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CALENDAR OF SEMINARS

May 13: Denis Vion, (Quantronics group, SPEC-CEA Saclay)
Continuous dispersive quantum measurement of an electrical circuit

May 20: Bertrand Reulet (LPS Orsay)
Current fluctuations : beyond noise

June 3: Gilles Montambaux (LPS Orsay)
Quantum interferences in disordered systems

June 10: Patrice Roche (SPEC-CEA Saclay)
Determination of the coherence length in the Integer Quantum Hall Regime

June 17: Olivier Buisson, (CRTBT-Grenoble)
A quantum circuit with several energy levels

June 24: Jérébme Lesueur (ESPCI)
High Tc Josephson Nanojunctions: Physics and Applications

NOTE THAT THERE IS NO LECTURE AND NO SEMINAR ON MAY 27 !
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PROGRAM OF THIS YEAR'S LECTURES

Lecture |: Introduction and overview

Lecture |l: Modes of a circuit and propagation of signals

Lecture Ill: The "atoms" of signals

Lecture IV: Non-linear circuit elements: length and energy
scales of superconductivity

Lecture V: Hamiltonian vs scattering description of circuits

Lecture VI: Amplifying quantum signals with dispersive circuits
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LECTURE Il : MODES OF A CIRCUIT,
PROPAGATION OF SIGNALS

OUTLINE
1. Introduction, purpose of this lecture
2. Finding the Hamiltonian of an arbitrary circuit
3. Comparison with cavity QED

4. Transmission lines and waveguides

5. Coupled LC oscillators: model of transmission line

08:11-5

REVIEW OF LAST LECTURE

| Introduce branch flux and charge
B banch B
/ t
rest _\ ¢ﬁ (t) - _Lovﬂ (t )dt
of V/)’ t
circuit Qﬂ (t) = J._OO Iﬂ (t )dt
{ generalized mass : C — M
generalized spring constent; 1/ «— k
¢ =Ll «— Xs=T1/Kk for inductances / springs
constitutive
relations:

Qc=CVe ~— P, =MV, for capacitances / masses

08-11-6b




PROBLEM: NOT ALL BRANCH
VARIABLES ARE INDEPENDENT

branches 4 b_raénches g
around loop tied to node

IMPOSE CONSTRAINTS ON BRANCH VARIABLES

08:11-7

BRANCH CONSTRAINTS IN LC OSCILLATOR

electrical world mechanical world
lL I Xu :
=CV |
o QC c e X Xs ; :
VLT —— T Ve _k\_QQ_QQQ?M.—S»O M
¢ =Ll Xs = fs/k Py =MV,

Xo = equilibrium length of spring

Kirchhoff's law (loop) : V =Ve « V=V, mass-spring rigid link

{ Kirchhoff's law (node): I =-Ic <~ fy=-f,, action - reaction princric
Constitutive relaten (inductive) : @ =LI <= Xs=Tfs/k Hookes's Law

{ Constitutive relation (capacitive): Qr=CV.+— P,,=MV,, Linear momentum
Faraday's Law: V, = ¢L — Vs = Xs Def. of velocity

{ Charge conservation: lc = Qc — fy = F",\,I Newton's Law
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HOW DO WE FIND THE HAMILTONIAN
OF AN ARBITRARY CIRCUIT?

Example:

L, C. L — C

Josephson junction coupled to 1 resonator mode

Wish also to extend the notions of circuits to distributed elements

Progagation of signals on transmission lines : standing modes to propagating modes
Dissipative dynamical evolution: treating resistors and measuring instruments

08:11-9

OUTLINE

1. Introduction, purpose of this lecture

2. Finding the Hamiltonian of an arbitrary circuit

3. Comparison with cavity QED
4. Transmission lines and waveguides

5. Coupled LC oscillators: model of transmission line
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FIRST, HOW DO WE FIND A COMPLETE
SET OF INDEPENDENT VARIABLES?

