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|. A short review



Mean field games: infinite horizon

Findu € C*(T), m € WHP(T) and) € R s.t.
( —vAu+ H(x,Vu) + A =V]m],

— vAm — div (ma—H(:U, Vu)) =0,
dp

_/\

/uda?:O, /mdle, and m>0 InT.
\ JT T

e T unit torus ofR¢
o >0

e I is aC! Hamiltonian (convex):

: L
H(x,p)= sup (p-a— L(x,«)), with  lim inf (z,0)

acRd || —o0 @ ‘Oz|

:—|—OO



e 1/ is an operatofrom the space of probability measures orfl into a
bounded set of Lipschitz functions onT such that

V' |m,,] converges uniformly off’ to V' [m] if m,, weakly converges ton.

Typical examples fo¥” include nonlocal smoothing operators.

Local operators

may be considered as well.



(x) has been obtained by J-M. Lasry and P-L. Lions by passingetdirit
In stochastic differential games involving a very large nunber N of
identical rational agents (or players) with glimited) global information

e Dynamics:

dX! = \2uwdW] — o'dt, X! =z'ecR?

o)y

a'=ArgminJi(at,....a" ot at o al).

T — oo T

. T
Jz(al,...,ozN)zliminflE (/ (L(Xt,ogt )+ V
0

o (a!,...,a")isaNashpointif Vi=1,..., N,



e Structure assumption aH: there exist® € (0, 1) such that forp|

large,
8H 0
inf — H*? 0
:felT ( or P dv ) -

(makes it possible to obtain Lipschitz estimatewowith Bernstein
Inequality).

e There is a system &fN PDEs
— N HJB equations for the value functions
— N Kolmogorov equations for the stationary measure&Xyf),

whose solutions yield Nash equilibria.

e N — oo, pass to the limit...



Unigueness for the mean field problem

By contrast with the system of PDEs fof players, the system (*) is well
posed under some assumptions:

Theorem (Lasry-Lions)If V' is strictly monotone, i.e.
/(V[ml] — VImsal])(m1 — ma)de < 0 = my = ma,
T

then the solution of the mean field system (*) is unique.



Proof
Consider two solutions of (*)(A1, u1, m1) and( Az, ug, ms):

e multiply the first equation byn; — ms

/T<VV(U1 o) - V(my —ms) + (H(z, V) — H(z, Vus))(my — mg))da:
= [ (Vi) = Vimal) (my — ma)da
» multiply the second equation by, — us
0 :/TVV(ul —uy) - V(my — my)dz

H H
+/ m1a—(iﬁ, Vui) — mga—(af, VuQ)) - V(up — ug)dz.
T Op op



e subtract;

( / (H(CB Vui) — H(x,Vuz) — %—IZ(:L’ Vui) - V(up — u2)> dx
0= /m2 ( 2, V) — H(z, Vur) — %—;I(x Vi) - V(us — u1)> du
(VIma] — V[maz])(m1 — mz)dx

\ T

SinceH is convex and’/ IS monotone, the 3 terms vanish.
The strict monotonicity o/ implies thatm; = ms.

The identitiesu; = u, andA; = A5 come from the uniqueness for the HIB
equation:

—vAu+ H(z,Vu)+ A= f with /u:O.
T



Finite horizon Nash equilibrium with N players

The N players initial conditions are random, independent, wvahdame
probability distributionm?.

Cost of the playef at timet:

) i
E (/ (U(Xg,ag)+v T 2 Oxs >d3+V0 Z(SXJ
t

J#z J#%
N — oo : with the change of variable— T — ¢,

( ({;—? — vAu + H(x,Vu) = V|m|,

om OH
B + vAm + div (ma—p(a: Vu)) = 0,

()

_/\

/md:czl, and m>0 InT,
T

u(t =0) = Vo|m(t = 0)], m(t="1T) = m..

10



Existence for (**)

Theorem (Lasry-Lions)
If

e same kind of assumptions dnhandVj, as in the stationary cas& (and
Vo are nonlocal smoothing operators).

e H is smooth orT x R% and

OH
e @) SCU+ ), VoeT vpeRy

then
(**) has at least a smooth solution.

11



Unigueness for (**)

Theorem (Lasry-Lions)
If
the operator$” andVj, are strictly monotone, i.e.

