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Cours$3.$$
Réseaux$op8ques$dans$le$régime$des$liaisons$fortes$

Résumé$des$cours$précédents$

Une%onde%lumineuse%sta;onnaire%crée%un%poten;el%périodique%perme?ant%
de%contrôler%le%mouvement%d’un%atome%%

V (x) = V0 sin
2(kx)

x

échelle%d’énergie%naturelle%:%l’énergie%de%recul%Er =
~2k2
2m

87Rb%@%780%nm%:%%
4%kHz%=%0.2%µK%

Etats%propres%de%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%sous%forme%de%fonc;ons%de%Bloch%:%Ĥ =
p̂2
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Spectre%d’énergie%%%%%%%%%%%%%sous%forme%de%bandes%En(q)
q/k

En(q)
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Buts$de$ce$cours$

Introduire%une%nouvelle%base%de%fonc;ons%également%bien%adaptée%à%l’étude%
du%mouvement%des%atomes%dans%le%réseau%op;que%%

Par8cule$libre$$ Par8cule$dans$un$réseau$

ondes%planes%%%%%%%%ou%%|pi fonc;ons%de%Bloch%%

états%localisés% «%fonc;ons%de%Wannier%»%%

Aborder%la%limite%des%liaisons%fortes%:%%V0 � Er

Restric;on%de%la%dynamique%des%par;cules%à%une%ou%deux%bandes%
Hamiltonien%de%Hubbard%&%rôle%des%interac;ons%
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Les$fonc8ons$de$Wannier$



Une$nouvelle$base$intéressante$:$les$fonc8ons$de$Wannier$

Fonc;ons%localisées%à%l’échelle%du%réseau%et%associées%aux%bandes%d’énergie%

|xi =
Z

e

�ixp/~ |pi dp

Par8cule$libre$$

|x = 0i =
Z

|pi dp

Par8cule$dans$un$réseau$

|wn,0i /
Z ⇡/a

�⇡/a
| n,qi dq

|wn,ji /
Z ⇡/a

�⇡/a
e�ijaq | n,qi dq

⇣ a

2⇡

⌘1/2
coef.%de%normalisa;on%:%

On%peut%vérifier%que%la%fonc;on%%%%%%%%%%%%%%%%%se%déduit%de%%%%%%%%%%%%%%%%%%par%une%transla;on%%
de%j%périodes%du%réseau%:%%

wn,0(x)wn,j(x)

wn,j(x) = wn,0(x� ja)

Importance$du$choix$de$la$phase$des$fonc8ons$de$Bloch$

|wn,0i =
⇣ a

2⇡

⌘1/2
Z ⇡/a

�⇡/a
| n,qi dqDans%la%défini;on%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%le%choix%de%la%phase%de%%%

chaque%onde%de%Bloch%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%joue%un%rôle%essen;el%| n,qi ! ei✓n(q)| n,qi

Walter%Kohn%(1959)%%
Si%le%poten;el%V(x)%est%pair%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%et%si%les%bandes%d’énergie%sont%disjointes,%%
alors%il%existe%un%choix%unique%de%phase%tel%que%:%

• %la%fonc;on%de%Wannier%est%réelle%

• %la%fonc;on%de%Wannier%est%paire%ou%impaire%vis%à%vis%de%x = 0%ou%x = a / 2!
• %la%fonc;on%de%Wannier%décroît%exponen;ellement%vite%à%l’infini%

[ V (x) = V (�x) ]

Propriétés$des$fonc8ons$de$Wannier$

Transla8on$:$

Inversion$:$$

Orthogonalité$:$

|wn,ji /
Z ⇡/a

�⇡/a
e�ijaq | n,qi dq

wn,j(x) = wn,0(x� ja)

Il%suffit%de%connaître%une%fonc;on%de%Wannier%associée%à%la%bande%n!

connaissant%la%fonc;on%de%Wannier%associée%à%la%bande%n,%on%peut%%
reconstruire%toutes%les%fonc;ons%de%Bloch%de%ce?e%bande%%

