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Outline

P Bose-Einstein condensates — rotation

» Model: Gross-Pitaevskii energy
s Reduction to a 2D model
s Reduction to the lowest Landau level (LLL)
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s Bargmann transform and Bargmann spaces
s O functions

»  Supersolid models
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'Experiment: rotation

The condensate is rotated along the x5 axis.
» () small: no modification is observed

» () larger: vortices are nucleated
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Model: Gross-Pitaevskil energy

» In a BEC, atoms are described by a collective wave function
(Vh

» The corresponding energy is

Bo) = [ 31V 8 (o x T9) ¥ + SePluf + Sl

1 . 1 1
= [ 5IV6 =it 4+ 5= Pl + SGll
R3
1 2 1 2 2
+§‘83¢‘ +§373W‘ :

with the constraint [, [¢|* = 1, and r = (z1, z2).

®see Lieb-Seiringer 2005, Lieb-Seiringer-Yngvason 2000.
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2D Gross-Pitaevskii energy

Bun(®) = [ 3190 —i0rtof + 50— )l PlvP + Gl
R3

]
1 1
+51050° + Sasldf,
1 . 1 1~
Eanld) = [ 31960 0P + 5(1- @lrPIof + 5610l

1

where G = G/R§4, E(xg) = (6%)1/4.

(w1, 2o, 3) = G(21, 12)8(73) = E3p(¢) = % + Eap(9).



2D Gross-Pitaevskil energy

Theorem (A. Aftalion, XB): Let

I1p(2) = int {E3D<¢>, [ o - 1} |

I;p(§2) = inf {Ew(cb), o |¢‘2 - 1} )

Then,
I;p(Q) = 3+ Lp(Q) +o(vV1 = Q), Lp() =1+ 0(V1—-9Q),

and

¢3D($1, To, x3) = Ny, x9)&(x3) + w(wy, T9, 3),
with ||w|| 012 + ||w|[2 — 0.



L owest Landau Level

1 1
Ho— 20+ 2P = 62020, — 0.,

Eigenvalues:
Eip=14+1-Q)+1+Q)Ek>]
k = 0: lowest Landau level.

14

Energy bounded below «<— ) < 1.

We study (2 — 1.

Q<1
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LLL approximation

1 — 2

1 , I~
Ean(¢) = [ 5190 =0 o + = IrPlof + 5Glol*

Lowest Landau level: first eigenvectors of Ho=—3A+2|r|*—QL

LLL = {qb(z) = f(z)e *I*/2 f holomorphic, ¢ € LQ(RQ)} .

2 =x1 +1x9, 1= (T1,22).

1 — 2

beLLL = Buw(@) =2+ | ~oIrflof + 3Gl
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LLL approximation

Theorem (A. Aftalion, XB): Let

I1p(Q) = int {E2D<¢>, [ o - 1} |

I () = inf {Egp(gb), ¢ € LLL, o] = 1} .
R2

Then, [QD(Q) — ILLL(Q) + O(‘\/ 1 — Q)
Moreover,

H¢2D _ 1_[LLL (¢2D) HCO,1/2 T ||¢2D T 1_[LLL (¢2D) HL2 — 0.



Numerics

In the LLL, the wave function is defined by its zeroes:

1(/‘»4»4»4»4 4’

‘dﬁNbdbdbd"

4""",

0.999, G = 3, n = 58

Q:

~p. 10
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Scaling

B(6) = [ 5190 — it of? + 5laPlof(1— ) + 3610l

Rescaling: ¢(z) = yu(yz), with v = v/Q (1_292) v

E(¢) = /R w—@-(lfm)%m

1 — .. G2
oo ([ o + S )

Set h = \/1 — small parameter
B 2002 ' P '

2
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Bargmann space

LLL-functional:

N = [ IRtz

h— 0
(Fock-)Bargmann space:

| +

ng,g

uf*

Qh—>1

e‘%dz), g holomorphic}
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Bargmann transform

Bargmann transform®

1 22 _ (V2z—y)?
Brel(z) = e /]R 5 L) dy.

