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The problem

The linear Boltzmann equation in the d-dimensional torus T¢, d > 2

Of +v-Vif +o(f —KF)=0 (t,x,v) ERy x T x V

f(0,x,v) = f"(x,v) € L} (TY x V) (x,v) €T x V

Velocity space: V = {veR?: 0 < v, <|v]<vy}or V=591

Normalization on T9 x V: / dx = / dv=1
Td v
Scattering operator Kf := / k(v,w)f(t,x,w)dw with
v
ke L*(V x V), / k(v,w)dw =1 and k(v,w) >0a.e. on V x V
v

Cross section o € L°°(T9), with o > 0 a.e. and o(x)dx >0
Td
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The problem

Taxonomy

Non degenerate cross section:

o € L°°(T?) and there exists m > 0 such that ¢ > m a.e. in T¢
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The problem

Taxonomy

Non degenerate cross section: J

o € L°°(T?) and there exists m > 0 such that ¢ > m a.e. in T¢

Degenerate cross section:

o€ L%®(TY), 0 >0a.e. inTY, / o(x)dx > 0 but it does not exists

Td
m > 0 such that ¢ > m for a.e. x belonging to T
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Convergence to equilibrium for non degenerate cross sections

Convergence to equilibrium: the non degenerate case
Theorem (Ukai, Point, Ghidouche - 1978)

If o(x) is non degenerate, there exist C, v > 0 such that the solution of
the transport equation satisfies the estimate

(2, -, ) = Fooll2qraxsea-1y < Ce T ||F7|| s2pa xga-1)-

F. Salvarani (University of Pavia)

Degenerate kinetic equations February 15th, 2013 7 /45




Convergence to equilibrium for non degenerate cross sections

Convergence to equilibrium: the non degenerate case

Theorem (Ukai, Point, Ghidouche - 1978)

If o(x) is non degenerate, there exist C, v > 0 such that the solution of
the transport equation satisfies the estimate

1£(t, 5 ) — fooll2(raxse-1) < Ce_7t||fi"||L2(desd71)-

Theorem (Mouhot, Neumann - 2006)

If o(x) is non degenerate, there exist two explicit, strictly positive
constants C and ~y, such that the solution of the transport equation
satisfies the estimate

1£(t, 5 +) = foollpr(raxse—1) < Ce_ytHfi"HHl(deSd—l)'

v
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Convergence to equilibrium for degenerate cross sections Degeneracy in isolated points

Degeneracy in isolated points

First suppose that the cross section o : T — R is degenerate and
satisfies, moreover, the following property:
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Degeneracy in isolated points

First suppose that the cross section o : T — R is degenerate and
satisfies, moreover, the following property:

Assumption
There exist x; € T9, i=1,...,N, C, >0 and A, > 0 such that

for a.e. x € TY, o(x) > G inf |x— xi.

i=1,...,
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Degeneracy in isolated points

First suppose that the cross section o : T — R is degenerate and
satisfies, moreover, the following property:

Assumption
There exist x; € T9, i=1,...,N, C, >0 and A, > 0 such that

for a.e. x € TY, o(x) > G inf |x— xi.

i=1,...,

Assumption on the scattering kernel

k=1, )_‘::/ f(t,x,w)dw.
Vv
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e e sy it IS
Theorem (Desvillettes, S. - 2009)

Consider the linear transport equation with a cross section

o € L%(T9) N HY(TY) satisfying the previous assumption, k = 1, and with
an initial condition " > 0 a.e. such that f'" € [>°(T? x V),

Vifme [2(T9), and v @ v : V,V,f" € L2(T9 x V).

Then there exists a unique nonnegative solution f := f(t,x, v) to this
system in C(R,; L2(T x V)).

The solution f converges when t — —+o0 to its asymptotic profile
febxov) = [ [ £y w) ducy
Td Jv

1
Hf(tJ '7') — foo”%z(TXV) S Cl t 1+2Xo

and

The explicit constant C; depends on Gy, Ay, [|0|| 41 (19)n 100 (T4, @nd fin,

v
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DiscEizcGy 10 Ealais e
Strategy of proof

Proposition (Desvillettes, Villani - 2001)

Let z and y be two nonnegative C? functions defined on R, and satisfying
(for all t > 0)

{ —Z/(t) > an y' (1),
Y'(t) > az z(t) — aoy' (1),

for some constants § > 0, € €]0, 1] and a3, a2, az > 0.