Z
wn,j(x)wn0,j0(x) dx = �n,n0

�j,j0

orthogonalité%interbandes% orthogonalité%intersites%

En%par;culier%%%%%%%%%%%%%%%%%%%et%%%%%%%%%%%%%%%%%%%%%%%%%%sont%orthogonales%wn,0(x) wn,0(x� a)

 n,q(x) /
+1X

j=�1
wn,0(x� ja) eijaq

Rappel$:$la%forme%de%Bloch%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%avec%%%%%%%%%%%%%%%%%périodique%%
%%%%%%%%%%%%%%%%permet%d’écrire%$

Transformée$de$Fourier$des$fonc8ons$de$Wannier$$
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Introduisons%la%transformée%de%Fourier%de%la%fonc;on%de%Wannier%associée%à%la%bande%n!

w̃
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�1
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On%peut%alors%montrer%:% Cn,j(q) =
1p
a
w̃n(q + 2⇡j/a)

peigne$d’ondes$planes$
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Exemples$de$fonc8ons$de$Wannier$

Bande%fondamentale%(n = 0)%du%poten;el%%
V (x) = V0 sin

2(kx)
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on%trace%

V0 = 0 V0 = Er V0 = 4Er V0 = 20Er
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a = ⇡/k

sin(kx)/kx

Une$nouvelle$forme$de$l’hamiltonien$

L’hamiltonien%est%par%défini;on%diagonal%dans%la%base%des%fonc;ons%de%Bloch%

H =
X

n

Z +⇡/a

�⇡/a
dq En(q) | n,qih n,q|

avec%la%rela;on%d’orthonormalité%pour%ces%fonc;ons%:%%

h n,q| n0,q0i =
Z +1

�1
 

⇤
n,q(x) n0,q0(x) dx = �n,n0

�(q � q

0)

Comment$s’écrit$l’hamiltonien$dans$la$base$des$fonc8ons$de$Wannier$?$$

Changement%de%base%donné%par%:% |wn,ji =
⇣ a

2⇡

⌘1/2
Z ⇡/a

�⇡/a
e�ijaq | n,qi dq

c’est1à1dire%:% h n,q|wn,ji =
⇣ a

2⇡

⌘1/2
e�ijaq

Le$cas$mul8dimensionnel$

Poten;el%périodique%%

V (x, y) = V0 sin
2(kx) + V

0
0 sin

2(ky)
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Quand%on%écrit%l’hamiltonien%en%terme%de%fonc;ons%de%Wannier,%on%voit%apparaître%
des%termes%de%saut%d’un%site%à%un%autre%avec%l’élément%de%matrice%%
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x

+ Ĥ
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Le$cas$d’un$poten8el$fortement$modulé$
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ouverture%d’un%«%gap%»%
au%niveau%des%croisements%

bandes%de%basse%énergie%%
de%plus%en%plus%plates%



Largeur$des$bandes$permises$dans$le$cas$$V0 � Er

Pour%le%poten;el%sinusoïdal,%l’équa;on%aux%valeurs%propres%pour%l’hamiltonien%
a%la%structure%d’une%équa;on%de%Mathieu.%On%dispose%de%plusieurs%résultats%%
analy;ques%dans%la%limite%%%V0 � Er

Largeur%de%la%bande%fondamentale%:%% W0

Er
⇡ 16p

⇡

✓
V0

Er
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exp
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✓
V0

Er
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#

varia.on'exponen.elle'par'rapport'à'la'racine'de'la'hauteur''
de'la'barrière'caractéris.que'de'l’effet'tunnel'
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Rappel%:%%%%%%%%%%%%%est%d’ordre%
quelques%kHz%à%quelques%
dizaines%de%kHz%

Er/h

Eléments$de$matrice$des$sauts$entre$voisins$

Jn(j) =

Z
w

⇤
n,j(x)

✓
p̂

2

2m
+ V (x)

◆
wn,0(x) dx

Jn(1)

Jn(2)

x

V (x)