. . 2
By, : L*(R, dy) Y F, C L*(C; e_%dz).
B;:Bh — IdLQ(R;dy) BhB;; — Hh .
Szeg0 projector :

]_ z?—|zz,|2

Mf)) = o [ 7 fa

®REF: V. Bargmann (61), G.B. Folland (89), A. Martinez (02)
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Bargmann transform

on F, on L*(R, dy)

1
II; 211, = 2z —ho, +v) = a;
h<llp, \/5( Y y) h
1
11, zI1;, = ho, ho, +1vy) = a
nZ1Ly \/5( y +Y) = an
1
N, = z(h0,) = 11, [|2)? = K]II, < 5(—h28§ +9% —1)
1 1

IT,a(2)I, (Toeplitz) « o " (y, hD,).
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Bargmann space

spaces F;, s € R:

FPo= {f holomorphic , ((1 + |2*)*2f € LA(C; ez}fdz)>}
= {f holomorphic , (1 + N,)°f € Fi)}.

The imbedding F; C F}, Is compact as soon as s > 0.

E'(f) = (F|(NatB)f)y +C / uf d

fer u(z) =
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Bargmann space

Conseguence:

2
_ =7

For h > 0 the minimization problem (u(z) = f(z)e 2=)

G
inf  E"(f); /\z[ u(z)]” + h\u! dz .

||f||_7—‘h:1

admits a solution. A solution belongs to 7. .

205, |2 20, |2
b 3G o in EM(f) < = Go

3V 1 g =t 3 u

(b ~ 1.1596)
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L ower bound

Forget the holomorphic constraint:

GO
in /\T\Q\u\2+ bt we L2 LA /\u\2:1}.
C 2 C

Unique minimizer up to a phase:

1

2GS
min — A — 2) 1/ A &
(1) = = (A= 1)

+ -

energy

20, 2G
3 T

E
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Euler-Lagrange equation

ho.f + GO2I, ( m?) .f — (A~ h)f =0

K\z|2+c;s22 -5 fP —A) ] 0

G2

or  zhO.f+ —=f(hO)[[* 27 ) = (A=) f =0

Theorem (A. Aftalion, XB, F. Nier):
Any minimizer has an infinite number of zeros as soon as

729 VG
1024 (27719)3/2

~ 0.04276VG.

h(1+ Oa(h'")) <
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Approximation by polynomials.

h : h
Crrr — min £ (f)
Hf”]—“hzl

: h
e = min E"(P)
LLL,K
PeCk 2], | Py, =1

115k = 1o nk1 (V) Orth. proj. on Cg|z].

Theorem (A. Aftalion, XB, F. Nier):

C C
» 0<cirpp—Cirr < g and | f =k fll - < 5, when f
IS a minimizer.

» If Py is a minimizer of e}, ., then after extraction

Tim [~ P, |z, + [ Na(f — Pz, = 0.
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Theta function

Definition:

1 X

O(v,7) = - Z (_1)n€i7r7-(n—i—1/2)26(2n—l—1)7riv.
0

n—=——aoo

Proposition: If f is holomorphic and cancels on each site of the
lattice Z @ Z, with 6 € R™ and 7 € C \ R, and if the function

2

u(z)| = | f(z)|le~ " is periodic, then

_ | _ o]
0 = — and f(z)=e @( 7Th277>'
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Abrikozov problem

Abrikosov: inf f Jul” wz) = flz)e PR fe F
B (TP R

Euler-Lagrange equation: IT;, (|u|*f) = \f.
LLL problem: zhd, f + GORIL, ([ulf) = (A = h)f.
Lattice Z & 77

7)== (f‘tbj‘f)w ur(z) = O (\gz,Q e~

217

~ has a unigue minimizer*at r = es

Open problem: prove that the (global) minimizer is a lattice.

aNonnenmacher, Voros, 1998.
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Limit h — 0

f(z):egi@<\gz,7), y(f)(ﬁjj)w fo =10, (af)

where o € C%°(C) with compact support.

