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1. Introduction, c-bits versus q-bits

2. The Pauli matrices and quantum computation primitives

3. Stabilizer formalism for state representation

4. Clifford calculus
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6. Error correction 

QUANTUM COMPUTATION  FROM THE PERSPECTIVE OF
MESOSCOPIC CIRCUITS
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LECTURE III : STABILIZER FORMALISM
FOR STATE REPRESENTATION

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubit

4. Stabilizer classes for 2 qubits

5. Stabilizer maps
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OUTLINE

10-III-5a

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubit

4. Stabilizer classes for 2 qubits

5. Stabilizer maps
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MOTIVATION 1: DESCRIBING
THE CONTENT OF A QUANTUM REGISTER

Example of content of classical 10 bit register: 

0 1 0 1 1 0 1 0 0 1

(

)

5

1 .......................... .......................... .....
2

............ .......................... ............

.......................... .......................... ..........................

Ψ = − +

+ +

− + −

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 10

Example of content of quantum 10 bit register (10 qubits): 

0 1 0 1 1 0 1 0 0 1

in general, 1024 terms!
Complexity of description grows 
exponentially with the number of qubits....
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MOTIVATION 2: DISTINGUISHISING ENTANGLED
FROM PRODUCT STATES

00 01 10 11
2

+ − +

00 01 10 11
2

+ − − ( ) ( )1 2
0 1 0 1

2

⎛ ⎞− +
=⎜ ⎟
⎜ ⎟
⎝ ⎠

:  PRODUCT STATE

:  ENTANGLED STATE
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⎜ ⎟
⎝ ⎠

:  PRODUCT STATE
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Computational basis { }00 , 01 , 10 , 11

BASIS NAME KET SET

Bell basis 00 11 00 11 01 10 01 10
, , ,

2 2 2 2

⎧ ⎫+ − + −⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

00 01 10 11 00 01 10 11
, ,

2 2

00 01 10 11 00 01 10 11
,

2 2

⎧ + + − + − +⎪⎪⎨⎪⎪⎩
⎫− + + − + + + ⎪⎪⎬⎪⎪⎭

“Phase” basis

MOTIVATION 3: IMPROVE  SYMMETRY OF BASES

10-III-8

MOTIVATION 4: FOLLOWING SEQUENCE
OF QUANTUM GATE OPERATIONS

00
00 10

2
+

00 11
2
+ 00 01 10 11

2
+ − +

00 01 10 11
2

+ + +Ry2(π/2)Ry1(π/2)

Ry2(π/2)

CNOT
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6

OUTLINE

10-III-5b

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubits

4. Stabilizer classes for 2 qubits

5. Stabilizer maps

BLOCH VECTOR REPRESENTATION OF
QUBIT DENSITY MATRIX

Qubit state vector: 0 1α βΨ = +

Qubit density matrix pureρ = Ψ Ψ

Decomposition of density matrix on the basis of the Pauli matrices:

( ) ( )
( )

1 1
2 2
1
2

x x y y z zI s s s I

I X Y ZX Y Z

sρ σ σ σ σ= + + + = + ⋅

= + + +
x

y

z

sρ↔
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2 2 2 1X Y Z+ + ≤

we will generalize this notion to a N qubit register

mixed r r r
r

pρ = Ψ Ψ∑
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PAULI SPIN MATRICES AND ROTATIONS

( )0

1

2

3

identity
1 0
0 1

0 1
1 0

0
0

1 0
0 1

x

y

z

I

X

i
Y

i

Z

σ

σ σ

σ σ

σ σ

⎡ ⎤
⎢ ⎥= =⎢ ⎥⎣ ⎦

⎡ ⎤
⎢ ⎥= = =⎢ ⎥⎣ ⎦
⎡ ⎤−
⎢ ⎥= = =⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥= = =⎢ ⎥−⎣ ⎦

[ ] ( )

[ ] ( )

[ ] ( )

0
0

0 1
1 0

0
0

x x

y y

z z

i
X i R

i

Y i R

i
Z i R

i

σ π

σ π

σ π

⎡ ⎤−
⎢ ⎥=− = →⎢ ⎥−⎣ ⎦
⎡ ⎤−
⎢ ⎥=− = →⎢ ⎥⎣ ⎦
⎡ ⎤−
⎢ ⎥=− = →⎢ ⎥⎣ ⎦

( )†H H= ( )† 1U U −=

BUILDING BLOCK OF
HAMILTONIAN AND MEASUREMENT

OPERATORS, THE CLASS OF
HERMITIAN OPERATORS.               