L’élément%de%matrice%est%donné%par%%

Quand%la%profondeur%du%réseau%augmente,%la%zone%de%l’espace%où%%%%%%%%%%%%%%%%%%et%%%%%%%%%%%%%%%%%%
prennent%toutes%deux%des%valeurs%significa;vement%différentes%de%0%diminue.%
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Eléments$de$matrice$des$sauts$entre$voisins$

Jn(j) =

Z
w

⇤
n,j(x)

✓
p̂

2

2m
+ V (x)

◆
wn,0(x) dx

Jn(1)

Jn(2)

x

V (x)

L’élément%de%matrice%est%donné%par%%

Quand%la%profondeur%du%réseau%augmente,%la%zone%de%l’espace%où%%%%%%%%%%%%%%%%%%et%%%%%%%%%%%%%%%%%%
prennent%toutes%deux%des%valeurs%significa;vement%différentes%de%0%diminue.%
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Pour%%%%%%%%%%%%%%%%%%%%%%,%
on%peut%se%limiter%
aux%sauts%entre%%
proches%voisins%
(à%1%%près)%%

V0 & 10Er

Spectre$en$énergie$pour$des$poten8els$très$profonds$

x

V (x)

0%

Si%on%néglige%complètement%les%sauts%entre%voisins%%
et%si%on%linéarise%au%voisinage%du%fond%des%puits%:%

V (x) = V0 sin
2(kx) ⇡ V0k

2
x

2

Oscillateur%harmonique%de%pulsa;on%ω%%telle%que%%%%%%%%%%%%%%%%%%%%%%%%%%%%%,%dont%l’état%fondamental%
a%pour%taille%caractéris;que%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%et%un%spectre%en%%

~! = 2
p

V0Er

a
oh

= (~/m!)1/2

V0 � Er

Ce%développement%a%un%sens%si%% ka
oh

= (E
r

/V
0

)1/4 ⌧ 1

Pour%fixer%les%idées,%imposons%%%%%%%%%%%%%%%%%%%%%%%%%,%soit%%%%%%%%%%%%%%%%%%%%%%%%%.%%%%ka
oh

 1/2 V0/Er � 16

Pour%%%%%%%%%%%%%%%%%%%%%,%le%quantum%d’énergie%pour%l’oscillateur%harmonique%vaut%%%V0 = 16Er ~! = 8Er

Etat%fondamental%à%%%%%%%%%,%premier%état%excité%à%%%4Er 12Er

(n+ 1/2)~!



Spectre$en$énergie$pour$des$poten8els$très$profonds$(suite)$

Centres%des%bandes%d’énergie%%%%%%%%%%%%%%comparés%%
au%spectre%de%l’oscillateur%harmonique%%%(n+ 1/2)~!

En(q)
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Recouvrement%entre%fonc;ons%de%Wannier%et%états%
propres%de%l’osc.%harmonique%(fonc;ons%de%Hermite)%

3.$

Hamiltonien$de$Hubbard$

• %%Modèle%minimal%pour%décrire%le%mouvement%d’une%par;cule%sur%un%réseau%
Jg = 1/2

Je = 1/2

Je = 3/2

D1D2

np1/2

np3/2

ns

Jg = 1/2

Je = 1/2

Jg = 1/2

Je = 3/2

�
r

2

3

r
2

3r
1

3

r
1

3
1

A"B" A" B" B"
J JJ 0J 0

cellulle j cellulle j + 1

J

jj � 1 j + 1

J

• %Discussion%de%l’effet%des%interac;ons%entre%atomes%

Hamiltonien$à$une$par8cule$

On%restreint%la%dynamique%des%atomes%%
à%la%bande%fondamentale%n = 0!

%On%restreint%les%conséquences%de%l’effet%tunnel%aux%sauts%entre%proches%voisins%

température,%énergie%d’interac;on%%%⌧ ~!
EFermi ⌧ ~!pour%des%fermions%:%

x

V (x)

0%

~!

