de	
  l’écran	
  :	
  r1 = 0 r2 = r

q

Z t2

t1

ṙ(t) ·A[r(t)] dt = q

Z r

0,�
A(r0) · dr0



Analyse	
  de	
  l’effet	
  A-­‐B	
  fondé	
  sur	
  l’intégrale	
  de	
  chemin	
  (2)	
  

Même	
  argument	
  que	
  précédemment	
  :	
  le	
  terme	
  addi?onnel	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
prend	
  la	
  même	
  valeur	
  pour	
  tous	
  les	
  chemins	
  restreints	
  à	
  la	
  zone	
  I	
  	
  

Raisonnement	
  iden?que	
  pour	
  la	
  zone	
  II	
  :	
   �SII(r)

�SI(r)

Même	
  si	
  le	
  calcul	
  de	
  l’intégrale	
  de	
  chemin	
  est	
  très	
  compliqué,	
  l’évalua?on	
  de	
  la	
  différence	
  de	
  
phase	
  induite	
  par	
  le	
  branchement	
  du	
  courant	
  dans	
  le	
  solénoïde	
  est	
  simple,	
  au	
  moins	
  si	
  on	
  
néglige	
  la	
  contribu?ons	
  des	
  chemins	
  «	
  exo?ques	
  »	
  faisant	
  des	
  tours	
  complets	
  du	
  solénoïde	
  :	
  

K(r) ⇡ KI(r) +KII(r) �! KI(r) e
i�SI(r)/~ +KII(r) e

i�SII(r)/~Propagateur	
  :	
  	
  

�S(r,�I) = q

Z r

0,�I

A(r0) · dr0

Modifica?on	
  de	
  la	
  différence	
  de	
  phase	
  :	
   1

~ (�SI(r)� �SII(r))

c’est-­‐à-­‐dire	
  :	
  	
   q

~

✓Z r

0,I
A(r0) · dr0 �

Z r

0,II
A(r0) · dr0

◆
=

q

~

I

C
A(r0) · dr0 = q�/~

CQFD	
  



Mise	
  en	
  évidence	
  expérimentale	
  (1)	
  

Chambers,	
  1960	
  
Tonomura	
  et	
  al.,	
  1982	
  

r0

Akira Tonomura: Applications of electron holography 665

Magnetization

FIG. 45. Experiment to confirm the AB effect (Tonomura et al. , 1982a) (a) schematic of toroidal magnet; (b) interferogram. Instead
of a solenoid, a ferromagnet with toroidal geometry was employed for the experiment to remove fringing fields. The resultant inter-
ferogram (b) indicates that a phase shift of six wavelengths exists between two beams passing through spaces inside the hole and out-
side the toroid.

reached the same conclusion.
This experiment was disputed by Bocchieri, Loinger,

and Siragusa (1982). They felt that the observed phase
difference was not due to the AB effect, but to the
Lorentz force effect of electrons penetrating into the fer-
romagnet. To test this, an experiment was performed by
Tonomura, Umezaki, Matsuda, Osakabe, Endo, and Sugi-
ta (1984) with a toroidal ferromagnet having a top surface
covered with a gold layer to prevent electron penetration.
Still, the results remained the same.

2. Observation of the flux quantization process—
Experimental proof of the Aharonov-Bohm effect

The AB effect assures that even a magnetic flux com-
pletely hidden from an electron beam can be detected by
the beam due to local interaction with vector potentials.
This face was utilized in a recent experiment by Tonomu-
ra, Osakabe, Matsuda, Kawasaki, Endo, Yano, and Ya-
mada (1986) in which the process of magnetic flux quant-
ization in a superconductor was directly observed by
electron interferometry. This experiment also confirmed
the AB effect under conditions where any overlap be-

9Quantized magnetic flux in a superconductor has been ob-
served by interference electron microscopy. See Lischke (1969);
Wahl (1970). Details of the experiment by Tonomura et al.
(1986) can be found in a paper by Osakabe et al. (1986).

