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PROGRAM OF THIS YEAR'S LECTURES

Lecture |: Introduction to nanomechanical systems

Lecture |I: How do we model the coupling between electro-
magnetic modes and mechanical motion?

Lecture lll: Is zero-point motion of the detector variables a limita-
tion in the measurement of the position of a mechanical
oscillator?

Lecture IV: In the active cooling of a nanomechanical resonator,
Is measurement-based feedback equivalent to autono-
mous feedback?

Lecture V: How close to the ground state can we bring a nano-
resonator?

Lecture VI: What oscillator characteristics must we choose to con-
vert quantum information from the microwave domain to
the optical domain?
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CALENDAR OF 2012 SEMINARS

May 15: Rob Schoelkopf (Yale University, USA)
Quantum optics and quantum computation with superconducting circuits.

May 22: Konrad Lehnert (JILA, Boulder, USA)
Micro-electromechanics: a new quantum technology.

May 29: Olivier Arcizet (Institut Néel, Grenoble)
A single NV defect coupled to a nanomechanical oscillator: hybrid nanomechanics.

June 5: lvan Favero (MPQ, Université Paris Diderot)
From micro to nano-optomechanical systems: photons interacting with mechanical
resonators.

June 12: A. Douglas Stone (Yale University, USA)
Lasers and anti-lasers: a mesoscopic physicist's perspective on scattering
from active and passive media.

June 19: Tobias J. Kippenberg (EPFL, Lausanne, Suisse)
Cavity optomechanics: exploring the coupling of light and micro- and

nanomechanical oscillators.
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LECTURE V : INPUT-OUTPUT TREATMENT OF
COLD DAMPING IN QUANTUM REGIME

QUTLINE

1. Qualitative discussion of lowest temperatures achievable by
dynamical cooling.

2. Review of input-output theory of driven dissipative systems
In quantum regime.

Main references: Marquardt, et al., PRL 99, 093902 (2007); Marquardt, in "Quantum Machines",
Les Houches (2011) to be published in 2012; Chan, et al., Nature 478, 89 (2011) and supplement.
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COUPLED ELECTRO/OPTO-MECHANICAL OSCTORS
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COUPLED ELECTRO/OPTO-MECHANICAL OSCTORS
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QUALITATIVE DISCVSSION OF COOLING LIMIT (1)
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QUALITATIVE DISCVSSION OF COOLING LIMIT (1)
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N, =L N, +1) @, > K

12-V-6a



QUALITATIVE DISCVSSION OF COOLING LIMIT (1)
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QUALITATIVE DISCUSSION OF COOLING LIMIT (2)

GHz or THz photons

MECHANICAL DRIVEN
OSCILLATOR ELECTRICAL/OPTICAL
OSCILLATOR

MHz phonons
Q=w,+A
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QUALITATIVE DISCUSSION OF COOLING LIMIT (2)

GHz or THz photons

MECHANICAL DRIVEN
OSCILLATOR ELECTRICAL/OPTICAL
OSCILLATOR

MHz phonons
Q=w,+A

K

7((n); +1)
7(n); “m —A g=0g\N,

When the mechanical and electromagnetic fluctuation oscillator are hybridized:

d min
e (n,—())-an, =)t =L (),




NOISE OF A RESISTANCE,
FLUCTUATION-DISSIPATION THEOREM

resistance is

always accompanied

by noise voltage source,
whose fluctuations are
uncorrelated with state of
circuit

arbitrary —»
circuit

If resistance is in thermal equilibrium at temperature T :

(Vi (t)Vy () = 2k, TRS (1, —t,)
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NOISE OF A RESISTANCE,
FLUCTUATION-DISSIPATION THEOREM

resistance is

always accompanied

by noise voltage source,
whose fluctuations are
uncorrelated with state of
circuit

arbitrary —»
circuit

If resistance is in thermal equilibrium at temperature T :

(Vi (t)Vy () = 2k, TRS (1, —t,)

In frequency domain: V, [@] = )e'“dt

v A
Sw [a)] - jj: <VN (t)VN (O)> e"dt = 2k5TR <VN [ ]V [w2]> = Sw [a)l 2502 }5(0)1 +a,)
Sy (V) =Sy [@=27v]+S,, [@=-27v] =4k, TR
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QUANTUM-MECHANICALLY, TO DEAL WITH BOTH
DISSIPATION AND FLUCTUATION ASPECTS OF
RESISTANCE, IT IS ADVANTAGEOUS TO REPLACE
IT BY A SEMI-INFINITE TRANSMISSION LINE
(NYQUIST MODEL)
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RESISTANCE = SEMI-INFINITE TRANSMISSION LINE