Jn=0(j = 0) Jn=0(j = 1)

énergie%sur%site,%choisie%égale%à%0%%
à%par;r%de%maintenant%

saut%tunnel%entre%proches%voisins,%
pris%égal%à%%–J   [ avec%%J > 0 ]!

Ĥ = �J

0

@
+1X

j=�1
|wj+1ihwj |+ |wjihwj+1|

1

A

Diagonalisa8on$de$l’hamiltonien$de$Hubbard$

Transposi;on%de%la%forme%générale%de%Bloch%à%la%restric;on%à%la%bande%fondamentale%

a = ⇡/k
un,q(x) périodique%%

de%période%
|ui =

X

j

|wji

| qi =
X

j

eijaq|wji 

n,q

(x) = e

ixq

u

n,q

(x)

On%vérifie%immédiatement%que%%%%%%%%%%%est%bien%état%propre%de%%

Ĥ = �J

0

@
+1X

j=�1
|wj+1ihwj |+ |wjihwj+1|

1

A

| qi

avec%la%valeur%propre% E(q) = �J
�
eiaq + e�iaq

�

= �2J cos(aq) �1 0 1

�2

0

2

q/k
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J

)

La%largeur%W0 = 4J de%ce?e%bande%est%iden;fiée%avec%:%% W0

Er
⇡ 16p

⇡

✓
V0

Er

◆3/4

exp

"
�2

✓
V0

Er

◆1/2
#

q/k

unique$!$



Le$signe$du$coefficient$tunnel$J!

Dans%un%puits%de%poten;el,%on%peut%classer%%
les%états%propres%par%leur%nombre%de%noeuds%:%%

• %état%fondamental%:%pas%de%noeud%
• %premier%état%excité%:%un%noeud%
• %etc.%

x

V (x)

�1 0 1

�2

0

2

q/k

Én
er
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e

(u
ni

té
J

)

Si%%J > 0,%l’état%fondamental%de%l’hamiltonien%%
de%Hubbard%est%obtenu%pour%q = 0%%%E(q) = �2J cos(aq)

| q=0i =
X

j

|wji

Si%%J < 0,%l’état%fondamental%est%obtenu%pour%q = π/a  !
| q=⇡/ai =

X

j

(�1)j |wji

 q=⇡/a(x) =
X

j

(�1)jw0(x� ja)

change%de%signe%quand%%x ! x+ a

Interac8ons$dans$le$modèle$de$Hubbard$

Interac;ons%à%courte%portée,%modélisée%par%un%poten;el%de%contact%(à%régulariser)%

W (~r1 � ~r2) = g �(~r1 � ~r2) g =
4⇡~2ad

m
ad : longueur%de%diffusion%

Ecriture%en%seconde%quan;fica;on%(pour%des%bosons)%

Ĥint =
g

2

Z
 ̂†(x)  ̂†(x)  ̂(x)  ̂(x) dx (version%1D)%

où%%%%%%%%%%%%%est%l’opérateur%destruc;on%d’une%par;cule%au%point%x,%qui%s’écrit%en%
fonc;on%des%fonc;ons%de%Wannier%%%%%%%%%%%%%

 ̂(x)

 ̂(x) =
X

n,j

wn,j(x) b̂n,j b̂n,j :%détruit%une%par;cule%dans%
%%la%fonc;on%de%Wannier%%%wn,j(x)

On%arrive%à%une%expression%bien%compliquée%!!!%

Ĥint =
g

2

X

n1,j1

X

n2,j2

X

n3,j3

X

n4,j4

b̂†n3,j3
b̂†n4,j4

b̂n1,j1 b̂n2,j2

⇥
Z

wn1,j1(x) wn2,j2(x) wn3,j3(x) wn4,j4(x) dx

Simplifica8on$du$terme$d’interac8on$pour$les$liaisons$fortes$

• %On%se%limite%à%la%bande%fondamentale%
énergie%d’interac;on%%<<%%gap%entre%la%bande%fondamentale%et%la%1ère%bande%excitée%

n1 = n2 = n3 = n4 = 0

• %Recouvrement%négligeable%entre%des%fonc;ons%de%Wannier%centrées%sur%différents%sites%

j1 = j2 = j3 = j4 :%deux%atomes%n’interagissent%entre%eux%que%s’ils%sont%sur%le%même%site%