FIG. 46. Two-times amplified interference micrograph of
toroidal magnet. Since contour fringes indicate magnetic flux in
h /2e units, only —,'5 of the total flux, i.e., a flux of h /2e is leak-
ing outside the toroidal, which is too small to explain the ob-
served phase shift in Fig. 45(b).
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FIQ. 1. Toro magidal net. (a) Electron-microscopic
image. (b} Lorentz micrograph.

Biprism

Intermedia te
Lens

tive and intermediate lense .s. A reference
beam was projected on the image p
e ' ' "t form the image hologram.electr on biprism o or
Final magni ica 'f' ation at the recorded hologram
was 200 .2 000.

ed in the optica, lReconstruction was performe in e
F g 3. A collimated lasersystem shown in ig.

beam from a e- eH -N laser was split into two
beams by beam sp i er1'tt A.. One beam illuminated
the elec ron ot n hologram to reconstruct the image,
which was focused again by lenses E an on

other beam (compari-the observation plane. The other
son beam) from the splitter was superposed on

m the interferencethe observation plane to form e in
Th advantage of the holography tech-image. e a

nique is that s m e't ak s it possible to obtain phas-
amplified interference images. "
Interf erence microgrgraphs for the toroidal mag-
net (Fig. 1) are shown in Fig. 4. The pThe hase con-
tour map of an e ec ron1 t beam transmitted through
a ma net, shown in ig.F' 4(a) was obtained with
e ' rallel to the object beam.the comparison beam paral e o e

ot be determined from the contour mapIt cannot e e er
'ect beam is ad-whether the wave front of the objec e

vanced or retar e .d d Therefore, interferogram
b) was taken with a tilted comparison beam to
determine t is.h' The wave front obtained is
schematically shown in Fig. 4,c).

t a hase differenceTh photographs reveal tha a pe
s thatreally exis s e' ts between two electron beams

have passe d through the inner and outer spaces
of a toroi a m'd 1 agnet where there were no mag-

the' lds in those spaces. In addition, e
hase difference of 5.5A. , measure rom

h a rees with the theo-interference micr ograp, g
re ical value of 6.0A. to 20%%uo. This is estimate
f data where 4& times rnagne izrom

as 400+30 A,9500+ 500 Oe, film thickness was
and toroid width was 6400+ 500 A. Phase shifts

artl due to the refrac-at the magnet edges are par y
be i noredt " However, this effect can be ignore

in the present estimation, because e
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  en	
  évidence	
  expérimentale	
  (2)	
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FIG. 4. Interference micrographs of the toroidal magnet shown in Fig. 1. (a) Contour map of electron phase.
(b) Interferogram of electron phase. (c) Schematic form of the wave front.

various toroidal sizes.
These experimental results verify the existence
of the AB effect. Quantitative agreement" is
achieved with the fundamental AB effect relation.
Leakage-field effects were confined to be suffi-
ciently small in the cases of Figs. 4 and 5. Con-
tour lines in interference micrographs were
verified to follow magnetic lines of force as
viewed along the direction of the electron beam. "
Theref ore, contour lines must exit from the
toroid if magnetic fields are leaking from the
magnet. An example of field leakage is shown in
Fig. 6. Leakage fields do not show up in the
Lorentz micrograph, Fig. 6(a), but can be clear-
ly observed in the interference micrograph,
Fig. 6(b). The magnetic flux between two adja-
cent contour lines is equal to a constant, h/e,
irrespective of electron energy. It can be con-
cluded from the contour maps shown in Figs.
4(a) and 5(a) that the leakage flux was less than
h/e and that the resultant phase change is too
small to conceal the AB effect.
In this experimental arrangement, the electron

beam partly touched and even penetrated the mag-
net. This point is open to criticisms, but our
argument for this is as follows. In the present