/T(V[m] _ ViR (m—m) < 0= Vim] = Vil
/T(Vo[m] Vo)) (m — ) < 0 = Vilm] = Vil

then
(**) has a unique solution.

12



ll. Finite Horizon: Numerical Methods

13



Taked = 2:

( 2—1" — vAu+ H(z,Vu) = V[m],
8_m + vAm + div (ma—H(x Vu)) = 0,
4 op ()

/md:z:—l m >0 InT,

u(t=0)=WmiEt=0)], mit=T)=m.,

e Let T}, be a uniform grid on the torus with mesh stemndz;; be a
generic point ifl,.

e Uniform time grid: At =T /Ny, t,, = nAt.
e The values ot andm at(z; ;,t,) are resp. approximated iy"; and

M™.

8,7
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Goal: use a fully implicit scheme,robust when» — 0, which guarantees
existenceand possiblyuniform bounds and uniqueness

Notation:
e The discrete Laplace operator:
1
(ApW)ij = =15 @Wi; = Wiprj — Wicrj — Wi — Wijo1).

h2

e Right-sided finite difference formulas fo§w(x; ;) anddyw(z; ;):

Wz’—|—1,j — Wi,j Wz’,j—}—l _ Wz’,j
h h |

(DYW);,; = , and (D3W);; =

e The set of 4 finite difference formulas & ;:

Dy W15 = ((DFW)i iy (DI W)ic1 g, (DFW )i g, (DFW)i i1 )

15



Discrete HJB equation

% —vAu+ H(x,Vu) = V|m]
l

— v(A UMY 5+ g(@i g, [DRU™ i 5) = (VR [M™H]).

2

Uz - U,
At

g(zi5, [DRU55)
=g (fBz',j, (DYU™ )5, (DTU )15, (DFU™), 5, (DJUnH)z',j—l),
e for instance,
(Vi M])i; = VImp|(25),

callingm,, the piecewise constant function @taking the valuel/; ;
In the squargr — z; ;oo < h/2.

16



Classical assumptions on the discrete Hamiltoniag

(91,92,93,94) — 9 (,q1,92,93,q4) -

e Monotonicity: ¢ is nonincreasing with respect g andgs and
nondecreasing with respect togoandgy.

e Consistency:

g (x7Q17Q17Q?>7Q3) — H(£7Q)7 Vo € T,Vq — (Ql,Qg) - R2.

o Differentiability: ¢ is of classC!, and

dg

(@ (0102008, 00) )| < OO+ [ar] + laa| + [as] + laal):
o Convexity: (q1,q2,93,494) — 9(,q1, 42,73, qa) IS CONVEX.

17



The discrete version of
om OH
1 - = ).
r + vAm + div (m o (, Vv)) 0 (1)

It Is chosen so that

e each time step leads to a linear system with a matrix
— whose diagonal coefficients are negative,
— whose off-diagonal coefficients are nonnegative,

In order to hopefully use sondiscrete maximum principle.

e The argument for uniqueness should hold in the discrete sasiage
discrete Hamiltonian g should be used for(7) as well.

18



Principle

Discretize

OH OH
— | div|m—(x,Vu) |w= | m—(x,Vu) - Vw
/Tv( el )) [m (@

WY mijVag(wi g, [DuUlij) - [DaW]i ;.

2

19



This yields the scheme:

0=

n+1 n

Ve

+v(AM")i;

At

n a n n n n
Mi,ja—;(fﬁim(DfU )i (DY U™)iz1,5, (D3 Ui, (D3 U™ )i 1)

n a n n n n
_Mi—l,jﬁ—qgl(xi—l,ja(Di'_U )i—1,5, (DY U™ )iz2,5, (D3 U™)iz1,5, (D3 U™ )iz1,5-1)

+ ?+1,ja—qi (ig1,5, (DY U i1, (DYU™)i g, (DU )ig1,5, (D3 U™ )ig1,5-1)

\ _MT,L—QQ (xi,ja (Dil—Un)i,ja (DT—Un)i—l,ja (D;—Un)i,j? (D;—Un)i’j_1>

( n 0 n n n n
Mi g (xz,],(Dii_U )z,j;(Dii_U )i_l,j,(D;U )@a37(D;U )i’j_l)

,ja_q3

n a n n n n

—Mi,j—l—ﬁqi (ij—1, (DT U™)ij—1, (DY U™)ic1,j-1, (D3 U™ )ij—1, (D3 U™)i j—2)
n a n n n n

+Mi,j+1—aqi (2i,j41, (DT U™ )i 1, (DT U™ )i g1, (D3 U™ )i g1, (D3 U™)i5)

n 8 n n n n
—Mi,ja—i(%,ja(DfU )i (DY U™ )iz1,5, (D3 Ui, (D3 U™ )i—1)

20



Classical discrete Hamiltoniansg can be chosen.