L’intégrale%restante%est%la%même%pour%tous%les%sites%j%:%
Z

w

4
0,j(x) dx

Ĥint ⇡
U

2

X

j

n̂j (n̂j � 1) U = g

Z
w

4

0,0(x) dx ⇡ gp
2⇡ a

oh

x

V (x)

~!
U 3U

Energie$d’interac8on$à$trois$dimensions!

A%trois%dimensions,%à%par;r%de%%%%

W (~r1 � ~r2) = g �(~r1 � ~r2) g =
4⇡~2ad

m
ad : longueur%de%diffusion%

on%ob;ent%%

Ĥint ⇡
U (3D)

2

X

~j

n̂~j

⇣
n̂~j � 1

⌘
U (3D)

Er
=

r
8

⇡
kad

✓
V0

Er

◆3/4

En%dehors%d’une%résonance%de%diffusion,%ad%est%d’ordre%nanométrique%:%%

V0/Er ⇡ 10 à 30pour%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%,%on%trouve%%%U (3D)/Er ⇡ 0.01 à 1



Energie$d’interac8on$et$énergie$ciné8que!

La$physique$à$N$corps$dans$le$réseau$est$régie$par$la$compé88on$entre$deux$effets$

• %Le%terme%d’interac;on%caractérisé%par%%%%%%%%%%%%%,%qui%tend%à%me?re%le%même%%
%%nombre%d’atomes%par%site,%et%qui%augmente%(lentement)%avec%%%

U (3D)

• %Le%terme%d’énergie%ciné;que%caractérisé%par%l’élément%de%matrice%tunnel%J,%%
%%qui%tend%à%délocaliser%chaque%atome,%et%qui%diminue%(rapidement)%avec%%%

V0/Er

V0/Er

4%par;cules%
2%sites%

U (3D) + U (3D)

= 2U (3D) 3U (3D) 6U (3D)

Compé88on$entre$énergie$ciné8que$et$énergie$d’interac8on$

Ce?e%compé;;on%donne%naissance%à%de%nombreux%phénomènes%spectaculaires.%

état%superfluide,%
peu%de%corréla;ons%
entre%par;cules%

état%«%isolant%de%Mo?%»,%
fortement%corrélé%

L’énergie$ciné8que$domine$ L’énergie$d’interac8on$domine$

On%varie%le%rapport%U/J

Ce?e%compé;;on%existe%également%en%absence%de%réseau,%dans%un%gaz%homogène%%

distance%entre%par;cules%! longueur%de%diffusion%ad!
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Repulsively bound atom pairs in an optical lattice
K. Winkler1, G. Thalhammer1, F. Lang1, R. Grimm1,3, J. Hecker Denschlag1, A. J. Daley2,3, A. Kantian2,3,
H. P. Büchler2,3 & P. Zoller2,3

Throughout physics, stable composite objects are usually formed
by way of attractive forces, which allow the constituents to lower
their energy by binding together. Repulsive forces separate par-
ticles in free space. However, in a structured environment such as a
periodic potential and in the absence of dissipation, stable com-
posite objects can exist even for repulsive interactions. Here we
report the observation of such an exotic bound state, which
comprises a pair of ultracold rubidium atoms in an optical lattice.
Consistent with our theoretical analysis, these repulsively bound
pairs exhibit long lifetimes, even under conditions when they
collide with one another. Signatures of the pairs are also recog-
nized in the characteristic momentum distribution and through
spectroscopic measurements. There is no analogue in traditional
condensed matter systems of such repulsively bound pairs, owing
to the presence of strong decay channels. Our results exemplify the
strong correspondence between the optical lattice physics of
ultracold bosonic atoms and the Bose–Hubbard model1,2—a link
that is vital for future applications of these systems to the study of
strongly correlated condensed matter and to quantum
information.
Cold atoms loaded into a three-dimensional (3D) optical lattice