experiment, the shape of a magnetic sample is
reproduced as a clear image on the interfero-
gram. Consequently, the part of the beam trans-
mitted through the magnetic flux in the sample
does not contribute to points outside the sample
image. The beams reaching these points must
have felt only the magnetic vector potential, if
any.
It was for the measurement of the phase differ-
ence by tracing the interference fringes that the
penetrable toroidal magnets were adopted in our
experiment. This is an advantage of our experi-
ment over former experiments. ' If the fringes
on the images of the toroids are not observed,
the phase difference is determined by only a
fraction of a wavelength unit. "
The different electron energy causes an ap-

preciable change in electron penetrability, but
no change in phase difference. This fact was
confirmed at 80, 100, and 125 kV. If there were
an essential difference between an absolutely
inaccessible field and a negligibly accessible
field, ' then the AB effect could be neither con-
firmed nor denied experimentally.
Regardless of the strength of penetrability,

our experimental results of the interference

FIG. 5. Interference micrographs of magnet having a magnetization direction opposite to that in Fig. 4. (a) Con-
tour map. (b) Interferogram. (c) Schematic form of the wave front.
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Franges	
  d’interférence	
  pour	
  le	
  faisceau	
  d’électrons	
  

Tonomura	
  et	
  al,	
  1982	
  

Le	
  décalage	
  des	
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tween an electron beam and magnetic fields was exceed-
ingly small, as had been demanded by Bocchieri, Loinger
and Siragusa (1982).
The specimen employed in this experiment was a

toroidal ferromagnet completely covered with a niobium
layer, as shown in Fig. 47. A magnetic field rotates inside
the toroid to form a completed circuit. This was tested by
interference electron microscopy. When an electron beam
is incident on a sample, it interacts with the vector poten-
tial outside the sample. A phase shift is then produced
between the two parts passing through the hole and out-
side the toroid The interference pattern obtained in this
case is different from that shown in Fig. 45 in one major
way. The fringes cannot be observed inside the toroid,
since it is impenetrable. Consequently, only a modulo

nh /e can be measured.
The interference pattern was examined when the speci-

men was cooled below the superconducting critical tern
perature of Nb, 9.2 K. A dramatic change occurs inside
ihe Nb layer when the specimen temperature crosses the.
critical temperature, which can be observed through in-
teraction of the electron beam with the vector potential.
Electrons in the superconductor form Cooper pairs,
which, in phase, form a coherent wave. In order for the
coherent wave encircling the magnetic field to persist, the
phase of the wave turning around the magnetic field has
to be the same modulo 2~ as the original value. Other-
wise, the superconducting state will break down.
Since a Cooper pair has a mass of 2m and an electric

charge of 2e, the phase difference is given by twice the
value of the electron beam:

b, S =— (2mv —2eA)ds .1
(28)

The value AS integrated along a closed path around the
magnetic field has to be a precise integral multiple of 2m,
i.e., 2nm. The circumstances are extremely simple if the
magnetic flux is an integral multiple of h/2e. In this
case, the phase condition can be automatically satisfied
without any change in the superconducting state.
In the case of a general magnetic flux, Cooper pairs

have to have momenta such that the phase difference AS
may be equal to 2n~. That is, a supercurrent flows
around the magnetic field to form a quantized magnetic
flux in h/2e units by adding the magnetic field produced

FIG. 48. Interferograms showing phase distribution inside the hole and outside the toroid: (a) interferogram at T=15 K; (b) inter-
ferogram at T=4.5 K; (c) two-times amplified interferogram at T=15 K; (d) two-times amplified interferogram at T=4.5 K. In-
terference fringes were displaced by 0.4 fringe spacing between the inside of the hole and the outside of the toroid at 15 K (a). The
fringe displacement suddenly changed to just half a spacing (b) when the specimen temperature crossed the critical temperature 9.2 K.
This change can be seen clearly in phase-amplified interferograms (c) and (d).
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Observation of Dirac monopoles in a synthetic
magnetic field
M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of

