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Géométrie algorithmique
Données, modèles, programmes

1 Modèles géométriques discrets
F. Cazals : Modèles géométriques pour la prédiction des interactions
macro-moléculaires
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A. de Mesmay : Dessin de graphes
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D. Feldman : Core sets

8 Géométrie des données
F. Chazal : Analyse topologique des données
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Analyse géométrique des données
Images, texte, voix, signaux neuronaux, traces GPS,...

Géométrisation : Données = points + distances entre points

Hypothèse : Les données ont une structure géométrique de
“petite” dimension intrinsèque

Problème : Inférer la structure à partir des données
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1 Modèles géométriques pour les données

Clusters

Variétés

2 Robustesse au bruit et analyse multi-échelle

Distance à la mesure

Analyse multi-échelle, filtration et persistance

3 Géométrie de l’information
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Modèles géométriques pour les données
Clusters et partitions des données

La détection d’amas
Algorithmes de groupement

Géométrie algorithmique Des données géométriques à la géométrie des données 70 / 81

16 Frédéric Chazal et al.

(a) (b)

Fig. 6 Earthquake data - (a) The distance functions d on each connected components. The value increases from cold to warm colors. (b) The
reconstructed ↵-Reeb graph.

#OP #OE #N #E GRT ODT ADT Mean Median
GPS traces 82541 313415 21644 21554 46.8 15.27 0.96 6.5% 5.3%
Earthquake 1600 26996 147 137 0.32 1.12 0.01 14.1% 12.5%

Table 1 #OP (#OE, #N, #E) stands for the number of original points (original edges, nodes, edges in ↵-Reeb graph). The graph reconstruction
time (GRT) is the total time of computing distance function and reconstructing the graph. The original (ODT), respectively approximate (ADT),
distance computation time shows the total time of computing these distances using the original, respectively reconstructed, graph. All times are
in seconds. The last two columns show the mean and median metric distortions.

7 Experiments

In this section, we illustrate the performances of our algorithm on three different data sets. The first data set was
obtained from USGS Earthquake Search [36]. It consists of earthquake epicenter locations collected, between
01/01/1970 and 01/01/2010 in the rectangular area between latitudes -75 degrees and 75 degrees and longitude -
170 degrees and 10 degrees with magnitude greater than 5.0. This raw earthquake data set contains the coordinates
of the epicenters of 12790 earthquakes that are mainly located around geological faults. We follow the procedure
described in [28] to remove outliers and randomly sampled 1600 landmarks. Finally, we computed a neighboring
graph from these landmarks with parameter 4. The length of an edge in this graph is the Euclidean distance between
its endpoints. For each connected component, we fix a root point and compute the graph distance function d to the
root point as shown in Figure 6(a). We also set ↵ = 4 and apply our algorithm to the above data to obtain the ↵-Reeb
graph. In general, the ↵-Reeb graph is an abstract metric graph. In this example, for the purpose of visualization, we
use the coordinates of the landmarks to embed the graph into the plane as follows. Recall that for a copy of interval
Ik representing the node V l

k in G̃, we split it into two by adding a point in the middle. We embed the endpoints of
the interval to the landmarks of the minimum and the maximum of the function d in V l

k , and the point in the middle
to the landmark of the median of the function d in V l

k . Figure 6(b) shows the embedding of the ↵-Reeb graph. Note
this embedding may introduce metric distortion, i.e., the Euclidean length of the edge may not reflect the length of
the corresponding edge in the ↵-Reeb graph.

The second data set is that of 500 GPS traces tagged “Moscow” from OpenStreetMap [37]. Since cars move on
roads, we expect the locations of cars to provide information about the metric graph structure of the Moscow road
network. We first selected a metric ✏-net on the raw GPS locations with ✏ = 0.0001 using furthest point sampling.
Then, we computed a neighboring graph from the samples with parameter 0.0004. Again for each connected
component, we fix a root point and compute the graph distance function d to the root point as shown in Figure 7(a).
Set ↵ also equals 0.0004 and compute the ↵-Reeb graph. Again, we use the same method as above to embed the
↵-Reeb graph into the plane, as shown in Figure 7(b).

To evaluate the quality of our ↵-Reeb graph for each data set, we computed both original pairwise distances,
and pairwise distances approximated from the constructed ↵-Reeb graph. For GPS traces, we randomly select 100
points as the data set is too big to compute all pairwise distances. We also evaluated the use of ↵-Reeb graph
to speed up distance computations by showing reductions in computation time. Only pairs of points in the same
connected component are included because we obtain zero error for the pairs of vertices that are not. Statistics for
the size of the reconstructed graph, error of approximate distances, and reduction in computation time are given in
Table 1.