Then there exists a constant ay > 0 depending only on x(0), a1, ap, a3, 0
and ¢ such that (for all t > 0)

z(t) < au £
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DiscEizcGy 10 Ealais e
The entropy/entropy production pair

HiE = [ 1Pk D)= [ ir-FR
TIxV Tdx V
Relationship between entropy production and D:

/alf — FI? dvdx < ||o]] o< (4) D(F).

By interpolation:

D(f)}*A < By /a|f — fPPdvdx, ;>0

We deduce
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Convergence to equilibrium for degenerate cross sections A counterexample

The domain
For all r € (0,1/2) consider the periodic open set

Z, = {x e R? : dist(x,2%) > r}

together with the associated fundamental domain Y, = Z,/Zd.
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Convergence to equilibrium for degenerate cross sections A counterexample

The forward exit time

Forward exit time for a particle starting from x € Z, in the direction
vesdt
T (x,v) =inf{t >0 : x+tvedZ}

Definition of the forward exit time on the quotient space Y, x S9!
7 (x + k,v) = 7,(x,v) for all (x,v) € Z, x S9! and k € 24

On Y, x S971, equipped with its Borel o-algebra, define ji, as the
probability measure proportional to the Lebesgue measure on Y, x S9-1:

dydv

dpe(y,v) = 2]

Distribution of 7, under p,:

O(t) = pr ({(xv) € Yo x 8712 rifyov) > 1))
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Convergence to equilibrium for degenerate cross sections A counterexample

The distribution of forward exit time

Theorem (Bourgain, Golse, Wennberg - 1998, 2000)
Let d > 2. Then there exist two positive constants C; and C, such that,
for all r € (0,1/2) and each t > 1/r?1

G
-1

1

ot S O(t) <

F. Salvarani (University of Pavia)
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The counterexample
A particular choice of o and "
Choose

and

o(x) = Lra\y,

fi”(x, v) = fi”(x) =1y,
Remarks:
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Convergence to equilibrium for degenerate cross sections A counterexample

The counterexample

A particular choice of o and ™

Choose
O'(X) = ]le\yr
and ' '
f(x,v) =f"(x) =1y,
Remarks:

@ The only steady solution with the same mass as the initial condition
f' is the constant function f, = |Y}/|.
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Convergence to equilibrium for degenerate cross sections A counterexample

The counterexample

A particular choice of o and ™

Choose
U(X) = ]le\yr
and ' '
f(x,v) =f"(x) =1y,
Remarks:

@ The only steady solution with the same mass as the initial condition
f' is the constant function f, = |Y}/|.

@ Some particles never meet the scattering region, i.e.
{x € T9 : o(x) > 0}, because of the presence of infinite channels.
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Convergence to equilibrium for degenerate cross sections A counterexample

An upper bound on the convergence speed to equilibrium

The only equilibrium solution to which f can converge in L2(T9 x S9-1)
ast— +oois

1

fro =
oo |Sd_1‘ Td xSd—1

fin(x, v) dxdv = |Y,|.

Study of the L2-norm
/ (f — fio)? dxdv > (f — fio)? dxdv
Td xSd—1 Y, xS9— 1
/ T,(X,—v)>t(f - f00)2 dxdv
Y, xSd—-1

/ T,(x,—v)<t(f - foo)2 dxdv
><Sd* B
|+

+
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Convergence to equilibrium for degenerate cross sections

Duhamel’'s formula

F(,x, v) = F(x — tv, v) exp <— /O S — ) ds)
4 /Otexp (_ /0 o(x — 7v) dT> o(x — sv)F(s, x — sv) ds
> F(x — tv, v) exp <— /O Lo — sv) ds)

Since 7,(x, —v) >t = o(x — sv) =0 for all s € [0, ¢]:
F(t V) (e —v)>e > fi"(x —tv, V)1 (x,—v)>t-
From 7,(x,—v) >t = x—tv € Y, = f"(x — tv,v) = L.

f(t,X, V)]]-T,(X,—V)>f > ]]-T,(x,—v)>t

F. Salvarani (University of Pavia)
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Convergence to equilibrium for degenerate cross sections

Since foo < 1: ]lTr(x,—v)>thO < ]]-T,(X,—v)>t < ]lTr(x,—v)>tf(t7Xu V)'
Hence

I:/ (]lT,(x,—v)>tf_ ]l'r,(x,—v)>tfoo)2 dxdv
rXSd_l
2 / ]]‘Tr(X,—V)>f(1 - fOO)z dxdv
Y, xSd-1

=(1—1Y,|)? Loy (x,—v)>t dxdv

Y, xSd-1

= (1= [V’ Yo ST 1@, (2).