BUILDING BLOCK
OF LOGIC GATE OPERATORS,

THE CLASS OF
UNITARY OPERATORS.             

10-III-11

"CARDINAL POINTS" OF THE BLOCH SPHERE

0

1

z

y

x0
2

1+

0
2

1i−

0
2

1i+

0
2

1−

-100

+100

0-10

0+10

00-1

00+1

state Z

0

1

( ) 1/ 20 1 2−+

X Y

( ) 1/ 20 1 2−−

( ) 1/ 220 1i −−

( ) 1/ 220 1i −+
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"CARDINAL POINTS" OF THE BLOCH SPHERE

0

1

z

y

x0
2

1+

0
2

1i−

0
2

1i+

0
2

1−

0

1
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Z X Y

tomogram

state

( )1/ 22 10− +

( )1/ 22 10− −

( )1/ 2 12 0 i− −

( )1/ 2 12 0 i− +

QUBIT π ROTATIONS : QUATERNION GROUP

[ ]X

[ ]Z

[ ]Y

[ ][ ] [ ]Z X Y=

[ ] [ ] [ ] [ ][ ][ ]2 2 2Z X Y I Z X Y= = = − =

8 elements, note "detachable" aspect of minus sign

ˆ ˆẑ x y× =and relations
obtained by circular
permutations

like:

[ ] [ ] [ ] [ ] [ ] [ ]{ }, , , , , , ,I I X X Y Y Z Z= − − − −Q 

10-III-13

[ ] [ ] [ ]1A A I A− = − = −
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GENERALIZED PAULI GROUP DEFINITION

{ }1 , , , , , , ,I iI X iX Y iY Z iZ= ± ± ± ± ± ± ± ±P

{ } { }1, 1, , , , , N
N i i I Z X Y ⊗
= + − + − ⊗P

1 qubit:

N qubits:

ZIXXIY−Example of hermitian Pauli group element for 6 qubits:

0 1 0 0
1 0 0 0

0 0 0 1
0 0 1 0

ZX

⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥−
⎢ ⎥
⎣ ⎦

Example of the matrix corresponding to
1 element of the 2-qubit Pauli group:

Important property:

notation: NI I⊗ =

1 1ABA B I− − =±
10-III-14b

HERMITIAN PAULI GROUP ELEMENTS ARE LIKE
NUMBERS IN BASE 4

2 1 0

2 1 0

2

0

2 0

x x x

x y z

x

z

y x

XXX

XYZ

XII

IIZ

YIX

σ σ σ

σ σ σ

σ

σ

σ σ

+ = +

− = −

+ = +

− = −

+ = +

Examples:

qubit 2 qubit 0
qubit 1

sign

10-III-15a

00
01
10
11

I
Z
X
Y

↔
↔
↔
↔
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STABILIZER DEFINITION

ABELIAN SUBGROUP WHICH DOES NOT CONTAIN -I

The 1-qubit Pauli group has 6 stabilizers:  we can list them by giving
their unique generator, a Pauli operator with a sign.

{ } { } { } { } { } { }{ }1 , , , , ,S X X Y Y Z Z= + − + − + −P

To each generator, we can associate a unit vector in 3d-space:

+X

+Y

-X

-Y

-Z

+Z
Each one of these vectors
can also be seen as
a point of the Bloch
sphere, each corresponding to
an eigenvector of the element
of the stabilizer with eigenvalue 1

1-qubit example:

