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•  fait	  référence	  à	  une	  transforma8on	  lente	  de	  l’hamiltonien.	  	  	  
•  un	  système	  physique	  reste	  dans	  l’état	  propre	  instantané	  si	  la	  

perturba6on	  qui	  agit	  sur	  le	  système	  est	  suffisamment	  lente	  et	  
s’il	  y	  a	  un	  “gap”	  entre	  la	  valeur	  propre	  et	  le	  reste	  du	  spectre	  de	  
l’Hamiltonien.	  	  

Le	  mot	  «	  adiaba8que	  »	  en	  physique	  	  
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Par	  rapport	  aux	  méthodes	  de	  contrôle	  op8mal	  (boîte	  noire)	  qui	  implique	  	  
l’op8misa8on	  d’un	  grand	  nombre	  de	  paramètres,	  nous	  cherchons	  ici	  une	  
image	  physique	  simple	  de	  la	  transforma8on	  avec	  un	  nombre	  minimum	  de	  	  
paramètres	  à	  changer.	  



Quelques	  acteurs	  
	  de	  ce	  domaine	  	  

-‐ 	  	  

Xi	  Chen	  

Adolfo	  
	  del	  Campo	  

Andreas	  
	  Ruschhaupt	  

Gonzalo	  
	  Muga	  

	  	  	  Ion	  
	  Lizuain	  

Erik	  
Torrontegui	  

Sara	  
	  Ibáñez	  

	  Michele	  
	  Modugno	  

SoEa	  
	  MarFnez	  

Daniel	  
	  Alonso	  

Jr	  Shin	  Li	  

+related	  work	  by	  	  
R.	  Kosloff	  (quantum	  refrigerator	  &	  third	  principle),	  	  
C.	  Bender	  (brachistochrone),	  
D.	  Guéry-‐Odelin,	  D.	  Leibfried	  (transport),	  	  
T.	  Calarco	  (op8mal	  control),	  	  
J.	  Schmiedmayer	  (spli_ng),	  
M.	  Deschamps	  (superadiaba8city)	  
N.	  Vitanov	  (fast	  prepara8on	  of	  internal	  states)	  	  
S.	  Guérin,	  H.	  R.	  Jauslin	  et	  al.	  (parallel	  adiaba8c	  passage)	  

…	  

	  M	  V	  Berry	   K	  Nakamura	  S	  A	  Rice	  

Experiments:	  DGO,	  Schmiedmayer,	  	  
	   	  Morsch	  -‐Arimondo,	  Vignolo-‐Labeyrie	  	  

K	  Molmer	  

G	  Hegerfeldt	  

E	  Trizac	  

C	  Jarzynski	  



Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (1)	  



Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (1)	  

A.	  Couvert	  et	  al.,	  EuroPhys.	  Lef.	  83,	  13001	  (2008)	  



Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (2)	  

A.	  Couvert	  et	  al.,	  EuroPhys.	  Lef.	  83,	  13001	  (2008)	  



Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (2)	  

A.	  Couvert	  et	  al.,	  EuroPhys.	  Lef.	  83,	  13001	  (2008)	  

W.	  Hansel	  et	  al.	  Nature	  413,	  498	  (2001)	   J.	  P.	  Home	  et	  al.	  	  Science	  325,	  1227	  (2009)	  
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L’amplitude	  d’oscilla8on	  du	  centre	  de	  masse	  après	  transport	  est	  donnée	  par	  le	  module	  de	  la	  
transformée	  de	  Fourier	  du	  profil	  de	  vitesse	  appliqué	  au	  poten8el	  harmonique	  de	  confinement.	  

(analogie	  avec	  la	  diffrac8on	  en	  op8que)	  

Un	  transport	  op8mal	  requiert	  	  

Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (3)	  

Expérience	  versus	  théorie	  
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Transporter	  une	  par8cule	  dans	  un	  poten8el	  harmonique	  (4)	  

La	  par8cule	  bouge	  dans	  le	  poten8el	  sous	  l’ac8on	  de	  la	  force	  
d’iner8e	  d’entraînement.	  On	  peut	  envisager	  de	  contrecarrer	  

cefe	  force	  à	  chaque	  instant.	  

D’un	  point	  de	  vue	  un	  peu	  plus	  formel	  
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Transforma8on	  rapide	  par	  
façonnage	  temporel	  d’hamiltonien	  

Plan	  :	  les	  méthodes	  et	  prolongements	  	  

La	  probléma8que	  des	  Shortcuts	  To	  Adiaba8city	  (STA)	  

1-‐	  Méthode	  Rice	  –	  Demirplak	  –	  Berry	  (counteradiaba8c	  protocol/	  transi8onless	  
	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  tracking	  algorithm)	  

2-‐	  La	  méthode	  des	  invariants	  de	  Lewis-‐Riesenfeld	  (reverse	  engineering)	  

3-‐	  Façonnage	  rapide	  par	  an8cipa8on	  (Fast	  Forward	  method)	  

4-‐	  Court	  circuiter	  l’adiaba8cité	  mécanique	  et	  thermodynamique	  
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adiaba8que	  
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Méthode	  Rice	  –	  Demirplak	  –	  Berry	  (counteradiaba8c	  protocol)	  

Considérons	  un	  hamiltonien	  dépendant	  du	  temps	  et	  sa	  base	  instantanée	  

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x
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L’approxima8on	  adiaba8que	  permet	  de	  calculer	  la	  phase	  acquise	  pendant	  l’évolu8on	  
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dynamique	  
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géométrique	  
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Existe-‐t-‐il	  un	  hamiltonien	  pour	  lequel	  l’approxima8on	  adiaba8que	  correspond	  au	  résultat	  exact	  ?	  
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H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ] = 0

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ] = 0

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ] = 0

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

L’approxima8on	  adiaba8que	  permet	  de	  calculer	  la	  phase	  acquise	  pendant	  l’évolu8on	  

Existe-‐t-‐il	  un	  hamiltonien	  pour	  lequel	  l’approxima8on	  adiaba8que	  correspond	  au	  résultat	  exact	  ?	  

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x

H(t) I(t) I†(t) = I(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

H2(t) =
p2

2m
+ U(x − x0(t)) + mẍ0x

H(t) I(t) I†(t) = I(t)

H1(t) = ih̄
∑

n !=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

λf H(λf , {Xi, Pi}) |Ψf〉

H1(t) =
p2

2m
+ U(x − x0(t))

Phase	  
dynamique	  

Phase	  
géométrique	  

Rq:	  hamiltonien	  non	  local,	  et	  il	  faut	  connaître	  tout	  le	  spectre	  …	  

M	  Demirplak	  &	  S.	  A.	  Rice,	  J.	  Phys.	  Chem	  A,	  107,	  9937	  (2003)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  M.V.	  	  Berry	  J.	  Phys.	  A	  42	  365303	  (2009)	  



Méthode	  R-‐D-‐B	  :	  	  applica8on	  au	  transport	  

Problème	  :	  comment	  implémenter	  un	  tel	  Hamiltonien	  ?....	  

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n "=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n "=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉



Méthode	  R-‐D-‐B	  :	  	  applica8on	  au	  transport	  

Problème	  :	  comment	  implémenter	  un	  tel	  Hamiltonien	  ?....	  