1Department of Physics, Amherst College, Amherst, Massachusetts 01002–5000, USA. 2QCD Labs, COMP Centre of Excellence, Department of Applied Physics, Aalto University, PO Box 13500, 00076
Aalto, Finland. 3Low Temperature Laboratory (OVLL), Aalto University, PO Box 13500, 00076 Aalto, Finland. {Present address: City of Hope National Medical Center, 1500 East Duarte Road, Duarte,
California 91010, USA.
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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numerical simulations (Fig. 4). We analyse these findings and discuss
their implications below.

The spinor order parameter corresponding to the Dirac mono-
pole14,17 is generated by an adiabatic spin rotation in response to a
time-varying magnetic field, B(r, t). Similar spin rotations have been
used to create multiply quantized vortices18 and skyrmion spin textures19.
The order parameter Y(r, t) 5 y(r, t)f(r, t) is the product of a scalar
order parameter, y, and a spinor, f~ fz1,f0,f{1ð ÞT¼^ fj i, where
fm 5 Æmjfæ represents the mth spinor component along z. The con-
densate is initially spin-polarized along the z axis, that is, f 5 (1, 0, 0)T.
Following the method introduced in ref. 14, a magnetic field
B r,tð Þ~bq xx̂zyŷ{2zẑð ÞzBz tð Þẑ is applied, where bq . 0 is the
strength of a quadrupole field gradient and Bz(t) is a uniform bias
field. The magnetic field zero is initially located on the z axis at
z~Bz 0ð Þ=(2bq)?Z, where Z is the axial Thomas–Fermi radius of the
condensate. The spin rotation occurs as Bz is reduced, drawing the
magnetic field zero into the region occupied by the superfluid.

Ideally, the condensate spin adiabatically follows the local direction
of the field (Fig. 1a–c). Our numerical analysis indicates, and both
simulations and experiment confirm, that the fraction of atoms under-
going non-adiabatic spin-flip transitions is of order 1% for our experi-
mental parameters. The spin texture in the adiabatic case is conveniently

expressed in a scaled and shifted coordinate system with x9 5 x,
y9 5 y, z9 5 2z 2 Bz/bq, corresponding derivatives =9, and spherical
coordinates (r9, h9, Q9). This transformation scales the z axis by a fac-
tor of two and shifts the origin of coordinates to coincide with the
zero of the magnetic field. The applied magnetic field is then
B~bq x0x̂0zy0ŷ0{z0ẑ0ð Þ. As Bz is reduced, each spin rotates by an
angle p2 h9 about an axis n̂ r0,h0,Q0ð Þ~{x̂0 sin Q0zŷ0 cos Q0. This
spatially dependent rotation leads to a superfluid velocity

vs~
B

Mr0
1zcos h0

sin h0
Q̂0 ð1Þ

and vorticity

V~{
B

Mr02
r̂0z

4pB
M

d x0ð Þd y0ð ÞH z0ð Þr̂0 ð2Þ

where M is the atomic mass, d is the Dirac delta function and H is the
Heaviside step function. The vorticity is that of a monopole attached
to a semi-infinite vortex line singularity, of phase winding 4p, extend-
ing along the 1z9 axis.

The synthetic vector potential arising from the spin rotation can be
written as A1~{Mvs=B, with the line singularity in A* coincident
with the nodal line in Y. However, this singularity is nonphysical,
because it depends on the choice of gauge and can even be made to
vanish20 (Supplementary Information). The synthetic magnetic field of
the monopole is therefore simply

B1~
B

r02
r̂0 ð3Þ

The fields vs and B* are depicted in Fig. 1d.
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Figure 2 | Experimental creation of Dirac monopoles. Images of the
condensate showing the integrated particle densities in different spin
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ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of