For example, if the Hamiltonian is of the form
H(z,Vu) = $(z, |Vul),
a possible choice is th@odunov scheme
9(7,q1,q2,q3, Ga) =

" (x /min(q1, 0)2 + max(ga, 0)2 + min(gs, 0)% + max(qa, 0)2) .

If ¢(x,w) IS convex and nondecreasing w.it, theng is a convex function
of (¢1,q2,q3,q4); g 1S nonincreasing w.r.ty; andgs and nondecreasing
w.r.t. go andgy.

Finally, it can be proven that the global scheme is condistett is smooth
enough.

21



Kushner-Dupuis scheme

More generally, ifH is given by

H(z,p) = sup (p-a— L(z,a)), zeT,peR?
acR?

then one may choosgas

9(, a1, 42, 43,91) = sup (—aTq1 + a2 —azqs +agq — L(z,)) .
aeR

The numerical Hamiltoniap is clearly convex, nonincreasing with respect
to ¢; andgs and nondecreasing with respecigtoandqy,.

22



Existence for the discrete problem

Theorem Assume thaf\/ ¥ > 0 and thath? 3, . M," = 1. Under the
assumptions above dn, 1V, andg, the discrete problem has a solution
and there Is a Lipschitz estimate onJ;* uniform in n, h and At.

Strategy of proof

K=< (M )o<ij<n : b ZMzg =1,M;; >0

]

Apply Brouwer fixed point theorem to a well chosen mapping

X : JCNT — KN,

23



Proof: a fixed point method in N7,
Stepl:amap®: (M™), — (U™),.

Given (M;"T), define the ma@: (M")o<nen, € KN — (U™ )o<n<ny,

( TL—|—1 mn
Uz’,j — Ui,j

$ At

Up; = Volmy) (i ).

. uJ

— (AU 5+ gy 4, [DRU™ Y, ) = (Vi [M™HH])

y )
[2¥)

e Existence is classical: (Leray-Schauder fixed point thmcaeeach
time step, making use of the monotonicitygfthe uniform
boundedness assumption Brand of H (-, 0)).

e Uniqueness stems from the monotonicitygof

24



Step 2: estimates
e There exists a constaatindependent of M "),, andh s.t.

U loe < C(A+T).

e The map® is continuousfrom the continuity ofl” and well known
results on continuous dependence on the data for monotbeenss.

e There exists a constan{7") independent of M™),, andh s.t.
HDhUnHOO < L(T>7 vn,

proved by using the assumption

dg

5 (41,02, 03,42)| < C(1+ lau| +a2] + las| + laal)-

25



Step3: Amapy: (M"), — (M”)n

e Choose a positive constamt> 0 large enough.
e For (U"),, = ®((M™),,), backward linear parabolic problem fod/™:

( MNT — MNT,
M — M — .
pbM; = K N —Vv(ARM")ij — pM;
4 sza_<x1j7[DhU ]z j) Mi—l,ja_<xl—1 Ja[DhU ]1—1 J)
t o . dg
+M; o (Tit1ds [DrU"it1,5) Mi'?ja—qQ(fl?z i [DnU"]i5)
Mz,ja—<x137[DhU Ji,5) Mi,j—la (i1, [DnU"]ij-1)
t o g B dg
\ + zng+15, (zij+1, [DnU"]ij41) Mﬁja—%(a:”,[DhU”]”)

26



From the previous estimates @t ),,, one can fing: large enough and
independent of M ™),, such that the iteration matrix is the opposite of a
M-matrix, thusthere is a discrete maximum principle.

Therefore, there exists a unique solutidd™),,.
Moreover,

M >0 = M">0, vn,
W2y, Mr=1 = Ry, M"=1 V.

ThusM™ € K for all n. Define the map

X : KN s CNT,

—~—

(M™)o<neny — (M™)o<n<nr

27



Step 4: existence of a fixed point of

From the boundedness and continuity of the mapgdingnd from the fact
thatg is C', we obtain thaty : KV* — N7 is continuous.