SoluYon	  :	  changement	  de	  représenta8on	  (PRL	  109,	  100403	  (2012))	  

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n "=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n "=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψn(t)〉 =

exp

[

−
i

h̄

∫ t

0
En(s)ds −

∫ t

0
〈n(s)|∂sn(s)〉ds

]

|n(t)〉

H0(t)|n(t)〉 = En(t)|n(t)〉

H(λ, {Xi, Pi})

λi H(λi, {Xi, Pi}) |Ψi〉

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n #=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n #=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n #=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n #=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

H1(t) = ih̄
∑

n #=m

∑

m

|m〉〈m|∂tH0|n〉〈n|

En(t) − Em(t)

H(t) = H0(t) + H1(t)

H1(t) = ih̄
∑

n

(|∂tn〉〈n|− 〈n|∂tn〉|n〉〈n|)

on	  introduit	  	   qui	  évolue	  selon	  

avec	   et	  

U(ti) = U(tf ) = 1

U̇(ti) = U̇(tf ) = 0

HI(ti) = H(ti)

HI(tf ) = H(tf)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

U(ti) = U(tf ) = 1

U̇(ti) = U̇(tf ) = 0

HI(ti) = H(ti)

HI(tf ) = H(tf)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

U(ti) = U(tf ) = 1

U̇(ti) = U̇(tf ) = 0

HI(ti) = H(ti)

HI(tf ) = H(tf)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

U(ti) = U(tf ) = 1

U̇(ti) = U̇(tf ) = 0

HI(ti) = H(ti)

HI(tf ) = H(tf)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H1(t) = pẋ0

Si	   alors	  

Exemple	  du	  transport	  :	  	  

U(ti) = U(tf ) = 1

U̇(ti) = U̇(tf ) = 0

HI(ti) = H(ti)

HI(tf ) = H(tf)

|ψI〉 = U†|ψS〉

ih̄∂t|ψS〉 = H|ψS〉

ih̄∂t|ψI〉 = HI |ψI〉

U(t) = exp

(

−
imẋ0x

h̄

)

HI = U†(H − K)U

K = ih̄U̇U†

H0(t) =
p2

2m
+

1

2
mω2(x − x0(t))

2

H2(t) =
p2

2m
+ U(x − x0(t)) − mẍ0x

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ] = 0

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉

(λp − λn)〈φp|

(

ih̄
∂|φn(t)〉

∂t
− H(t)|φn(t)〉

)

= 0



Manipula8on	  de	  spin	  ½	  par	  façonnage	  de	  champ	  magné8que	  

inversion	  de	  popula8on	  



X

Y

Z

Impulsion	  πY	  

X

Y

Z

X

Y

Z

B0	  

Ω0=γB0	   t0=π/Ω0	  

Manipula8on	  de	  spin	  ½	  par	  façonnage	  de	  champ	  magné8que	  

inversion	  de	  popula8on	  



X

Y

Z

Impulsion	  πY	  

Séquence	  composite	  d’impulsions	  (π/2)	  Y(π)X(π/2)	  Y	


X

Y

Z

X

Y

Z

Robustesse	  vis-‐à-‐vis	  d’une	  disparité	  des	  fréquences	  de	  Rabi	  Ω0	


B0	  

Ω0=γB0	   t0=π/Ω0	  

Manipula8on	  de	  spin	  ½	  par	  façonnage	  de	  champ	  magné8que	  

inversion	  de	  popula8on	  

Roos	  &	  Molmer,	  PRA	  69,	  022321	  (2004)	  



Manipula8on	  de	  spin	  ½	  par	  façonnage	  de	  champ	  magné8que	  

H0(t) = γ "B0(t) · "̂S

"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

H(t) = H0(t) + H1(t)

Ωa(t) =
Ω∆̇ − Ω̇∆

∆2 + Ω2

Ω = Ω0(1 + η)

U(ti) = U(tf ) = 1

H0(t) = γ "B0(t) · "̂S

"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

H(t) = H0(t) + H1(t)

Ωa(t) =
Ω∆̇ − Ω̇∆

∆2 + Ω2

Ω = Ω0(1 + η)

U(ti) = U(tf ) = 1

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

H(t) = H0(t) + H1(t)

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

H(t) = H0(t) + H1(t)

avec	  

ajout	  d’un	  champ	  dépendant	  du	  temps	  dans	  
une	  direc8on	  perpendiculaire	  à	  	  

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

H(t) = H0(t) + H1(t)

Pour	  un	  chemin	  dépendant	  du	  temps	  arbitraire	  sur	  la	  sphère	  de	  Bloch	  unitaire,	  il	  peut	  	  
être	  reproduit	  par	  le	  champ	  magné8que	  

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

"B(t) = B0(t) "̂S(t) +
1

γ
"̂S(t) × ∂t "̂S(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

H0(t) =
h̄

2

(

∆(t) ΩR(t)
ΩR(t) −∆(t)

)

,

H1(t) =
h̄

2

(

0 iΩa(t)
−iΩa(t) 0

)

,

Par	  correspondance,	  ces	  stratégies	  s’appliquent	  à	  tous	  les	  systèmes	  à	  deux	  niveaux	  
X

Y

Z

M.	  V.	  	  Berry	  J.	  Phys.	  A	  42	  365303	  (2009)	  
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FIG. 1: Experimental realization of an e⇤ective two level sys-
tem exploiting the band structure of a Bose-Einstein conden-
sate in an optical lattice. The avoided crossing is located at
the edge of the Brillouin zone and the two adiabatic states
|⌅g,e(⇤)� are the lowest energy bands. The initial and final
states of the time evolution |⇥ini,fin� are also indicated.

adiabatic or diabatic bases of the Hamiltonian of Eq. (1).
Notice that for the case of the diabatic basis, the projec-
tive measurement of the wavefuction |⌅g⌃ results in the
following probability:

Pdiab(⇤) = |⇧1|⌅g(⇤)⌃|2, (3)

where we denote by |0⌃ the state that at ⇤ = 0 has
the lowest energy. For the superadiatic protocols the
wavefunction follows precisely the instantaneous adia-
batic eigenvalues of the Hamiltonian of Eq. (1), so that
the above probability becomes

Pdiab(⇤) =
⇧2(⇤)/2

�2(⇤) + ⇧2(⇤) + �(⇤)
⌃

�2(⇤) + ⇧2(⇤)
. (4)

C. Quantum speed limit

The quantum speed limit (QSL) protocol allows us to
take the system from the initial state to the final state,
with final fidelity Ffin = 1, in the shortest possible time
T . This lower bound is rooted in the Heisenberg uncer-
tainty principle [19–23]. For the case of constant ⇧, we
found that the protocol minimizing T is [27]

�(⇤) =

⇥
⇧⇧⇧⌅

⇧⇧⇧⇤

��0 for t = 0
�M for t ⌅ [0, t0]
0 for t ⌅ [t0, T � t0]
��M for t ⌅ [T � t0, 1]
+�0 for t = T ,

(5)

where �M and t0 are, respectively, asymptotically large
and small quantities which satisfy the condition �M t0 =
⇥/4.

This ‘composite pulse’ protocol, in close analogy to
composite pulses in NMR [9], represents half a Rabi oscil-
lation with frequency ⇧ and �=0, preceded and followed

FIG. 2: Time dependence of the control parameters for di⇤er-
ent protocols. In (a) �(⇤) for power law sweeps: red dotted
line � = 2, blue continuous line � = 3, green dot-dashed line
� = 4. In (b) �(⇤) for linear+sin sweeps: red dotted line
⇥ = 0.1, blue continuous line ⇥ = 0.2, green dot-dashed line
⇥ = 0.4. The black dashed line corresponds to the linear LZ
sweep.

by two short pulses (in theory delta-functions) with a
pulse area of ⇥/4. The transfer time T associated with
the |⇥ini⌃ to |⇥fin⌃ transfer through the above protocol is

T = 2t0 +
arccos |⇧⇥fin|⇥ini⌃|

⇧
. (6)

A Rabi rotation of an angle ⇥ corresponds to a time
T⇥ = ⇥/⇧, and in fact in the limit of t0 ⇤ 0, the above
time coincides with T⇥. For ⇧ values up to 1, the T⇥

dependence on ⇧ matches the lower continuous line of
Fig. 10. At larger ⇧ values, |⌅g(⇤ = 0)⌃ di⇤ers from |0⌃,
and the initial tilting angle � = ⇧/�0 of the Bloch vector
leads to a required Rabi rotation smaller than ⇥.