The third data set we consider is also obtained from GPS traces. Roads are often split so that cars in different
directions run in different lanes. In particular, this is the true for highways. In addition, when two roads cross in
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41:4 F. Chazal et al.

Fig. 2. Our approach in a nutshell: (a) estimation of the underlying density function f at the data points;
(b) result of the basic graph-based hill-climbing step; (c) approximate PD showing two points far off the
diagonal corresponding to the two prominent peaks of f ; (d) final result obtained after merging the clusters
of non-prominent peaks.

of the obtained family of clusterings. While these techniques bear some connections
with ours, they are actually based on a different clustering paradigm that suffers from
its own limitations—see, for example, Section 14.3.12 in Hastie et al. [2009].

Our Method. Our clustering scheme, called ToMATo (Topological Mode Analysis
Tool), combines the original graph-based hill-climbing algorithm of Koontz et al. [1976]
with a cluster merging step guided by persistence. As illustrated in Figure 2(b), hill-
climbing is very sensitive to perturbations of the density function f that arise from a
density estimator f̃ . Computing the PD of f̃ enables us to quantify the prominences
of its peaks and, in favorable cases, to distinguish those that correspond to peaks of
the true density f from those that are inconsequential. In Figure 2(c), for instance,
we can see two points (pointed to by arrows) that are further from the diagonal than
the other points: these correspond to the two prominent peaks of f̃ (one of them is at
y = −∞, since the highest peak never dies). To obtain the final clustering, we merge
every cluster of prominence less than a given thresholding parameter τ into its parent
cluster in the persistence hierarchy. As shown in Figures 2(c) and 2(d), the PD gives us
a precise understanding of the relationship between the choice of τ and the number of
obtained clusters.

In practice, we run ToMATo twice: in the first run we set τ = +∞ to merge all
clusters and thus compute the PD; then, using the PD we choose a value for τ (which
amounts to selecting the number of clusters) and re-run the algorithm to obtain the
final result. The feedback provided by the PD proves invaluable in interpreting the
clustering results in many cases. Indeed, the PD gives a clear indication of whether or
not there is a natural number of clusters, and because it is a planar point cloud we can
understand its structure visually, regardless of the dimensionality of the input data.

ToMATo is highly generic and agnostic to the choice of distance, underlying graph,
and density estimator. Our theoretical guarantees make use of graphs that do not
require the geographic coordinates of the data points at hand (only pairwise distances
are used) nor estimates of the density at extra points. This makes the algorithm appli-
cable in very general settings. ToMATo is also highly efficient: in the worst case it has
an almost-linear running time in the size of the underlying graph, and only a linear
memory usage in the number of data points. Most often, we use Euclidean distances;
however, other metrics such as diffusion distances can be used. Indeed, the choice of
metric and density estimator define the space we study, while our algorithm gives the
structure of this space. Finally, ToMATo comes with a solid mathematical formulation.
We show that, given a finite sampling of an unknown space with pointwise estimates
of an unknown density function f , our algorithm computes a faithful approximation
of the PD of f . Under conditions of a sufficient signal-to-noise ratio in this PD, we can
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Clusters centrés

Définition : une partition des données en k clusters C = {C1, ...,Ck}
représentés par k « centres » c1, ..., ck

On peut chercher à optimiser différents critères :

k-centres : Φ(C) = maxk
j=1 maxpi∈Cj ‖pi − cj‖

k-médianes : Φ(C) =
∑k

j=1
∑

pi∈Cj
‖pi − cj‖

k-moyennes : Φ(C) =
∑k

j=1
∑

pi∈Cj
‖pi − cj‖2
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Le problème des k-centres

Problème : minimiser Φ(C) = maxk
j=1 maxpi∈Cj ‖pi − cj‖

Algorithme glouton (farthest traversal)

1. c1 := un point de donnée quelconque

2. pour i = 2, 3, ..., k,

ci := le point de donnée le plus loin des centres c1, ..., ci−1
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Le problème des k-centres
L’algorithme glouton fournit une 2-approximation

Rayon de la partition C : Φ(C) = maxk
j=1 maxpi∈Cj ‖pi − cj‖

Lemme :

S’il existe une solution C de rayon Φ(C), alors la solution C̃ fournie par
l’algorithme glouton est de rayon Φ(C̃) ≤ 2Φ(C)

Démonstration par l’absurde : c1, ..., ck les centres fournis par l’algorithme

Hyp. : ∃ solution de rayon r/2 et ∃p ∈ P, ∀i ∈ {1, ..., k}, ‖p− c̃i‖ > r

⇒ ∀i ∈ {1, ..., k}, ∀j ∈ {1, ..., i− 1}, ‖c̃i − c̃j‖ > r (sinon prendre p)

Les points c̃1, ..., c̃k, p sont à distance > r les uns des autres

⇒ aucun de ces k + 1 pts ne peut appartenir au même cluster de rayon ≤ r/2

Il n’existe pas de solution de rayon r/2 avec k clusters
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Algorithme glouton et nets
Représentation multi-résolution d’un nuage de points

Notations : Pi = {p1, ..., pi}, ri = d(pi,Pi−1)

Comme Pi grossit avec i : j ≥ i ⇒ rj ≤ ri

Lemme A chaque itération i > 0, Pi est un ri-net de P.