Method of nodes

Example of circuit: < branch

08:11-10

FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

Method of nodes

1) Choose a reference electrode
(ground)

08-11-10a |




FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

Py ||

0

Method of nodes

2) Choose a spanning tree
(accesses every node, no loop)

08:11-10b

FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

1

| S|

Method of nodes

2) Choose a spanning tree
(accesses every node, no loop)
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FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

Py ||

0

Method of nodes

2) Choose a spanning tree
(accesses every node, no loop)

08-11-10d

FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

Method of nodes N <
¢ !
¢a I . /' .
7777 ¢d ¢e

3) Select tree branch fluxes
(closure branches left out)

08-11-10e




FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

@,

Method of nodes

7777 P s
4) Node flux is sum of branch
fluxes to ground (closure branch
fluxes are expressed as differences
between node fluxes) 08-11-10f

FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

@,

Method of nodes

¢ ¢4 ¢e cD5
1) Choose a reference electrode 777 "
(ground) example: @, = ¢+ ¢+ ¢g
2) Choose a spanning tree _

(accesses every node, no loop)

3) Select tree branch fluxes
(closure branches left out)

4) Node flux is sum of branch
fluxes to ground (closure branch
fluxes are expressed as differences
between node fluxes) 08-11-10g
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FINDING A COMPLETE
SET OF INDEPENDENT VARIABLES

D,
Method of nodes

¢ @4 ¢e J)S
1) Choose a reference electrode 7777 "
round : =
(9 ) example: @, = ¢+ ¢, + ¢g
2) Choose a spanning tree — _
(accesses every node, no loop) % D;- D+ cst
3) Select tree branch fluxes d = Z ¢
(closure branches left out) n— B
4) Node flux is sum of branch }g:zi?]g?ghnesﬂ
fluxes to ground (closure branch
fluxes are expressed as differences ¢ =0 —-d + cst
4 n,(7) n_(y)
between node fluxes)

TWO METHODS FOR DEFINING A COMPLETE
SET OF INDEPENDENT VARIABLES

I |

| SE——|

Method of nodes

Method of loops

Defines loop charges

08-11-11a
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SHORTCUT

It is advantageous in the method of nodes
to choose a spanning tree that passes only
through inductors

Not necessary, just avoid tedious details in most cases

08:11-12

GAUGE INVARIANCE

The choice of spanning tree or set of independent
loops is analogous to the choice of gauge in continuous
media electromagnetism

lattice model of
t spacetime

X 3rd spatial dimension not represented

08-11-13
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GAUGE INVARIANCE

The choice of spanning tree or set independent loops
is analogous to the choice of gauge in continuous
media electromagnetism

lattice model of
t spacetime

consider
1 point
inside

lattice x —y

08-11-13-bis

GAUGE INVARIANCE

The choice of spanning tree or set independent loops
is analogous to the choice of gauge in continuous
media electromagnetism

. B,
t Q:EX
:Ey

SNIEEE

08-1-13-ter |
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GAUGE INVARIANCE

The choice of spanning tree or set independent loops
is analogous to the choice of gauge in continuous
media electromagnetism

'B

Ay U O - By

t . Q:E
A

' E

& y

X

08:11-13-4

GAUGE INVARIANCE

The choice of spanning tree or set independent loops
is analogous to the choice of gauge in continuous
media electromagnetism

Charge

. transported

A BZ Ay U] by edges is

Q £ i conserved.
E

X , Gauge field
; A components,
f which give
y 3 these currents,
are not ind-

AUl = pendent. In
{ } gauge y 4D, only 3

5 o components
A—> A+VA are needed to
P gauge specify field at

UosU-—"2A transformeation X one point.
ot

08:11-13-5




INDUCTIVE vs CAPACITIVE ELEMENTS

Inductance : current | function only of flux ¢

I
y E=[ thvat [ 1 (4)dg’
Electrical equivalent of spring: ¢ X ; 1 < f
Capacitance : voltage V function only of charge Q
JiQ = viiatE[ v (Q)dQ:
V 0 0
T Electrical equivalent of mass: Q &« P; V& V

08-1l-14a

08-11-15a

NODE CHARGES

The conjugate coordinates of node fluxes
are node charges: they are the sum of all the charges
going into capacitances linked to this node.