III. GENERALIZED LZ SWEEPS

We begin our investigation of the dynamics of generic
two-level systems starting from the simplest possible gen-
eralizations of the LZ scenario. In this Section we keep
the coupling ⇧ constant and study deviations of �(t) from
the linear dependence assumed in the original LZ prob-
lem. We introduce nonlinear sweeps in two ways: by
making the functional form of �(⇤) follow some power
law in ⇤ and by adding a small nonlinear contribution to
the original linear sweep.

A. Power laws

The first scheme leads to sweeps of the following form
satisfying the boundary conditions �(0) = �2 and �(1) =
2:

�(⇤) =

�
�2�+1(1/2�⇤)� for 0 ⇥ ⇤ ⇥ 1/2
2�+1(⇤�1/2)� for 1/2 ⇥ ⇤ ⇥ 1 ,

(7)

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

∆(t) = −δ0 cos(πt/T )

Ω −→ (1 + β)Ω

[H(0), I(0)] = [H(T ), I(T )] = 0

[H(T ), I(T )] = 0

θ̇(0) = 0 θ̇(T ) = 0

Ω(0) = 0 Ω(T ) = 0

ΩR = γ̇ cos α sin θ − θ̇ sin α

ΩI = γ̇ sin α sin θ + θ̇ cos α

Système	  à	  2	  niveaux	  =	  deux	  bandes	  de	  Bloch	  

M.	  G.	  Bason	  et	  al.	  Nat.	  Phys.	  8,	  147	  (2012)	  
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FIG. 1: Experimental realization of an e⇤ective two level sys-
tem exploiting the band structure of a Bose-Einstein conden-
sate in an optical lattice. The avoided crossing is located at
the edge of the Brillouin zone and the two adiabatic states
|⌅g,e(⇤)� are the lowest energy bands. The initial and final
states of the time evolution |⇥ini,fin� are also indicated.

adiabatic or diabatic bases of the Hamiltonian of Eq. (1).
Notice that for the case of the diabatic basis, the projec-
tive measurement of the wavefuction |⌅g⌃ results in the
following probability:

Pdiab(⇤) = |⇧1|⌅g(⇤)⌃|2, (3)

where we denote by |0⌃ the state that at ⇤ = 0 has
the lowest energy. For the superadiatic protocols the
wavefunction follows precisely the instantaneous adia-
batic eigenvalues of the Hamiltonian of Eq. (1), so that
the above probability becomes

Pdiab(⇤) =
⇧2(⇤)/2

�2(⇤) + ⇧2(⇤) + �(⇤)
⌃

�2(⇤) + ⇧2(⇤)
. (4)

C. Quantum speed limit

The quantum speed limit (QSL) protocol allows us to
take the system from the initial state to the final state,
with final fidelity Ffin = 1, in the shortest possible time
T . This lower bound is rooted in the Heisenberg uncer-
tainty principle [19–23]. For the case of constant ⇧, we
found that the protocol minimizing T is [27]

�(⇤) =

⇥
⇧⇧⇧⌅

⇧⇧⇧⇤

��0 for t = 0
�M for t ⌅ [0, t0]
0 for t ⌅ [t0, T � t0]
��M for t ⌅ [T � t0, 1]
+�0 for t = T ,

(5)

where �M and t0 are, respectively, asymptotically large
and small quantities which satisfy the condition �M t0 =
⇥/4.

This ‘composite pulse’ protocol, in close analogy to
composite pulses in NMR [9], represents half a Rabi oscil-
lation with frequency ⇧ and �=0, preceded and followed

FIG. 2: Time dependence of the control parameters for di⇤er-
ent protocols. In (a) �(⇤) for power law sweeps: red dotted
line � = 2, blue continuous line � = 3, green dot-dashed line
� = 4. In (b) �(⇤) for linear+sin sweeps: red dotted line
⇥ = 0.1, blue continuous line ⇥ = 0.2, green dot-dashed line
⇥ = 0.4. The black dashed line corresponds to the linear LZ
sweep.

by two short pulses (in theory delta-functions) with a
pulse area of ⇥/4. The transfer time T associated with
the |⇥ini⌃ to |⇥fin⌃ transfer through the above protocol is

T = 2t0 +
arccos |⇧⇥fin|⇥ini⌃|

⇧
. (6)

A Rabi rotation of an angle ⇥ corresponds to a time
T⇥ = ⇥/⇧, and in fact in the limit of t0 ⇤ 0, the above
time coincides with T⇥. For ⇧ values up to 1, the T⇥

dependence on ⇧ matches the lower continuous line of
Fig. 10. At larger ⇧ values, |⌅g(⇤ = 0)⌃ di⇤ers from |0⌃,
and the initial tilting angle � = ⇧/�0 of the Bloch vector
leads to a required Rabi rotation smaller than ⇥.

III. GENERALIZED LZ SWEEPS

We begin our investigation of the dynamics of generic
two-level systems starting from the simplest possible gen-
eralizations of the LZ scenario. In this Section we keep
the coupling ⇧ constant and study deviations of �(t) from
the linear dependence assumed in the original LZ prob-
lem. We introduce nonlinear sweeps in two ways: by
making the functional form of �(⇤) follow some power
law in ⇤ and by adding a small nonlinear contribution to
the original linear sweep.

A. Power laws

The first scheme leads to sweeps of the following form
satisfying the boundary conditions �(0) = �2 and �(1) =
2:

�(⇤) =

�
�2�+1(1/2�⇤)� for 0 ⇥ ⇤ ⇥ 1/2
2�+1(⇤�1/2)� for 1/2 ⇥ ⇤ ⇥ 1 ,

(7)

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

∆(t) = −δ0 cos(πt/T )

Ω −→ (1 + β)Ω

[H(0), I(0)] = [H(T ), I(T )] = 0

[H(T ), I(T )] = 0

θ̇(0) = 0 θ̇(T ) = 0

Ω(0) = 0 Ω(T ) = 0

ΩR = γ̇ cos α sin θ − θ̇ sin α

ΩI = γ̇ sin α sin θ + θ̇ cos α

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

∆(t) = −δ0 cos(πt/T )

Ω −→ (1 + β)Ω

[H(0), I(0)] = [H(T ), I(T )] = 0

[H(T ), I(T )] = 0

θ̇(0) = 0 θ̇(T ) = 0

Ω(0) = 0 Ω(T ) = 0

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

∆(t) = −δ0 cos(πt/T )

Ω −→ (1 + β)Ω

[H(0), I(0)] = [H(T ), I(T )] = 0

[H(T ), I(T )] = 0

θ̇(0) = 0 θ̇(T ) = 0

Ω(0) = 0 Ω(T ) = 0

Système	  à	  2	  niveaux	  =	  deux	  bandes	  de	  Bloch	  
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L’ar8cle	  de	  Lewis-‐Riesenfeld	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

Cet	  ar8cle	  établit	  une	  rela8on	  entre	  les	  solu8ons	  l’équa8on	  de	  

Schrödinger	  pour	  un	  hamiltonien	  dépendant	  du	  temps	  

et	  les	  états	  propres	  des	  invariants	  dynamiques	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉 constante	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ] = 0

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉

(λp − λn)〈φp|

(

ih̄
∂|φn(t)〉

∂t
− H(t)|φn(t)〉

)