Démonstration

1. Pi est ri-dense dans P
2. Pi est λi-séparé : papb plus proche paire dans Pi, ‖pa − pb‖ = rb ≥ ri
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Le problème des k-moyennes

Problème : minimiser Φ(C) =
∑k

j=1
∑

pi∈Cj
‖pi − cj‖2

Lemme : Soit un ensemble de points p1, ..., pn de Rd. Le point x qui
minimise

∑k
i=1 ‖x− pi‖2 est le barycentre des pi = 1

n

∑k
i=1 pi

Algorithme de Lloyd

1. Initialisation : prendre k centres

2. Répéter jusqu’à convergence les 2 étapes suivantes

2.1 Partition : Associer chaque point de P au centre le plus proche
2.2 Relaxation : remplacer le centre d’un cluster par le barycentre

correspondant
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Diagrammes de Voronoï centroïdaux
Application à la modélisation géométrique [Du et al. 1999], [Alliez et col.]
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Complexité et qualité des approximations

k-centres, k-médianes et k-moyennes sont NP-difficiles

Approcher k-centres à moins d’un facteur 1.86 est NP-difficile

Des algorithmes approchés polynomiaux sont connus pour les 3
problèmes

Une bonne initialisation permet de garantir à l’algorithme de Lloyd
un facteur d’approximation log k (k++mean)

Les clusters ne sont pas toujours centrés !
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Modèles géométriques pour les données
Variétés

 

Figure 1.  Conformation Space of Cyclo-Octane.  The set of conformations of cyclo-octane can 
be represented as a surface in a high dimensional space.  On the left, we show various 
conformations of cyclo-octane.  In the center, these conformations are represented by the 3D 
coordinates of their atoms.  On the right, a dimension reduction algorithm is used to obtain a 
lower dimensional visualization of the data. 

 

 

Figure 2. Decomposing Cyclo-Octane.  The cyclo-octane conformation space has an interesting 
decomposition.  The local geometry of a self-intersection consists of a cylinder (top left) and a 
Mobius strip (top right), while the self-intersection is a ring traversing the middle of each object 
(shown in red).  Globally, cyclo-octane conformations can be separated into a sphere (bottom 
left) and a Klein bottle (bottom right). 
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Géométrie des séries temporelles
Théorème de plongement de Takens

Un système dynamique : φ : R× X → X

On s’intéresse aux ensembles invariants A ⊂ X : φ(R,A) = A

Typiquement dim(A)� dim(X)

On n’a pas accès directement à A mais on observe le système à
intervalles réguliers avec une fonction scalaire α : A→ R et on définit

ψ(x) = (α(x), α(φ(x)), ..., α(φk−1(x)) ∈ Rk

Théorème de Takens : si k > 2 dim(A), alors ψ est (génériquement) un
plongement de A dans Rk
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Réduction de dimension
Théorèmes de plongement

Théorème de plongement de Whitney

Toute variété de dimension (intrinsèque) k peut être plongée dans
R2k+1

Lemme à la Johnson Lindenstrauss pour les variétés
[Baraniuk & Wakin 2007] [Clarkson 2007]

Soit M une k-sous-variété de Rd de portée τ positive et ε ∈ (0, 1). Si on
projette M sur un plan aléatoire H de dimension

k = Ω( d
ε2 log 1

ε + 1
ε2 log 1

δ ),

alors, avec probabilité 1− δ,

∀p, q ∈M, (1− ε) ‖p− q‖2 ≤ ‖f (p)− f (q)‖2 ≤ (1 + ε) ‖p− q‖2

où f (p) =
√

d
k πH(p)
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Approximation des variétés
1. Partitionnement

Arbres kd ou arbres RP + approximation locale dans chaque cellule

We use two different types of splits: if �2(S) is less than c�2
A(S) (for some constant c) then we use the hyperplane

split discussed above. Otherwise, we split S into two groups based on distance from the mean.

procedure CHOOSERULE(S)
comment: RP tree version

if �2(S)  c · �2
A(S)

then

8
>>>>>>>><
>>>>>>>>:

choose a random unit direction v
sort projection values: a(x) = v · x 8x 2 S, generating the list a1  a2  · · ·  an

for i = 1, . . . , n� 1 compute(
µ1 = 1

i

Pi
j=1 aj , µ2 = 1

n�i

Pn
j=i+1 aj

ci =
Pi

j=1(aj � µ1)
2 +

Pn
j=i+1(aj � µ2)