Therefore c
1> (1= Y)Y 897 g

for all t > r1-9.
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Convergence to equilibrium for degenerate cross sections

Bound on J:

J= / L (o yee(F — Foo)? dxdy > 0,
Y, xSd-1 -

Hence

G 1y
/Td (= P e > (1= YRV [59
o

or, equivalently,

C
||f - foo”[_z(qrdxgd—l) Z ﬁ
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Convergence to equilibrium for degenerate cross sections A counterexample

Theorem (Bernard, S. - 2012)

For all r € (0,1/2), there exists an initial condition ' € [>(T9 x S9-1)

satisfying f"(x, v) > 0 for a.e. (x,v) € T¢ x S?=1 and such that, for each
cross section o € L*°(T7) satisfying o(x) > 0 for a.e. x € T¢ and

o(x) =0 for a.e. x € Y;, the solution f of the transport problem satisfies

C
||f - fooHLQ(-ﬂ-dXSd—l) > W

for each t > r1=9, where

1

fro = ——
T IS Jpaxge

fin(x, v) dxdv

and C is a positive constant.
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Convergence to equilibrium for degenerate cross sections A counterexample

Numerical simulation of the long-time decay (De Vuyst, S.)

Inverse of L2-norm squared

—— Inverse of L2-norm squared
—— Linearfit

I
(] 02 04 06 08 1 12 14 16
Time

Particle method 10° numerical particles, r = 0.3, o = 3
Uniform mesh 100 x 100 x 100 on T? x (0, 27)
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Ul ceomiziieE Goniiien
Definition
The cross section o = o(x) is said to verify the geometrical condition if
there exist Tg and C > 0 such that

To
/ o (dev(s)) ds > C ae. in (x,v) € T x V,
0

where ¢, , designates the linear flow starting at x € T in the direction

—vev:
Ox,v it X — tv.
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Definition
The cross section o = o(x) is said to verify the geometrical condition if
there exist Tg and C > 0 such that

To
/ o (dev(s)) ds > C ae. in (x,v) € T x V,
0

where ¢, , designates the linear flow starting at x € T in the direction

—vev:
Ox,v it X — tv.

@ The geometrical condition entails that for ae. (x,v) € Td xV,
there exists t € (0, Tg) such that ¢, (t) € {x € T? |o(x) > 0}.
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Ul ceomiziieE Goniiien
Definition
The cross section o = o(x) is said to verify the geometrical condition if
there exist Tg and C > 0 such that

To
/ o (dev(s)) ds > C ae. in (x,v) € T x V,
0

where ¢, , designates the linear flow starting at x € T in the direction

—vev:
Ox,v it X — tv.

@ The geometrical condition entails that, for a.e. (x,v) € T x V,
there exists t € (0, Tg) such that ¢, (t) € {x € T? |o(x) > 0}.

@ In 1D: geometrical condition always fulfilled for cross sections that are
strictly positive on a sub-domain of the interval (0,1) with positive
Lebesgue measure, since |v| > v, > 0.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

Theorem (Bernard, S. - 2012)

Let 0 € L™ (Td) be a non-negative cross section satisfying the
geometrical condition. Then there exist two constants M > 0 and a > 0
such that the solution f of the transport problem satisfies the inequality

Hf—/ fin (x, v) dxdv
Tdx V

for all t € R.

Conversely, if the solution of the linear Boltzmann equation converges
uniformly in L! to its equilibrium state at an exponential rate, then o must
satisfy the geometrical condition.

