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May 13: Denis Vion, (Quantronics group, SPEC-CEA Saclay)
Continuous dispersive quantum measurement of an electrical circuit 

May 20: Bertrand Reulet (LPS Orsay)
Current fluctuations : beyond noise

June 3:  Gilles Montambaux (LPS Orsay)
Quantum interferences in disordered systems

June 10:  Patrice Roche (SPEC-CEA Saclay)
Determination of the coherence length in the Integer Quantum Hall regime

June 17: Olivier Buisson, (CRTBT-Grenoble)
A quantum circuit with several energy levels

June 24: Jérôme Lesueur (ESPCI)
High Tc Josephson Nanojunctions: Physics and Applications

CALENDAR OF SEMINARS

08-VI-3

PROGRAM OF THIS YEAR'S LECTURES

Lecture I: Introduction and overview

Lecture II: Modes of a circuit and propagation of signals

Lecture III: The "atoms" of signal

Lecture IV: Quantum fluctuations in transmission lines

Lecture V:  Introduction to non-linear active circuits

Lecture VI: Amplifying quantum signals with dispersive circuits 
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LECTURE VI : AMPLIFYING QUANTUM SIGNALS
WITH DISPERSIVE CIRCUITS

OUTLINE

08-VI-5

1. Main ideas introduced in last lecture, purpose of this lecture

2. Minimal symplectic circuits are maximally efficient 

3. Characteristics of amplifiers

4. Scattering matrix of minimal 1-port and 2-port active circuits

5. Ring modulator implementation of 2-port circuit

PASSIVE vs ACTIVE LINEAR, DISPERSIVE 1-PORT
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Simplest example: LC. Both L and C are dispersive elements (no internal dissipation)
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PASSIVE S IN ROTATING WAVE APPROXIMATION
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2θ[ω1]

[ ]( ) 0tan ω ωθ ω −

Γ
=

EXAMPLES OF PARAMETRICALLY PUMPED OSCILLATORS

( ) ( )0sin 2B B PI t I I tω= +

MECHANICAL SYSTEM ELECTRICAL SYSTEM

0ω

2ω0

( ) ( ) ( )0sinin in
S

in
PA A tt A t ω= +

INDIRECT PARAMETRIC
PUMPING @ 2ω0

RF FLUX BIASED DC SQUID

EFFECTIVE PARAMETRIC OSCILLATOR

08-VI-8b
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IN NON-LINEAR ACTIVE DEVICE, SIGNALS 
SCATTER BETWEEN DIFFERENT FREQUENCIES

Sω
ω

IN
Sω−

0

Iω− Iω

ω
OUT

0

pΩ S I pω ω+ = Ω
Pump frequency

08-VI-9a

Signal Idler
(Image)

SωSω−Iω− Iω

CONVERSION W/O AMPLIFICATION S I pω ω− = ΩIF

WHAT IS THE GENERALIZED SCATTERING MATRIX OF AN ACTIVE 1-PORT
AND 2-PORT, BOTH AS A FUNCTION OF FREQUENCY OF SIGNALS AND AS
A FUNCTION OF PUMP STRENGTH?

HOW DO  QUANTUM FLUCTUATIONS AFFECT THE NOISE OF THE AMPLIFIER?
WHAT IS THE MINIMAL AMOUNT OF NOISE ADDED BY THE AMPLIFIER?

GAIN-BANDWIDTH TRADE-OFF

NOISE

PURPOSE OF THIS LECTURE: 
EXPLAIN HOW MINIMAL, ACTIVE DISPERSIVE

CIRCUITS
PERFORM AMPLIFICATION AT QUANTUM LIMIT

TWO MAIN ISSUES:

IMPLEMENTATION ?

08-VI-10
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OUTLINE

08-VI-5b

1. Main ideas introduced in last lecture, purpose of this lecture

2. Minimal symplectic circuits are maximally efficient 

3. Characteristics of amplifiers

4. Scattering matrix of minimal 1-port and 2-port active circuits

5. Ring modulator implementation of 2-port circuit

GENERAL SCATTERING MATRIX
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HERE, 
WAVE AMPLITUDES
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POISSON BRACKET:

{ } . .
, J

P B a a
tu v u v⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∂ ∂=

see Goldstein, "Classical Mechanics" (Addison-Wesley1980)