= 0

p = n

H.	  R.	  Lewis	  &	  W.	  B.	  Riesenfeld.	  J.	  Math.	  Phys.	  10	  1459	  (1969)	  



Les	  invariants	  dynamiques	  (théorie	  de	  Lewis-‐Riesenfeld)	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t) réel	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn Indept	  du	  H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

Ques8on	  :	  Est-‐ce	  que	  les	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  sont	  solu8ons	  de	  l’équa8on	  de	  Schrödinger	  ?	  	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)

λn(t) = λn

I(t) =
∑

n

|φn(t)〉λn〈φn(t)|

|ψ(t)〉

ih̄
∂|ψ(t)〉

∂t
= H(t)|ψ(t)〉

〈ψ(t)|I(t)|ψ(t)〉

(λp − λn)〈φp|

(

ih̄
∂|φn(t)〉

∂t
− H(t)|φn(t)〉

)

= 0

Indétermina8on	  pour	  	  

H(t) I(t) I†(t) = I(t)

dI

dt
=

∂I

∂t
+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)
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(

ih̄
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)

= 0

p = n

H(t) I(t) I†(t) = I(t)

dI

dt
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∂I
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ih̄
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Les	  invariants	  dynamiques	  (théorie	  de	  Lewis-‐Riesenfeld)	  

Ques8on	  :	  peut-‐on	  résoudre	  cefe	  indétermina8on	  ?	  

Transforma8on	  de	  jauge	  :	  introduc8on	  des	  modes	  dynamiques	  

|ψn(t)〉 = eiαn(t)|φn(t)〉

H(t) I(t) I†(t) = I(t)

dI

dt
=
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+

1

ih̄
[I,H ]

I(t)|φn(t)〉 = λn(t)|φn(t)〉, λn(t)
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ih̄
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= H(t)|ψ(t)〉
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ih̄
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〉
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n
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αn(t) =
1

h̄
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∣
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Phases	  de	  Lewis-‐Riesenfeld	  

Les	  coefficients	  de	  ce	  développement	  sont	  indépendants	  du	  temps	  !	  



Principe	  du	  «	  reverse	  engineering	  »	  

Objec8f	  :	  	  

en	  gardant	  les	  mêmes	  popula8ons	  dans	  les	  bases	  instantanées	  ini8ales	  et	  finales	  
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∣

∣

∣
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Exemples	  :	  

[I(0), H(0)] = 0

[I(tf ), H(tf )] = 0

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

"B(t) = B0(t) "̂S(t) +
1

γ
"̂S(t) × ∂t "̂S(t)

ΩR = Ω0sech(πt/2t0)
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On	  cherche	  l’opérateur	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  qui	  vérifie	  
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−
i
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Cefe	  rela8on	  de	  commuta8on	  assure	  que	  si	  l’état	  ini8al	  est	  un	  état	  propre	  
(par	  exemple	  le	  fondamental)	  de	  H(0),	  l’état	  final	  sera	  le	  «	  même	  »	  état	  	  
propre	  mais	  de	  H(tf)	  à	  une	  phase	  globale	  près.	  	  	  



Applica8on	  au	  transport	  
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Conséquence	  de	  la	  rela8on	  de	  commuta8on	  
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Applica8on	  au	  transport	  

Il	  existe	  une	  infinité	  de	  possibilités.	  Exemple	  de	  l’interpola8on	  polynomiale	  	  
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Applica8on	  au	  système	  à	  deux	  niveaux	  
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Figure 4. Excitation probability P2 versus systematic-error parameter ⇥: zero
systematic-error sensitivity (ZSS)-optimal protocol (blue, dashed-dotted line),
transitionless protocol (red, solid line) and MNS-optimal protocol (green, dashed
line). Additional parameters for the transitionless protocol are provided in
figure 1.

5.2. Example of a transitionless shortcut

We again look at the example of a transitionless shortcut based on the sinusoidal model which
was examined in subsection 4.2. An example of the excitation probability versus systematic
noise ⇥ is shown in figure 4 (red solid line). The transitionless shortcut based on the sinusoidal
model is more stable concerning systematic errors than any ⇧ pulse.

Figure 5 shows the systematic-error sensitivity for the transitionless-based protocol for
different values of ⌅0 and 0. Again, the protocol takes as a reference the sinusoidal model (22).
Note that the systematic-error sensitivity qS for any ⇧ pulse corresponds to the upper x–y plane
in this figure. This means that for all the parameters shown, the transitionless shortcut is less
sensitive (i.e. more stable) concerning systematic errors than any ⇧ pulse.

5.3. Optimal scheme

To find an optimal scheme we shall use the invariant-based technique. The pure state |⌃(t)⌅
can be parameterized as in (8). Let ⌥(t),�(t) and ⇤ (t) be given. The boundary values should
be ⌥(0) = 0 and ⌥(T ) = ⇧ . We get the functions in the Hamiltonian leading to this solution
from (11)–(13). Using (9) for the solution orthogonal to (8), i.e. ⇤⌃⇥|⌃⌅ = 0 for all times, the
expression for the systematic error sensitivity is now

qS =
⇤⇤⇤⇤
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0
dt⇤�⇥(t)|H1(t)/h̄|⌃(t)⌅
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Les propriétés spectrales sont en général “inaccessibles”, mais la méthode RDB 
peut être retrouvée ici différemment  

Ansatz en loi d’échelle 
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Bose-Einstein condensates reported by Schaff et al., where
a magnetic confinement was used [14,15].

In the following, we shall illustrate the usefulness of this
new formulation of the counterdiabatic driving by engineer-
ing a shortcut to adiabaticity in systems where the design
based on Eq. (3) is not applicable. This is the case for the
effective nonlinear dynamics of Bose-Einstein condensates,
which precludes the application of the superposition princi-

ple, exploited to derive the form of Ĥ CD in Eq. (3).Within a
mean-field description, the time-dependent Gross-Pitaevskii
equation

i@@t!ðq; tÞ ¼
!
$ @2
2m

"q þ
1

2
m!2ðtÞq2 þUðq; tÞ

þ gDj!ðq; tÞj2
"
!ðq; tÞ (26)

rules the dynamics of !ðq; tÞ, the normalized condensate
wave function. For a self-similar dynamics of the form
!ðq; tÞ ¼ !$D=2 exp½$i"#ðtÞ=@'!ðq=!; t ¼ 0Þ, the non-

local auxiliary term Ĥ 0
1 ¼ $i @ _!

2! ðq@q þ @qqÞ is required.
Alternatively,#ðtÞ ¼ expði mjqj2 _!

2!@ Þ!ðq; tÞ satisfies the time-

dependent Gross-Pitaevskii equation, provided that #ðtÞ,
!ðtÞ, and $2ðtÞ are given by Eqs. (12), (13), and (22),
respectively, and that gDðtÞ ¼ gDð0Þ!D$2. #ðtÞ differs
from the previous scaling laws reported for Bose-Einstein
condensates [35] in that the scaling factor !ðtÞ follows the
adiabatic trajectory. Note, however, that the same protocol
holds exactly beyond the mean field; that is, it induces the
time evolution of the many-body wave function according to
Eq. (23) for the microscopic model in Eq. (20) with the
Fermi-Huang pseudopotential [VðqÞ ¼ g$ðqÞdjqjðjqj(Þ].
Many experiments are performed in the Thomas-Fermi
(TF) regime, where the mean-field energy dominates over
the kinetic energy contribution and the term with the
Laplacian can be dropped. Remarkably, it is then possible
to find an exact counterdiabatic driving protocol without

tuning the interaction strength, so that gðtÞ ¼ gð0Þ, in any
dimension D. Redefining #ðtÞ ¼ R

t !ðt0Þ$Ddt0, it is found
that the counterdiabatic frequency takes the form

$2
TFðtÞ ¼

!2
0

!Dþ2 $
€!