From Brouwer fixed point theoreny, has a fixed point, which yields a
solution of (**).

28



Discrete weak maximum principle-1
The discrete version of

om , OH
B + vAm + div (ma—p(aﬁ, Vv)) =0

can be written
—M"™ — AtA"M" = — M

Introduce the semi-norm|W |||

W[ =" (DFW)Z; + (D3 W)E5) -
i,
Discrete Garding inequality: from the estimates oti”, there existgy > 0
(independent of andAt) s.t.

n vV
(AW, W) = lIWIF =AWl YW, Vn.

29



Discrete weak maximum principle-2

We have also

n B v
—(A"W, )2 = S[[W 12 =~AW™]3, YW

Taking (M™)~ as a test-function in the discrete equation yields

(1= 29A0) [|(M™)7 |2+ vl | (M™) ]| < ||| 2,

so there is aliscrete weak maximum principle2fy At < 1.

30



Unigueness

Theorem Same assumptions as abovelonl,, H andg. Assume also that
the operatord’, andVj ;, are strictly monotone, i.e.

—~—

(ValM] = VA[M), M =) <0 = Vi[M] = V4[M],

—~—

(VonM] = VoM, M = M) <0 = Vou[M] = Vou[M).

If 2vAt < 1, then the discrete problem (slightly modified) has a unique
solution.

Proof The choice of the scheme makes it possible to mimic the preed u
In the continuous case: uses the convexity assumptignao the discrete

weak maximum principle.

31



l1l. Infinite Horizon: A numerical method

32



7

[ —v(AnM);
dg dg
1 M@-,jﬁ—m(:c”, DU} 5) Mi—l,jﬁ—ql )
+Mit1, 5 (Tit1,5, [DnU)it1,5) — M a—qg;
dg dg
1 Mi’jc‘?—qg(g”’ DU} 5) Mi,j—la—qg ’
h g g
Mi ) ) 3 D ) Mz )
\ + M 41 Py (Ti,j+1, [DnUlij+1) 7 Bga
M; ; > 0,
and

—V(ARrU)i,j + 9(mi 5, [DrUJi ) + A = (Va[M]),

33
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Existence for the discrete problem: strategy of proof

e Use Brouwer fixed point theorem in the set of discrete prdibabi
measures foramapping: M — U — M.

e Themapd: M — U consists of solving

—v(ArU)ij + g9(xi g, [DnUi ;) + A = (Vu[M]),
Zz’,j Uij =0

J 7

e (U, )\) is obtained by considerinifpe ergodic approximation:

~U(BaU )5 + (@i, [DAUP)ig) + pULS = (Va[M]), ;.
and passing to the limit gs— 0.

o We need estimates di(¥) — Uy uniform in p andh.

34



Difficulty
Continuous problem: the a priori estimafft€ ||, < C was obtained with
the Bernstein method.

Discrete case: this argument is difficult to reproduce.

We make more restrictive assumptionsidrandg to obtain bounds
uniform in h.

35



Possible assumptions on the Hamiltonian

H(z,p) = {.{lgg(p o — L(z, 04)>,

where
e A is acompact subset &,

e LisaC’ function onT x A,
Kushner-Dupuis scheme:

g(£7Q17 q2, 43, Q4> — SUB\<_041_91 + Oéf% — OCQ_Q3 + Oé;% - L(CE,O&))
ac

36



Estimates on the discrete ergodic approximation

Proposition (using Kuo-Trudinger(1992) and Camilli-Marchi(2008))
Consider a grid functio¥ and make the assumptions:

e [ is a continuous function4 is compact,
o ¢+ g(x,q)isaC! function onR*,
¢ |Vl is bounded uniformly w.r.b.

For any real numbey > 0, there exists a unique grid functi@f’ such that

pU? . — V(AhUp)z’,j + g<xz’,j7 [DhUp]i,j) = Vij,

0,
and there exist two constanisé € (0,1) andC, C' > 0, uniform inh andp

s.t.
UP(€) —UP(E)| < Cle=¢€1°, V&€ €Ty

37



Estimates on the discrete ergodic approximation

Proposition (using Krylov(2007) and Camilli-Marchi(2008))
Same assumptions as before, and furthermore

e [ is uniformly Lipschitz continuous w.r.tz,
e |D;V | is bounded uniformly w.r.k,

For any real numbey > 0, there exists a unique grid functiéf’ such that

pUL; —v(ARU)i 5+ g(wi g, [DrU")i ) = Vi g,

i,]
and there exists a constarif C' > 0, uniform inh andp s.t.