1Department of Physics, Amherst College, Amherst, Massachusetts 01002–5000, USA. 2QCD Labs, COMP Centre of Excellence, Department of Applied Physics, Aalto University, PO Box 13500, 00076
Aalto, Finland. 3Low Temperature Laboratory (OVLL), Aalto University, PO Box 13500, 00076 Aalto, Finland. {Present address: City of Hope National Medical Center, 1500 East Duarte Road, Duarte,
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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Observation of Dirac monopoles in a synthetic
magnetic field
M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of

1Department of Physics, Amherst College, Amherst, Massachusetts 01002–5000, USA. 2QCD Labs, COMP Centre of Excellence, Department of Applied Physics, Aalto University, PO Box 13500, 00076
Aalto, Finland. 3Low Temperature Laboratory (OVLL), Aalto University, PO Box 13500, 00076 Aalto, Finland. {Present address: City of Hope National Medical Center, 1500 East Duarte Road, Duarte,
California 91010, USA.
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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numerical simulations (Fig. 4). We analyse these findings and discuss
their implications below.

The spinor order parameter corresponding to the Dirac mono-
pole14,17 is generated by an adiabatic spin rotation in response to a
time-varying magnetic field, B(r, t). Similar spin rotations have been
used to create multiply quantized vortices18 and skyrmion spin textures19.
The order parameter Y(r, t) 5 y(r, t)f(r, t) is the product of a scalar
order parameter, y, and a spinor, f~ fz1,f0,f{1ð ÞT¼^ fj i, where
fm 5 Æmjfæ represents the mth spinor component along z. The con-
densate is initially spin-polarized along the z axis, that is, f 5 (1, 0, 0)T.
Following the method introduced in ref. 14, a magnetic field
B r,tð Þ~bq xx̂zyŷ{2zẑð ÞzBz tð Þẑ is applied, where bq . 0 is the
strength of a quadrupole field gradient and Bz(t) is a uniform bias
field. The magnetic field zero is initially located on the z axis at
z~Bz 0ð Þ=(2bq)?Z, where Z is the axial Thomas–Fermi radius of the
condensate. The spin rotation occurs as Bz is reduced, drawing the
magnetic field zero into the region occupied by the superfluid.

Ideally, the condensate spin adiabatically follows the local direction
of the field (Fig. 1a–c). Our numerical analysis indicates, and both
simulations and experiment confirm, that the fraction of atoms under-
going non-adiabatic spin-flip transitions is of order 1% for our experi-
mental parameters. The spin texture in the adiabatic case is conveniently

expressed in a scaled and shifted coordinate system with x9 5 x,
y9 5 y, z9 5 2z 2 Bz/bq, corresponding derivatives =9, and spherical
coordinates (r9, h9, Q9). This transformation scales the z axis by a fac-
tor of two and shifts the origin of coordinates to coincide with the
zero of the magnetic field. The applied magnetic field is then
B~bq x0x̂0zy0ŷ0{z0ẑ0ð Þ. As Bz is reduced, each spin rotates by an
angle p2 h9 about an axis n̂ r0,h0,Q0ð Þ~{x̂0 sin Q0zŷ0 cos Q0. This
spatially dependent rotation leads to a superfluid velocity

vs~
B

Mr0
1zcos h0

sin h0
Q̂0 ð1Þ

and vorticity

V~{
B

Mr02
r̂0z

4pB
M

d x0ð Þd y0ð ÞH z0ð Þr̂0 ð2Þ

where M is the atomic mass, d is the Dirac delta function and H is the
Heaviside step function. The vorticity is that of a monopole attached
to a semi-infinite vortex line singularity, of phase winding 4p, extend-
ing along the 1z9 axis.