!
; (27)

which results in

$2
TFðtÞ ¼ !0!ðtÞ

!
!ðtÞ
!0

"
D=2

$ 3

4

!
_!ðtÞ
!ðtÞ

"
2
þ 1

2

€!ðtÞ
!ðtÞ : (28)

If no auxiliary term is to be present at the beginning and
end of the process, !ðtÞ has to satisfy the boundary condi-
tions in Eq. (24), as it is the case for the polynomial ansatz in
Eq. (25). Implementation of the driving frequency$TFðtÞ in
the laboratory (e.g., as in Ref. [15]) would induce a fast
motion video of the adiabatic dynamics of the condensed
gas. Using the recently developed nondestructive Faraday
imaging, it would even be possible to track the evolution of
the cloud and to measure !ðtÞ in a single experimental
realization [36]. This would constitute a remarkable demon-
stration of the shortcuts proposed here.
It should be clear that our results are directly applicable

to other self-similar evolutions, in the absence of a har-

monic trap in Ĥ [i.e., with !ðtÞ ¼ 0], as it is the case for
the dynamics in time-dependent power-law potentials
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2
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m

€&

&
q2; (29)
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FIG. 1 (color online). Shortcut to adiabaticity by counterdia-
batic driving. The time-dependent frequency !ðtÞ (solid line) in
Eq. (25) does not suffice to fulfill adiabaticity in a finite time tF.
The necessary counterdiabatic driving of the trap frequency$ðtÞ
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of the additional phase of the WF, so that a target state is obtained in a shorter time. We first present a general
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of a WF in two-dimensional !2D" free space. Then the framework of the fast-forward is extended to macro-
scopic quantum mechanics described by the nonlinear Schrödinger equation. We show the fast-forward of !i"
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soliton both in free space and through a potential barrier !: macroscopic quantum tunneling".
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I. INTRODUCTION

Speed is a very important factor for human beings. Manu-
facturing products !e.g., TVs, cars, plants, etc." and moving
materials from one place to another place in a shorter time
are of fundamental interest, and the pursuit of speed has been
developing technologies in various fields. In 1990, Eigler
and Schweizer #1$ demonstrated positioning single atoms us-
ing a scanning tunneling microscope. They moved individual
xenon atoms and constructed a patterned array of these at-
oms on the nickel surface. They showed the possibility for
the ultimate in device miniaturization. However, if we try to
fabricate massive amounts of such nanoscale structures for
manufacturing purposes, we should fast-forward the dynam-
ics of each atom or its wave function !WF" to speed up the
fabrication. Then it is an important attempt to investigate, in
both quantum mechanics and macroscopic quantum mechan-
ics, fast-forward problems such as, “Is it possible to obtain,
in a shorter time, the same state as obtained in a standard
time?” or “How can we speed up the motion of the WF?” In
this paper, we define the word “fast-forward” as making a
state reach its future state, i.e., a target state, in a shorter time
than the standard one. Our goal is to accelerate the standard
state "0 and obtain the target state in any desired short time.
The theory is confined to the nonrelativistic region. The
theory of the fast-forward is different from the so-called
quantum optimal control theory !QOCT" #2$ which attempts
to realize the target state when an initial and a target state are
given without a particular underlying standard dynamics.
While QOCT requires a lot of iterative procedures to deter-
mine the driving field together with the appropriate Lagrange
multiplier, our theory does not need such procedures and
there is no arbitrariness in the choice of the initial driving
field.

We first propose a general framework to derive the suit-
able driving potential, to fast-forward the dynamics of a

single-particle WF in quantum mechanics. Then the frame-
work is extended to a macroscopic WF in Bose-Einstein con-
densates !BEC" in the presence of the moving-trapping po-
tential. Finally the theory is applied to the propagation of a
soliton both in free space and through a potential barrier.

II. FAST-FORWARD IN QUANTUM MECHANICS:
GENERAL FRAMEWORK

Suppose that "0!x , t" is a known function of space !x"
and time !t" and is called a standard state. Let "#!x , t" be a
fast-forwarded state of "0!x , t" by # times, i.e.,

%"#!t"& = %"0!#t"& , !1"

where # is a time-independent magnification factor of the
fast-forward. The time-evolution of the WF is speeded up for
#$1 and slowed down for 0%#%1 like slow-motion. A
rewind can occur for #%0, and the WF pauses when #=0.

In general, the magnification factor can be time-dependent
#=#!t". The time evolution of a WF is accelerated and de-
celerated when #!t" is increasing and decreasing, respec-
tively. In this case, the fast-forwarded state is defined as

%"#!t"& = %"0„&!t"…& , !2"

where

&!t" = '
0

t

#!t!"dt!. !3"

Based on a simple scaling of the Schrödinger equation:

i'
d

dt
%"0!t"& = Ĥ0%"0!t"& , !4"

with

Ĥ0 =
p̂2

2m0
+ V̂0!x̂,t" , !5"

the simplest way to generate %"#!t"& would be to make the
mass !m0" of the particle 1 /#!t" times and magnify the po-
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%"0!t"& = Ĥ0%"0!t"& , !4"

with
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tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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than the standard one. Our goal is to accelerate the standard
state "0 and obtain the target state in any desired short time.
The theory is confined to the nonrelativistic region. The
theory of the fast-forward is different from the so-called
quantum optimal control theory !QOCT" #2$ which attempts
to realize the target state when an initial and a target state are
given without a particular underlying standard dynamics.
While QOCT requires a lot of iterative procedures to deter-
mine the driving field together with the appropriate Lagrange
multiplier, our theory does not need such procedures and
there is no arbitrariness in the choice of the initial driving
field.

We first propose a general framework to derive the suit-
able driving potential, to fast-forward the dynamics of a

single-particle WF in quantum mechanics. Then the frame-
work is extended to a macroscopic WF in Bose-Einstein con-
densates !BEC" in the presence of the moving-trapping po-
tential. Finally the theory is applied to the propagation of a
soliton both in free space and through a potential barrier.

II. FAST-FORWARD IN QUANTUM MECHANICS:
GENERAL FRAMEWORK

Suppose that "0!x , t" is a known function of space !x"
and time !t" and is called a standard state. Let "#!x , t" be a
fast-forwarded state of "0!x , t" by # times, i.e.,

%"#!t"& = %"0!#t"& , !1"

where # is a time-independent magnification factor of the
fast-forward. The time-evolution of the WF is speeded up for
#$1 and slowed down for 0%#%1 like slow-motion. A
rewind can occur for #%0, and the WF pauses when #=0.

In general, the magnification factor can be time-dependent
#=#!t". The time evolution of a WF is accelerated and de-
celerated when #!t" is increasing and decreasing, respec-
tively. In this case, the fast-forwarded state is defined as

%"#!t"& = %"0„&!t"…& , !2"

where

&!t" = '
0

t

#!t!"dt!. !3"

Based on a simple scaling of the Schrödinger equation:

i'
d

dt
%"0!t"& = Ĥ0%"0!t"& , !4"

with

Ĥ0 =
p̂2

2m0
+ V̂0!x̂,t" , !5"

the simplest way to generate %"#!t"& would be to make the
mass !m0" of the particle 1 /#!t" times and magnify the po-
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tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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mass in ĤFF in Eq. !8" is the same as that in Ĥ0.
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We show the way to speed up the time evolution of a wave function !WF", i.e., to fast-forward the WF in
microscopic and macroscopic quantum mechanics, by controlling the driving potential with resultant regulation
of the additional phase of the WF, so that a target state is obtained in a shorter time. We first present a general
framework of the fast-forwarding of a WF in quantum mechanics and provide an example of the fast-forward
of a WF in two-dimensional !2D" free space. Then the framework of the fast-forward is extended to macro-
scopic quantum mechanics described by the nonlinear Schrödinger equation. We show the fast-forward of !i"
transport of Bose-Einstein condensates trapped by a moving 2D harmonic potential and !ii" propagation of a
soliton both in free space and through a potential barrier !: macroscopic quantum tunneling".
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I. INTRODUCTION