2

find i that minimizes ci and set ✓ = (ai + ai+1)/2
Rule(x) := v · x  ✓

else {Rule(x) := kx�mean(S)k  median{kz �mean(S)k : z 2 S}
return (Rule)

In the first type of split, the data in a cell are projected onto a random direction and an appropriate split point is chosen.
This point is not necessarily the median (as in k-d trees), but rather the position that maximally decreases average
squared interpoint distance. In Figure 4.4, for instance, splitting the bottom cell at the median would lead to a messy
partition, whereas the RP tree split produces two clean, connected clusters.

Figure 4: An illustration of the RP-Tree algorithm. 1: The full data set and the PCA ellipse that approximates it. 2:
The first level split. 3: The two PCA ellipses corresponding to the two cells after the first split. 4: The two splits in
the second level. 5: The four PCA ellipses for the cells at the third level. 6: The four splits at the third level. As the
cells get smaller, their individual PCAs reveal 1D manifold structure. Note: the ellipses are for comparison only; the
RP tree algorithm does not look at them.

The second type of split, based on distance from the mean of the cell, is needed to deal with cases in which the cell
contains data at very different scales. In Figure 2, for instance, suppose that the vast majority of data is concentrated at
the singleton “0-dimensional” point. If only splits by projection were allowed, then a large number of splits would be
devoted to uselessly subdividing this point mass. The second type of split separates it from the rest of the data in one
go. For a more concrete example, suppose that the data are image patches. A large fraction of them might be “empty”
background patches, in which case they’d fall near the center of the cell in a very tight cluster. The remaining image
patches will be spread out over a much larger space. The effect of the split is then to separate out these two clusters.

5

[Freund et al. 2007]
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Approximation des variétés
Complexes simpliciaux

Reconstruction de complexes géométriquement et topologiquement
fidèles

Quelle est la dimension de la variété ? quelle est sa portée ?

Deux difficultés :

Choisir une échelle
Rendre les méthodes robustes au bruit
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1 Modèles géométriques pour les données
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2 Robustesse au bruit et analyse multi-échelle

Distance à la mesure

Analyse multi-échelle, filtration et persistance

3 Géométrie de l’information
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Retour sur la reconstruction homotopique
Robustesse vis à vis des points aberrants

Hypothèse du cours 6 : bruit de faible ampleur vis à vis de la portée

Objet → Echantillon → Union de boules → Complexe simplicial
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Distance à une mesure [Chazal, Cohen-Steiner, Mérigot 2011]

A la recherche d’une distance robuste en présence de points aberrantsGeometric inference from noisy data
Pb: infering topological and geometric properties from point cloud data sets sampled
“around” unknown low-dimensional shapes.

Sc. challenges:
- dealing with noise
- well founded math. models
- algorithmic complexity issues
(curse of dimensionality)

Our approach:

• Consider data as mass distributions (probability measures / empirical measures)

• Replace the distance function to compact sets by a distance-like function to
probability measures:

d2
µ,k0

(x) =
1

k0

k0�

k=1

�x − Xk(x)�2 where Xk(x) is the kth-NN in the data set

x

Distance à la mesure

dP,k(x) =

(
1
k

k∑

i=1

‖x− pi(x)‖2

) 1
2

(pi(x) = ième ppv(x) ∈ P)
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Distance à la mesure et diagrammes de Voronoï

d2
P,k(x) =

1
k

k∑

i=1

‖x− pi(x)‖2 (pi(x) = ième ppv(x) ∈ P)

La distance à la mesure a une expression constante sur chaque
cellule du diagramme de Voronoï d’ordre k de P
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Distance à la mesure et distance au k-ième plus
proche voisin
Comparison to kNN density estimation

Data: 1200 points p1, · · · , p1200

Density is estimated using

1. x 7! m0

!d�1(�µ̂,m0
(x)) , m0 = 150/1200 (k = 150) (Devroye-Wagner’77).

2. m0

2⇡dµ̂,m0
(x)2 , m0 = 150/1200 (k = 150).

µ̂ =
1

1200

1200X

i=1

�pi

Comparison to kNN density estimation

Density is estimated using

1. x 7! m0

!d�1(�µ̂,m0
(x)) , m0 = 150/1200 (k = 150) (Devroye-Wagner’77).

2. m0

2⇡dµ̂,m0
(x)2 , m0 = 150/1200 (k = 150).