The synthetic vector potential arising from the spin rotation can be
written as A1~{Mvs=B, with the line singularity in A* coincident
with the nodal line in Y. However, this singularity is nonphysical,
because it depends on the choice of gauge and can even be made to
vanish20 (Supplementary Information). The synthetic magnetic field of
the monopole is therefore simply

B1~
B

r02
r̂0 ð3Þ

The fields vs and B* are depicted in Fig. 1d.

|m = –1〉

|–1〉 |1〉

|1〉 |0〉

|0〉

a

b

c

d

e

f

–2
mG

–3
mG

–4
mG

–5
mG

–6
mG

–50
mG

y

xx

z

0
0

ñp ñp

Bz,f

Figure 2 | Experimental creation of Dirac monopoles. Images of the
condensate showing the integrated particle densities in different spin
components as Bz,f is decreased. Each row a–f contains images of an individual
condensate. The leftmost column shows colour composite images of the
column densities taken along the horizontal axis for the three spin states
{ | 1æ, | 0æ, | 21æ}; the colour map is given in f. Yellow arrows indicate the location
of the nodal lines. The rightmost three columns show images taken along the
vertical axis. The scale is 285mm 3 285mm (horizontal) and 220mm 3 220mm
(vertical), and the peak column density is ~np~1:0|109 cm{2.

a

b

d

y

x

x

z

0 0

c

|m = –1〉

|–1〉

|0〉

|0〉

|1〉

|1〉
ñp ñp

Figure 3 | Comparison between experiment and simulation. Experimental
(a, c) and simulated (b, d) condensate particle densities with the monopole near
the centre of the condensate. Comparisons along the vertical axis are shown
in rows a and b, and those along the horizontal axis are shown in rows c and
d. The hole observed in the | 21æ component (row a) is discernible as a line of
diminished density in row c. The field of view is 220mm 3 220mm in a and
b and 285mm 3 285mm in c and d. The colour composite images and ~np are as
in Fig. 2.

RESEARCH LETTER

6 5 8 | N A T U R E | V O L 5 0 5 | 3 0 J A N U A R Y 2 0 1 4

Macmillan Publishers Limited. All rights reserved©2014

LETTER
doi:10.1038/nature12954

Observation of Dirac monopoles in a synthetic
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M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.

3 0 J A N U A R Y 2 0 1 4 | V O L 5 0 5 | N A T U R E | 6 5 7

Macmillan Publishers Limited. All rights reserved©2014

B(r)

On	
  amène	
  progressivement	
  un	
  zéro	
  de	
  champ	
  magné?que	
  le	
  long	
  	
  
du	
  demi	
  axe	
  z > 0,	
  pour	
  faire	
  basculer	
  adiaba?quement	
  le	
  spin	
  dans	
  	
  
la	
  par?e	
  supérieure	
  du	
  nuage	
  (champ	
  magné?que	
  quadrupolaire)	
  

LETTER
doi:10.1038/nature12954
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M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
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magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
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imaging axes. Gravity points in the 2z direction.
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numerical simulations (Fig. 4). We analyse these findings and discuss
their implications below.

The spinor order parameter corresponding to the Dirac mono-
pole14,17 is generated by an adiabatic spin rotation in response to a
time-varying magnetic field, B(r, t). Similar spin rotations have been
used to create multiply quantized vortices18 and skyrmion spin textures19.
The order parameter Y(r, t) 5 y(r, t)f(r, t) is the product of a scalar
order parameter, y, and a spinor, f~ fz1,f0,f{1ð ÞT¼^ fj i, where
fm 5 Æmjfæ represents the mth spinor component along z. The con-
densate is initially spin-polarized along the z axis, that is, f 5 (1, 0, 0)T.
Following the method introduced in ref. 14, a magnetic field
B r,tð Þ~bq xx̂zyŷ{2zẑð ÞzBz tð Þẑ is applied, where bq . 0 is the
strength of a quadrupole field gradient and Bz(t) is a uniform bias
field. The magnetic field zero is initially located on the z axis at
z~Bz 0ð Þ=(2bq)?Z, where Z is the axial Thomas–Fermi radius of the
condensate. The spin rotation occurs as Bz is reduced, drawing the
magnetic field zero into the region occupied by the superfluid.