Speed is a very important factor for human beings. Manu-
facturing products !e.g., TVs, cars, plants, etc." and moving
materials from one place to another place in a shorter time
are of fundamental interest, and the pursuit of speed has been
developing technologies in various fields. In 1990, Eigler
and Schweizer #1$ demonstrated positioning single atoms us-
ing a scanning tunneling microscope. They moved individual
xenon atoms and constructed a patterned array of these at-
oms on the nickel surface. They showed the possibility for
the ultimate in device miniaturization. However, if we try to
fabricate massive amounts of such nanoscale structures for
manufacturing purposes, we should fast-forward the dynam-
ics of each atom or its wave function !WF" to speed up the
fabrication. Then it is an important attempt to investigate, in
both quantum mechanics and macroscopic quantum mechan-
ics, fast-forward problems such as, “Is it possible to obtain,
in a shorter time, the same state as obtained in a standard
time?” or “How can we speed up the motion of the WF?” In
this paper, we define the word “fast-forward” as making a
state reach its future state, i.e., a target state, in a shorter time
than the standard one. Our goal is to accelerate the standard
state "0 and obtain the target state in any desired short time.
The theory is confined to the nonrelativistic region. The
theory of the fast-forward is different from the so-called
quantum optimal control theory !QOCT" #2$ which attempts
to realize the target state when an initial and a target state are
given without a particular underlying standard dynamics.
While QOCT requires a lot of iterative procedures to deter-
mine the driving field together with the appropriate Lagrange
multiplier, our theory does not need such procedures and
there is no arbitrariness in the choice of the initial driving
field.

We first propose a general framework to derive the suit-
able driving potential, to fast-forward the dynamics of a

single-particle WF in quantum mechanics. Then the frame-
work is extended to a macroscopic WF in Bose-Einstein con-
densates !BEC" in the presence of the moving-trapping po-
tential. Finally the theory is applied to the propagation of a
soliton both in free space and through a potential barrier.

II. FAST-FORWARD IN QUANTUM MECHANICS:
GENERAL FRAMEWORK

Suppose that "0!x , t" is a known function of space !x"
and time !t" and is called a standard state. Let "#!x , t" be a
fast-forwarded state of "0!x , t" by # times, i.e.,

%"#!t"& = %"0!#t"& , !1"

where # is a time-independent magnification factor of the
fast-forward. The time-evolution of the WF is speeded up for
#$1 and slowed down for 0%#%1 like slow-motion. A
rewind can occur for #%0, and the WF pauses when #=0.

In general, the magnification factor can be time-dependent
#=#!t". The time evolution of a WF is accelerated and de-
celerated when #!t" is increasing and decreasing, respec-
tively. In this case, the fast-forwarded state is defined as

%"#!t"& = %"0„&!t"…& , !2"

where

&!t" = '
0

t

#!t!"dt!. !3"

Based on a simple scaling of the Schrödinger equation:

i'
d

dt
%"0!t"& = Ĥ0%"0!t"& , !4"

with

Ĥ0 =
p̂2

2m0
+ V̂0!x̂,t" , !5"

the simplest way to generate %"#!t"& would be to make the
mass !m0" of the particle 1 /#!t" times and magnify the po-
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tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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Problème	  	  

Solu8on	  	  

tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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phase	  	  

tential !V0" !!t" times. However, #"!!t"$ is a virtually fast-
forwarded state, since changing the mass is not realistic at
all. We then show the way to fast-forward the WF without
changing the mass, and realize naturally a target state in a
less amount of time.

Our mechanism for the fast-forward consists of the two
steps: !i" finding the driving potential VFF together with an
additional phase f!x , t" of the WF; !ii" acceleration and de-
celeration of WF due to the time-dependent magnification
factor !!t". The phase f!x , t" is introduced to make the driv-
ing potential VFF real. While the first step !i" enables the
fast-forward of only the amplitude of the WF, the second step
!ii" makes the fast-forward exact, that is, f!x , t" vanishes at
the final time of the fast-forward if we suitably choose the
factor !!t". Below, the fast-forward through the two steps
will be explained.

A. Fast-forward of amplitude of wave functions

It is not possible to make #"!$ itself by controlling the
potential because the potential to generate "! in Eq. !2" is
complex in general !see the Appendix". The problem will be
resolved by introducing the additional phase factor. We shall
first explore the fast-forward of the amplitude of a WF. Let
#"FF$ be a realistic fast-forwarded state, which is defined
with use of "! multiplied by the additional phase factor
eif!x,t" as

%x#"FF!t"$ = exp&if!x,t"'%x#"!!t"$ . !6"

"FF is not the exact fast-forwarded state, but its amplitude is
certainly a fast-forwarded one of "0.

The Hamiltonians operating on #"!$ and #"FF$ are, re-
spectively, given as

Ĥ! =
p̂2

2m!
+ V̂!!x̂,t" , !7"

ĤFF =
p̂2

2m0
+ V̂FF!x̂,t" , !8"

where m! and V̂!, which correspond to "!, are defined with
use of !!t" as

m! = m0/!!t" , !9a"

V̂!!x̂,t" = !!t"V̂0„x̂,#!t"… . !9b"

V̂FF is the driving potential to generate #"FF$. Note that the
mass in ĤFF in Eq. !8" is the same as that in Ĥ0.

At a later time t+$t, the left and right sides of Eq. !6" are,
respectively, written as

%x#"FF!t + $t"$ ( %x#1 −
i

%
$tĤFF#"FF!t"$

= eif!t"%x#"!!t"$ −
i

%
$t)−

%2

2m0
!2

&!eif!t"%x#"!!t"$" + VFFeif!t"%x#"!!t"$* ,

!10a"

and

eif!t+$t"%x#"!!t + $t"$

( exp)i+ f!t" +
"f

"t
$t,*%x#1 −

i

%
$tĤ!#"!!t"$

= )%x#"!!t"$ + i
"f

"t
$t%x#"!!t"$

−
i

%
$t-−

%2

2m!
!2%x#"!!t"$ + V!%x#"!!t"$.*eif!t".

!10b"

Substituting Eqs. !10a" and !10b" into the identity in Eq. !6"
with t→ t+$t, we have

%
"f

"t
"! = w!2"! + !V! − VFF""! + '&i!!2f""!

+ 2i ! f · !"! − !!f"2"!' , !11"

with

w = −
%2

2m0
&!!t" − 1' , !12a"

' =
%2

2m0
. !12b"

Then, let us rewrite Eq. !11" by decomposing it into its real
and imaginary parts:

%
"f

"t
b1 = wa1 + !V! − VFF"b1 + '&− 2 ! f · c2 − !!f"2b1

− !!2f"b2' , !13a"

%
"f

"t
b2 = wa2 + !V! − VFF"b2 + '&2 ! f · c1 − !!f"2b2

+ !!2f"b1' , !13b"

where a1,2 and b1,2 are real scalar functions, and c1,2 are real
vector functions defined by

a1 + ia2 = !2"!!x,t" , !14a"

b1 + ib2 = "!!x,t" , !14b"

c1 + ic2 = !"!!x,t" . !14c"

Eliminating V!−VFF−% "f
"t between Eqs. !13a" and !13b", we

have
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Applica8on	  :	  problème	  du	  transport,	  on	  retrouve	  la	  Stratégie	  2	  

On	  façonne	  ici	  un	  poten8el	  par	  rapport	  à	  une	  évolu8on	  connue	  

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

∆(t) = −δ0 cos(πt/T )