S MATRIX MUST CONSERVE ALL
POISSON BRACKETS:  S IS SYMPLECTIC

t SJS=J
SYMPLECTICITY CAN BE UNDERSTOOD AS INFORMATION CONSERVATION

08-VI-11b
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TWO TYPES OF MAPS

ORTHOGONAL

CONSERVES
SYMMETRIC

BILINEAR FORM
(SCALAR PRODUCT)

SYMPLECTIC

CONSERVES
ANTISYMMETRIC
BILINEAR FORM

(EXTERIOR PRODUCT)

lengths
and angles
preserved

oriented areas
preserved

08-VI-12

SYMPLECTICITY IS A 1ST QUANTIZATION PROPERTY

IT IS OFTEN EXPRESSED AS THE PROPERTY OF
CONSERVATION OF COMMUTATORS ...

ˆ ˆX x a= ⋅
ˆ ˆY y a= ⋅

ˆ ˆ ˆ ˆ, J ,X Y x y a a⎡ ⎤⎡ ⎤ = ⋅ ⋅⎣ ⎦ ⎣ ⎦

ˆ ˆ ˆ ˆ, ,out out in inX Y X Y⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦
t SJS=J

HOWEVER

... WHICH CAN BE MISLEADING! 

08-VI-13
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A MAXIMALLY EFFICIENT 
SIGNAL PROCESSING FUNCTION

MIX THE MINIMAL NUMBER OF MODES
COMPATIBLE WITH SYMPLECTICITY

08-VI-14a

AMPLIFICATION: 2 CASES

Peak resonant frequency:

DEGENERATE PARAMETRIC PUMPING

Iω ω
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Iω−
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0
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08-VI-15

Iω−Sω− Iω Sω
ω

0ω

1 MODE
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NON-DEGENERATE PARAMETRIC PUMPING

Sω
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08-VI-16

ω

Peak resonant frequencies:                    and 1ω 2ω

SωSω−Iω− Iω

2 MODES

OUTLINE

08-VI-5c

1. Main ideas introduced in last lecture, purpose of this lecture

2. Minimal symplectic circuits are maximally efficient 

3. Characteristics of amplifiers

4. Scattering matrix of minimal 1-port and 2-port active circuits

5. Ring modulator implementation of 2-port circuit
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LINEAR AMPLIFIER CHARACTERISTICS

Tback

Tnoise
noiseless
amplifier

Pin

REPRESENTATION OF MATCHED 2-PORT

ideal circulator ideal coupler

ideal loads

• Power gain ( Pout /Pin )
• Signal bandwidth
• Noise temperature Tnoise
• Backaction Tback
• Dynamic range, intermodulation
• Tuning bandwidth

Pout

POWER

08-VI-17

2-PORT vs 1-PORT AMPLIFIER

1-port
amplifier

IN OUT
circulator 1 circulator 2

Tbase backaction = added noise 

2-port amplifier

POWER

08-VI-18



11

TWO TYPES OF LINEAR AMPLIFIERS 
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ina⊥
1/ 2out in
Pa G a⊥ ⊥=

1/ 2out in
Pa G a=
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1/ 2out ina S a−
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phase-preserving

phase-sensitive
(squeezing)

non-degenerate paramp.

degenerate paramp.
08-VI-19a

difficultvery small~0dB1QPC

OKconcern15-20 dB1-2RF-SET

OKconcern20-30dB1-2SQUID

easysmall25-35dB40-80HEMT

ease
of

use

out-of-band
back-action 

noise

power
gain

kTN/(ω/2)type

CRYOELECTRONIC AMPLIFIERS
APPROACHING THE QUANTUM LIMIT 

HEMT: High Electron Mobility Transistor, SET: Single Electron Transistor, QPC: Quantum Point Contact 08-VI-20
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LARGE GAIN LIMITS 

2
s

B Nk T ω
≥
h STANDARD QUANTUM

LIMIT

(Caves, 1982)

PHASE-PRESERVING:

0B Nk T ≥PHASE-SENSITIVE: NOISELESS

08-VI-21

OUTLINE

08-VI-5d

1. Main ideas introduced in last lecture, purpose of this lecture

2. Minimal symplectic circuits are maximally efficient 

3. Characteristics of amplifiers

4. Scattering matrix of minimal 1-port and 2-port active circuits

5. Ring modulator implementation of 2-port circuit
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SCATTERING MATRIX OF DPA FOR ARBITRARY ω
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SYMPLECTICITY:
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Stiff pump condition
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GAIN-BANDWIDTH COMPROMISE
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MINIMAL IMPLEMENTATION OF NON-DEGENERATE
PARAMETRIC AMPLIFIER
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SCATTERING MATRIX OF NDPA FOR ARBITRARY ω
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SIGNAL AND IDLER CO-AMPLIFICATION
FOR NON-DEGENERATE PARAMETRIC

