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The problem

Let E be a separable real Hilbert space.
We want to prove that a Borel probability measure py on E, which
depends continuously on the time t € R and fulfills

Oep+ div (v(t, x)u) =0, pe=0 = po

equals
e = (D(t, 0)*”0 )

when ®(t,s) is a well-defined flow on E, associated with the ODE

x=v(t,x).
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The problem

Finite dimensional case:

Assume that ®(t,s) is a diffeomorphism on E for all t,s € R.
The transport equation is

/R /E (Beot(u(t..) . Vp)e) due(x)dt =0, Vi € CE(RXE),
or

)
| [@cerine). Vaele) dunx)de [ 2(0.5) diio()
0 E E

—/Egp(r,x) dur(x) =0, Ve e P[0, T] x E).
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The problem

Finite dimensional case:

The method of characteristics consists in taking
o(x,t) =a(®(T,t)x) aecCy°(E).

We get

(O + (v, T))(O(£,0)x, 1) = 2 [a(®(T, 0)x)] = 0

and
/a(CD(T,O)x) duo(x):/a(x) dur(x), VaeCP(E),
E E

which is
pr = ®(T,0).p0.

Francis Nier, IRMAR, Univ. Rennes 1 and INRIA project-team M About the method of characteristics



The problem

Infinite dimensional case:

The weak formulation
/ /(atw W(t) ) Vo) dpe(x)dt = 0,
RJE

is given for a class of test functions: the cylindrical functions

¢ € C5%y(R x E) or some polynomial functions on E.
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The problem

Infinite dimensional case:

The weak formulation
/ /(atw W(t) ) Vo) dpe(x)dt = 0,
RJE

is given for a class of test functions: the cylindrical functions

¢ € C5%y(R x E) or some polynomial functions on E.

Problem: A nonlinear flow does not preserve these classes.
We cannot take p(x, t) = a(P(T, t)x)!!
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An example, the Hartree flow

The Hartree equation is given by
i0z=—-Dz+(Vx|z|?)z |, z—0=2.

with V(—x) = V(x

= V(x).
Example : V(x) i% in dimension 3.
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An example, the Hartree flow

The Hartree equation is given by
i0z=—-Dz+(Vx|z|?)z |, z—0=2.

with V(—x) = V(x).
Example : V(x) = iﬁ in dimension 3.

The equation can be written i0;z = 0zE(z) with

8@ = [ V2P det g [ Ve n)izGPlzO ddy

= (z,-Az)+ %<z®2  V(x —y)z®?).
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An example, the Hartree flow

Set 2, = €2z, and the equation becomes

iatft - %h(?, t)

h(z,t) = (%2, Viz®?)
Vt — eit(AX-l-Ay)(V(X - y)x)e—it(Ax—i-Ay)
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An example, the Hartree flow

Set 2, = €2z, and the equation becomes

iatft = %h(?, t)
h(z,t) = (252, V,z%?)
Vt — eit(AX-l-Ay)(V(X - y)x)e—it(Ax—i-Ay)

When V = £+, d = 3, Hardy's inequality leads to

Ix]
[(z1, Vizz®@ z3)[ > < Carg'ga (\Za(l)|H1|Za(2)\L2|Za(3)|L2)

(z1, Viz® z3)[jn < Cafg'ga (1zo() | 1| 2o(2) | 1] Zo(3) 12)
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An example, the Hartree flow

Set 2, = €2z, and the equation becomes

iatft = %h(?, t)
h(z,t) = (252, V,z%?)
Vt — eit(AX-l-Ay)(V(X - y)x)e—it(Ax—i-Ay)

When V = £+, d = 3, Hardy's inequality leads to

X’
[(z1, Vizz®@ z3)[ > < Carg'ga (\Za(l)|H1|Za(2)\L2|Za(3)|L2)

(z1, Viz® z3)[jn < Cafg'ga (1zo() | 1| 2o(2) | 1] Zo(3) 12)

More generally it works if V satisfies V(—x) = V/(x) and
V(1 - A)"Y2 € £(L2(RY)).
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An example, the Hartree flow

Assume V(x) = V(—x) and V(1 — A)7Y/2 € L(L>(RY)). The
equations

i0rz = 0zE(z) et (0:z = 0zh(Z,t)

define flows ®(t) and ®(t,s) on H(R?; C).