(Np+ B — \)fa + GO, (e \faﬁfa) -

Iy [(2* = A+ (T)Glal?) a] T f + O, (h72),

and E"(/,) = [ IrPlaf* +(r)Glal* + 0 (1)
C

1/2
Minimum for || = le(T) ( SN _ ]rP) and 7 = e%m/3,
+
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Extension: qguartic trap

Change the potential:

1 1 k
Eanld) = [ 3196 i0rtoP + 51— @lrPIof + SlrlYof

1 4

() > 11s allowed.

If k oc (2 —1)%/2, the LLL approximation is valid, and reduces to

E"(u) = [C(ko|2\4 — =) |ul* + g\ul‘l, u(z) = flz)e 2.
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Extension: qguartic trap

10 -
5+
O +

5L

210 -

Numerical simulations (N. Rougerie) for
G=3k=10Q0=1+215x 1075,

Same ansatz: © function and

1
a()F = = (A + 2 = koll*),,
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Supersolid models

Crystalline Helium exhibits superfluid properties: "supersolid"

70

60 |-

50
supersalid

Experiments by Kim and Chan,
Nature 427, 2004.

pressure (bar)

10 |- superfiuid

G | I | L | 1 ] | l i
0.02 0.04 01 02 04 1 2 6

temperature (K)

Penrose-Onsager (1956), Andreev-Lifshitz (1969), Leggett (1970), Prokof’ev and Svistunov
(2005), Balibar et al (2007), ...
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Supersolid models

Gross-Pitaevskii with nonlocal interaction (Josserand, Pomeau,

Rica, PRL 98, 2007):

7
E@) = | Lvep+ S (v o)) 0P
52 2

1 if |z < 1,
v<x>—131<x>—{0 o

inf{Ew), vem o). | W:\D!}.

College de France
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Supersolid models

Numerical simulation of G-P at 2D

e &8 ¢ &8 & @ & @
@ 0 2 0 & 0 0 @
e 8 ¢ @ & 9 © @0
g & &2 & &0 0 0 @
e &8 @& @ & 90 @ @
@ @ & & &8 & @ @
@ &8 & & &8 2 @ 0
@ ¢ 0 0 0 &0 0 @
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Supersolid models

Theorem (A. Aftalion, XB, R. L. Jerrard): Define

n(D) := max{k : Jz1,...,z, € Dsuchthat |z; — z;| > 1 Vi # j}.

Then inf {/D(V «p)p, p >0, /Dp = \D\} = |D[*/n(D),

and p is a minimizer iff there exist n(D) pairwise disjoint closed
sets Ay,..., A,p) C D, such that

dist (A;, A;) > 11if7+# 4, and W,/pdx = —
(Ais Aj) ; (D)
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‘Supersolid models

Theorem (A. Aftalion, XB, R. L. Jerrard):
As G — oo, any subsequence of minimizers of

. 1 » G 2\ [ 412 2
ut { [ S1voP+ 5 (vlop)lof, [ o = DI}

is relatively compact in H'(D). Any limit point is a minimizer of
the Dirichlet energy in the set of minimizers of the interaction.

In dimension 1, we thus have, up to translation (n = n(D))

%sin(hlo(x —x;)) fxe(x,x;+hy), 0<i<n—1,
0 If not

n=|D[l,  ho=(D|=(—-1)/n,  zi=i(1+ ho).
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Perspectives

» Quartic trap : large rotation ) — oc.
» Abrikosov problem

» Anisotropic trap: Ho = —3A + 127 + %m% — QL
. correlation effects.

» Prove crystallization for the supersolid model.
» Rotation for the supersolid model.
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