Ω −→ (1 + β)Ω

Shumpei	  Masuda	  and	  Katsuhiro	  Nakamura	  PRA	  78,	  062108	  (2008)	  



Sépara8on	  d’une	  fonc8on	  d’onde	  en	  deux	  (1)	  

[I(0), H(0)] = 0

[I(tf ), H(tf )] = 0

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

"B(t) = B0(t) "̂S(t) +
1

γ
"̂S(t) × ∂t "̂S(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

[I(0), H(0)] = 0

[I(tf ), H(tf )] = 0

H0(t) = γ "B0(t) · "̂S

H(t) = H0(t) + H1(t) = γ "B(t) · "̂S

"b0(t) =
"B0(t)

|| "B0(t)||
"B0(t)

"B(t) = "B0(t) +
1

γ
"b0(t) × ∂t"b0(t)

"B(t) = B0(t) "̂S(t) +
1

γ
"̂S(t) × ∂t "̂S(t)

ΩR = Ω0sech(πt/2t0)

∆ = (2β2t0/π) tanh(πt/2t0)

Nous	  n’avons	  pas	  trouvé	  de	  méthodes	  pour	  	  
construire	  un	  invariant	  dynamique	  tel	  que	  

postule	  

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx
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r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
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4
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1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

ΩI = 0

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

U(x, t) = V0(t) cos (2πx/d + φ(t))

ΩR = Ω0 sin(πt/T )

Sépara8on	  d’une	  fonc8on	  d’onde	  en	  deux	  (2)	  

interpola8on	  

φ(x, t)

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0
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3

4

[

ω̇(t)

ω(t)
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+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

φ(x, t)

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx

H ′(t) = Γ′(t)σz + ω′(t)σx

V (x, t)

φ(x, t)

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

H(t) = Γ(t)σz + ω(t)σx



1-‐	  Méthode	  Rice	  –	  Demirplak	  –	  Berry	  (counteradiaba8c	  protocol/	  transi8onless	  
	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  tracking	  algorithm)	  

2-‐	  La	  méthode	  des	  invariants	  de	  Lewis-‐Riesenfeld	  (reverse	  engineering)	  

3-‐	  Façonnage	  rapide	  par	  an8cipa8on	  (Fast	  Forward	  method)	  

4-‐	  Court	  circuiter	  l’adiaba8cité	  mécanique	  et	  thermodynamique	  

PLAN	  DE	  L’EXPOSE	  



Critère	  d’évoluYon	  lente : 

L’ac8on	  mécanique	  reste	  constante	  au	  cours	  de	  	  
l’évolu8on	  lente	  de	  la	  fréquence	  angulaire	  

Formalisa6on	  de	  RDB	  pour	  une	  par6cule	  en	  physique	  classique:	  Jarzynski	  PRA	  88	  040101	  (2013)	  



AdiabaYcité	  thermodynamique	  :	  	  

conserva8on	  du	  rapport	  

dans	  une	  transforma8on	  adiaba8que	  



Question à laquelle nous souhaiterions répondre 

Est-il possible de court-circuiter le critère d’adiabaticité thermodynamique 

quelque soit le régime collisionnel i.e. quelque soient les valeurs relatives de            et 

pour une transformation qui relie deux états d’équilibre caractérisés par  

                    et                       avec la relation que nous aurions pour une transformation  

adiabatique à savoir                                        ? 

Une	  image	  simple	  de	  l’adiaba8cité	  

DGO	  et	  al.,	  PRL	  112,	  180602	  (2014)	  



Intégrale	  de	  collision	  classique	  

Intégrale	  de	  collision	  quan8que	  dans	  la	  limite	  semi-‐classique	  

[f (1′)f (2′)(1 ± f (1))(1 ± f (2))

−f (1)f (2)(1 ± f (1′))(1 ± f (2′))]

V (x, t)

φ(x, t)

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)

[f (1′)f (2′)(1 ± f (1))(1 ± f (2))

−f (1)f (2)(1 ± f (1′))(1 ± f (2′))]

V (x, t)

φ(x, t)

V (x, t) = Ṽ (r, ṙ, ∂xr, ∂xxr, φ̇, ∂xφ, ∂xxφ)

r(x, t) = N (t)
[

(1 − f (t))r(x, 0) + f (t)r(x, tf )
]

r(x, 0) = e−β2x2/2

r(x, tf ) = e−β2(x−a)2/2 + e−β2(x+a)2/2

V̂FF[α, Ψα, f ]

ω(0) = ω0, ω̇(0) = 0, ω̈(0) = 0

ω(tF ) = ωF , ω̇(tF ) = 0, ω̈(tF ) = 0

ω2(t) → Ω2(t) = ω2(t) −
3

4

[

ω̇(t)

ω(t)

]2

+
1

2

ω̈(t)

ω(t)



pas	  de	  relaxa8on	  !	  

Il	  repose	  sur	  la	  conserva8on	  du	  nombre	  de	  par8cules,	  de	  l’énergie	  et	  de	  l’impulsion	  

Corréla8ons	  
posi8on-‐vitesse	  

On	  cherche	  une	  solu8on	  dans	  le	  noyau	  de	  l’intégrale	  de	  collisions	  

Par	  exemple	  dans	  le	  cas	  de	  l’équa8on	  de	  Boltzmann	  classique,	  l’ansatz	  suivant	  est	  solu8on	  

où	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  sont	  des	  paramètres	  dépendant	  du	  temps	  



En	  effet,	  si	  on	  «	  injecte	  »	  cet	  ansatz	  dans	  l’équa8on	  de	  Boltzmann,	  les	  paramètres	  obéissent	  	  

au	  système	  d’équa8ons	  couplées	  suivant	  

Le	  facteur	  de	  normalisa8on	  de	  la	  distribu8on	  dans	  l’espace	  des	  phases	  est	  une	  fonc8on	  

de	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  quan8té	  dont	  on	  démontre	  à	  par8r	  du	  système	  d’équa8ons	  	  

Précédent	  simplement	  qu’elle	  est	  constante.	  



Si	  on	  impose	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  on	  trouve	  que	  le	  rayon	  quadra8que	  moyen	  

oscille	  à	  deux	  fois	  la	  fréquence	  angulaire	  de	  piégeage	  quel	  que	  soit	  	  

le	  taux	  de	  collisions	  élas8ques	  

Ce mode ne peut jamais s’amortir !  

Cette propriété repose sur les lois de conservation. 

Elle peut être généralisée à tous les potentiels de confinement de la forme 

U(r) ∝

(

r2 +
b

r2

)

qc(t)

d
= 10

(

t

tf

)3

− 15

(

t

tf

)4

+ 6

(

t

tf

)5

qc(0) = x0(0) = 0 , q̇c(0) = 0 , q̈c(0) = 0

qc(tf ) = x0(tf ) = d , q̇c(tf ) = 0 , q̈c(tf ) = 0

H(t) =
p2

2m
+

1

2
mω2(t)q2 −F (t)q + U(q −α(t))

q̈c + ω2(qc − x0(t)) = 0

I(t) =
(p − mq̇c)2

2m
+

1

2
mω2(q − qc)

2

[I(0), H(0)] = 0

[I(tf ), H(tf )] = 0

H0(t) = γ $B0(t) · $̂S

H(t) = H0(t) + H1(t) = γ $B(t) · $̂S



Les	  trois	  équa8ons	  couplées	  	  
du	  premier	  ordre,	  	  

conduisent	  à	  une	  équa8on	  	  
du	  troisième	  ordre	  pour	  	  

Pour	  une	  varia8on	  lente	  de	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  le	  terme	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  peut	  être	  négligé	  