AMPLIFIER

ina

ina⊥

outa⊥

outa

signal

idler

sum of signal and idler is amplified
difference of signal and idler is de-amplified

total volume in phase space is conserved

08-VI-25

SQUEEZING OF QUANTUM FLUCTUATIONS FOR
FOR NON-DEGENERATE PARAMETRIC  AMPLIFIER

ina

ina⊥
signal
port

idler
port

inb

inb⊥

outa

outa⊥

signal
port

idler
port

outb

outb⊥

amplification

of
quantum

noise

vacuum state

vacuum state

thermal state

thermal state

sub-ZPM
correlations

08-VI-26dsee "Quantum Squeezing", Drummond and Ficek eds (Springer 2004)

B effk T
G

ω
=large gain limit:
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OUTLINE

08-VI-5e

1. Main ideas introduced in last lecture, purpose of this lecture

2. Minimal symplectic circuits are maximally efficient 

3. Characteristics of amplifiers

4. Scattering matrix of minimal 1-port and 2-port active circuits

5. Ring modulator implementation of 2-port circuit

TOWARDS THE PUREST 
NON-LINEARITY: THE 

JOSEPHSON
RING MODULATOR

4 modes:

4 junctions in a ring threaded by flux

The Z mode can be understood
as providing an invertible coupling
between the X and Y mode

08-VI-27

(Bergeal et al., 2008)
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CONSEQUENCES OF RING SYMMETRY

Coexistence of 2 stable states 
with 4Φ0-periodicity

φa + φb + φc + φd =
2πΦ
Φ0

sinφa = sinφb = sinφc = sinφd

junction phases satisfy

2 2 2
(3) higher order terms

4 4 2ring
X Y ZE XYZ Bg ⎛ ⎞

= + + + +⎜ ⎟
⎝ ⎠

Useful non-linearity with minimal number of spurious terms

Spurious terms only renormalize 
mode frequencies

Mix 3 orthogonal 
modes X, Y, Z
(S. Girvin)

At Φ = Φ0/2 and for small X, Y, Z: 

08-VI-28

SCHEMATICS OF JOSEPHSON AMPLIFIER
BASED ON RING MODULATOR  

PUMP 
(Ωp)

SIGNAL 
(ω1)

IDLER 
(ω2)

Φ=Φ0/2

08-VI-29

Bergeal et al., Nature Physics 6, 296 (2010)
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CPS resonator:
~ 7 GHz

CPS resonator: 
~ 1.6 GHz

CPS pump
transmission line

JOSEPHSON PARAMETRIC AMPLIFIER CHIP 

ring modulator

CPS:
coplanar
stripline

08-VI-30

Bergeal et al., Nature 465, 64 (2010)

2-MODE
NOISE

SQUEEZING
DATA

phase shift

signal

idler

pump
spectrum
analyzer

Phase (radian)
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(Bergeal et al., in preparation, 2008)
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2-MODE
NOISE
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MAX
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CONCLUSIONS

MINIMAL NUMBER OF MODES IN A DISPERSIVE ACTIVE CIRCUIT
IS A NECESSARY CONDITION FOR AMPLIFICATION AT THE QUANTUM LIMIT

A PHASE PRESERVING AMPLIFIER ADDS AT LEAST HALF A PHOTON OF
NOISE AT THE SIGNAL FREQUENCY

A PHASE SENSITIVE AMPLIFIER CAN BE NOISELESS

PARAMETRIC AMPLIFICATION USING 3-WAVE OR 4-WAVE MIXING OF 
JOSEPHSON JUNCTION IS MINIMAL 

JOSEPHSON RING MODULATOR IS A CONVENIENT PURE 3-WAVE MIXING
DEVICE FOR NON-DEGENERATE PARAMETRIC AMPLIFICATION 

08-VI-30



20

NEXT YEAR :

08-VI-31

1 ) NON-PERTURBATIVE ASPECTS OF QUANTUM CIRCUITS

2) PERIODICITY OF JOSEPHSON COSINE POTENTIAL
AND ITS CONSEQUENCES 

3) STRONG COUPLING BETWEEN JUNCTION AND 
REST OF CIRCUIT
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