provide a realization of a quantum lattice gas1,2. An optical lattice can
be generated by pairs of counterpropagating laser beams, where the
resulting standing wave intensity pattern forms a periodic array of
microtraps for the cold atoms, with period a given by half the
wavelength of the light, l/2. The periodicity of the potential gives
rise to a band structure for the atom dynamics with Bloch bands
separated by bandgaps, which can be controlled by the laser param-
eters and beam configuration. The dynamics of ultracold atoms
loaded into the lowest band of a sufficiently deep optical lattice is well
described by the Bose–Hubbard model with hamiltonian1,3:

Ĥ¼2J
ki;jl

X
b̂
†

i b̂j þ
U

2 i

X
n̂iðn̂i 2 1Þþ

i

X
1in̂i ð1Þ

Here b̂i (b̂i
†) are destruction (creation) operators for the bosonic

atoms at site i, and n̂i ¼ b̂i
† b̂i is the corresponding number operator.

J/" denotes the nearest-neighbour tunnelling rate, U the on-site
collisional energy shift, and 1i the background potential. The high
degree of control available over the parameters in this system—for
example, changing the relative values ofU and J by varying the lattice
depth, V0—has led to seminal experiments on strongly correlated
gases in optical lattices. These experiments include the study of
the superfluid–Mott insulator transition4, the realization of one-
dimensional (1D) quantum liquids with atomic gases5,6 (see also refs
7 and 8), and the investigation of disordered systems9. 3D optical
lattices have also opened new avenues in cold collision physics and
chemistry10–13.
A striking prediction of the Bose–Hubbard hamiltonian (equation

(1)) is the existence of stable repulsively bound atom pairs. These are
most intuitively understood for strong repulsive interaction

jUj .. J, U . 0, where an example of such a pair is a state of two
atoms occupying a single site, j2il ; ðb̂†2i jvaclÞ=

ffiffiffi
2

p
, where jvacl is the

vacuum state. This state has a potential energy offset U with respect
to states where the atoms are separated (Fig. 1a). The pair is unable to
decay by converting the potential energy into kinetic energy, as the
Bloch band allows a maximum kinetic energy for two atoms given by
8J, twice its width. The pair can move around the lattice, with both
atoms tunnelling to a neighbouring site (Fig. 1b), but the atoms
cannot move independently. The stability of repulsively bound pairs
is intimately connected with the absence of dissipation, in contrast to
solid state lattices, for example, where interactions with phonons
typically lead to rapid relaxation.
We obtain experimental evidence for repulsively bound pairs with

a sample of ultracold 87Rb atoms in a cubic 3D optical lattice with
lattice period a ¼ 415.22 nm. The key tool used to prepare and
observe the pairs is their adiabatic conversion into chemically

LETTERS

Figure 1 | Atom pairs in an optical lattice. a, Repulsive interaction
(scattering length a . 0) between two atoms sharing a lattice site in the
lowest band (n ¼ 0) gives rise to an interaction energyU. Breaking up of the
pair is suppressed owing to the lattice band structure and energy
conservation. b, The pair is a composite object that can tunnel through the
lattice. c, Long lifetime of repulsively bound atom pairs that are held in a 3D
optical lattice. The potential depth is (10 ^ 0.5)E r in one direction and
(35 ^ 1.5)E r in the perpendicular directions. Shown is the remaining
fraction of pairs for a scattering length of 100a0 (open diamonds; a0 is the
Bohr radius) and a scattering length of about (0 ^ 10)a0 (filled circles) as a
function of the hold time. The lines are fitted curves of an exponential
(dashed line) and the sum of two exponentials (solid line).
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Ĥ(q)