The norm | |2 and the energy £ are invariant under ® . The norm
L[2(RY) is invariant under ® and the velocity field

v(z,t) = 20zh(z, t), satisfies

v(z, t)lm < Clzffulzliz -
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair

potential V/(x — y), leads to Borel probability measures on
H! = H1(R?; C) which verifies

/ 1(8tgp + i(0zh.0zp — 0,.0zh) du(z)dt =0
RJH

for all ¢ € C5%,(R x HY: R).
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair
potential V/(x — y), leads to Borel probability measures on
H' = HY(R9; C) which verifies

/ 1(8tg0 + i(0,h.0zp — 0,.07h) du(z)dt =0
RJH

for all ¢ € C5%,(R x HY: R).

For a cylindrical function f € CgY, Cy,(Hl;R) on H!, we define
Vzf by
Vue HY(RY), (u, Vzf)n = (u, 95f).

Its gradient for the real structure on H* = H}(RY; C) with the
scalar product (uy, U2>,_,H1Q Re (u1, up) 1 is given by
V =2Vz
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair
potential V/(x — y), leads to Borel probability measures on
H! = H1(R?; C) which verifies

/ 1(8tg0 + i(0,h.0zp — 0,.07h) du(z)dt =0
RJH

for all ¢ € C5%,(R x HY: R).

The above equation is the weak version of
. 1
O +div (vepn) =0, vy = =05h(z, t)
i
with cylindrical test functions on R x H} HI}& = Hl(Rd; C)

being the real Hilbert space with the scalar product (u, v>H1§
and |Z|H1§ = |Z|H1.
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An example, the Hartree flow

Remark : With good assumptions (on the initial mean field data),
one verifies that the measure u; is continuous w.r.t the
Wasserstein distance *

1/2
Wa(pr, p2) = | inf / |20 — z1[2pdp(z1, 22),  Mjap = .
Hi x HL

Also, for all t € R

| Jelinlz dunta) < €

R

and

]
L[ vt 2 duet) <
R

*This strong continuity property is requires intermediate steps
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Solving a transport equation in Prob,(E)

E real separable Hilbert space.
Proby(E) is the space of Borel probability measures on E, p, such

that
/ X2 dpu(x) < +o0
E

The Wasserstein distance W, on Proby(E) is given by

W22('U1nu2) = inf {/EZ X2 — X1|2d:U(X17X2)’ (I_I_i)*,u = :uj} .
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Solving a transport equation in Prob,(E)

For T >0, set [+ =CO([~T, T]; E) endowed with the norm

Voo = maxee— 7,77 [7(1)]

or the distance

d(7,7") = maxee- 7,77 (X pen [(7(2) =2/ (2), e,ﬁ,>|22*’"')1/2 with
(en)nen- ONB of E

For a Borel probability measure 1 on E x ' define the
evaluation map at time t € [T, T] by

/ o dull = / o(1(1)) di(x.7). Ve € C(E).
E

rr
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Solving a transport equation in Prob,(E)

For T >0, set [+ =CO([~T, T]; E) endowed with the norm

1Yo = MaXte[-T,7] Iv(t)]
or the distance

d(7,7") = maxee- 7,77 (X pen [(7(2) =2/ (2), e,ﬁ,>|22*’"')1/2 with
(en)nen- ONB of E

For a Borel probability measure 1 on E x ' define the
evaluation map at time t € [T, T] by

/ o dull = / o(1(1)) di(x.7). Ve € C(E).
E

rr

Actually, pf = (et)«n with

er:(x,7) € ExTT —~(t)€E.
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Solving a transport equation in Prob,(E)

The following result is the infinite dimensional version of a result
by Ambrosio-Gigli-Savaré.

Proposition

If pe : [T, T] — Proby(E) is a Wa-continuous solution to the
equation
Oepr + div (v(t, x))p) = 0
on (—T,T), for a Borel velocity field v(t,x) = v¢(x) on E such
that |ve|i2(g ) € L'([= T, T1),; then there exists a Borel
probability measure 1 on E X [+ which satisfies
» 1) is carried by the set of pairs (x,~) such that
v € AC3([~T, T]; E) solves #(t) = vi((t)) for almost all
te (=T, T) and~(0) = x.