A 3D example

Reconstruction of an o↵set of a mechanical part from a noisy approximation
with 10% outliers
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Niveaux de la fonction distance à la mesure
S1, S2, . . . les sous-ensembles de k points de P

δ(x, Si) =
1
k

∑

p∈Si

(x− p)2 = puissance de x par rapport à Bi = B(ci, ri)

où ci = 1
k

∑
p∈Si

p et r2
i = c2

i − 1
k

∑
p∈Si

p2

Les niveaux de la fonction distance à la mesure sont des unions de boules

Union de boules α-complexe pondéré
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Distance à une mesure de probabilité

Mesure uniforme sur un ens. fini de points P : µP
(somme de n masses de Dirac = 1

n))

µ une mesure de probabilité sur Rd

m0 un paramètre

∀x ∈ Rd, δµ,m(x) = inf{r ≥ 0, µ(B(x, r) ≥ m}

Distance à la mesure µ : dµ,m0(x) =
(

1
m0

∫ m0
0 δµ,m(x)2 dm

) 1
2

Support de µ : ensemble K t.q. µ(Rd \ K) = 0

Dimension de µ : dim(µ) = le plus grand entier κ
∃C > 0, ∀x ∈ K, ∀r ≤ diam(K) : µ(B(x, r) ≥ Crκ
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Distance de Wasserstein
Cas de deux ensembles finis de points P1 et P2

Wasserstein distance

Examples:

• If C1 and C2 are two point clouds, with #C1 = #C2, then
dW (µC1 , µC2) is the square root of the cost of a minimal least-square
matching between C1 and C2.

• If C = {p1, . . . , pn} is a point cloud, and C 0 =
{p1, . . . , pn�k�1, o1, . . . , ok} with d(oi, C) = R, then

dH(C, C 0) � R but dW (µC , µC0)  k

n
(R + diam(C))

Plan de transport π

Ensemble {πi1i2 , i1 ≤ n1, i2 ≤ n2} t. q.

1. πi1i2 ≥ 0
2.
∑n1

i1=1 πi1i2 = n2

3.
∑n2

i2=1 πi1i2 = n1

Coût d’un plan de transport : C(π) =
(∑

i1,i2 ‖pi1 − pi2‖2 πi1i2

)1/2

Distance de Wasserstein : dW(P1,P2) = infπ C(π)

Remarque : Si P1 = {p1, ..., pn} et P2 = {p1, ..., pn−k−1, q1, ..., qk} avec d(qi,P1) = R,
alors

dH(P1,P2) ≥ R

dW(P1,P2) ≤
√

k
n (R + diam(C))
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Distance de Wasserstein
Cas de deux mesures de probabilité µ et ν sur Rd

Distance between measures

“The” Wasserstein distance dW (µ, ⌫) between two probability measures µ, ⌫
quantifies the optimal cost of pushing µ onto ⌫, the cost of moving a small
mass dx from x to y being kx � yk2dx.

1. µ and ⌫ are discrete measures:
µ =

P
i ci�xi

, ⌫ =
P

j dj�yj
withP

j dj =
P

i ci.

2. Transport plan: set of coe�-
cients ⇡ij � 0 with

P
i ⇡ij =

dj and
P

j ⇡ij = ci.

3. Cost of a transport plan

C(⇡) =
⇣P

ij kxi � yjk2⇡ij

⌘1/2

4. dW (µ, ⌫) := inf⇡ C(⇡)

Plan de transport entre µ et ν

Une mesure de probabilité π sur
Rd × Rd t.q. ∀X,Y ⊂ Rd

1. π(X × Rd) = µ(X)

2. π(Rd × Y) = µ(Y)

Coût d’un plan de transport : C(π) =
(∫

Rd×Rd ‖x− y‖2 dπ(x, y)
)1/2

Distance de Wasserstein : dW(µ, ν) = infπ C(π)

Remark : Si P1 = {p1, ..., pn} et P2 = {p1, ..., pn−k−1, q1, ..., qk} avec d(qi,P1) = R, alors

dH(P1,P2) ≥ R

dW(µP1 , µP2) ≤ k
n (R + diam(P1))
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Distance de Wasserstein
Lemme de stabilité et reconstruction [Chazal, Cohen-Steiner, Mérigot 2011]

Lemme de stabilité

Si deux mesures sont proches au sens de Wasserstein, les distances à ces
mesures sont proches au sens de la norme L∞

Corollaire

Soit µ une mesure de probabilité de dimension dim(µ) et de support K, et soit
µP la mesure uniforme sur un échantillon P. Alors

‖dP,k − dK‖∞ ≤
√

n
k

dW(µ, µP) + C
(

k
n

) 1
dim(µ)

Reconstruction

Si dW(µ, µP) est suffisamment petit, les α-niveaux de dP,k sont
homotopiquement équivalents aux β-offsets de K (pour certaines plages de
valeurs de α et β)
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Niveaux de la distance à une mesure