Sous	  cefe	  hypothèse	  on	  retrouve	  le	  résultat	  de	  l’évolu8on	  adiaba8que	  

où	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  joue	  le	  rôle	  d’une	  température	  effec8ve	  



avec	  



Nous	  souhaitons	  effectuer	  la	  transforma8on	  en	  un	  temps	  

Introduisons	  la	  variable	  de	  temps	  réduite	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  ces	  condi8ons	  aux	  limites	  sont	  réalisées	  

par	  exemple	  grâce	  à	  une	  interpola8on	  polynomiale	  



frequency correspondingly. In the absence of elastic colli-
sions, an adiabatic change of the strength of confinement
obeys the criterion j _ωj ≪ ω2, that results from the invariance
of the one-particle action [28], and E=ω, where E is the total
mechanical energy, remains constant. If elastic collisions are
at work, the thermodynamical adiabaticity criterion reads
j _ωj=ω ≪ τ−1relax, where τrelax is the relaxation time needed for
the gas to recover equilibrium. Under this condition, the
population of each single state remains constant as a function
of time, and, therefore, the quantity T=ω remains constant.
The relaxation time depends on the relative value between the
mean free time τ and the oscillation period 2π=ω [29,30].
Such an adiabatic evolution can be here easily recovered

from Eq. (9b) by dropping the β
…

term, which yields
βðtÞωðtÞ ¼ βð0Þωð0Þ. For this slow evolution, the
position-velocity correlation scaling function γ vanishes
(again, up to a possible rigid rotation). As demonstrated
below, the previously found solutions enable us to general-
ize the concept of shortcut to adiabaticity (STA) for
expansions and compressions of a classical gas in a
potential of the form (9a). Fast harmonic trap expansions
without final excitation were designed for single quantum
particles using Lewis-Riesenfeld invariants [16], and for
Bose-Einstein condensates using a self-similar ansatz [31].
These expansions have been already successfully imple-
mented with noninteracting thermal atoms and for Bose-
Einstein condensates in the Thomas-Fermi regime [32,33].
A remarkable feature of the protocol proposed here for

the classical gas is that we can relate two equilibrium states
whatever the relaxation time of the system is. Let us label
the initial and final states by i and f, respectively: βi;f ¼
1=ð2kBTi;fÞ and γi;f ¼ 0. We assume that these states can
be related by an adiabatic transformation so that
Ti=ωi ¼ Tf=ωf. To shape the time dependence of the trap
strength and go from one state to the other in an arbitrary
time duration tf, we search for a polynomial form of
βðtÞ that obeys the boundary conditions [34] βð0Þ ¼ βi,
_βð0Þ ¼ 0, β̈ð0Þ ¼ 0, β

…
ð0Þ ¼ 0, βðtfÞ ¼ βf, _βðtfÞ ¼ 0,

β̈ðtfÞ ¼ 0, and β
…
ðtfÞ ¼ 0. We find,

βðsÞ ¼ ðβf − βiÞð−20s7 þ 70s6 − 84s5 þ 35s4Þ þ βi; (10)

with s ¼ t=tf, that varies monotonically from βi to βf.
Once βðtÞ is known, a first order equation on ω2 [see
Eq. (9b)] remains to be solved with the boundary condition
ω2ð0Þ ¼ ω2

i . From Eq. (9b), we can deduce more on
matching conditions: _ωð0Þ ¼ _ωðtfÞ ¼ 0. Self-consistency
also implies that ωðtfÞ ¼ ωf [34]. During the evolution,
the ratio T=ω departs from its initial and final values,
measuring the deviation from adiabaticity.
As an example, consider a decompression (ωf=ωi < 1).

On short time scales, a nonmonotonic variation of ωðtÞ is
required to fulfill the boundary conditions. This occurs
with our ansatz for tf < 5.904=ωi, when ωf=ωi ¼ 1=5.
Furthermore, there exists generically a critical time τ0 for

the process duration tf below which ω2ðtÞ is negative
during some time interval (i.e., the potential becomes
transiently expulsive, in order to speed up the trans-
formation). For our ansatz and boundary conditions
(ωf=ωi ¼ 1=5), τ0 ≃ 3.983=ωi. Figure 1 shows the
inverse engineered angular frequency, ωðtÞ, for the three
situations tf > τ0, tf ¼ τ0, and tf < τ0. In the case where
Tf > Ti (compression), a very similar phenomenology is
observed. In the slow, adiabatic limit tf → ∞, we recover
an evolution with T ∝ ω, as it should.
To gain more insight into the transient dynamics, it is

instructive to study the scaling properties of fðr; v; tÞ. It can
be noted that β−1=2 sets the relevant velocity scale and that
conversely β1=2 measures the pertinent length scale. The
fact that the product of both is in β0, time independent,
can be viewed as a by-product of angular momentum
conservation. Then, rescaling velocities with respect to the
local center-of-mass velocity [−γ=ð2βÞ, which is position
and time dependent], and defining

~v ¼
ffiffiffi
β

p
vþ γ

2
ffiffiffi
β

p ; ~r ¼ rffiffiffi
β

p ; (11)

FIG. 1. Inverse engineered trap angular frequency as a function of
time for a decompression Tf=Ti ¼ 1=5 ¼ βi=βf on three different
time scales tf (solid line) and the corresponding time evolution of
the effective temperature βi=βðsÞ (dashed line), where βðsÞ is given
by Eq. (10). As explained in the main text, above the critical value
tf > τ0 ≃ 3.983ω−1

i ω2 is always positive (confining potential),
whereas for tf < τ0, the trap should necessarily be expulsive
(ω2 < 0) in some intermediate time window. For the critical case
tf ¼ τ0, the square symbols display the temperature measured in
Monte Carlo simulations of a hard disk system, subject to the
confining time-dependent STA harmonic forcing in ωðtÞ. They are
in excellent agreement with the desired behavior embodied in
Eq. (10), and shown by the dashed line. A similar agreement with
Monte Carlo simulations is found for all transformation times tf.
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•  Lien	  entre	  RDB	  et	  méthode	  des	  invariants	  (PRA	  83,	  062116)	  
•  Combiner	  ces	  méthodes	  aves	  des	  méthodes	  d’op8misa8on	  	  (inclure	  d’autres	  contraintes	  

e.g.	  Contrainte	  coût	  énergé8que	  )	  
•  Formula8on	  algébrique	  (algèbres	  de	  Lie	  PRA	  89	  043408	  (2014))	  	  
•  Design	  de	  réseau	  photonique	  
•  Robustesse	  vis-‐à-‐vis	  des	  différents	  types	  de	  bruit	  (NJP	  14	  093040	  (2012),	  PRA	  88	  033406	  (2013))	  
•  Généralisa8on	  système	  à	  N	  niveaux	  
•  Problèmes	  à	  N	  corps	  (ex.	  spin	  squeezing	  dans	  les	  jonc8ons	  Josephson,	  PRA	  88	  043607)	  
•  Applica8on	  aux	  systèmes	  ouverts	  
•  Généra8on	  d’états	  non	  classiques	  (états	  intriqués,	  chats	  de	  Schrödinger	  …)	  

Boîte	  à	  ou8ls	  pour	  accélérer	  certaines	  transforma8ons	  en	  mécanique	  quan8que	  
et	  classique,	  pour	  certains	  problèmes	  à	  1	  corps	  et	  N	  corps	  
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Robustesse	  vis-‐à-‐vis	  d’une	  disparité	  des	  fréquences	  de	  Rabi	  Ω0	


B0	  

Ω0=γB0	   t0=π/Ω0	  

Manipula8on	  de	  spin	  ½	  par	  façonnage	  de	  champ	  magné8que	  

inversion	  de	  popula8on	  

Roos	  &	  Molmer,	  PRA	  69,	  022321	  (2004)	  