——————————————— —
~
Q= 2 < N
n
P for each .
ct?rl?;cclrtmglse node: [ch ) Qn] =Ih
exiting fromn

This can be demonstrated by writing the Lagrangian
of the circuit from its dynamical equations
and performing a Legendre transform to obtain the Hamiltonian

Dynamical Lagran.gian = C%OOT;gZES = Hamiltonian
equations L(x, %1) p-dL/ H(x, p,t)
— /OX
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A SIMPLE EXAMPLE

D, o,
? <;> k; ko =
L

LTe e, 00000000 ]

7777 M, M,
A (062, Q, )= A% B X, )=
~ - " ~ ~ \2 . R R R 2
[ ) B KR B k(%%
2C, 2L, 2C, 2L, 2M, 2 2M, 2

Each electrical branch (mechanical element) contributes
to the Hamiltonian by its energy expressed in terms of the
variables of the chosen set of canonical coordinates

Method is equally valid for non-linear elements! 08.1116b

REVIEWS ON QUANTUM CIRCUIT
THEORY

Yurke B. and Denker J.S., Phys. Rev. A 29, 1419 (1984)

Devoret M. H. in "Quantum Fluctuations", S. Reynaud, E. Giacobino,
J. Zinn-Justin, Eds. (Elsevier, Amsterdam, 1997) p. 351-385

G. Burkard, R. H. Koch, and D. P. DiVincenzo, Phys. Rev. B 69, 064503 (2004)

08-11-17
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OUTLINE

1. Introduction, purpose of this lecture

2. Finding the Hamiltonian of an arbitrary circuit

3. Comparison with cavity QED

4. Transmission lines and waveguides

5. Coupled LC oscillators: model of transmission line

08-1l-5¢

HAMILTONIAN OF COOPER PAIR BOX
COUPLED TO 1 RESONATOR MODE

—\j_ C.
T

Artificial atom Resonator

BASIC CIRCUIT ANALOG OF CAVITY QED EXPERIMENTS

08-11-18
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EARLIER EXPERIMENT

VOLUME 62, NUMBER 15 PHYSICAL REVIEW LETTERS 10 APRIL 1989

Escape Oscillations of a Josephson Junction Switching Out of the Zero-Voltage State

Emmanuel Turlot, Daniel Esteve, Cristian Urbing, John M. Martinis, ' and Michel H. Devoret
Service de Physique du Solide et de Résonance Magnétique, Centre d'Eiudes Nucleaires de Saclay,
91191 Gif-sur-Yvette CEDEX, France

Sebastian Linkwitz and Hermann Grabert

Fachbereich Physik, Universitat Essen, D-4300 Essen, Federal Republic of Germany
(Received 25 October 1988)

delay ) ,/__/

tine~. .~

7

irradiation
line,

FIG. 2. (a) Josephson junction (see inset) connected to a

Junction ) delay line and capacitively coupled to an irradiation line. A
chip base ‘ movable microwave-absorbing block (load) terminates the de-
slectrode lay line. (b) Equivalent circuit at microwave frequencies. The

capacitor C, represent the high-impedance capacitive coupling
between the junction and irradiation line,

08-11-19

QUANTUM JOSEPHSON JUNCTION
COUPLED TO A TRANSMISSION LINE

Physica Secripta. Vol. T25, 118-121, 1989,

Effect of an Adjustable Admittance on the Macroscopic Energy
Levels of a Current Biased Josephson Junction

Michel H. Devoret, Daniel Esteve, John M. Martinis* and Cristian Urbina (a) (2)

Ko< Wia
Service de Physique de Solide et de Résonance Magnétique, C.E.N. Saclay, 91191 Cif-sur-Yvette Ceden. France