> ur=puy forallte[-T,T].
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Solving a transport equation in Prob,(E)

Corollary

If for all x € E, the Cauchy problem

() = ve(7(2)),  (0) = x

is well posed and defines a flow ®(t,s) on E, then

e = é(tu 0)*”0 .
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Solving a transport equation in Prob,(E)

Corollary

If for all x € E, the Cauchy problem

Y(t) = vi((8)), ~(0) = x

is well posed and defines a flow ®(t,s) on E, then

e = é(tu 0)*”0 .

Proof:
/E o dpie = /E |, #0(E) dnlx,) = /E b (e N0 9t )

:/goo&)(t,s) dys .
E
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
RY 5 Wiy--vyyd) — ﬂ'd’T(y) = Zynen € E,
n=1

d
E>x—29x) = Z(en,x>en €E.

n=1
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
RY 5 Wiy--vyyd) — ﬂ'd’T(y) = Zynen € E,
n=1

d
E>x—29x) = Z(en,x>en €E.
n=1
i =mdpe fif = #dpe = pf @ 5o when E = Fy® Fg, Fy ~R?.
{1ty .y € R} is the disintegration of pi¢ w.r.t uf .
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
RY 5 Wiy--vyyd) — ﬂ'd’T(y) = Zynen € E,
n=1

d
E>x—29x) = Z(en,x>en €E.
n=1
i =mdpe fif = #dpe = pf @ 5o when E = Fy® Fg, Fy ~R?.
{1ty .y € R} is the disintegration of pi¢ w.r.t uf .

Wy) = / T4(ve(x)) dpaey(x) for ae.y € R,
(m9)=(y)

-SQ_

—~

<

~
Il

/ #9(ve(x)) dpg oy (x) for aey € E.
(79) " (#dy)
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Why a probabilistic trajectory picture ?

Otper + div (vepe) = 0.
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Why a probabilistic trajectory picture ?

V?(y)

y=n(x) T

Vi(xy)

oepd 4+ div (v@ipd) =0.
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Why a probabilistic trajectory picture ?
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Why a probabilistic trajectory picture ?

Properties:

191122 ) = IVE L2 gy < Vel 26 pue)
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Why a probabilistic trajectory picture ?

Properties:
1981 2 pgy = V8 12 gy < Vel i2(E ) -
t t
WZ(H?UN%) < ftf ‘Vg‘B(Rd,uf)dt < ftf |Vt‘L2(E,Mt)dt'
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Why a probabilistic trajectory picture ?

Properties:
Wd‘2 "d:|Vd|2dd<|V|2
t 1L (E7ut) t L (]R 7“[’) - tiL (E7/J’f) )
d ,d | d t
W2(Ntlaﬂt2) < ftl |vi ‘L2(Rd,u;’)dt < ftl |Vt‘L2(E,m)dt-
The sequence (21¢)gen+ converges weakly narrowly to p; with
the estimate

W2(:ut2nut1) < Ilm 'nf W2(:ut2nut1)
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Why a probabilistic trajectory picture ?

Properties:
WﬂB(E pdy — |th|L2(Rd ud) < |Vt|L2(E,m)-
Mt Wt
Wz(ué’l,u%) < ft? ‘Vf‘B(Rd,ug)dt < ft? |Vt‘L2(E7/Jt)dt'
The sequence (21¢)gen+ converges weakly narrowly to p; with
the estimate

W2(:ut2’:ut1) < Ildnl)glf WQ(/’lé,/jg)

Similar properties hold for the families 7, /9 after projecting the
trajectories.
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Why a probabilistic trajectory picture ?

Properties:
WﬂB(E,ﬁ‘t’ = |Vg|L2(]Rd,pf) < Vel i2(E ) -
t t
Wz(ﬂgl,ﬂgz) S ftf ‘Vg‘L2(Rd,u‘g)dt S ft12 |Vt‘L2(E,uf)dt'

The sequence (21¢)gen+ converges weakly narrowly to p; with
the estimate

_ ~d ~d
W2(:ut2nut1) < Ildnllorlf W2(,ut2’ :utl) :

Similar properties hold for the families 7, /9 after projecting the
trajectories.

In this approximation process, the finite dimensional vector field v¢
may be (is) singular — no uniqueness of trajectories.
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