UP(&) —UP(E) <ClE=¢, V& €T

38



Themap®: M — U

Proposition
Under the first set of assumptions, there exists a uniqudgnictionU and
a real numben such that

1,7

—v(ApU)ij + g(xi g, [DnU]ij) + A = (Vi [M])
Zi,j Ui =0,

and there exist two constantsé < (0,1) andC, C > 0, uniform inh s.t.

U -UE) <ClE=¢€1°,  VEE Ty

Under the second set of assumptions,

U -UE)=ClE=¢&,  VE eTh.

39



Existence and uniqueness for the stationary problem

Theorem Under the above assumptions Brandg, the discrete stationary
problem has at least a solutiand we haveeither a uniform kblder or a
Lipschitz estimate om,,, depending on the assumptions.

Remark Existence is still OK if fory > 1,

g(flj, d1,42,43, Q4) > &((Q1)2_ + (q2)3_ + (Q3)2_ + (Q4)3_)’Y/2 — C,

but no bounds om;, uniform in A.

Uniqueness: OK if

(Va[M] = Va[M], M — AT) <0 = M = T,

40



Convergence

The same method used for uniqueness can be used for proviagrgence
of the discrete scheme under some assumptions on congistetGtronger
assumptions ofy;,.

Example
If there exists > 0 such that

IS
o0

W (ValM] = VA[M], M = M) = e Va[M] = Vi[M]

thenuniform convergence fat, convergence ok and a convergence
related tol” for m.

Uses the HBIder or Lipschitz estimates dw, uniform w.r.t. h.

41



The case whenrl/ is a local operator

Vim|(z) = F(m(x), ),

Same assumptions di, g as above.
e EXistence for the discrete problem: OK

e If Fis abounded an@' function onR x T, uniform bounds for some
Holder norm ofuy,.

42



IV. Infinite Horizon: long time approximation

43



Long time approximation (Eductive strategy, see @ant-Lasry)

( ot _ N -
i vAu+ H(x,Vu) = V]m],
i H

\ %—TZ — vAm — div (m%—p(:p, Vﬂ)) = 0,

\ u(0,z) =uo(z), m(0,z) = mol(x),
with fT mo = 1 and mo > 0.
We expect that

tlim (u(t, ) — At) = u(x), 1tlim m(t,z) =m(x),

Same thing at the discrete level.

We use a semi-implicit linearized scheme. It requires thaemical solution
of a linearized problem. Linearizing must be done carefatig is not
always possible. In such cases, an explicit method can lue use

44



1,

H(x,p) = sin(2rxy) + sin(27x,) + cos(drzy) + |p|?,

K
N

np

<>
K3

H(x,0) = sin(27zs) + sin(27xy) + cos(4dmzy).

45
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"mean_8_200" ——

1.16

1.14

1.12

1.08

1.06

1.04
1.02 [
1 h .

200 400 600 800 1000 1200 1400 1600 1800 2000

1
v =1, Convergence; / u(x,t)dr — X ast — oo.
T
Very long time steps are used near convergence.
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0.0002 0.0003
"erroru" - * "errorm" ——

.00018 0.005%x gy, 0.005%x swwmmmans
.00016 0.00025
.00014
.00012 0.0002
0.0001
8e-05 0.00015
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0 5e-05
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Convergence ak — 0
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0.01,

N
I

H(x,p) = sin(2nxs) + sin(2wz1) + cos(drxi) + |p|?,  F(z,m) = m?.

v = 0.01,

"mean_8_200" ——

\5

200 400 600 800 1000 1200 1400 1600 1800 2000

1
Convergencet / u(x,t)dr — A ast — oo
T
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right m.

left: u,

Note that the supports &f v and ofm tend to be disjoint as — 0.

v = 0.01,
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Vim|(z) = F(m(z)) = —log(m(z)).