current along the line voltage across

= the line
__________ 1(t) T (x=%,,t)
<_§ ) Y -\ *
. Z. =R -
V(t)iT c ) | /V(X=Xa,t) -
_________ XI:O xI:xa X
I(t)=-Z(x=0,t)
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RESISTANCE = SEMI-INFINITE TRANSMISSION LINE

current along the line voltage across

= / theline
__________ 1(t) T (x=%,,t)
<_§ ) Y -\ *
. Z.=R -
V(t)iT c ) | /V(sza,t) -
_________ XI: 0 X _ X, X
H(t)=-Z(x=0.) (x.1) =%[ch’21}(x,t)+ZC”’ZI(X,t)]
V (t) = V(X = O,t) (X,t) _ %[ZCWV(X,'[)— Z:mI(X,t)}
v (t) =Rl (t) Vi (t) ‘ (X,t)r: power flowing in +X direction
V (t)=—RI (t)+ 2JRA" (0.1) 2.~ &
noise = input wave a/r’nplitude (x.t)= (O’t ~ X/Vp) v - |1
at entrance of transmission line, " \LC,
uncorrelated with present state (X’t) - (O’t + X/Vp)
of damped circuit 12-V-10a




LAGRANGIAN OF TRANSMISSION LINE

t
For transmisson line, field variable is a "node flux": CD(X, t) = j dt,

i Jground

)

...... _/49 B

7777 X
2 2
Lagrangian density: L(x) — sz (8;)) _ 2]|'_ (Zq)j
X
¢
Momentum density: H(x) = . Gfl)ﬁl 5 =C, %;qt) ;E(l)\ll-sl,lb\TR;GgN
( ) WIRE

Commutation relations: [Cf)(xl) TI(x, )] =ihd (X —X,)
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COMMUTATION RELATIONS OF WAVE AMPLITUDES

Ain,out (X,t) N Ain,out (X,t)

Ain,out (X,t) _ Ain,out (O, T), =t ii

LA™ (x,1), A (3,0, | =

I 0

2 6(2’1—2'2)

5(2’1—2'2)

Vo

Ain,out (Xlitl )T _ Ain,out (Xlitl)

hermitian operator
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COMMUTATION RELATIONS OF WAVE AMPLITUDES

Ain,out (X,t) N Ain,out (X,t) Ain,out (X,t) _ Ain,out (O, T), =t ivi
p

Ainout A inout Ih a A~ A t
|:A (Xl’tl)’A (Xz,tz)]: 2 @(T _ )5(2'1—2'2) Aln,out(xl’tl)’r _ Aln,ou (Xlitl)
1 2

hermitian operator

Aln out j Aln ,out X O t) m)tdt Ain,out [C()]T — Ain,out [—C()]
“ non-hermitian operator,
with two quadratures

distributed over the pair
of positive and negative
frequencies.

A ] R o] <5 A% o 0,
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WAVE AMPLITUDE vs PHOTON OPERATORS

operator of propagation direction

angular frequency
 (positive or negative)

wave amplitude in
Fourier domain

(- - field ladder
[A‘”")“t [a)]_ = [power /2 x time] = [action]'/2 operator
9 B in,out __ Ain,out T
|:ain,out [w] — [time]1/2 d [—‘a)‘] =d ”(OH
N ) Each frequency o contains
both quadrature4 Af signal

Ladder operators have standard commutation relations described by a single relation:

[éi”’wt [0, ],8" " [, ]] =sgn(w, —m,) 5 (@, +w,)

Scattering always preserves commutation relations.
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INPUT NYUMBER OF PHOTONS IN FREQUENCY DOMAIN

Input wave amplitude spectral density:

<Ai“ [, ] A" [w2]> =S @] (@ +®,) InT equilbrivm: S i |@]= ?{COth(Zili(afl' ]+1}

B

| Sule]] =I[energy] kT

SAi”Ai” [a)] T 2

In thermal classical limit, power per unit bandwidth is kT : 5AmAm (V)T)kBT
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INPUT NYUMBER OF PHOTONS IN FREQUENCY DOMAIN

Input wave amplitude spectral density:

<Ai“ [, ] A" [w2]> =S, @]9 (@ +®,) InT equileium: S . [0] = ?{Coth(;&a{r ]+1}

B

|:SAA [a)]} = [energy]

KT
SAi”Ai” [a)] Tow 7 Z

In thermal classical limit, power per unit bandwidth is kT : 5AmAm (V)T)kBT

Number of photons per unit time per unit
bandwidth crossing a section of line:

N (‘a)‘) =S, [—‘a)u <«— available photons

Photon amplitude spectral density:
<a[a)1] a[w2]> =S,.|@0]6(0, +w,)
Thermal S [a)]:m{coth (h’—w}l}
aa 2

1 1
spec. dens. 2T N o () =5 (8 [+ + Suc[~[of]) = N )+
Folding of spectral density exhibits quantum noise
Input signal ( N; (\w\)=lcoth el
) p g +ZPF 2 2k T i
in thermal B > . as . 4
equilibrium: < N7 (1af) s KT & |
+ZPF T 5o FL‘Q)‘ ______ .I i _____
T 1 .
L N (lo) =5 e 1ot




INPUT PHOTON FIELD IN TIME DOMAIN

Define:

ot Am d complex operator but

j e
\/ only positive frequencies
contribute

j eIa)t d
/ complex operator but

only negative frequencies

it Am contribute

(w]dw

rf e
(2" (1) @" (1)) = (N" (1)) = % 7S 0 [~0]do

In thermal equilibrium,
with drive at Q:

S g [@] = Sgnz(w) {Coth [ 2’:; “

B

j+1}+2m\id 5(0-Q)+5(0+Q)]
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DRIVEN, DISSIPATIVE LC SERIES CIRCUIT

—Q(Q";Q(t) __________________ I | (t)
C 2R c | | e—
OIS AN v Y7 _r
Le | | O Ve (1) L t c
vy
Vo (t)=Vp (1) +V, (1) v \/_I
/ \ amplitude
zJ_
deterministic  noise assoc. f[)f wavesl.on \/ﬁ I
drive signal w/ dissipation ransm. fine 2\/_ 2
input wave carries drive and noise
V(t)== "‘ LQ=-RQ+V eny (1) output wave carries away losses

chhhoffslaws—»equahons of motion [AOUt (t)] [Am (t)] =Vl = P(t)

1/2
Two point of views: [A]=[power]

Standing degree of freedom Scattering of propagating waves
|_Q'+RQ+%=VD (1) +V, (1) LQ+RQ+— 2JRA" (1)
initial conditions:  Q(t=0),Q(t=0) (t)= (t) VRO
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QUANTUM —I o A 2" (1) c:]rcl)\I/:e

LANGEVIN § C o= e

cuation 18 & i) 2
(Method can be extended dissipationiess ™ (t) dissipation
if damping is frequency circuit

dependent, works if environ- R 1
ment has many d. o. freedom) Q= QZPF (é 4+ é‘_ Qo = =
LC

Hamiltonian of isolated H 1
dissipationless circuit: ~—= (aTa j

=t

Without dissipation, & has trivial time dependence: 4(t) = 4e™'”
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———————————————————————

; Y <_IA " drive,
QUANTUM - Il g a"(t) noise
LA N G EVI N i § C jé-% KA 4{ Z ~ R ...........
EQUATION LE a Vit AR
T — out dissipation
(Method can be extended dissipationless A (t) P
if damping is frequency circuit
dependent, works if environ- R , i L 1
.o.f = 1+ a = |— - |—= = /—
ment has many d. o. freedom) Q = QZPF (a +a ) QZPF ZZe Ze = c @, T

Hamiltonian of isolated  H a1 | - A .
dissipationless circuit: 7~ = %% aa +§ Without dissipation: a(t)=ae

Rate of photon loss: Kk =@,R/Z, =—

|

With dissipation, @ acquires a non-trivial time dependence:

Quantum Langevin equation: ié — L[HA , é] _£é+ xgh Fout _ 5 _ \/;a
dt h 2
(form given here d B |
is valid in under- — A= _ia)eé _ T AL \/;ém
damped limit) dt 2
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EXERCICE: PHOTON POPULATION OF DAMPED
OSCILLATOR IN THERMAL EQUILIBRIUM

Start from Langevin equation: i a=-iwa _K A+~/xg" (t)
(valid in very weak damping limit) t
Go to Fourier domain: —iwa =-iw,a —gé +/ka" [a)]
Photon amplitude susceptibility: é[a)] = Yua [a)] g" [a)]
_ Jie
Hea| @)= —— Tulo] =2 Kl2
E_|(a)— e) (K'/Z) +(C!)—0)e)
T— strongly peaked at @,,
Photon number in oscillator: integral over pos. freq. = 2z
B " B 1 +00 t _ 1 +o0 | _ ) .
(N)= <a a> =), alw] a[a)]da)—g e [a)]‘ N"(w)dw

-1
(N) =%{coth[ o, J—l} = {exp[hwej—l} Have recovered stat. mech.

12-V-18 2kg T result from scattering treatment!




END OF LECTURE