✓
↵q

�q

◆
= E

✓
↵q

�q

◆

hamiltonien%dans%l’espace%réciproque%

Ce%modèle%de%Hubbard%à%deux%sites%est%équivalent%au%problème%d’un%spin%½%dont%%
l’hamiltonien%dépend%d’un%paramètre%con;nu%%%%%%%(%ou%%%%%%à%plusieurs%dimensions)%q ~q

Des%propriétés%topologiques%non%triviales%peuvent%émerger%du%fait%de%l’invariance%%q ! q + 2⇡/a
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Réalisa8on$expérimentale$d’un$super[réseau$$
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Direct observation of second-order atom tunnelling
S. Fölling1, S. Trotzky1, P. Cheinet1, M. Feld1, R. Saers2, A. Widera1,3, T. Müller1,4 & I. Bloch1

Tunnelling of material particles through a classically impenetrable
barrier constitutes one of the hallmark effects of quantum physics.
When interactions between the particles compete with their
mobility through a tunnel junction, intriguing dynamical beha-
viour can arise because the particles do not tunnel independently.
In single-electron or Bloch transistors, for example, the tunnelling
of an electron or Cooper pair can be enabled or suppressed by the
presence of a second charge carrier due to Coulomb blockade1,2.
Here we report direct, time-resolved observations of the correlated
tunnelling of two interacting ultracold atoms through a barrier in
a double-well potential. For the regime in which the interactions
between the atoms are weak and tunnel coupling dominates, indi-
vidual atoms can tunnel independently, similar to the case of a
normal Josephson junction. However, when strong repulsive
interactions are present, two atoms located on one side of the
barrier cannot separate3, but are observed to tunnel together as
a pair in a second-order co-tunnelling process. By recording both
the atom position and phase coherence over time, we fully char-
acterize the tunnelling process for a single atom as well as the
correlated dynamics of a pair of atoms for weak and strong inter-
actions. In addition, we identify a conditional tunnelling regime in
which a single atom can only tunnel in the presence of a second
particle, acting as a single atom switch. Such second-order tunnel-
ling events, which are the dominating dynamical effect in the
strongly interacting regime, have not been previously observed
with ultracold atoms. Similar second-order processes form the
basis of superexchange interactions between atoms on neighbour-
ing lattice sites of a periodic potential, a central component of
proposals for realizing quantum magnetism4–7.

For the description and observation of quantum mechanical tun-
nelling, a double-well-type potential, where two localized spatial
modes are separated by a barrier, is among the conceptually simplest
set-ups. When a particle is initially prepared on one side of this
barrier, it will tunnel back and forth between the two sides with a
well-defined frequency. For macroscopic quantum systems, such as
superconductors or atomic Bose–Einstein condensates, this tunnel
coupling can lead to a Josephson-type tunnelling dynamics8–10. When
interactions between individual particles are much stronger than
the tunnel coupling in the system, quantized Josephson dynamics
arises—in which, for example, the charge carriers in superconducting
devices tunnel individually across barriers11,12.

In the case of coupled mesoscopic quantum dots, a co-tunnelling
regime can be achieved, where separate electrons only tunnel in a
correlated way13,14. For ensembles of ultracold atoms in periodic
potentials, strong interactions fundamentally alter the properties of
the many-body system, leading to strongly correlated phases such as
the Mott insulating state15–19. In such cases, where direct first-order
tunnelling of single atoms is highly suppressed, second-order corre-
lated tunnelling processes can be the dominant dynamical effects.
Despite the absence of direct long-range interaction mechanisms
between particles, second-order ‘‘superexchange’’-type processes

can provide effective spin-dependent interactions between particles
at separate positions4–7.