W
K
Recrived Apeil 6, 1985; aceepted June 22, 1988 — H% @

JUNCTION  LINE  JUNCTIONSLINE JUNCTION+LINE

v I

o T T T T E T
1 =
I n
£ &
. -
R N . =S z
CT 1% R .)_ En.m
o + **w- ;
Fig. 2. Microwave circuit whose quantum behavior is tested in the experi- w ‘\‘ kS
ment. [t consists of & Jossphson junction (eross) of critical current £, shunted =z A *\l- |
by its self i Cand by a ission line of istic impe- 2 ! AY |
dance Z, followed by an i jon line of ch i é | \
impedance Z,. The length of the first line is / and its wave propagatien E 0996 +
velocity v. The junction is d.c. biased by a current source J using the inner L 1 | \ L
and outer conductors of the transmission lines. The d.c. valtage ¥ across the ¢ W0 ) 30 W 50

junction is measured using the same conductors. LOAD POSITION [mm)

Fig. 4. Resonant cursent as a function of the position of the load for three

irradiation frequencies. Crosses: {1 = 38 (iHe open circles: (= L6GHL

Tull circles: @ = 34GHz Solid lines are guide for the eye. The half-
lengths at the three are v 30, 32 and 34 mm.

08-11-19b |
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SCHEMATIC OF COOPER PAIR BOXES
IN A MICROWAVE CAVITY

Blais A. et al., Phys. Rev. A 75, 032329 2007

08-11-20
08-11-21b
L \
CAVITY QED T
_ Fabry-Perot
field mode atom cavity

See S. Haroche
College lectures

—]

JAYNES-CUMMINGS HAMILTONIAN

w |3> HA = HA field + HAatom + HAcoupIing
m ~ At A
%j |2> H feig = hya 'a Vaﬁ:ﬁ.m
|e> L __m |1> atom ha) 5‘+5' frequency
Wg| =P @, Ant At
|g> |0> Hcoupllng 2 aO' a = )
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MICRO/MACRO CHARACTER OF COUPLING
CONSTANTS IN CAVITY QED

atomic dipole moment zero-point field amplitude

/
2d§, (2a\"R,1 1

Qo - = e.m. field
See book by h T h n k «— mode
order
S. Haroche and
J.M. Raimond atom principal quantum number /
d,
1¢’ =2
o= EF Z,. Fine structure constant n
distance
7 — | between
vac — 4| Impedance of vacuum cavity
&
0 mirrors
2
m.,Cc .
Roo =q?—=¢ Rydberg constant (infinite core mass)
2 08-11-22¢

HAMILTONIAN OF TWO CAPACITIVELY
COUPLED RESONATOR MODES

e

Reduced capacitance matrix: ~ &)2 (Dz
c,+C, -C H(q)l’Ql;q)z’Qz):zL 2L,
C= |: a T ¢ :| Lb
_Cc Cb + Cc Q_1 + Qz Qle
Inverse of reduced capacitance matrix: 2C, 2C, C,
co 1 C,+C, C.
C,C,+C,C.+C,C, C. C,+C,
08-11-23d
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FORM OF COUPLING TERM

QlQZ — CC (j (j - )
c, C.,+CcC.+CcC, ™~ 2 just capacitances
~ A C ~~ C B
~QQ, =<"QV. oo, [aiazT + h.C-}

=——UVs =
C, 2,/c.C, "
\ J have kept here

0f2= ..g.. in CQED only RWA terms

A Qz ¢?2
H (¢’ Q) = E Z These expressions are useful for obtaining value of g
H =ho, (d'a+
X I'(A %) ~ ~ &_ her(é+éT)
5-0 49, g-4,;Q V2
¢r Qr ¢r Qr " ha) C é _ éT
¢, = J2ha L Q== ( : ]
Qr =42he,C 08-11-24b

STRONG QUBIT-CAVITY COUPLING

courtesy A. Houck and R. Schoelkopf

Msmt. of qubit-cavity
avoided crossing vacuum Rabi splitting
0, = 250 MHz!