< Me—at Hfin
Ll(’]I‘dx v)

HLl(’]I‘de)

F. Salvarani (University of Pavia) Degenerate kinetic equations February 15th, 2013 27 / 45



Convergence to equilibrium for degenerate cross sections [EEN-IT ST lE Nele] e [{aTeTy]

The semigroup formulation of the problem
Define the transport operator B := Ag — M, + K, with domain

D(B):{feLl(']rdx V)‘v'vxfeLl(de v)}

The collisionless transport operator is

(Aof) (x,v) :== —v - Vf for each f € D (Ao),

with domain D (Ag) = D (B).
The absorption and the scattering operator are

(M, f) (x,v) := o(x)f(x, v) for each f & L1 (Td x v)

and

(K, f)(x,v) :== a(x)/v k(v, w)f(x, w)dw for each f € [ (Td X V)
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Tl GeziEeE] Gaie
The abstract Cauchy problem

d
—f=Bf
dt

f(0,x,v) = fi"(x,v) € T x V.

The operator B generates a strongly continuous positive semigroup on
LT % V)T =(Te) =0

GOAL: prove the existence of a pair (M, ) of positive constants such that

| T — PH[:([_l(de v)) (t) < Me_ata

where

P(f) = / f(x, v)dxdv for each f € L (Td x v) .
Tdx V

F. Salvarani (University of Pavia) Degenerate kinetic equations
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Convergence to equilibrium for degenerate cross sections IENIEN-EeN ST N o [iafely}

A result concerning postive semigroups

Theorem

Let (Gt)t20 be a bounded, quasi-compact, irreducible, positive

Co-semigroup on L* (T x V) with spectral bound zero. Then there exist

a positive rank-one projection P and suitable constants C > 1 and a > 0
such that

[ G: — P||£(L1(de v)) < Ce™?* for each t > 0.
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A result concerning postive semigroups

Theorem

Let (Gt)t20 be a bounded, quasi-compact, irreducible, positive

Co-semigroup on L* (T x V) with spectral bound zero. Then there exist

a positive rank-one projection P and suitable constants C > 1 and a > 0
such that

[ G: — P||£(L1(de v)) < Ce™?* for each t > 0.

Check, under the assumptions above, that
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A result concerning postive semigroups

Theorem

Let (Gt)tZO be a bounded, quasi-compact, irreducible, positive

Co-semigroup on L* (T x V) with spectral bound zero. Then there exist

a positive rank-one projection P and suitable constants C > 1 and a > 0
such that

| G: — P||£(L1(de v)) < Ce™?* for each t > 0.

Check, under the assumptions above, that

@ the spectral bound of B is zero,
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A result concerning postive semigroups

Theorem

Let (Gt)tZO be a bounded, quasi-compact, irreducible, positive

Co-semigroup on L* (T x V) with spectral bound zero. Then there exist

a positive rank-one projection P and suitable constants C > 1 and a > 0
such that

| G: — P||£(L1(TdX v)) < Ce™?* for each t > 0.

Check, under the assumptions above, that
@ the spectral bound of B is zero,
@ T is irreducible,
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Ul ceomiziieE Goniiien
A result concerning postive semigroups

Theorem

Let (Gt)t20 be a bounded, quasi-compact, irreducible, positive

Co-semigroup on L* (T x V) with spectral bound zero. Then there exist

a positive rank-one projection P and suitable constants C > 1 and a > 0
such that

| G: — P||£(L1(TdX v)) < Ce™?* for each t > 0.

Check, under the assumptions above, that
@ the spectral bound of B is zero,

@ 7T is irreducible,

@ the geometrical condition implies that 7 is quasi-compact.

F. Salvarani (University of Pavia)

Degenerate kinetic equations February 15th, 2013 30/ 45




Ui 2 iiEiEE asiilies
The spectral bound of T

Proposition
Let B be the transport operator with domain D (B) and let T be the
semigroup generated by B. Then s(7) = s(B) = 0.

T is a strongly continuous positive semigroup in L* (T¢ x V) = its
spectral bound s(7) is equal to its growth bound wq (7):

s(B) = wo (T)::inf{w e R ‘ 3M > 1 Tell (o vy) < Me Ve > o}
wo (T) = %In r(T:) for each t > 0, r(Te) =sup{|A| : A€ o(Ty)}

For each t > 0,
r(Tt) S HTtHﬁ(Ll(TdX V)) =1 and Tt (]].de V) = ]].de Vv

r(T¢) =1 foreach t >0
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[Tihe geometrical condition
Irreducibility
Definition
Banach lattice (of type LP): a real Banach space E endowed with an

ordering > compatible with the vector structure such that, if f,g € E and
] > |gl, then [|If][e > gl

Example: the space L1 (Td X V), endowed with the standard L!-norm,
with the partial order defined by

f >0 if and only if f(x,v) > 0a.e. on T? x V.
Let E be a Banach lattice. The space L (E) of bounded operators on E
can be ordered in the following way: Let A, B € L (E) then

0 < A< B if and only if, for each nonnegative x € E, 0 < Ax < Bx.
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Convergence to equilibrium for degenerate cross sections [EEN-IT ST lE Nele] e [{aTeTy]
Order ideals

Definition
A closed vector subspace W of a Banach lattice E is called order ideal if,
when x € W and y € E, |y| < |x| implies y € W.
Notation: Z (E) is the set of the order ideals of E.