Example: a square with outliers

�µ,m0 , m0 = 0.023 (k = 50)

dµ,m0 , m0 = 0.023 (k = 50)

2300 points, 20% outliers

Example: a square with outliers
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Reconstruction d’un objet 3d bruité

A 3D example

Reconstruction of an o↵set of a mechanical part from a noisy approximation
with 10% outliers

10% de points aberrants

30 / 52



Conclusion sur la distance à la mesure

Pas d’hypothèse sur la nature du bruit

dk,P se comporte de façon analogue à une distance

On peut évaluer son gradient

Autres applications : estimation de densité, détection de clusters

Algorithmes d’approximation rapides
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1 Modèles géométriques pour les données

Clusters

Variétés

2 Robustesse au bruit et analyse multi-échelle

Distance à la mesure

Analyse multi-échelle, filtration et persistance

3 Géométrie de l’information
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Analyse multi-échelle
Clusters et culminance

Cluster Analysis

2

Input: a finite set of observations:

Task:

partition the data points into a collection of relevant subsets called clusters

- point cloud with coordinates

- distance / (dis-)similarity matrix

Geometric Inference 15

example. Now, if the data is incomplete or corrupted by noise, we may only
have access to a noisy approximation f of g. A natural question is then whether
the topology of the object of interest K can be recovered knowing only the
noisy implicit function f . Perhaps the simplest idea would be to estimate the
topology of K by the one of the corresponding sublevel set f−1(−∞, x] of f .
Unfortunately, this naive approach tends to produce topological noise, which
takes the form of spurious topological features, such as additional connected
components as in Figure 10, or additional loops and tunnels as in Figure 11.
Persistent homology is the natural way of dealing with this problem.

g

x

f

x

Fig. 10. The x sublevel set of g (left) has two connected components, but the one
of its approximation f has four additional components (right).

Fig. 11. Estimated interface between grey matter and white matter in the brain
contains spurious loops.

33 / 52



La détection de clusters
L’algorithme Tomato (Topological Mode Analysis Tool) [Chazal et al. 2013]

✐
✐

✐
✐

✐
✐

✐
✐

41:4 F. Chazal et al.

Fig. 2. Our approach in a nutshell: (a) estimation of the underlying density function f at the data points;
(b) result of the basic graph-based hill-climbing step; (c) approximate PD showing two points far off the
diagonal corresponding to the two prominent peaks of f ; (d) final result obtained after merging the clusters
of non-prominent peaks.

of the obtained family of clusterings. While these techniques bear some connections
with ours, they are actually based on a different clustering paradigm that suffers from
its own limitations—see, for example, Section 14.3.12 in Hastie et al. [2009].

Our Method. Our clustering scheme, called ToMATo (Topological Mode Analysis
Tool), combines the original graph-based hill-climbing algorithm of Koontz et al. [1976]
with a cluster merging step guided by persistence. As illustrated in Figure 2(b), hill-
climbing is very sensitive to perturbations of the density function f that arise from a
density estimator f̃ . Computing the PD of f̃ enables us to quantify the prominences
of its peaks and, in favorable cases, to distinguish those that correspond to peaks of
the true density f from those that are inconsequential. In Figure 2(c), for instance,
we can see two points (pointed to by arrows) that are further from the diagonal than
the other points: these correspond to the two prominent peaks of f̃ (one of them is at
y = −∞, since the highest peak never dies). To obtain the final clustering, we merge
every cluster of prominence less than a given thresholding parameter τ into its parent
cluster in the persistence hierarchy. As shown in Figures 2(c) and 2(d), the PD gives us
a precise understanding of the relationship between the choice of τ and the number of
obtained clusters.

In practice, we run ToMATo twice: in the first run we set τ = +∞ to merge all
clusters and thus compute the PD; then, using the PD we choose a value for τ (which
amounts to selecting the number of clusters) and re-run the algorithm to obtain the
final result. The feedback provided by the PD proves invaluable in interpreting the
clustering results in many cases. Indeed, the PD gives a clear indication of whether or
not there is a natural number of clusters, and because it is a planar point cloud we can
understand its structure visually, regardless of the dimensionality of the input data.