Ideally, the condensate spin adiabatically follows the local direction
of the field (Fig. 1a–c). Our numerical analysis indicates, and both
simulations and experiment confirm, that the fraction of atoms under-
going non-adiabatic spin-flip transitions is of order 1% for our experi-
mental parameters. The spin texture in the adiabatic case is conveniently

expressed in a scaled and shifted coordinate system with x9 5 x,
y9 5 y, z9 5 2z 2 Bz/bq, corresponding derivatives =9, and spherical
coordinates (r9, h9, Q9). This transformation scales the z axis by a fac-
tor of two and shifts the origin of coordinates to coincide with the
zero of the magnetic field. The applied magnetic field is then
B~bq x0x̂0zy0ŷ0{z0ẑ0ð Þ. As Bz is reduced, each spin rotates by an
angle p2 h9 about an axis n̂ r0,h0,Q0ð Þ~{x̂0 sin Q0zŷ0 cos Q0. This
spatially dependent rotation leads to a superfluid velocity

vs~
B

Mr0
1zcos h0

sin h0
Q̂0 ð1Þ

and vorticity

V~{
B

Mr02
r̂0z

4pB
M

d x0ð Þd y0ð ÞH z0ð Þr̂0 ð2Þ

where M is the atomic mass, d is the Dirac delta function and H is the
Heaviside step function. The vorticity is that of a monopole attached
to a semi-infinite vortex line singularity, of phase winding 4p, extend-
ing along the 1z9 axis.

The synthetic vector potential arising from the spin rotation can be
written as A1~{Mvs=B, with the line singularity in A* coincident
with the nodal line in Y. However, this singularity is nonphysical,
because it depends on the choice of gauge and can even be made to
vanish20 (Supplementary Information). The synthetic magnetic field of
the monopole is therefore simply

B1~
B

r02
r̂0 ð3Þ

The fields vs and B* are depicted in Fig. 1d.
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Observation of Dirac monopoles in a synthetic
magnetic field
M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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Observation of Dirac monopoles in a synthetic
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M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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numerical simulations (Fig. 4). We analyse these findings and discuss
their implications below.

The spinor order parameter corresponding to the Dirac mono-
pole14,17 is generated by an adiabatic spin rotation in response to a
time-varying magnetic field, B(r, t). Similar spin rotations have been
used to create multiply quantized vortices18 and skyrmion spin textures19.
The order parameter Y(r, t) 5 y(r, t)f(r, t) is the product of a scalar
order parameter, y, and a spinor, f~ fz1,f0,f{1ð ÞT¼^ fj i, where
fm 5 Æmjfæ represents the mth spinor component along z. The con-
densate is initially spin-polarized along the z axis, that is, f 5 (1, 0, 0)T.
Following the method introduced in ref. 14, a magnetic field
B r,tð Þ~bq xx̂zyŷ{2zẑð ÞzBz tð Þẑ is applied, where bq . 0 is the
strength of a quadrupole field gradient and Bz(t) is a uniform bias
field. The magnetic field zero is initially located on the z axis at
z~Bz 0ð Þ=(2bq)?Z, where Z is the axial Thomas–Fermi radius of the
condensate. The spin rotation occurs as Bz is reduced, drawing the
magnetic field zero into the region occupied by the superfluid.

Ideally, the condensate spin adiabatically follows the local direction
of the field (Fig. 1a–c). Our numerical analysis indicates, and both
simulations and experiment confirm, that the fraction of atoms under-
going non-adiabatic spin-flip transitions is of order 1% for our experi-
mental parameters. The spin texture in the adiabatic case is conveniently