10-III-16b

STABILIZER REPRESENTATION OF
"CARDINAL" OR "CLIFFORD"  STATES 

1 QUBIT IS SIMPLE TO VISUALIZE, WHAT ABOUT N QUBITS?

z

y

x

{ }X+

{ }X−

{ }Y+

{ }Y−

{ }Z+

{ }Z−

0

1

z

y

x0
2

1+

0
2

1i−

0
2

1i+

0
2

1−

10-III-17b
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OUTLINE

10-III-5c

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubit

4. Stabilizer classes for 2 qubits

5. Stabilizer maps

STABILIZER CLASSES FOR 1-QUBIT PAULI GROUP

{ } { } { }{ }1 , ,ZS X Y=P

To each unsigned Pauli symbol, associate 1 vector  of a basis in 3d-space:

X

Y

Z Each one of these vectors
can be seen as a
quantum state basis

Stabilizer classes correspond to "independent" bases.

(a.k.a. comp.
basis)

Note differences between "independent" and "orthogonal" 

no sign
here

basis states obtained by imposing
unity modulus  eigenvalues

10-III-18b
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{ }Y{ }X

{ }Z

[ ]1/2Z

[ ]1/2X[ ]1/2Y

π/2 ROTATIONS LINK
STABILIZER CLASSES

The set of isomorphic mappings of the set of stabilizers
onto itself is called the Clifford group. For 1-qubit, it is 

isomorphic to the octahedral group (24 elements). 

10-III-19b

π/2 ROTATIONS OPERATORS

[ ] ( )

[ ] ( )

[ ] ( )

1/2

1/2

1/2

1 01 / 2
0 12 2
11 / 2

12 2
1 11 / 2
1 12 2

z

x

y

iI iZZ R
i

iI iXX R
i

I iYY R

π

π

π

⎡ ⎤−− ⎢ ⎥= = →⎢ ⎥+⎣ ⎦
⎡ ⎤−− ⎢ ⎥= = →⎢ ⎥−⎣ ⎦
⎡ ⎤−− ⎢ ⎥= = →⎢ ⎥+⎣ ⎦

10-III-20



13

GENERATORS OF THE OCTAHEDRAL GROUP
(A.K.A. THE 1-QUBIT CLIFFORD GROUP)

Consider S4 the permutation group on 4 objects, isomorphic to the
octahedral group, symmetry group of the cube and the octahedron

1
2

3

4

1

2

3 4

( ) [ ]

( )

1/ 21 2 3 4
/ 2 :

4 3 1 2

1 2 3 4
:

2 1 4 3

Z

X Z

R Z

R H

π

π+

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

duality

vertex-face

( )/ 2ZR π

( )/ 2XR π

( )X ZR π+

( ) [ ]

( ) [ ]

1/ 2

1/ 2

1 2 3 4
/ 2 :

4 3 1 2

1 2 3 4
/ 2 :

4 1 2 3

Z

X

R Z

R X

π

π

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

1st choice of generators 2nd choice of generators

10-III-21c

OUTLINE

10-III-5d

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubit

4. Stabilizer classes for 2 qubits

5. Stabilizer maps
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THE 2-QUBIT PRIMARY PAULI OPERATORS

I IX IY IZ
XI XX XY XZ
YI YX YY YZ
ZI ZX ZY

I

ZZ

⎧ ⎫⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭

15 +1
primary
operators

right qubit operators

left qubit operators
2-qubit operators

10-III-22c

THE 2-QUBIT STABILIZER CLASSES

There are 15* classes of stabilizers with two generators.
We rank them according to the I-Z-X-Y order and obtain:

9 “local” (product states):

{ } { } { } { } { }
{ } { } { } { }

, , , , , , , , , , , , , , ,

, , , , , , , , , , ,

IZ ZI IZ XI IZ YI IX ZI IX XI

IX YI IY ZI IY XI IY

ZZ XZ YZ ZX XX

YZ ZY XY YYI Y

⎧ ⎫⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

6 “global” (entangled states):

{ } { } { }
{ } { } { }

, , , , , , , , ,

, , , , , , , ,

YY YX YY

Y

ZZ XX ZZ XY ZX XZ

ZX XY ZY XX ZZ YZ YY XZ X

⎧ ⎫⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

*another number 15! 10-III-23a

Each class of stabilizers yields 4 stabilizers since one can change the sign
of each one of the two generator. In total, there are 60 stabilizers, each one
corresponding to a Clifford state.
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KET vs STABILIZER FORMALISMS