ToMATo is highly generic and agnostic to the choice of distance, underlying graph,
and density estimator. Our theoretical guarantees make use of graphs that do not
require the geographic coordinates of the data points at hand (only pairwise distances
are used) nor estimates of the density at extra points. This makes the algorithm appli-
cable in very general settings. ToMATo is also highly efficient: in the worst case it has
an almost-linear running time in the size of the underlying graph, and only a linear
memory usage in the number of data points. Most often, we use Euclidean distances;
however, other metrics such as diffusion distances can be used. Indeed, the choice of
metric and density estimator define the space we study, while our algorithm gives the
structure of this space. Finally, ToMATo comes with a solid mathematical formulation.
We show that, given a finite sampling of an unknown space with pointwise estimates
of an unknown density function f , our algorithm computes a faithful approximation
of the PD of f . Under conditions of a sufficient signal-to-noise ratio in this PD, we can

Journal of the ACM, Vol. 60, No. 6, Article 41, Publication date: November 2013.
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1. Construire un graphe de
voisinage G

2. Estimer la densité du nuage de
points en chaque sommet de G

3. Identifier les maxima de densité et
les bassins versants associés

4. Rechercher les modes culminants
(persistants) et fusionner les bassins
versants associés

Le diagramme de persistance associe un point à chaque composante
connexe C des surniveaux de la fonction densité. L’abscisse (ordonnée) du
point est la valeur de la densité quand C est créée (supprimée)
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Filtration d’un complexe simplicial

1 Une filtration de K est une suite de sous-complexes de K

∅ = K0 ⊂ K1 ⊂ · · · ⊂ Km = K

t.q. : Ki+1 = Ki ∪ σi+1, où σi+1 est un simplexe de K

2 De manière équivalente, une filtration de K est uns suite ordonnée
σ1, . . . σm des simplexes de K t.q. l’ensemble Ki des premiers i
simplexes est un sous-complexe de K

Cet ordre range les simplexes par dimensions croissantes

Les filtrations jouent un rôle central dans la théorie de la
persistance
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Filtration de Delaunay

P un ensemble fini de points de Rd U(α) =
⋃

p∈P B(p, α)

α-complexe = Del|U(α) (P) ' U(α)

Filtration de Delaunay de P : {Del|U(α) (P), α ∈ R+}

Un nombre fini de valeurs α critiques α0 = 0, α1, ..., αm = +∞
Une suite de complexes emboîtés Del|U(α0) (P) ⊂ ... ⊂ Del|U(α∞) (P)
Représentation : associer à chaque σ ∈ Del(P) une valeur de filtration

min_cc_empty_ball (σ)
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Reconstruction de formes avec les α-complexes
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Pour en savoir plus sur la persistance topologique

Séminaire de F. Chazal

Les colloques des 6 et 8 juin au Collège de France

Le projet Gudhi (Geometry Understanding in Higher Dimensions)
et la bibliothèque Gudhi
https://project.inria.fr/gudhi/
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Géométrie de l’information
Espaces statistiques

Un point représente une loi de probabilité, par exemple la gaussienne
isotrope définie dans Rd

f (x, µ, σ) =
1√
2πσ

exp
(−‖x− µ‖

2σ2

)

peut être représentée par le point (µ, σ) dans l’espace

H = {(µ, σ) ∈ Rd+1, σ > 0}

Quelle distance dans ces espaces ?

La métrique de Fischer : fournit une structure riemanienne

Divergences de Kullback-Leibler, Itakura-Saito, etc.
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Divergences de Bregman

F une fonction strictement convexe et différentiable définie sur un
ensemble convexe X

DF(p,q) = F(p)− F(q)− 〈p− q,∇F(q)〉

F

X
pq

p̂

q̂

Hq

DF (p||q)

DF n’est pas une distance mais DF(p,q) ≥ 0 et DF(p,q) = 0 ssi p = q
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Examples de divergences de Bregman

F(x) = x2 : Distance euclidienne au carré

DF(p,q) = F(p)−F(q)−〈p−q,∇F(q)〉 = p2−q2−〈p−q, 2q〉 = ‖p−q‖2

F(p) =
∑

p(x) log2 p(x) (entropie de Shannon)
DF(p, q) =

∑
x p(x) log2

p(x)
q(x) (divergence K-L)

F(p) = −∑x log p(x) (entropie de Burg )
DF(p, q) =

∑
x(

p(x)
q(x) log p(x)

q(x) − 1) (Itakura-Saito)

42 / 52



Examples de divergences de Bregman

F(x) = x2 : Distance euclidienne au carré

DF(p,q) = F(p)−F(q)−〈p−q,∇F(q)〉 = p2−q2−〈p−q, 2q〉 = ‖p−q‖2

F(p) =
∑

p(x) log2 p(x) (entropie de Shannon)
DF(p, q) =

∑
x p(x) log2

p(x)
q(x) (divergence K-L)

F(p) = −∑x log p(x) (entropie de Burg )
DF(p, q) =

∑
x(

p(x)
q(x) log p(x)

q(x) − 1) (Itakura-Saito)