Same Hamiltonian as before. We now take- 0.1.

left: u, rightm.
The measuren;, concentrates near the minimumwf.
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Deterministic limit v — 0

Theorem (Lasry-Lions)
If

e H(x,p) > H(z,0) =0,
e Vim] = F(m)+ fo(x) whereF’" > 0,

then
lim (A, m,) = (A, m),

r—0

where

+
and

m(z) = (F1(A = fo(x)))

52
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v = 0.001,
H(CE,p) — |p|27

() = 4cos(4drx) + m(x)

\ "u.gp" <0 "m.gp"
i A

left: u, rightm.
The supports oV u and ofm tend to be disjoint.

m(x) ~ (A — 4cos(4mx))™

53




A nonlocal operator V'
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v = 0.1,
H x,p) = sin(2wx2) + sin(27x1) + cos Arxy) + |p
Fx,m = 200(1 — A -1 1 —A _1m
left: u, rightm.
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v = 0.001,
H(z,p) = sin(2wx2) + sin(2mwx1) + cos(4rzr) + |p|?,
Flz,m)=(1-A)"'1-A)"'m
left: u, rightm.
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H(x,p) =sin(2mx2) + sin(27wx1) + cos(4dmxy) + (0.6 + 0.59 cos(2mx

F(z,m) =200(1—-A)"*(1—
left: u, rightm.
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V. Finite Horizon: a Newton method
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Difficulty: time dependent problem with conditions at both initial amelfi
times

FoU, M) = 0,
Fu U, M)

Solution procedure: Newton method

—1
Ut ur [ AvoU M) Aga U, M™) Fo U™, M™)
M M" Avo(U, M™)  Apar U™, M™) FuU™, M™)

where

I
=

AvvU,M) = DyFulU, M), AU, M) = DpFuUU, M),
AM’U(Z/[,M) DUfM(uaM)a AM,M(Z/{?M) — DMfM(U,M)
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The linear systems
The most time consuming part of the procedure lies in solthegsystem of
linear equations

Avu  Avwm u \ [ Gu
Avu Awmm M Gy

The matrixAyy is block-lower triangular and block-bidiagonal.
The matrixA s is block-diagonal.

The matrixA ;s Is block-upper triangular and block-bidiagonal.
The matrixA,,y is block-diagonal.
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The chosen procedure is as follows:

1. solve firstAU,Ulfl = (Gy. This is done by sequentially solving
Dkﬁk = —Lkﬁk_l + Glf], (1)

l.e. marching in time in the forward direction. (1) are salweith
efficient direct solvers.

~

2. Introducing/ =U — U,

Avu  Auwm u \ 0
Amvu  Awnm M G — Ay old |

which implies
(AM,M — AM,UA(_]}UAU,M> M =Gy — AM,UZ/N[- (2)

(2) is solved by an iterative method, e.g. BiCGStab.

60



v=1 T=1, At=h=1/50,

m(T) =1
H(x,p) = sin(2nxs) + sin(2wx1) + cos(4rzi) + |p|?,
F(xz,m) =m?, Vo[m](x) = m* 4 cos(mxy) cos(mxs).
Le+06 '../conv_newton nNul'" s 1000 "conv_bicgstab_nul" =————
10000 /N 100
10 <
100 1 \‘\
1
0.1
0.01 0 o1
0.0001 0.001
1e-06 0.0001
0 2 4 6 8 10 12 14 16 0 5 10 15 20 25

Convergence of the Newton method(left) and of a linear solvdright)
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1.006
1.005
1.004
1.003

1.002

1.001

N results2 _nu_1/mnorm"

N DN
SO oy 9 0 0O N DN W oD

P = T = S Sy =

-

../results2_nu_l/unorm" =

The L? norm of my, (right) and u;, (left) vs. 50x time
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Same test except

100

10

0.0001

le-05

v = 0.01,

"conv_newton" =

\

N

1000

At = 1/200.

"convergence_Bicgstab_nu=0.01" e——

0 10 20 30 40 50 60 70 80 90 100

Convergence of the Newton method(left) and of a linear solvdright)
500, 000 m unknowns in the nonlinear system.



0 50 100 150 200 . 0 50 100 150 200

The L? norm of my, (right) and u;, (left) vs. 200x time
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Perspectives

e Obtain estimates olhD,U ||, uniform in A with more general
assumptions in the stationary case (important for stslalitd
convergence).

e \When convergence is OK, prove error estimates?
e Better understand the Newton method in the finite horizoe.cas

e Tackle practically relevant situations.

A different strategy
Alternative numerical approach with a reformulation intoaptimization
problem (A.Lachapelle, J. Salomon, G.Turinici).
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