expressed in a scaled and shifted coordinate system with x9 5 x,
y9 5 y, z9 5 2z 2 Bz/bq, corresponding derivatives =9, and spherical
coordinates (r9, h9, Q9). This transformation scales the z axis by a fac-
tor of two and shifts the origin of coordinates to coincide with the
zero of the magnetic field. The applied magnetic field is then
B~bq x0x̂0zy0ŷ0{z0ẑ0ð Þ. As Bz is reduced, each spin rotates by an
angle p2 h9 about an axis n̂ r0,h0,Q0ð Þ~{x̂0 sin Q0zŷ0 cos Q0. This
spatially dependent rotation leads to a superfluid velocity

vs~
B

Mr0
1zcos h0

sin h0
Q̂0 ð1Þ

and vorticity

V~{
B

Mr02
r̂0z

4pB
M

d x0ð Þd y0ð ÞH z0ð Þr̂0 ð2Þ

where M is the atomic mass, d is the Dirac delta function and H is the
Heaviside step function. The vorticity is that of a monopole attached
to a semi-infinite vortex line singularity, of phase winding 4p, extend-
ing along the 1z9 axis.

The synthetic vector potential arising from the spin rotation can be
written as A1~{Mvs=B, with the line singularity in A* coincident
with the nodal line in Y. However, this singularity is nonphysical,
because it depends on the choice of gauge and can even be made to
vanish20 (Supplementary Information). The synthetic magnetic field of
the monopole is therefore simply

B1~
B

r02
r̂0 ð3Þ

The fields vs and B* are depicted in Fig. 1d.
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Figure 2 | Experimental creation of Dirac monopoles. Images of the
condensate showing the integrated particle densities in different spin
components as Bz,f is decreased. Each row a–f contains images of an individual
condensate. The leftmost column shows colour composite images of the
column densities taken along the horizontal axis for the three spin states
{ | 1æ, | 0æ, | 21æ}; the colour map is given in f. Yellow arrows indicate the location
of the nodal lines. The rightmost three columns show images taken along the
vertical axis. The scale is 285mm 3 285mm (horizontal) and 220mm 3 220mm
(vertical), and the peak column density is ~np~1:0|109 cm{2.
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Figure 3 | Comparison between experiment and simulation. Experimental
(a, c) and simulated (b, d) condensate particle densities with the monopole near
the centre of the condensate. Comparisons along the vertical axis are shown
in rows a and b, and those along the horizontal axis are shown in rows c and
d. The hole observed in the | 21æ component (row a) is discernible as a line of
diminished density in row c. The field of view is 220mm 3 220mm in a and
b and 285mm 3 285mm in c and d. The colour composite images and ~np are as
in Fig. 2.
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M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of

1Department of Physics, Amherst College, Amherst, Massachusetts 01002–5000, USA. 2QCD Labs, COMP Centre of Excellence, Department of Applied Physics, Aalto University, PO Box 13500, 00076
Aalto, Finland. 3Low Temperature Laboratory (OVLL), Aalto University, PO Box 13500, 00076 Aalto, Finland. {Present address: City of Hope National Medical Center, 1500 East Duarte Road, Duarte,
California 91010, USA.

b

a

c

vs/ve

d

Q

H V

BX
BZ

BYOT

OT

e

x

y

z

vs

<0.1

>100

1

10

B*

Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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B(r)

|mz = +1i
|mz = 0i
|mz = �1i



En	
  résumé...	
  

Ĥ =
(p̂� qA(r̂))2

2M
=

(�i~r� qA(r))2

2M

Lien	
  mécanique	
  classique	
  	
  -­‐-­‐	
  	
  mécanique	
  quan)que	
  

Force	
  de	
  Lorentz	
  	
  	
  	
  	
  	
  	
  	
   Phase	
  de	
  Aharonov	
  -­‐	
  Bohm	
  

Lien	
  électromagné)sme	
  	
  	
  -­‐-­‐	
  	
  	
  	
  physique	
  quan)que	
  

A(r) �! A0(r) = A(r) +r�(r)  (r, t) �!  0
(r, t) = exp[iq�(ˆr)/~] (r, t)

transforma;on	
  de	
  jauge	
  