42 / 52



Examples de divergences de Bregman

F(x) = x2 : Distance euclidienne au carré

DF(p,q) = F(p)−F(q)−〈p−q,∇F(q)〉 = p2−q2−〈p−q, 2q〉 = ‖p−q‖2

F(p) =
∑

p(x) log2 p(x) (entropie de Shannon)
DF(p, q) =

∑
x p(x) log2

p(x)
q(x) (divergence K-L)

F(p) = −∑x log p(x) (entropie de Burg )
DF(p, q) =

∑
x(

p(x)
q(x) log p(x)

q(x) − 1) (Itakura-Saito)

42 / 52



Bisecteurs

DF(p,q) = F(p)− F(q)− 〈p− q,∇F(q)〉

Deux types de bisecteurs

Hpq : DF(x,p) = DF(x,q) (hyperplan)

H∗pq : DF(p, x) = DF(q, x) (hypersurface)

Diagrammes de Bregman

Deux types de diagrammes de Bregman
Par la dualité de Legendre : DF(x, y) = DF∗(y′, x′) (x′ = ∇F(x))
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Diagrammes de Bregman
[Boissonnat, Nielsen, Nock 2010]

Le diagramme de Bregman du 1er type de P = {p1, . . . ,pn} est le
diagramme de minimisation des n fonctions DF(x,pi), i = 1, . . . , n

On déduit de

arg min(DF(x,pi)) = arg max(hi(x) = 〈x− pi,p′i〉 − F(pi))

que le diagramme de Bregman du 1er type de P est affine

Le diagramme de Bregman du 2ième type of P est le diagramme de
minimisation (courbe) des n fonctions DF(pi, x), i = 1, . . . , n
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Diagrammes de Bregman et diagrammes de Laguerre

The diagramme de Bregman du 1er type d’un ensemble de n sites de
P est identique au diagramme de Laguerre de n hypersphères
euclidiennes centrées aux points p′i

DF(x, pi) ≤ DF(x, pj)

⇐⇒ −F(pi)− 〈x− pi, p′i 〉) ≤ −F(pj)− 〈x− pj, p′j 〉)

⇐⇒ 〈x, x〉 − 2〈x, p′i 〉 − 2F(pi) + 2〈pi, p′i 〉 ≤ 〈x, x〉 − 2〈x, p′j 〉 − 2F(pj) + 2〈pj, p′j 〉

⇐⇒ 〈x− p′i , x− p′i 〉 − r2
i ≤ 〈x− p′j , x− p′j 〉 − r2

j

où r2
l = 〈p′l , p

′
l 〉+ 2(F(pl)− 〈pl, p′l 〉)
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Sphères de Bregman

Définition : σ(c, r) = {x ∈ X | DF(x, c) = r}

Lemme Le relèvement σ̂ sur F d’une
sphère de Bregman σ is contenue dans
un hyperplan Hσ

Inversement, l’intersection de tout
hyperplan H avec F se projette
verticalement sur une sphère de
Bregman

F

X
pq

p̂

q̂

Hq

DF (p||q)
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Unions de boules de Bregman des types 1 et 2

La complexité combinatoire et algorithmique d’une union de boules de
Bregman est la même que pour les boules euclidiennes

Le nerf d’un ensemble fini de boules de Bregman du 1er type a le même
type d’homotopie que leur union (théorème du nerf)

Il va en va de même pour les unions de boules du 2ième type (via la
transformation de Legendre qui est un homéomorphisme (si F est une
fonction de Legendre)
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Triangulations de Bregman

Définition : le nerf du diagramme de Bregman du 1er type

Primal space Gradient space

1st type BVD(P) = Laguerre diagram of (P ′)

l ∗

geodesic BT(P) ↔ regular triangulation of (P ′)

l

BT(P)
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Examples

(a) Ordinary Delaunay (b) Exponential loss (c) Hellinger-like divergence
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Propriétés des triangulations de Bregman

La projection verticale de l’enveloppe convexe inférieure de P̂ est
une réalisation de BT(P) (P̂ est le relèvement de P sur le
graphe F de F)

Propriété caractéristique : La sphère de Bregman circonscrite à
tout simplexe de BT(P) est vide

Optimalité : BT(P) = minT∈T (P) maxτ∈T r(τ)
(r(τ) = radius of the smallest Bregman ball containing τ )

[Rajan]

Filtration : on peut définir une filtration de Čech ou de Bregman
(analogue à la filtration de Delaunay)
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Conclusion

Bien que les divergences de Bregman ne soient pas des
métriques, on peut étendre beaucoup de techniques de l’espace
euclidien

Une fois encore, les diagrammes de Laguerre se révèlent utiles

Applications
I k-moyennes : l’algorithme de Lloyd s’applique [Banerjee et dol. 2005]

I Plus petite boule englobante [Nielsen & Nock 2006]

I Réduction de dimension [Carter 2009]

I Analyse topologique des données ?
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