5 51 52 53 54
Frequency (GHz)

S S T SR
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OUTLINE

1. Introduction, purpose of this lecture
2. Finding the Hamiltonian of an arbitrary circuit

3. Comparison with cavity QED

4. Transmission lines and waveguides

5. Coupled LC oscillators: model of transmission line

08-11-5d

SIMPLEST DISTRIBUTEP ELEMENT SITUATION:
GUIDED ELECTROMAGNETIC PROPAGATION

core SIGNALS WITH FREQUENCY ABOVE CUT-OFF

@ )

Optical fiber

cladding

L> A

Metallic wire

Metallic hollow waveguide
08-11-26
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BETTER BOUNDARY CONDITIONS:
WIRE ABOVE A GROUND PLANE

_«ﬂ

In coaxial line, ground plane is replaced by a cylindrical shield around wire.
In microwave microtechnology: wire of rectangular cross-section (stripline).
Also, ground plane can be split and extend on either side of wire (coplanar)

08-11-27

BOUNDARY CONDITIONS:
WIRE ABOVE A GROUND PLANE

Ava

Electric field lines from wire end on ground plane: T.E.M.

PREVENTS RADIATION AROUND TURNS

08-11-27a
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SUPERCONDUCTING TRANSMISSION LINES
COPLANAR WAVEGUIDE: 2D VERSION OF COAXIAL CABLE

1/e propagation length ~ 10km!

attenuation comparable to optical fibers

(1mm dia. copper wire: 700m)

08-11-28

OUTLINE

1. Introduction, purpose of this lecture
2. Finding the Hamiltonian of an arbitrary circuit
3. Comparison with cavity QED

4. Transmission lines and waveguides

5. Coupled LC oscillators: model of transmission line

08-1l-5e
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LC LADDER MODEL OF TRANSMISSION LINE

A} — T
CIi,, . C=Rly, |, CERl,, 1. CEF
T T T T

a

Dynamical equations: Field equations:

Continuum limit:

d oV
Vi, -Via=L— V..-V. oV -
1 dt n+1 n a_ aX {
_cd A o
dt " Lot
< —-C,; L - L,
a a 08-11-29e

PROPAGATING WAVE AMPLITUDES

4 %

Introduce right- and left-moving
fields:

A”(x,t)=\/:%V+\/Z_c

A“(x,t):\/%V—\/Z—c

Z = |— characteristic

C, impedance
08-11-30
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PROPAGATING WAVE AMPLITUDES

a.

)_

X
1st order
equations
1 0 10
A7 (xt)= V+yZ — AT =———A"
( ) JE: JF: o v, ot
1 0 10
AT (xt)= V-yZ — AT =+——A"
A A T
7 = L . Characteristic vy = 1 «— propagation
¢ C, impedance b LC, velocity
08-11-30a

PROPAGATING WAVE AMPLITUDES

—>

——HAAAﬁ——- Af(x—vﬂ)

)_

«—

Af(x+vg) qnﬂn

- 1 0 N 10 .
A (X,t)=FV+\/Z_C axA =_\T§A solution:
¢ P
AF(xlt)zi\/_ Zc gAe:_i_igAe A*(X,t):AO*(xy\/pt)
JE; OX v, ot
L 1
’ C, P LC,

08-11-30c
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REFLEXION ON A RESISTIVE LOAD

—

my i

Reflection coefficient: r =

R=Z., ©=——)>  NoReFLECTION

INVERSELY, VIEWED FROM ITS TERMINAL,
A SEMI-INFINITE TRANSMISSION LINE CANNOT
BE DISTINGUISHED FROM A RESISTANCE!

08-11-31

NEXT LECTURE:

How do we quantize the propagating modes
on the transmission line?

The answer is crucial for understanding friction
in quantum regime

08-11-32
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END OF LECTURE
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