The dynamics of interacting bosonic atoms in a double well with
tight confinement is described by a quantized Josephson or a two-
mode Bose–Hubbard hamiltonian11,12
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a

c

b

d

382.5 nm 765.0 nm

d

Figure 1 | Schematics of double-well generation, loading and detection
sequences. a, Superimposing two optical lattice potentials differing in
period by a factor of two creates an array of double-well potentials.
b, Preparation sequence. An initially large well is split into a biased double-
well potential such that each left well is populated. The bias is then removed
and the central barrier lowered to initiate the tunnelling dynamics (d denotes
the well separation). c, Position measurement. The atom number on each
side can be recorded by ‘dumping’ the population of the left well into an
excited vibrational state of the right well21. Subsequent band-mapping
projects both states into separate Brillouin zones in free space30 (marked red
and blue in the inset). d, Interferometric detection. After sudden release
from the double-well potential and a period of free expansion, the double-slit
interference pattern is recorded. Particles localized to one well exhibit no
interference; for delocalized atoms the pattern yields the relative single-
particle phase (2p/2 in the case shown).
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Direct observation of second-order atom tunnelling
S. Fölling1, S. Trotzky1, P. Cheinet1, M. Feld1, R. Saers2, A. Widera1,3, T. Müller1,4 & I. Bloch1

Tunnelling of material particles through a classically impenetrable
barrier constitutes one of the hallmark effects of quantum physics.
When interactions between the particles compete with their
mobility through a tunnel junction, intriguing dynamical beha-
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interactions are present, two atoms located on one side of the
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the atom position and phase coherence over time, we fully char-
acterize the tunnelling process for a single atom as well as the
correlated dynamics of a pair of atoms for weak and strong inter-
actions. In addition, we identify a conditional tunnelling regime in
which a single atom can only tunnel in the presence of a second
particle, acting as a single atom switch. Such second-order tunnel-
ling events, which are the dominating dynamical effect in the
strongly interacting regime, have not been previously observed
with ultracold atoms. Similar second-order processes form the
basis of superexchange interactions between atoms on neighbour-
ing lattice sites of a periodic potential, a central component of
proposals for realizing quantum magnetism4–7.

For the description and observation of quantum mechanical tun-
nelling, a double-well-type potential, where two localized spatial
modes are separated by a barrier, is among the conceptually simplest
set-ups. When a particle is initially prepared on one side of this
barrier, it will tunnel back and forth between the two sides with a
well-defined frequency. For macroscopic quantum systems, such as
superconductors or atomic Bose–Einstein condensates, this tunnel
coupling can lead to a Josephson-type tunnelling dynamics8–10. When
interactions between individual particles are much stronger than
the tunnel coupling in the system, quantized Josephson dynamics
arises—in which, for example, the charge carriers in superconducting
devices tunnel individually across barriers11,12.

In the case of coupled mesoscopic quantum dots, a co-tunnelling
regime can be achieved, where separate electrons only tunnel in a
correlated way13,14. For ensembles of ultracold atoms in periodic
potentials, strong interactions fundamentally alter the properties of
the many-body system, leading to strongly correlated phases such as
the Mott insulating state15–19. In such cases, where direct first-order
tunnelling of single atoms is highly suppressed, second-order corre-
lated tunnelling processes can be the dominant dynamical effects.
Despite the absence of direct long-range interaction mechanisms
between particles, second-order ‘‘superexchange’’-type processes

can provide effective spin-dependent interactions between particles
at separate positions4–7.

The dynamics of interacting bosonic atoms in a double well with
tight confinement is described by a quantized Josephson or a two-
mode Bose–Hubbard hamiltonian11,12
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Figure 1 | Schematics of double-well generation, loading and detection
sequences. a, Superimposing two optical lattice potentials differing in
period by a factor of two creates an array of double-well potentials.
b, Preparation sequence. An initially large well is split into a biased double-
well potential such that each left well is populated. The bias is then removed
and the central barrier lowered to initiate the tunnelling dynamics (d denotes
the well separation). c, Position measurement. The atom number on each
side can be recorded by ‘dumping’ the population of the left well into an
excited vibrational state of the right well21. Subsequent band-mapping
projects both states into separate Brillouin zones in free space30 (marked red
and blue in the inset). d, Interferometric detection. After sudden release
from the double-well potential and a period of free expansion, the double-slit
interference pattern is recorded. Particles localized to one well exhibit no
interference; for delocalized atoms the pattern yields the relative single-
particle phase (2p/2 in the case shown).
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