Computational { }00 , 01 , 10 , 11

BASIS NAME KET SET STABILIZER
CLASS

{ }, ,IZ ZI ZZ

Bell
00 11 00 11 01 10 01 10

, , ,
2 2 2 2

⎧ ⎫+ − + −⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
{ }, ,ZZ XX YY

00 01 10 11 00 01 10 11
, ,

2 2

00 01 10 11 00 01 10 11
,

2 2

⎧ + + − + − +⎪⎪⎨⎪⎪⎩
⎫− + + − + + + ⎪⎪⎬⎪⎪⎭

Phase { }, ,ZX XZ YY

STABILIZERS ARE MORE COMPACT AND SYMMETRIC,
A LANGUAGE MORE ADAPTED TO OPERATIONS 10-III-24a

"i-Bell"
00 11 00 11 01 10 01 10

, , ,
2 2 2 2
i i i i⎧ ⎫+ − + −⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

{ }, ,ZZ XY YX

CONDENSED NOTATION FOR CLIFFORD STATES

{ }, ,ZZ XX YY− − −

{ }, ,IZ ZI ZZ+ − − IZ
ZI

+

−

ZZ
XX

−

−
01 10

2

⎛ ⎞− ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

( )10

10-III-25a

Rule: choose N independent generators.
A Clifford state of a N qubit register is thus N Pauli numbers

with N+1 symbols each!

{ }, , , , , ,IZZ ZIZ ZZI XXX XYY YXY YYX+ + + + − − −
IZZ
ZIZ
XXX

+
+
+

"GHZ" state* ( )1 000 111
2

+

* Greenberger, Horne and Zeilinger, arXiv:0712.0921
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IZZ
ZIZ
XXX

+
+
+

ZII
IZI
IIZ

+
−
+

We have  "generalized" classical bit value table,
allowing  X and Y symbols, which do not commute

with  Z,  in table.

0 1 0

10-III-26b

STABILIZER AS BIT VALUE TABLE

classical quantum

OUTLINE

10-III-5e

1. Motivations

2. Pauli group and stabilizer definition

3. Stabilizer classes for 1 qubit

4. Stabilizer classes for 2 qubits

5. Stabilizer maps
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MAP OF THE 15 STABILIZER CLASSES

ZZ

YXYY

XX XY

ZI IZ

XZ

ZX

YI

IY YI

IX
ZY

XZ

YZ

ZXBell

Comp.

Phase

YZ

ZY

ZY

IY

YZ

YIXZ

XI

ZX

IX

XI

IX XI

IY

10-III-27

product

entangled

generator

i-Bell

ZZ

IZ ZI

YX

XYYY

XX IX

YIXIYZ

ZY ZY

XZ

YI

IY

IY

ZY

XI

YZ
ZX

ZX

XZ

YI

YY

ZY

YZ

YX

IX
YX

IX

XYXI

XY

IY

XZIZ

XY

ZX XZ

XI XZ ZX

YZXX

XI

YX YI

YY

XXZY

IX

XY IY

IY

YI ZZ

XX

Comp.

ZI

IZ

ZIZZ

IZ
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Comp.

Comp.

ZIZZ

IZ

Comp.

"NAVIGATION"
MAP 
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ZZ

IZ ZI

YX

XYYY

XX IX

YIXIYZ

ZY ZY

XZ

YI

IY

IY

ZY

XI

YZ
ZX

ZX

XZ

YI

YY

ZY

YZ

YX

IX
YX

IX

XYXI

XY

IY

XZIZ

XY

ZX XZ

XI XZ ZX

YZXX

XI

YX YI

YY

XXZY

IX

XY IY

IY

YI ZZ

XX

Comp.

ZI

IZ

ZIZZ

IZ
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Comp.

Comp.

ZIZZ

IZ

Comp.

"NAVIGATION"
MAP 

[ ]1/ 2YI

END OF LECTURE