Degenerate kinetic equations February 15th, 2013 33 /45
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Convergence to equilibrium for degenerate cross sections The geometrical condition
Order ideals

Definition

A closed vector subspace W of a Banach lattice E is called order ideal if,
when x € W and y € E, |y| < |x| implies y € W.

Notation: Z (E) is the set of the order ideals of E.

Definition

Let G be a operator in a Banach lattice £ and G = (G¢),~q be a
semigroup. -

An order ideal W is a G-invariant if G (W) C W.

Notation: Z(G) :={W € Z(E) | G (W) C W} is the set of G-invariants.
We denote

Z(G):=()Z(G)

>0

and we say that an order ideal W is a G-invariant if W € Z (G).

v
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Ui 2 iiEiEE asiilies
Irreducibility of 7

Definition
An operator G € L (L' (T? x V)) is said to be irreducible if and only if

7(G)= {{0},L1 (Td X v)}

Likewise, a semigroup G is irreducible if

7(G) = {{0},L1 (Td x v)}
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Ul ceomiziieE Goniiien
Irreducibility of 7

Definition

An operator G € L (L' (T? x V)) is said to be irreducible if and only if

7(G)= {{0},L1 (Td X v)}

Likewise, a semigroup G is irreducible if

7(G) = {{0},L1 (Td x v)}

Proposition

The semigroup T generated by the transport operator B is irreducible in
Lt (Td x V).

v
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Convergence to equilibrium for degenerate cross sections [EEN-IT ST lE Nele] e [{aTeTy]

Quasi-compactness of 7T |

Definition
The essential resolvent of A € L (E) is

Pess (A) :={A € C|A\l — A is Fredholm} ,

and its essential spectrum is

Oess (A) =C \ Pess (A) .

The essential radius of A is

Fess (A) :=sup {|A| | A € gess (A) } .
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Ui 2 iiEiEE asiilies
Quasi-compactness of 7 |l
Definition
A semigroup G = (Gt),~ is said to be quasi-compact on L (T9 x V) if

and only if there exist a compact operator C on L! (']I‘d X V) and a
constant ty > 0 such that

1Gs = Cll p(ia(maxvy) < 1-
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[Tihe geometrical condition
Quasi-compactness of 7 |l
Definition
A semigroup G = (Gt),~ is said to be quasi-compact on L (T9 x V) if

and only if there exist a compact operator C on L! (']I‘d X V) and a
constant ty > 0 such that

1Gs = Cll p(ia(maxvy) < 1-

Proposition
The semigroup 7T is quasi-compact on L! (']I‘d X V) if and only if

there exists t, > 0 such that ress (Tt,) < 1.
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Convergence to equilibrium for degenerate cross sections [EEN-IT ST lE Nele] e [{aTeTy]

A control of the essential radius of T
Define S = (St),~¢ by the formula

Sig(x,v) :=e — Jg olx=vs)ds x—vt,v) forallge ! (T9x V).
g g

The semigroup T can be seen as a perturbation of S by Duhamel's
formula

t
T: =S¢ +/ SsKy Ti—sds. (1)
0
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A control of the essential radius of T
Define & = (5¢),~( by the formula

Sig(x,v) :=e — Jg olx=vs)ds x—vt,v) forallge ! (T9x V).
g g

The semigroup T can be seen as a perturbation of S by Duhamel's
formula

t
T: =S¢ +/ SsKy Ti—sds. (1)
0

Proposition
Under the assumptions above we have, for each t > 0,

Fess (Tt) < r(Sf) :
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The asymptotic behaviour of the essential radius

In order to prove that 7 is quasi-compact on L} (Td X V), it is enough to
prove that for some tg > 0, r (S,) < 1:

Proposition
If o verifies the geometrical condition, then

(5¢) =0.

lim r
t— 400

The geometrical condition means that there exist To and C such that

To
/ o(x —sv)ds > C ae. in(x,v) €T x V.
0
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The asymptotic behaviour of the essential radius Il
Since o > 0 we have, for each t > Ty (| x]: largest integer < x):

/ot o(x —sv)ds > /OHOJ " o(x — sv)ds
%)
>y /OTOU((X— nTov) — sv) ds > {TLOJ .

n=0

Hence

”St”C(Ll(’H‘dX\/)) < G_MTLOJC for each t > Ty.
Since r (5¢) < ”St”E(Ll(TdX\/)) we deduce

(5¢) = 0.

r(Se) < &‘_C{TLOJ for each t > Top = .

[im r
——+o00
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The characterization of P
Sketch of the proof:

o If o verifies the geometrical condition, then lim;,~ ress (T¢) = 0.

@ The spectrum of B is discrete. In particular, s(A) is a pole of the
resolvent R(A).
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The characterization of P
Sketch of the proof:

o If o verifies the geometrical condition, then lim;,~ ress (T¢) = 0.

@ The spectrum of B is discrete. In particular, s(A) is a pole of the
resolvent R(A).

@ B is the generator of an irreducible semigroup 7 the residue P
associated to s(A) = 0 is a projection onto KerB, that is
one-dimensional.
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The characterization of P
Sketch of the proof:

o If o verifies the geometrical condition, then lim;,~ ress (T¢) = 0.

@ The spectrum of B is discrete. In particular, s(A) is a pole of the
resolvent R(A).

@ B is the generator of an irreducible semigroup 7 the residue P
associated to s(A) = 0 is a projection onto KerB, that is
one-dimensional.

@ By conservation of the mass, we have, for each f € L! (T? x V),

/ Pf(x, v) dxdv = / f(x,v) dxdv.
TdxV

Td x V
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The characterization of P
Sketch of the proof:

If o verifies the geometrical condition, then lim;,~ ress (T¢) = 0.
The spectrum of B is discrete. In particular, s(A) is a pole of the
resolvent R(A).

B is the generator of an irreducible semigroup 7 the residue P
associated to s(A) = 0 is a projection onto KerB, that is
one-dimensional.

By conservation of the mass, we have, for each f € L' (T? x V),

/ Pf(x, v) dxdv = / f(x,v) dxdv.
TdxV

Td x V

By convexity (i.e. Jensen's inequality),

Pf = / f(x,v) dxdv.
Tdx V
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On the sharpness of the geometrical condition

The quasi-compactness of 7 in L! (’]I‘d X V) implies the
quasi-compactness of S in L! ('IFd X V) as a consequence of:

Proposition (Caselles - 1987)
Let E be a Banach lattice. Let S, T € L(E) be such that

0<S<T.

If r(T) <1and res(T) <1, then r(S) < 1.
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On the sharpness of the geometrical condition

The quasi-compactness of 7 in L! (Td X V) implies the
quasi-compactness of S in L! (Td X V) as a consequence of:

Proposition (Caselles - 1987)
Let E be a Banach lattice. Let S, T € L(E) be such that

0<S<T.

If r(T) <1and res(T) <1, then r(S) < 1.

Lemma

The semigroup S is quasi-compact on L! (Td X V) if T is quasi-compact
on L (T? x V).
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The quasi-compactness of 7 and S

By Duhamel’s Formula:

t
Tt = St +/ SSKO—Tt_SdS, for all t 2 0.
0

T and S are positive semigroups and K, is a positive operator, =—>

t
/ SsK, Ti_sds > 0 for each t > 0.
0

The equality above implies that T; > S; for each t > 0. Besides,
r(T:) =1 for each t > 0.
Since T is quasi-compact on L1 (’]I‘d X V), there exists ty such that
fess (Tgy) < 1.
Hence Caselles’ Theorem implies that

Fess (St[)) < 1.
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The geometrical condition

Assume that ”St”ﬁ(Ll(’]I‘de)) — 0 as t = 4o0.
S = (5t) 4> is defined by the formula

Sig(x,v) =e" fot"(x_"s)dsg(x —vt,v) forall g € L (Td X V) .
This implies that there exist Tg and C such that

To
/ o(x —sv)ds > C ae. in (x,v) € T? x V.
0
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